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HEllEPEHOPMHPYEMbiX B3AHMO~EMCTBHM 

II 

CyllleCTBOBaHHe MaTpH~bi pacce.HHH.H 



§ I. Baeneune 

- Ill 
KaK. 6bmo ycTaHoaneao · B qacTII I uacToSimeli pa6oThi ( nanee 1), JJ.nSI TaK 

H83biB8eMbiX Henepel!OpMHpyeMbiX B38HMO.QeliCTBHli MOlKeT Ob!Tb. CtPOpMynHpOB8R8 

8KCIIOM8TII'!eCK8li CXeMa, B KOTOpOli reliaea6eprOB onepaTop nonli II COOTBeTCTByro-

111119 eMy tPYHKUIIII YaliTMaHa npnuannelKaT K xnaccy aaanll~ll~eCKHX -tPYIIKUIIORanoB, 

IIBflllliCb o6o6meHHbiMII tPYHKUIIliMII H8Ll npocTpaHCTBOM z nenbiX auaniiTII'!ecKnx 

!)>yHKUI!l!, EbinO ITOK838HO, 'ITO T8K8SI CXeMa MOlK9T YLIOBneTBOpSITb BCeM ITOCTyna

T8M nonxona YaliTMaRa. Onnaxo tl>aKT Bbmonnemui aTnx ncxonHbiX nocTynaToB 

eme OTHIDL1b ue o6ecne'!IIBaeT npSIMoli aoaMolKHOCTII nepeneceHIIR B Teop11ro Hene

peuopMI!pyeMbiX B38IIMO.QeliCTBIIl! BCeX MHOroo6.pa3HbiX peaynbT8TOB 8KCIIOM8TII'Ie

CKOrO nonxona (Teopllll pacceRHIISI Xaara~ProanR; !)>opMyn penyxn1111 nnR S -

MaTpii'IHbiX aneMeHToB; Teopllll anre6p noKanbHhiX ua6nronaeMhiX 11 np.). KaK npa

BI!no, nonyqeHI!e acex 3TIIX peaynbTaToB HenocpencTBeHHO on11panocb Ha np11Han-

nelKHOCTb OCHOBHb!X !)>yHKUI!l! Teopl!ll. npocTp8HCTB8M s 11n11 D. KpoMe Taro, 

cnenii!)>~qecKIIe oco6euaocTII npocTpaHcTBa z 11, npel!{Lte acero, oTcyTCTBHe 

B 3TOM npOCTpaHCTBe !)>yHKUIIl! C KOMIT8KTHbiM HOCIITeneM, npiiBenn K 'TOMy, 'ITO 

nocTynaTbi YaliTMaHa, xapaKTepllayromiie noKanhHbie caol!cTBa Teop1111, nony'lllnll B' 

cnyqae HenepeHOpMIIpyeMbiX B3811MO.Qel!CTBIIl! M8T9M8TII'I9CKII oonee Cna6yro !)>opMy

flllpOBKy, no 3TIIM npii'IIIH8M He RBflli9TCSI BnonHe SICHbiM, l!8CKOflbKO naneKO MO

lK9T ObiTb npoABIIHyTa nanbuelirnaSI paapa6oTKa aKclloMaTn'!ecxoli Teopl!ll aenepe

HopMIIpyeMbiX B38HMOA9liCTBI!l!, Bee )j(9 Mbl ITOK83biB8eM B H8CTORII1eM paanene, 

'IT01 IICXOASI 1!3 ITOCTynaTOB1 cfj>opMynl!pOB8HHb!X B 1, MOlKHO AOK838Tb cymeCTBO

B8HI!9 8CIIMUTOTH'IeCKIIX n -'18CTH'IHbiX COCTOSIHI!li II M8Tpi!Ubl pacceSil!HS1 1 npn 

aToM coxpal!IISI eme ( XOTSI nl!llib B o6miix qepTax) 6n11aocTb K. OObi'IHOMY Bapl!aHTy 

yallTMaHoBcKoro nonxona. 
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Llnst ycTaHoBneHnst sToro peaynbTaTa HaM rroTpe6yroTcst cneayromne nocTynaTbi 

( tjlopMynHpOBKH CM, B 1), 

I. OrrpeaeneHne rrpocTpaHCTBa cocTostHHil n orrepaTopa refiaeH6eproBa rronst, 

II. TpaHcnstunoHHast KOBapnaHTHOCTb, 

III. CrreKTpanbHOCTb B cnnbHOfi tjlopMe. 

IV. TionolKnTenbHast orrpeaeneHHOCTb. 

V. flOKSnbHOCTb, 

KaK H3BeCTH0 1 B rrepeHOpMHpyeMOll SKCHOMSTH'IeCKOll TeOpHH .QOK838TenbCTBO 

cymeCTBOBSHHH S -MaTpHUbl He Tpe6yeT IIOnOlKIITenbHOll orrpe.QeneHHOCTH MeT-

piiKII IIpOCTp8HCTB8 COCTOHf!llll, Tipe.QCTSBnHeT IIHTepec Bb!S!CHIITb1 CBSI38H nn STOT 

. /13/ tjlaKT c tPII31I'IeCKIIMH oTnii'IIIHMII HerrepeHopMIIpyeMbiX 'I'eopiifi - , 

LlnR.reliaeH6eproBa nona 

o6bt'IHoe rrpeacTaBneHIIe: 

A(¢l Mbl 6y.QeM IICUOnb30B8Tb B .QSHHOM paaaene 

A(cp) = J d4 
xt/J(x) A(x) ¢£ z . ( 1) 

