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• 
Kao TH, 

P2 - 3078 

BhlpO.>KJleHHble yHHTapHhle npeJlcTaaneHHSI rpynnbl SU(2,2) 

H CHMMeTpHSI 3JieMeHT8pHblX '18CTHU. 

B npeJlbiJlyiUell pa6oTe I 11 6blno HallJleHo JlBe cepHH Bhlpo.>K

JleHHhiX yHHTapHblX npeJlcTaaneHHlt rpynnhl SU(2,2). B HaCTOSIIUell pa-

6oTe JlOKaaaHo, 'ITO OJlHa H3 3THx ABYX cepHll (HMeHHO rnaaHaSI ce

pHSI) npHH8JlJie.>KHT K T8K H83blB8eMolt cepHH d I rpaeaa /2/. KpoM e 

T OI""O, 3JleCb yK838HO B03MO.>KHOe npHMeHeHHe npeJlCT8BJi e HHJl l""Jl8B

HOJl cepHH K oreopHH CHMMeTpHH 3JieMeHT8pHbiX 'l8CTHU. JlaHa peJlyK-

UHSI SU(2,2) :::>I SU(2)®SU(2l• U(lllp, rJle p - 4 HMnynbC qacTHU, 11 

npoBeJleHa KJI8CCHcpHK8UHSI '18CTHU no HenpHBOJlHMhiM npeJlCT8BJieHHSIM 

M8KCI!M8JlbHOll KOMU8KTHOJl ITOJlrpynrrbl. KopOTKO p8CCMOTpeHa T8K.>Ke 

aepWHH8 B38HMOJlellCTBHSI 6eCKOHe'lHOl""O MyJibTHUJieTa CO CK8JIS!pHblM 

BHelUHHM llOJieM. 

npenpHHT 06'be.[{HHeHHOrO HHCTHTYT8 Sl.llepHbiX HCCne,nOB8HHA. 

lly611a, 1966 • 

Cao Chi, 
P2-3078 

Degenerate UUtary Representations of the SU(2,2) 
Group and Elementary Particle Syrrmetry · 

Two series of degenerate unitary representatig'l7 of 
the SU ( 2, 2 ) group were found in the previous paper' • It 
is proved in the present paper that one of these tvy'2/series 
(the principal one) belongs to the so called Gmev' d 1 
series, Besides, a possible application of the principal series 
representations to the elementary particle symmetry theory 
is pointed out here, The SU(2,2) !SU(2)xSU(2)xU(l) 1., reduction is given 
where p is four- morrentum of particle, Particles are classi
fied according to irreducible representations of the nnximal 
compact subgroup, The vertex of interaction of an infinite 
multiplet with a scalar external field is briefly considered. 

Preprint. Joint Institute for Nuclear Research. 
Dubna, 1966. 

1 1/ 
B pa6oTe 5wno He 

neBHII rpynnbJ SlJ (2,2), 

CTSBJieHHHMB B nperrcTaBne 

MOlK.!I09 npBMeHeHBe 3THX I 

'ISCTHU. 

1, fnaBHSSI cepHH " 

fpynna SU(212) onpe1 

mBX apMBTOBy ljlopMy '¥+ t\1 

M 

BbipolKJleHHbJe npencT. 

peanuayroTCH B npocTpaacT 

MBH0pbl1 o6pa30B8HHbJe H3 

KalKJloe npencTaBneHHe xap 

CTerreHHMB OnBOpOITHOCTH 

cnenyromHM o6paaoM: 

J13 yCJIOBld~ yHHTSpHO• 

cTaBneaHII, Dm1 rnaBBoil ce 

aoe qHcno), nnH nononHHTe 

uenoe 'lHCJIO, npH peaJIH38[ 

uHA f reaepaTOpbl rpyn. 



Ill 
B pa6oTe 6&Ino Haflaeao aBe cepnn BbipoJK.AeHHbiX yHHTapHbiX npeacTaB-

neHHfl rpyiiiibl su ( 21 2), 3aec& Mbl p8CCMOTpHM CBll3b MelKllY HaflaeHHbiMH npea
/2/ 

CTBBneHHliMH B IIpellCTBBne.RHliMH, llBHHbiMB rpaeBbiM B pa6oTe 1 H yK8lK8M B03-

MOlKH08 IIpBMeHeHBe 3THX npellCTBBIIeHHfl K TeopBH CHMM9TpBH 3n9M8HT8pHbiX 

"18CTHU, 

1, rnaBHaH cepHll N = - ~ + .:~ u cepHll J..1. 
rpynna SU(212) onpeaenHeTcl! KaK rpynna KOMnneKCHbiX MaTpBD.1 coxpaBHJO

mux apMBTOBy lj>opMy '\j)+M4'1 r.rte 

( 1) 

B&IpoJK.AeHH&Ie npeacTaBneHBH rpynn&I SU (7
1
2 ), paccMoTpeHH&Ie B pa6oTe

1 11
1 

peanH3YIOTCH B IIpOCTpaHCTBe OllHOpOllHbiX lj>yHKII.Hfl f(tl~ 1 fjit~ij) 1 rne L1~"''* -
MHHOpb11 oopa30B8HBbJe H3 1<- nepBb!X CTpOK MBTpHII.bl J . Jy: {ij-= {1213;4). 
KaJK.Aoe npencTasneaHe xapaKTepnayeTcH napofl queen ( N_,.,1KOTOp&Ie CBll3aH&I co 

cTeneHl!MH oaaopoaaocTH F H g: lj>yHKD.HH f OTHocnTen&ao L1i
1

, Ll~.;iJ 
cneayJOIItHM o6paaoM: 

N-+ 
N-

2x 
2x. 

F 
:F 

) 

Ha ycnoaafl yHHTapaocTn npencTaBneanfl 6&mn nony"'eH&I nBe cepun npen-

cTaaneaufl, llm1 rnaaaoii cepnu N = _ f + iJ 
aoe '!Hcno), anll nononHHTen&aofl'cepnudm.N=O; B 

g -n106oe BemecTaea

o6eux cepuHx 4-x -n106oa 

nenoe 'IHCflO, rrpH peanH3811.HH 

D.Hfl f reaepaTopbi rpynn&I 

npeacTaaneanfl B npocTpaacTRe oaaoponH&Ix lj>yaK-

HMB!OT BHll 
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;L.. = ~ f ,2_ 
1-1 L )m. t 
tf H=/ ~/'!f' 

H YllDBll9TBOpSIIOT cneayiOlli9MY KOMMyTSUHOHHOMY COOTHOlli9HHIO: 

[ 1·, .Z:t J = ~.;(t- tit~ 
MaKCHMBnbHOft KOMU8KTHOft UO)lrpynnoft HBnHeTCH npHMOe npOH3BQ)l9HH9 

.SU(2)®SU(2)®U(1). Anre6pbi rpynn SU{2.)r 5U(2) , U(1) HM&IOT cneayiOllll!e 

reHepaTOpbl COOTB9TCTB9HHO: 

~,:1;,,-f(:ftr'L;J ; _;t;'tJ~.3 J 1{~-4 j f{£:t+:k-4~)· 

0cTBnbHbi9 reaepaTOpb! .:t;f HBnHIOTCH H9KOMll8KTIIblMH reHepaTopaMH, B CBH3H 

~ /]/ 
c MaKCHManhHOA KOMUB KTHOft nonrpynnoft SU(2)®5U(2.)® U('t) B 6bin Hcnonb-

30BaH cnenyiOlliHft 6a3HC B I"Hnb6epTOBOM npocTp811CTBe !jly~KUH~ : 

1 /,~m,~mt.~ = Jt. •. IN' ;V C"NJi;iy)r"'t_l?tf~-mz f.'lJJ!Fr,JJ%' (2) 
{f ' }; / }!/'LI'I Jt1flt lJ"'.tAJ ~~ ::Z'tj /t U.z )J Lf . 

3necb 
L. zi.t 5t· == )1i ) ) === ~i == t;; }.Y.zk5.~t , 

s = 55,+ Y>.z-Y53-+ y·),.. j 

1j~A - IIOpMHpyiOlliHA MIIOJKHTenb; (l, 1 f , C, 1 2 - He OTpHUaTenbllbie 

nbie •mcna, yaoaneTBopHIOmue cooTaorneaHHM o+J = 2jJ. 1 c+S = 2j
2 

; 

0·, = [~i+=)!J*[c~)!g-,.~J-1 ; 

\ - co6cTBeaaoe 3 Ha'!eaue reaepaTopa rpynnbi U(1) {>.= "+:!-c.) 
0TM9THM 3A9Cb1 'ITO cymeCTBOBBHHe ABYX cepHft npeacTaBneauA, Haftnea
'/ ] / 

ue-

HbiX B , MOJKHQ_ TBK JKe aarnHAHO noHHTb H3 cnenyiOmero coo6paJKeHHH. Kax H3-

aecTHo, rpynna SU(212) noxanbao H3oMop!jlaa peanbaoA opToroHa nbaoA rpynne 

SO (~2) B lli9CTHM9pHOM npoCTpaHCTBe C MeTpHKOft ~B (~~~~;-~-!) Ji~. 