KaK II B cnyqae rrpocTpaHCTB S II D , TaKoe rrpeacTaBneHne cnenyeT paccMaT

pnBaTb KaK CHMBOIIU'IeCKOe, UOCKOIIbKY none B nefiCTBIITenbHOCTII He npennonara

eTCH• perynHpHbiM tPyHKUHOHSIIOM, TionpooHee Bonpoc 00 orpaHH'IeHliHX, CBH38HHbiX 

c rrpei:\cTaBnea.neM (I) B 'I'eopnii aaaniiTII'IecKnx tjlyaKnnoaanoB, 6yneT paccMoTpeH 

HSMU ,B npyroM )'leCTe, 

§ 2, TipOCTpaHCTBeHHOITO.QOOHOe BCHMITTOTH'IeCKOe YCIIOB!fe 

Mbt rrpoBe.QeM noKaaaTerrbcTBo cymecTBoBaanH MaTpliUbi pacceRHliH, orrnpaHCb 

aa rrepeqncneHHbie rrocTynaTbi n cneaya TaM, rne sTo BoaMOlKHO, KnaccnqecKofi 
. . /2-4/ 
MeTO.r:tllKe Xaara-PIOSIIH , TIOCKOnbKy OCHOBHbie tPYHKUllll H3 Z HMeiOT 

KOMnaKTHbiH HOCHTenb B liMnyrrbCHOM npocTp8HCTBe1 OHli npiii'O.QHbl .QIISI TO'IHOI'O 
. /4/ 

peWeHIISI O.QHO'ISCTli'IHOll 3B!IB'III 1 ll Mbl MOlKeM ITOIIOlKHTb B OCHOBY TeOpliii pac-

CeSIHIISl nO'ITII IIOKBIIbHOe none: 

N n 4 
B(a) = ~ J lid x 1 ¢0 

(xca; .•• x
0
-a) A(x 1) ..• A(x

0
) 

n=l i=l 
( 2) 

'l 

* 

B oTnH'IHe OT Prosnst, Mbi 6yaeM paccMaTpHBSTb rrpocTefimne rro'ITH noKanbHbie 

nona, cooTBeTCTByromne Bbi6opy N .. 1 B ( 2), 06o6meHne JlnSI nro6oro N 1 , 

oxBaTbiBaromee cnyqafi cmiaa.IIHhiX cocTOSIHHli, HH'IeM He paannqanocb 6bi B ne-

peaopMnpyeMbiX n aenepeHopMnpyeMbiX Teopnax. BBeaeM yce'IeHHbie yafiTMSHOBCKHe 

tPYHKUHII: 

~ TT 

w¢ 
n 4 ~ 

(ao···B
0
lmJil dx,c{>(xo••xn)W(x 1 +at; ..• x 1 +a 1 ). 

t=O 0 0 n n 
(3) 

~ - rrr 
Z , anecb W(x

0 
••• x

0
)=<A(x 0).:.A(x

0
l->

0 
EnaroaapH anepHoCTR npocTpaHCTBa 

H TT - UpOH3BOnbH8Sl rrepeCTSHOBKa: rr (O,l, .•. n) = (i0 ••• in). 3anaHHyro KOH!jl:Ilrypa- · 

UHIO ( a 0 ••• a ) 
n 

(KOTopaSI 6y.Qe'I' 6paTbCSI 'IHCTO npoCTpaHCTBeHHOH: a~ =0, j = O .•• n) 

6yneM xapaKTepiiaoBaTb napaMeTpaMn: 

2 1- - 12 2 
[ 1- - 121 A '= max Bt- a

1
, ; IL = max min a 1-a 1, 

l,i'I;;.(O,I,.n) x:l x,x'l=rr(O .• n) tG-x,!'G-x' 
(4) 

A - .QlfaMeTp KOH!jlnrypaUIIlfj /L - MBKCHMSnbHOe paCCTOHH!fe MelK.Qy paaone-

HliHMli Koatjlnrypauxm Ha 2 nonrpyrrrrbt c cncTeMaMn naneKcoB X n X'. Ilpn 

STOM llMeeT MeCTO Bcerna 

/L~ A/n 
(5) 

/4 5/ 
( 2 paanH'IHb!X npOCTb!X .QOK838TeiibCTBa STOI'O CM, 1 

) , I1yCTb 1 JlBnee, 

I = (0,1 ..• n) , J - TB rrepeCTBHOBK8 1 Upll KOTOpOfi .QOCTlli'SeTCSI /L t li Y,Y'-

CHCTeMbl IIH.QeKCOB ITO.QI'pyrrrr, pSCCTOHH!fe MelKny KOTOpb!MII eCTb /L 

J=IY,Y'I=Ii 0 •• ik,;~ ... ;~, l;!k:+k'=n-ll (6) 

Cornacao MeTony ProsnH, anR ycTaHoBneanH cBolicTB yobiBaansr W </>("a o·· ii~ l 
rrpn I a k I ... 00 YJl06HO CHS'lana Jl0K838Tb y6btBaHne 

1 neMMa Prosnsr 

LlnH nro6oro N 

"'w 1 <- - l w"'J <- - l ¢ ao .•• an - </> ao ••• an • 

no .\ pa3HOCTII 
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[ "'! - - "'J - - l £im Wq,(a 0 ••• anl-Wq,(a 0 ••• an) =0 
A-+oo 

(7) 

ecnn KoH~nrypaunH Ci0 ••• an> pacmnpHeTcH·c coxpaaeHneM ~opMhl 1 ~ AOCTH-

raeTCSI Bceraa AIIH 17=1 H ,\ AOCTnraeTCS! BC9I'Aa AilS! T9X ~e AByX TO'i9K 

KOH~nrypannn. 