4 

PaccMoTpHM, aanpHMep, en 

C = ~-jf- L,~+L:+L~"+L 
rae ~B - reaepaTopbi nco 

KOMMyTBUHOHHOMy COOTHOlllo 

[LAB7Lco] 

Yl3oMopljJH3M rpynnbi 

llYIOlliHX COOTB9TCTBHft : 

A 

Lz; ~ ±(~-' 
L,, ~ ~ {:t:z-

2t 

L,z. ~ f ( :t;, 
L'f .,_ ~ f ( :£;2 
L2" ~ f ( ;;t;2 

L 3'f -- f ( ,;f,t 
L,s- t-----7 f ( ~~ 
L25 ~ fr ( ;;t;" 

Cs ~ f (~ 
L,,- <.---? ~ ( ~3 

.ZL 

L,6 ~ .i.., ( :t;'t 
2t 

L.6 ---> 1 ( ~-
L;" (-------7 2: ( ~ 
L~t&~ f(~ 

L~6 ~ f c~ 



HOIIleHHIO: 

we npoHaBeJleaue 

) , U(1) HMeJOT cneAyJOIIlHe 

~H reaepaTopaMH. B cBH3H 

f) /]/ 
)~ U(f_; B Oblll HCUOilb-

9 ¢Y/IKUHA/ : 

' 

£l - He oTpHnaTellbHbie ne-

=- 2}.t 1 c+8 = 2j2 

_f. 
2... 

; 

~1) (A= 4+~f-&) . 
npeJlCT8BileHHA, H8ii!A&H

lllero coo6pa*eHHH. Kax Ha

)11! opToroaanbaoA rpynne 

R = (~~~t_,-~-t'J·· ,,. . ~B '/ I~· 

PaccMoTpHM 1 aanpHMep, cneAyJOIIlHA onepaTop KaaHMHpa: 

rAe ~B - reaepaTopbl nceBJlOOPT9roaanhHoA rpynnhl S0{~1~,YJlOBneTBOpSI JOIIlH& 
KOMMYTBUHOHHOMY COOTHOIIleHHIO 

HaoMoplj>aaM rpynnhl 50{419 rpynne SU(~2) ocymecTBilSieTcSI c n o MOIUbJO cne

JlYJOIIlHX COOTBeTCTBHil! : 

LZ5 ~ ±(~+~,-+-~¥+~) ~ 
L,3 ~ t {;Z,2- ~~ + ~f- ::43) ? 

L,l ~ f ( :i;,- 'fzz + :!;; - :i;r) ~ 
L,* ~7 f ( ;t;2 + t', - ;t;t- ;£,3) ~ 
Lz~t ~ j; ( ;;l,z- :t:1-~¥ + 4) ~ 

L3't -- f- ( i:t- i;z -· -f;J + ;t;*) ~ 
LIS' t-----7 t { .:t';'t - ';(*/ + ~3 - :i;z) J 

L;s ~ t ( ;;t;t +~, - ~z- ;;t;J ) 
Cs ~ f ( :Z:..- :;t_;t + ;;'2- ~¥) 1 

L'ts- <.----? t ( ~3 + -;~;1 + ;;z::$' + ;;z;v 
Lu, ~ 1z ( .;('t + ;z;, + ~2. + ;fzJ) 
L. 6 <:----> 1 ( :;G3 - ;;t;z - i;f -t- .4J } 
L;l. ~ ;_ ( ~ + ~~ - ';;fz~ - ~z) J 

Llfb ~ f (~z- :;fz't- ~3 + -=0J J 

Ls-6 (-----;> f ( ~~ +.:Z:z. - -;;t;; -.:40 
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BbrpaJKaH C qepea reaepaTopbi ~- , Mbi rronyqaeM: 

4C = f-:1,' -~jC~ii+~.Z:) +->:t(~~+~=Y) 
llel!cTsyeM Terrepb orrepaTopoM C aa seKTOpHbil! 6aanc ( 2). ITocne nnna-

Hb!X Bb!KII8AOK Mbl IIpHXOAHM K cneAy!OllieMy Bblp8lK9HHIO : 

± C ~~~mj~~-s> ( N2+ 3N +2:J(,Vfjmy;"'.t>.) 

Tpe6osaane semecTBeaaocTH co6cTBeaaoro aHa'!eHHH onepaTopa 

Ill 
peaynhTBThi, rronyqeaabre B pa6oTe 

N 3 . 
1) =- 2 +"J ( rnasaag cepnn ), 

2> ;;t;N = 0 ( AOIIOIIHHT9IIbH8!1 cepH!i ), 

c naeT 

PaccMoTpHM Terrepb CBR3b MeJKAY aal!AeHHhiMH aaMH npeAcTasneannMH H 

/2/ 
rrpeACT8BII9HH!IMH, ABHHb!MI! B pa6oTe , IlpH STOM orpBHH'IHMC!I TOIIbKO Ilp9ACT8B-

/2/ 
neHHHMH rnasaolt cepHH ( B 6bmH ABHbi TonbKO rrpeAcTaBnealul rnaBHhiX cepnlt). 

HasecTao, 'ITO MaTpauy 5eSUCZ'!) Boo6me MOJKHO IIp9ACT8BHTb B BHAe 

J=)fe (3) 

TaK KBK Mbi paccMaTpnsaeM TonbKO BbipOJKAeHHbie rrpeAcTasneanR, peannayeMbre 

OAHOpOAflbiMH ~YHKUHS!MH cl(fJif) L1i,~~ , TO, CII9AYR pa6oTe , Mbl AOIIlKHbl ) 
/ 3/ 

B3!1Tb CII9Ay!Ollil!9 KII9TO'!Hbl9 ~OpMbl Ail!! M8Tpi!Ubl 5 , :; , t 

(

f >IZ ~IJ 3"/j>) 
l = 0 f 0 .Sz'f 

1 
) 0 D 1 ~Ji' 

0 0 0 1 
(

t(f 

s= 0 
0 

0 

0 0 

~z dz3 
JJz fn 

0 (J {) r- (

1 

i!${ 

rJf 

i!~1 

1 0 

t7 1 

.;.t r+3 0 
/2/ 7 0 

Cornacao pa6oTe , STH KneTo'!Hbie ~opMbi AnSI MaTpnn .) , o , .Z. 

cooTBeTCTBYIOT 38ABHHJO rpyiiiibi SU(2;2) KBK rpynrrhi KoMnneKCHbiX MaTpHU, 

coxpaiHl!OlliHX SpMHTOBy ~OpMy r+;14
2 
r , rAe 

6 

t 

., 

Mz 

3Ta HOB8!1 p98IIH38UH!I rpyn 

~OpMHpOB8HH!I SII9M9HTOB rp 

HBIIbHOl! MaTpHUbi, CepH!i rrp 

3hiBaeTCR cepael! J.1. , E 1 

HOlli9HHIO 

j 

0TCIOA8 Ail!! M8TpHU f no;: 

t. 

IIOSTOMY ~ 
M8TpHne Z: 

z= 

( J;-? tz~ 
--

SJ2 ~J 

!IBII!I9TCS! MBT 

, nony'IHM: 

1 

-)-+ 

X_;+ 

-1M~;.x,; 

rAe Xz· ('"=g~~ n 

BM9CTO rrepeM9HHblX Jl := . 

rrepel!neM K nepeMeHHbiM 

n B Aanbael!weM scerAa 6yA· 

aeT cymecTBeaaoro paanH'IH~ 

Hbl9 ~· · He 38BHC!IT OT (_ 
)~.- / 

cneAyroWHM o6paaoM: 



r: 

6a3Hc (2). nocne nnna-

1 orrepaTopa c 

)I 

~ cepng ), 

: rrpencTaBneHHRMH H 

IH~HMCR TOnbKO rrpencTaB-

lBneang rnaBHbiX cepna). 

rrpencTaBHTb B anne 

(3) 