JloKa3aT9IibCTBO 

Cornacao (3,6), 

.. I (- - ) .. J (- - f lln 4 ..1-.( ) [ •'! ( 0 - - 0 - - ) W,l.. a 0 •.. an -Wcp a 0_ ..• an)=. d x 1 ~ Xo·•Xn W xo,xo+ac,; ... xn ,xn+an 
~ 1=0 

'"'J ( 0 - - 0 - - ll -W x
1 

,x
1 

+a
1 

; .•• x
1
,.x

1
,+a

1
, 

0 0 0 k' k' k"' 
(8) 

.. I • J 
B CHIIY IIOCTyiiaTa IIOK8IIbHOCTH HOCHT9II9M 8H8IIllTll'i9CKOI'O ~YHKilllOHBIIa W - W 

SIBIISI9TCS! MH0~9CTBO 

4(.n+l) 2 , , 
T=l(Zo-zn)G-C ,(x1 -x 1',)20 .lliiS!BC9X i,t;;Y,irt;;y }, (9) 

r r 

CooTBeTcTBeHHo B (8) Mo~Ho C'iHT8Tb '¢>.;;. Z( T) (npocTpaHCTBO ~YHKun:li 1 rono-

MOp~HbiX B T c Torronornel!: (6-1)).0TcroJ:ta 1 ncnonbaySI TaK~e (5) n Apyrne 

I'90M9TpH'i9CKll9 CBOlfcTB81 H8XOAHM1 'iTO IIpll 3a.I:\8HHOl! KOH!flnryp8Illlll (a 0 •••• an) 

C rrapaMeTp8MH A , ~ 3H8'i9HH9 CBepTKll (8) Ue 38BllCHT OT IIOB9A9IIIIS! OCHOB-

Hal! ~YHKilllll </>(xo···xn) B o6nac'rn 

2 n 2 ,\
2 

11 X II = ~ II XI II < 2 
J=O Bn. 

( 10) 

rae II 211 0 2 ~2 x
1 

a(x
1
)+x

1 
- eBKrrnnoBo paccToSittne B rrpoc'rpaHc'rBe MnHKoBcKoro. 

3ToT pesyrrbTaT, nrparomnll pernaromyro po.nb B a6KaaaTellbCTBe neMMbi1 cnenyeT, 

T8KHM o6p830M 1 ll3 H8W9I'O · ocna6rreHHOI'O yCIIOBHS! IIOK8IIbHOCTH 1 T8K me K8K 

H3 06bi'iHOI'O, 

6 

• 

Jlanee llnH 0Il9HKH CBO:IiCTB y6biB8HllH p83HOCTH ( 8) Proanb IIOIIb3yeTCH 

yMepeliHOCTbiD pacTa ~YHKUR:Ii Ya:fiTM8Ha 1 a TaK~e BBOAHT rrpeACTaBII9HH9 OCHOBHO:Ii 

~yHKunn </> qepes HeKoTopoe crreunaiibHoe paa6neHne eAHHHIIbi, 06a aTn rrpneMa, · 

Iip1IA8IDWII9 AOK838T9IIbCTBy IIOIICTHHe II3S!WHbil! BllA1 He MOI'yT 6b!Tb HCIIOIIb30B8Hbl 

B HarneM cnyqae, B rrpocTpaHCTBe z aeT paa6neanSI eAHHRilhi. Mbi, npaBAa, 

M0)!{9M, BOCIIOIIb30B8BlliHCb BKIIID'i9HH9M Z G- S npeacTaBHTb <P_ B BRAe cyM-

Mbl pS!J:\8 ~yHKilllfi1 KOTOpbi9 06II8A8IDT Hy~Hb!MII AilS! AOK838T9IIbCTB8 CBolicTB8MII II 

ne~aT B rrpocTpaacTBe S , HO He Z • 0AH8KO T8KO:Ii pS!A CXOAIITCS! TOIIbKO B 

TOIIOIIOI'Illl s ll He CXOAHTCS! B 6onee CHIIbHO:Ii TOIIOIIOI'llll Z ,,· IIO'I9MY H3 

rrpeAcTaBneHnS! q, .. ~ 1> v HenbaSI eme aaKIIIO'iHTb, 'iTO ( F ,q,)- ~ ( F .</>v l , . 
v v 

9CIIII F G- Z' no STIIM IIpH'iHHaM HaM IIpHXOAllTCS! H36paTb COB9plli9HHO llHO:Ii 

rryTb AOK83aT9IIbCTBa 1 cymeCTB9HHO llCIIOIIb3yiDIIIll:li IIOIIO~IlT9IIbHYIO OIIpenerreHHOCTb 

M9Tp!IKII IipOCTpaHCTBa COCTOSIHH:Ii, 0CHOBy STOI'O AOKa38T9IIbCTBa COCTaBIIS!9T TeO

peMa EoxHepa-lliBapua
161 

1 cTp. 206) 1 KOTopaSI AIISI Hamnx ue.nell Mo~eT 6biTb c~op
MyiinpoBaHa CI19AYIDWHM o6pa30M: 

TeopeMa 

BcSI:Knll MYIIbTnrrnnKaTnBHo-rrono~nTerrbHhil! ~yliKunoHan Z B IlpOCTp8HCTB9 

Iip9ACT8BHM B BHAe: 

( F,</>l =f </> ( ,\) dp(,\) (11) 