·aaneang 1 peann3yeMbie 
/ 3/ 

OTe Mbl nomKHbi 

rl t : 

c 
4 

D 
:Z2/ 1 0 

= 
r;t () 1 

i!'-1 t~t r+J 

rpno: t lr I .Z· 

COMllneKCHbiX M8TpHU 1 

r 
.r 

· ~ 

=(i J 
0 

() 

-1 
() 
]) (4) 

3Ta aoBaR peanH3BO:HR rpyrrrrhl rrony~aeTcR H3 cTapon peanH3aUHH (1) rryTeM Tpaac

!)JopMnpoaaang 9neMeHTOB rpyrrrrhi c rroMoiiU>IO rronxongmen aemecTaeaaon opToro

aanbHOA MaTpHO:bi, Cepng rrpencTaaneHHn 1 cooTBeTCTBYIOWHX peanH3BUHH ( 4) 1 aa-

3biBaeTCR cepneA J.i. , B HOBOA peanH38IIHH M8TpHIIbl j ynoBR9TBOpRIOT COOT

HOW9HHIO 

j~j+=~ (5) 

OTc10na nng M8TpHU f rrony~aeM ~; ;,,=1 H ~6j J;+ ~~ rne 

t. =( .f~ £') 0.-(1 0) 
SJ.z bsJ 

l '3 - 0 -1 ) 

ll09TOMY ~ RBRReTCR MaTpHo:en H3 rpyllllbl SU("' t). npnMeHHB ycnOBHe ( 5) K 

MaTpnne Z: 1 rrony'IHM: 

1 0 0 0 

~+ ixz 1 0 0 

i!: ' -- x.;+ ixi' 0 1 0 

-J:My~·xj+ix_, - "'f+iX.z x
3

_ ix
1 1 

rne X· l /.·= ~?~¥) H .Xs -n106b1e aemecTBeHHbJe '!Hcna. LlnR yno6cTBa 
~- ')t . •'f<t. 11/ 

BM9CTO rrepeMeHHb!X _)z =: f: . f:'s f.· :s;, f:fl £ .f,& tel HCll0Rb30B8HHbl9 B 1 Mbl 
>t:- 1 'J z 'f/ · "At 

rrepeAneM K nepeMeHHbiM f:.~ £: . t7 ~k- i//_ = t:::l ·t .t 1 f:. t 
?t ='= 7ft- ' ? ~ vt - 7£1--:?.;F</2 

H B nanbHeAweM BCerna 6yneM OllYCK8Tb WTpHXH y HOBb!X rrepeM9HHbiX 1 TBK KBK 

HeT cymeCTBeHHOrO p83RH'IHR Me)l{ny CT8pb!MH H HOBbiMH rrepeMeHHb!MH , nepeMea

Hbie 5i He 38BHCRT OT 5y: H Bb!p8)1{810TCR ~epe3 9neMeHTbl M8TpHO: s H ~ 
cneny10wnM o6pa3oM: 

7 



5, = I# (-1-1·~·y·+ i~) J 

)z = ~ (- ~-t-ix:) 7 

5J = J;t ( X3-i~) 7 

)t = ~f 
nollb3yHCb ( 5) 1 MOJKHO llOK838Tb1 'ITO 

)~ = -(M~)p·S.r (6) 

C npyrol! cTopoHbr, paanoJKeuue ( 3) naeT cnenyromue BbrpaJKeuuu lll!ll }i u) i : 

5, 

y' 

sft~t.·, 

( r) i ( fzz SL51 0 . 
-1 s (\ cl¥¥ 

'32 "JJ 

r~· .r2 J r.zt 

~!/ rJJ. r:;t 

z.y r-~,j_ :C;,t 

CpaBHHBBll ( 7) 11 ( 6), MO>KHO npoBepHTb, qTo 

(7) 

/j~~-~ i ;/<'<" 

/ J;, /= f u J;f - BemecTseH-

Hbrl! napaMeTp. TaKHM o6paaoM, OllHOPOllHBH tPYHKUBll j{{,j~ HM99T BHll 

~~Ny(e) . 
0TM9THM 3ll9Cb 1 q TO p83l!O>K9HH9 3=5S~ HeB03MOJKHO npu peanuaa-. 

llHH ( 1) . no9TOMy, 'IT06b! UOl!b30B8TbC!I M9TOllOM K8HOHIJqecKoro p83l!O>K9!III!I 1 

Ill 
Heo6xonuMo nepel!TH K HOBo!! peanusanuu ( 4). B pa6oTe , rne He 6brno ucnonh-

soBaHo KBHOHH'IecKoe pasno>Ke!IHe J : ( f~ ? TaKoA nepexon ue uy>Keu. YTo-

6 br nepel!TH K HOBo!! peanuaanBH ( 4), B (opMyne ( 2) liY>KRO nenaTb saMe!Iy 

51 ~ ~ (5,+5~) J J.:! ---7 $.z J ~J --? t J ~+ ~ 1£ of-~I) H auanorH'IHO 

llli!! 'l . 
r, 

HuBapua!ITHaH Mepa !Ia rpynne 

j{<;fj onpenenl!eTc!l ¢opMynol! 

8 

uMeeT BHll +CV ~~~t&·¢yliKnB!! 

' 

rne i:jo = {),fJrj; u 

l!H38llHH (4) HHB8pH8HTH8H ~ 

pHM Tenepb OllHOpOllH bl9 tPYH 

p8HCTBO C HOpMOl! 

J :f*.f f. 

HopMa, onpeneneHHal! ¢opMy. 

2N+2N*+6 = 0. 
Kaaanu, qTo rnaBHaH cepuu 

npHH8lll!9lKHT cepHH d.J. 
KpoHeKoBcKoro npouaBeneuuu 

qTo npocTpaHCTBo Hr To>K• 

aneMeHTapHbiX qacTun) • .Unu 

BOKTOpHoro 683HC8 (2), Do 

(yjfj~~ /,Yit~> =l~;plf 

nocne rpOM03llKHX Bb!Kl!BllOK 

2. 
~j~A = v'Jf3 

3Ta ¢opMyna Toq!Io coBnanae 

npellCT8Bl!!I9T T8K >K9 H~ 

Bb!pO>KllOHHb!MII np9llCT8Bl!9HH 

rr ( ~ , f ) , ll8HH b!Ml 

np9llCT8Bl!9HHH B rHnb6epTOBt 

HO CBH38Hbl C o6o6me!IHb!MH T 

M9TpHH 3l!9M9HT8pHb1X 'I8CTHIJ 

npOCTp8HCTB9 tPYHKllHl! , onpene 

HOCT!IM, norpy>Ke!IH biM b 2( / 



(6) 

Bblp8)!{9HBH JlliH }i B) t : 

(7) 

/ = / H J;t - aemecTaea-

j({;j') HMQQT BB)l 

aeaoaMo>Kao npH peanaaa- . 

aoaaqecKoro paano>Keaaa, 

. Ill 
•OTe 1 r.Qe He 6b!ll0 HCUOllh-

tKOfi nepexo.Q ae ay>Kea, 4To-

ay>KHO .QenaTb aaMeay 

~ (./~_51) a aaanorH'tHO 

' ,., 

rne rjo = {J,fJi!t a jo 
l1H38.QHH (4) HHB8pH8HTH8H Mepa 

paM Teneph onaopollHbte <jJyaKuHH 

paHCTBO C HOpMoA 

-aeKOTopaa M8TPHU8 rpynnbl Sl/{2;2). nml pea 

f(!) paaaa J;J Jx,J~ Jx3 J~ dxs . PaccMoT

~{f;j~-Oaa o6paay~T rHnh6epToao npocT-

(8) 

HopMa, onpe.Qeneaaaa <jlopMynoa ( 8), HMeeT CMbiCn TonbKO TorAa, Kor.Qa 

2N+2N*+ 6 = 0. 
Kaaana, qTo rnaaaaa cepaa 

npHH8.Ql19)!{HT cepHH d.1. 