I'A9 ~(,\)" - IIOIIO~HT9IIbHaSI Mapa CT9II9HHOI'O paCTa, 

0'i9BllAH01 'iTO 1Ip9ACT8BII9Hll9 Tllii8 (11) MO~HO pacrrpocTpaHHTb H H8 CB9pT-

Ky: 

(F.*</>) Cal a T(a) (F.</>>- T(Bl f </>(,\) d~(,\) =f</> (,\-ill d~ (,\) ( 12) 

6narOA8pS! TOMY1 'iTO CB9pTK8 B Z 

H8 C IIHT9I'pllpOB8HII9M ITO Mepe ~ . 

orrpeAeiieHa n orrepaunSI T( a) rrepecTaHOBO'i-

npiiM9HHM TeopeMy EoXHepa-lliBapua K IIp9ACT8BII9Hll,ID ( 8), Jlm1 STOI'0 1 BBO

ASI COKp8W9HHbi9 o603H8'i9HllS! X =(x
0 

••• x
0
);a=(a

0 
•• a) ll Y'iHTbiB8S! Tp8H3llTHBHOCTb 

cBepTKII, rreperrnrneM (8) B Bnae 

I:::J.f r::sJ C::IJ rt:JJ 
Wq,(a)- W q,(a) = f "dx </> (x-a) [ W (x)- W (x) ] 

llxlf> A2 
/Sn

2 
( 13) 
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8To ecTh cBepTKa panaocTn aByx yceqeHHhiX yafiTMaHOBCKHX ~ynxnnn. Cornacno 

rrocTynaTy rronO)Kl!TenhHOfi orrpeaenennocTn, OOhiqHhie ~YHKUHH YafiTMaHa W
1

,J( </>) 
x/ 

cyTh MyJihTllnJillK8TllBHO-IIOJIO)Kl!TOJihHbie ~yHKUHOH8Jibl B Z Tipol!3BOJibH8SI .. , 
yceqeaHaSI <jlyHKUIISI W ( </>) npeacT8BmleT COOOID pa3HOCTb COOTBeTCTByromefi 

rr 
w ( ¢) n psraa cnaraeMbiX Bnaa 

rr n 4 
Wr(<f>l=flld x

1
</>(x 0 ... x0

)<A(x
1 

) ... A(x
1 

l(l-<A(x
1 

) ... A(x
1 

li, .. < •. A(x
1 

)>0 , (14) 
l=O 0 k 1 k 1+1 k 2 n 

rae f eCTh llp01!3BOJihHOe paat5neHne COBOKYllHOCTH ( i 0 

(i 0 .•• ik l ( i k +ti k) ••• ( ... i l . 
1 1 2 n TT 

noKa)KeM, qTQ llpll JIIDOOM cnoco6e paa6neHHSI f' Wf' (</>) 

in) Ha norpynnbi 

eCTb MyJihTl!IInH-

K8TllBHO-llOJI0)KllTeJibHhiH ~yHKUIIOHaJI, TipoH3BOJihHhiH COMHO)KIITeJib B ( 14) -

< A(x 1,l .... A(x 16 )~ 
noM,· TioaToMy, Korna 

SI:anneTCS! MynhTHnnnKaTHBHo-nono)KHTenhHhiM ~ynKnnona-

<P (X 0 ... X ,n ) = <P f' (X 0 • •• X n ) = <P 1 (X I 0 .. • X lk; <P 2 (X lkj+T X lk ~ ... ( 15) 

... <Pe ( "' X I ) ' ( </>1 <;, Z)' 
n 

* rr ([") ([") 
wr (</> x¢ )~0 

<f'> 
B cuny naepHOCTII Z MHO)KeCTBO ~YHKIIIIH </> (xO .. xn) llpl! nroOOM f llnOTHO 

B z , ll IIPOII3BOJibHYID </> c;;;. Z Mhi MO)KeM Bceraa rrneacTaBHTb B BHne 
<f'>- . 

</> = l'im rf>n , !'ne nocnenoBaTenhHOCTh ~yHKIIHH 
cr> · 

I rp (x 0 .. x ) I cxoanTcn B Z. 
~ ~ rr Cf'> n-+oo 

Tipn aTOM, 6naroaapll Herrpepb!BHOCTH ~yHKlll!OHana Wf' (rp), Wf' (rp)=fim Wf' (</>n I 
n->oo 

li 

rr * rr Wf' (rp x</>l=fimW (rpCf'>*x</>Cf'>) 
n-+oo r n n 

(16) 

B cnny (15) (16) ecTh npenen cxoanmeficn qncno:aofi rrocnenoBaTenhHOCTn, Bee 

'illJUl.b!. .KO.TQQofi HeOTDllllllTfUllill_hl.. TaKofi rrpeaen T8K)Ke ne MO)KeT OhiTh oTpHIIBTenen:· 

x/ 
TioaToMy ( 11) SIBJISieTCSI anocTepnopHhiM noaTBep)KJleHneM Toro. qTo. Bhi-

5npan amr A (cp) npeacTa:anetme ( 1), Mhi ne ncKnroqaeM na paccMoTpennn nnKa-
Knx ~nanqecKnx Teopnfi. 

8 

., l 
f.. 
~~.-
r 

j 

\:' 

(l\,·') 
,. 
l 

\ 
' 

ecnn nonycTHTb, 'iTO c•fim en , 
n->oo 

BCI! ·e 0 )-0 n c < 0 , To AJISI nrot5oro t 

nafiaeTCSI TaKOe N , 'ITO f e I < t - ~N < l • B:au11.y c- const STO 03H8'18eT, 'ITO 

c < o ne:aoaMo)K}{o. TeM caMhiM MynhTnnrmKaTH:aHaSl nono)KliTSJibnocTb ~yHKnnoliana 
rr 

w r (rp) aoKaaana. BMeCTO ( 13) Mbl nonyqaeM Tenepb: 

"'I - '"J - I J - I _ ~ J _ 
wr/>(al-Wr/>(al•Frp(1fl- r 9 (a).;..fFrp.r<al+rFrf>.r<al • (17) 

rae BCe Cnara9Mbl9 B npa:aofi '18C'l'l! SIBJISllOTCSl CBepTK8Mll MyJtbTIIllniiK8TliBHO-nO-

nO)KliT9JibHbiX <j>yHial.liOHanOB B Z ( HO:Bb!e CllMBOnhi F llMSCTO W :aBe ]I.e-

Hhi anSI YJC838HliSl Ha TO, 'ITO B COOTB9TCT!3yromnx qnenax nnTerpannsr co:aepma-
2 2 2 

eTC!! no o5nacTn II x II > A'/ 8 n 

PaanocTb 11.:ayx MynhTJinnuKaTHBlio-nono)KliTenb.!thiX ~YliKnnonano:a B o5meM' 

cnyqae ne ot5nanae'r MYJibTHUJIIIKaTHBHofi nonO)KliTeJibHOCTbro, n npeacTallneHlle (12) 

npnMeHHMo num& K Ka)K]J.oMy JI3 a'rnx cnaraeMbiX ll OTAenbliOcTn. Ho nocKon&ey 

.. I .. J . I J I -J 
lw.dal- w,~.<'i> 1 < 1 r .-~.<a> 1 + 1 r,~.<a>h :£1 F,~. r<al 1 +:£IF"' r(al I . 

'~-' '~-' '~-' '~-' r '~-'· r '~-' · ' ( 18) 

TO CBOfiCTB.a yt5biB8liHSI, Tpe6yeMbi9 neMMOfi, Talt:me llOCT8'rOqHo ll0K838Tb }!0381\H-

cuMo nnsr Ka)K]J.oro cnaraeMoro B npa:aon qacTn (17). 015oanaqag nroooe 

TaKoe cnaraeMoe qepea F rp <in , cornacHo TeopeMa EoxHepa-lll:aapna nMeeM 11.nsr 

Rero 

r rf> (a) = f<P < x- al d,. < x > ( 19) 

rne p. -rrono:muTeJihHB.II Mepa CTene.IIJioro pocTa c nocuTeneM :a o6nacTH 
2 a 

llxll >A/Bna. TiepeX0/1.5'! K KORe'I.!tbiM MepaM: 

r( X)~ (1 + II X 11 2 
)-p p. (X) • f d T (X) = c < 00 

HMeeM: 

I Fq,(';;) I:::; c max I (1 + ll'x11
2

>+Pq, (x-a) I (20) 

llxii2>A2/Sn2 
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OueaKa ( 20) crrpaaennnaa rrpH mo6biX a 11 A • 0Trrpaanmicb oT nee, neTpynno 

/lOK838Tb Y)!{B1 'ITO llpH ,\_.oo BBliH1JHHbl 

mo6ol! cTerreiiH A • DellcTBHTerrbHo, BBHilY 

rF "'<ii> 1 

cp (x- ';)f Z 

nomKIIbl y6b!B8Tb 6biCTpee 

cp(x-al y6hiBaeT 6biCTpee 

mo6on CTerrean II X-a II rrpll II X- ii II .. 00 • HMeH oueHKH 

lliill
2 

>A
2
/2; ll~<-iil[ 2~+ l<21lxii

2
-1H2Ifiill

2 
-U I 

(rronyqeane nx sneMeiiTapao; TaK, aanpnMep, 

,2 c- - >2 -2-2 ~--I c-2 -2> II 112· " = a1 -a( 5; a 1 +a( +2 (a 1 aj') <2 a 1 +a( <2 a 

n c y'leToM orpaHH'l&HHH Jr x II~> .f /8 n2
,aaxnro1JaeM, .'ITO o6nacTb nocTaTO'liiO 6ollb• 

IIIHX A BCTb OllHOBpBMBHHO 06rraCTb llOCT8'rO'lHO 6orrbiiiHX ll"xlJ
2
,II"alr

2
·n llx-alJ

2
• 

B sToll o6nacTn 

. M 

1cf><x-all5: 
1 ~- 2 

2M 2 M 2 M 
llx- all (2llxll -1) (A -ll 

H Mbl HMeeM 

M 
C • 2 max 

IF-~.(iill< 2- )M II 112 X.. 
'f' (,\ - 1 X > 

2 Bn 

1 
o + n icl r2 

> p 

2 M 
(211 xll -ll-

llpn nocTaTO'lHO 6onbmnx 11 x II n M > p 

MoHoTonno yohlBaron:ien cjJyaKunefl: II x ll 
BBliH'!HHa l!Oil 3H8~0M M8ltCHMyMa 6yneT 

IToSTOMY npn nocTaTo'!HO oonbmnx ,\ 

I F <P <ii> 1 < 2M. c 

(,\2_ 1 )M 

(1 + ,\2/8 n2 ) P 

(A2/4n2 -1 )M 

(21) 

Bbi6npag anecb M > .!.. ( N + 2 p ) 
4 

n y'lliTb!BaH (18) , nonyqaeM na ( 21) nonne)!{8 -

BIIIee noKaaa'I:BnbcTBY yTaep)l{neane neMMbl P10snSI: 

•· ,N[ .. • c- - > .. J c- - > l 
Uml\ w"' ao ... an -W"' ao ... an =0 
.\ .. oo 

( 22) 

10 

.. 

DnSI llOK838TerrbCTBa CymeCTBOB8Hllli 8CHMliTOTH'!eCKHX COCTOS!Hllfl: HaM HBliOCPBil
~ I IWJ 

CTBeHHO liOTpe6yJOTCS! CBOllCTBa y6biB8HliS! He pa3HOCTe!i W <f,- W <f, , HO K8)!{):10ll 

.SfT - -
OT/lerrbHOl! cPYHKUllll W cp ITO TpaHCl!S!UliOHHO-liHBapllaHTHbiM nepeM&HHbiM (a 1 -a J ) 

llpll rrpOll3BOllbHOM cnoco6e CTpBMl!BHliS! l!OCl!BAHllX K oo • TaKliB CBOl!CTBa y6biBa

HHS! He S!BllliiOTCS! llpS!MbiM cne.r:tCTBlleM liBMMbi, HO Tpe6y!O'r rrpHBliB'!BIIliS! 8KC110Mbl 

crreKTparrbHOCTll, Y'!TBM Tp8HCliS!UliOHHYIO liHBapHaHTHOCTb Teopuu, BBB):IS! 38MBHY 

rrepeMeHHbiX 

lx •. ;.xl ,x., ... x., 1-+l'x=x. ; e=x.'-xi ; e. =x. -x. 
0 k 0 k' 0 0 0 r r 0 

.;.,, = x
1
,, -x

1
, ; <r= 1 ... k, r'= 1 .. k'l I 

r r 0 

tid" 11:$f1 
li l!Oll81"8li cp=cp(x,.;,.;.,.;.,); W =W (.;·;.;1 ,.;1,). llOCKOllbKY llllli llpOCTp81ICTB Z 

li Z' coxpallSIBT crrpaBa.r:tnHBOCTb T&opeMa 0 rrepexone CBapTKH .r:tBYX cPYHKUHfi B .. , -

llpOli3BB/lBHliB HX cjJypbe-o6paaoB npn rrpeo6pa30B8Hlll! cPypbe, W cp (a) MO)!{BT 6b!Tb 

aarrncaaa B Bnne: 

t::J 1T 4 k 4 k' 4 tid ~17 
Wcp \al-fd p ll d p1 !I d P(, cp(O, (p)1 ,(p)l'-, )Fw (p,(p)lk, (p)(, )x(23) 

r= 1 r r = 1 r k k k 

k k' 

xexpi[p(iil'-a1 l+l:p 1 (ii 1 -ii 1 l+l:pf', (ii(,-ii 1, l], 
0 0 r= 1 r r 0 r' =l r r 0 

1"/le ( p )lk = pI 1 ... p lk . 

• B STOM npellCTaBrrel!HH OCHOBH8S! cPYHKUHli ¢. l!B)!{HT y)!{B B npocTpal!CTBe D, 

a cPYHKUHOHan F W rr 
""J F W ( p , ( p )

1 
, ( p ) 

1
, 

1t "' V: , a cPYHKUHOHan 

HOBKe K = I y ',. y I . 

B npocTpaacTBe D' . B cuny cneKTpanhHOCTH 

nMeOT aocnTarrb rro rrepeMeanofl: p B rnnep6ononne 

"'K FW (p, (p)1 , (p) 1,, ) , COOTBBTCTBYIOII!Hll nepeCTa-
k k ]I 

B rnrrep6ononae v_ llosToMy, Bbi6npaH cPYHKrrnJO 

h(p) 113 Knacca MYllbTlllll!HKaTOpOB B D H TaKyro, '!TO 

h(pl=l 1 - pf v!; 
0 - p f v!.: 
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n nonaraSI 

h ( p l $ ( p ; ( p )1 ;( p l I', l = 4> ( p ; ( p )1 ; ( pl !' , ) l D 
. k k k k 

nonyqaeM 
-J- tiJ- "'K -
W,;.(a) = W.p(a); W .;.-(a) = 0 ( 24) 

IloCKOITbKY HOCIIT9ITH ( B CMb!CITe Teopl!II 8H8ITIITH'I9CKIIX tjlyHKlll!OHBITOB) pa3-

•J '='K *'I *='J 
HOCTefi W - W H W - W , onpe.Q9ITSI9Mb!9 ycnOBIIGM ITOK81lbHOCTII1 38KITIO'I8-

f:$J IISK 
!OTCSI B O.QHOfi H TOli )1{9 o6naCTll (9), TO .!liTSI Wt/1(;;:)-Wt,{l(,";") T8K)I{9 RM99T 

MecTo 1-aSI neMMa Proann: 

0 N[ "'J - , "'K - ] 
LimA Wt,V(al-Wt,V(a) 
,>. ...... 

0 ( 26) 

B coBoKynaocTn tjlopMyrrbi ( 22, 24, 26) .aaro'I': 

N•I - -
fim .>. w c,b (a a ... an)= 0 

.>. ...... 
( 26) 

,;. 'Il!CTO reoMeTpil'I9CKH9 coo6p8)1{9HHR npHE>O.!lRT K BbiBO.!lY 0 'I'OM 1 .'ITO ( 26) 6y.Q&T 

BbiiiOrrHeHo H npn: nro6oM cnoco_6e c:=_•x·peMn_eann Iii 1 - ii J _I K KpoMe '!'oro, 

ITOCKOITbKY w.p <ii> "'< w ,._.PH ill KaK CBep'I'Ka C 6eCKOH9'IHO .QHtjltjlepeHUHpyeMofi 

tjlyHKUl!el!: cp T8K)I{9 SIBITl'I9TCS! 6eCKOH9'1HO .QHtjltjlepeann:pyeMOli tjlyn:KIIR9fi 1 npn:'!eM 

D (W*c,bl \al a ( W *D c,b l (';;) ( D - npOH3BOITbHbifi .an!j>!j>epeHUn:anbHbifi onepa'I'op), 

To y)l{e non·aoCTb!O .r:~oKasana .r:~nSI cny'laR aenepeaopMnpyeMofi Teopn:n 

1-aR TeopeMa Proanl'!· 

.. -· -- r a a 1 .. - --Benn'IH.!Il>l W.p (a 0 ••• an l n P --- , ... - W.prao .. a ); cc,bG Z , 
a a 0 - a a~\ n 

paccMaTpHBaeMb'IG KaK !j>yHKIIHH pa3HOCTeli 
0

(a 1-a1 ) I npHH8.QIT9)1{8T npocTpaHCTBy 

S (Ran) • . 

PesynbTaT, ycTaHaBrrHBa&Mblli aTofi TeopeMofi, Proanh aasbiBaeT npocTpaacT

Beaaono.r:~o6HbiM 8CHMllTOTH'19CKHM ycnOBH9M, 

12 

.. 

§ 4, IlocTpOGHlro MaTpHUbl paCCGliHHSI 

nnli CYIII9CTBOB8HHR MllTp!IUbl pacceRHHR B TeOpiiR 1 IICXO.!lRIIIGli H3 refisea-

6eproBa nOITSI A( fl , SIBITSI9TCSI .QOCTilTO'!HbiM1 'IT06bl 113 A (f) MO)I{HO 6blno on-

pe.r:~eneHHbiM o6pll30M nOCTpORTb nonliy!O CHC'I'eMy 8Cl!MITTOTII'I9CKIIX (rrpR 1->:!; oo) 

COCTOSIHHfi paCCGSIHHSI, CornaCHO TeOpliR Xaara-ProarrR1 HCXO.!lHb!MR B9ITH'IHH8MH ,!liTSI 

nOCTpoeHIIl'l T8KHX COCTOSIHHfi Bb!6Hpll!OTCSI BGKTOpbi: 

n * 
elln(t)= ll B1 (t)fl .B1 (tl=fdx ft <X,tla1 B(x, t) (27) 

1=1 

r.ae I f1 (x, tl • i .. 1,2 ... 1 - nonaaSI cnc'I'eMa nonO)I{R'I'enbliO'!acTOTHblX rna.aKnx pemelinfi 

ypaBHeHHR Knel!:aa-rop.aoaa, C noMombro cnnbaoro nocTynaTa cneKTpanbHOC'I'H (c!>op

MynnpoaKa KOTOporo He 31lBHCHT OT Bbl6opa npoc'I'paHCTBil OCHOBHblX cPYHKIIHfi) HG-

/8 9/ * 
Tpy.QHO ):tOK838Tb1 

1 
'I, 2 1 CTp, 23) , 'ITO B 1 ( t) fl llpi!H8.!t1l9)1{1lT rllllb69p'I'OBy 

npOCTp8HCTBY O,!tHO'I8CTH'IHbiX COCTOS!liHfi H I : 

.. d .. 2 2 2 
H 1 ={f(pl:J~ lf(p)'l <oo, OJayp +m 

20J ( 28) 

li o6na.aaroT CBOliCTBOM CTa6nmiliOCTli 1 T~e, He 38BHCSIT OT BpeMeHH t • Enaro.tta-

pH STOMy1 ecrrR CHITbHb!G npe.aerrbi B9KTOpOB ( 27) npH t -> ± oo 

OHH MoryT 6b!Tb IIHTepnpeT1IpOB8Hbl K8K COCTORHIISI CliCTGMbl n 

cymecTBYIO'I'1 TO

HeB381IMOAel!:-

CTBY!OIIIHX 'I8CTHil in - n out -coc'I'OSIHHSI paccenansr, 3a,~:~aqa noc'I'poeamt 

s -MaTpiUlbl 38KITIO'I89TCH1 T8KIIM ofipa30M1 B AOK838T9ITbCTB9 CHllbHOrO 

TOTH'I9CKOrO ycnOBHR 1 KOTOpOe !j>OpMynnpyeT 

2-aH TeopeMa P roanst 

acnMn-

BenH'IIIHbi ell n ( t l , onpe,~:~eneaHbie cornacuo ( 27), o6na,~:~aroT cnnbHbiM npe,~:~e

noM npll t .... ± oo 

noK838T9ITbCTBO 

Ilo nOCTpoeHHIO ell n ( t) npn cPHKCHpOB8HHOM n H ll3M9HSIIOIII9MCSI o5-

pasyroT nocne,~:~oBaTenbliOCTb BeKTopoB B rnnb6epTOBOM npocTpal!CTBe Teopnn H. 
B cnny rronHOTbi H AnH cxonnMOCTII aTofi nocnenoBaTenbHOCTH noc.TaTO'IHO, 'IT06bi 

OHa 6bma cPYli.r:18M9HT81lbHOfi, T,e, ):liTH BCHKOrO £ HaiiiiTOCb 6bi TaKOe T 1 'ITO AnSI. 

Bcex t 1 , 2 ~ T 6yAeT Bbin01lHHTbCSI IIepaB9HCTBO 
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~~~n(tlll-~n(tllll<f (29) 

~ d~ 
~n(t 2 l- ~n (t 1l= f __ n dt II pa3naraH HOpMy 

t 1 d I 
nonb3yHCb npencTaBn&HII9M 

lld~n 11 2 
d l 

no yceqeHHhiM ¢yHKliHHM YaltTMaHa, uaxoAHM, 'ITO AnH BbtnonHeHHH 

(29) AOCTaTO'lH01 'lTOObl cymecTBOBann H oblnH HHT&rpnpy&Mbl B o6naCTH 6on&WHX 

Bblp8lK&IIHH 

k ...... 
Jk(tl=J rr I di; II <X. ,tl I at Wcf>(O,it-Xo .... o,xk-ik-tl 

1=0 0 k>t 
(30) 

C:aofl:cT:aa J k ( tl no napaMeTpy t ycTaaa:ann:aaeT 

2-an neMMa Proan.H 

nnn Knacca rna.r:tKHX pemeHIIlt ypaBII&IIHH Kneltaa-ropnolla 

.. 
I (pl 

tV " 

6(p 0 l8(p 2 -m 2 l f(pl, Hiil~-D(R 8 l 

HM910T MSCTO Oli&HKH: 

1. ~ax I Ht,il I 
X 

2. 1 Jd'X 1 <t.'Xl 1 

yobiBaeT, K8K 
1-3/2 

pacTeT ae 6btCTpee t 
3

/
2 

• 

npn t .... +oo • 

npn I .... oo 

B TO :apeMH KaK 1-an TeopeMa ProanH o6ecneqn:aaeT cywecT:ao:aaane J k ( tl , 

2-an neMMa Proann rapaHTnpyeT ero y6bt:aaane c poc'roM t ae cna6ee, 'I&M 
--a/2Ck-t) , ""' • 

t · . TeM caMbiM ¢YH.r:taMeaTanhHO.CTb nocne.uo:aaTen~oaocTn ""n ( t l o6ec-

neqH:aaeTcsr, n 2-asr TeopeMa Proansr noKa3aHa. 

TaKnM o6pa30M, :a aenepeaopMnpyeMofl: aKclioMaTH'I&CKolt Teopnn, non'lnnsrro

mefl:cn noCTynaTaM yafl:TM8HOBCKOI"O liOAXO.r:ta, MOI"yT Obl'rb liOCTpoe.llbl 2 CHCT&Mbl 

acnMnTOTll'l&CKHX n -'laCTII'lHbiX COCTO!I.llnlt paCC&!IHIISI 

In 

Ill out = s- l'im Ill ( tl 
n n 

t _,±OCI 

CornacHO liOCTYllllTY acnMnTOTH'l&CKO!I: nonHOTbl 1 Ka)K)laH H3 STHX .UBYX CliCT&M 
out 

npencTa:anneT co6oro 6a3HC :a .aexoTopoM rnnh6epTOBOM npocTpaac'r:ae 
}{ In 

out ln 
J< -R -R npH'I&M 

R{A(flJO 

rne J{ -HCXO.UHOe llpOC'rpaHCTBO B&KTOpOB 

14 

) 

• 

B aToM ennnoM rnnb6epToBOM npocTpauc'I':ae. onpenennM yHHTapHbilt ()nepaTop s -

MaTpnuy pacc&HHHH 

C. aneM&HTaMH 

out in In 
<Ilk 

+ out 
s ~k <I> k = s <Ilk 

In ln ln 
s = (Ill mn m S<l>n l"' (<lJm 

out 
~n 

TeM caMbiM 3a:aepwan nocTa:aneaayro 3a.r:ta'ly. 

(31)' 

npe.ucTa:anneT HaTepec nanbaeltwee nccneno:aaane nonyqeaaon MaTpHllbi pac

ceHHHH, B qacTHOCTH, 6bmo obi :aecbMa nro6onbtTHO npocne.r:tHTh, KaK oTpa3stTCH B. 
y~fl:TMllHOBCKOM ¢opManH3Me Cll&lllllPH'l&CKHe OTliH'lHH Henepe.llopMHpyeMbiX T90plllt! 

6nH30CTb ·K H&nOKllllbHbiM B3aHMO.r:teltcTBIIHM 1 OTCYTCTBI!e .UliCllepCHOHHblX COOTHO

III&Hllil H .Up. 

BcnKoe nono6aoe Hccne.uo:aaane aen36eJKHo .uonJKHo onnpaThCH aa KaKne-nn6o 

oonee KOHKp&THbl& npe.UCT8Bli9HH!I . MaTpii'lHblX aneM&HTOB1 He:lK&liH ( 31), . noaTOMy 

6nnlKaflllle!l: 3a.r:ta'tel!: Teopnn Xaara-ProanH nnn aenepeHOPMHPY&MbiX B3anMo.uel!:cT-
" /10/ :anll n:anHeTcn nccneno:aaaHe o.uuoqacTH'lllOH CTPYKTYPhi MaTpl!'lHbiX aneMeHTo:a 

( npeJK.ue :acero - Hl!311Inx) n BbiHcaeane B03MOJKHOCTel!: onpeneneansr nnKno:a Pro a-
. I 11 12/ 

liH H nonyqeHl!H · peAYKliHOHHb!X lPOPMYll 1 
, 

A:aTop rny6oKo 6naronapea B.C. Bna.unMnpo:ay n :a oco6e.aaocTn ~.K.honn

:aauo:ay 3a MHOI"OKpaTHbl& o6cyJK,I:I9HHH1 CB!I3aHHbl& C H8CTOHW&fl: paooTolt, 
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