Mbi no-

/ 1/ 
B 

0Tc~.Qa N - } + i_y. TaKHM o6paaoM, 

npe.QcTaaneaaA rpynnbt SU(212), aai!neHH biX 

/2/ 
p860Tbl ( BblpO>Kil9HHe COCTOHT B TOM, 'tTO BM9CTO 

KpoaeKoBcKoro npoaaaeneaaa Mbl B3Hl1H TOllbKO HH~<e y BHilHM, 

'tTO npOCTp8HCTBO TO>Ke llOCTBTQqHO )1na llpHM9H9HHa K T90pHH CHMM9TpHH 

Sl19M9HT8pHbiX 't8CTH.Q), nna npoaepKH Bb!qHCllHM HOpMHpy~tUHfi MHO>KHT9llb Jj~A 

aeKTopaoro 6aaaca (2), flo onpeneneaa~ aopMbi (8) Mbt HMeeM: 

nocne rpoM031lKHX BhiKnanoK Mbt nonyqaM cnenyiOlllee Bbipa>Keaae una n· · 1 
/Jfzt1 

/ 1/ 
3Ta <jJopMyna Toqao coana.QaeT c <jlopMynoA ( 29) pa6oTbi , 

fTpellCT8Bl1H9T T8K>K9 HHTepec yCTBHOBHTb CBH3b M9>KilY aafineHHbiMH H8MH 

Bb!pOlK.llSHHb!MH npeACT8Bl19HHHMH H Bblp0>KA9HHbiMH npellCT8Bl19HHaMB rpynnbt 

I 121 if ( f , '/ ) , ABHHb!MH B pa6oTe , 8 OTliH'tHe OT HBC ( Mbl peannayeM 

npellCT8Bl19HII:H B rHnb6epTOBOM npOCTpBHCTBe OUHOpOilHbiX <jJyHK.QHH 1 KOTOpbte Tec

HO CBH38Hbl C o6o6meHHb!MH T9H30p8MH H O't9Hb YA06Hbl B npHliO~<eHHH K T90pH!i CHM -

/12/ 
MeTpHB Sl19M9HT8pHb!X 'tBCTHU) 1 Up9ACT8Bl19HHH B peanH3YIOTCH B rHnb6epTOBOM 

npocTpaacTae <jJyaKUHil , onpenenaeMbiX aa MHoroo6paaaax, roMeoMop<jlabtX rHnepnoaepx

aocTHM, norpy>KeHH btM b 2( / + '/) -MepaoM npocTpaHCTBe MHHKOBCKoro, 

8 



.... 

2. rna aHaSI cepHSI N=-J+iy H CHMMeTpHSI aneMeHTapHhiX '!8CTHU 

PaccMoTpHM Tenepb KopoTKo aoaMomHoe npHMeHeHHe npeACTaaneHHA rnaaaoA 

/ 4,5/ 
cepHH K TeOpHH CHMMeTpHH aneM9HT8pHbiX '!8CTHU, B pa60T8X pSIA8 8BTOpOB 6binO 

noKaaaHo, 'ITO rpynna CHMMeTpHH G AnSI cHnbHOBaanMoAeilcTByJOmnx aneMeH-

TapHbiX '!aCTHU HMeeT CTpyKTypy: 6 = A 5 I rAe p - rpynna nyaHKa-

pe, 5 - rpynna BHyTpeHHeil CHMMeTpHH 1 a TO'!Ka 

Moe nponaBeAeane. Ecnn ocTaBnTb noxa B cT~~oae 

MeTpH!O, TO OAHOil H3 B03MO)I{HbiX rpynn CHMMeTpnn 5 

o6oaHaqaeT nonynpg-

YHHTapHy!O CHM

SIBnSieTCSI rpynna sval). 
Taxoe paccMoTpeHne O'!GHh noy'lnTenhHO AnSI nocTpoeHnSI KBaHTOBoA Teopnn nonSI, 

/6,7 I 
y'!HTbiBaJOJ.Ueil BHyTpeHHlOJO CHMMeTpHlO aneMeHTapHblX '!aCTHil ( CM, , TaM 

6btna paccMoTpeHa rpynna .SL (~C) ). 

B eKTOpHblil 6a3HC ( 2} MO)I{HO HanncaTb B cneAyJOII(GM BHA9: 

sN-;~~;;'z z:ft ... j, 'h, ... ts 
er" e11 jr···~ 

(9) 

rAe z -TeH3~p , IIOCTpOeHHbil! H3 J,· , 5 i_ 1 CHMMeTpi!'!Hbiil no I!HA9KC8M ~· 
:/. , ;:.. ~/vi B OTAGnbHOCTI! H paBHbll! HynJO npl! CBepTbtBaHHI! e. C ;/ 

Hnn J c h . HanoMHI!M, 'ITO <t+J =1Ji 1 c.+S= 2i2 . llnSI npoc TOTht nono-

s /8/ ~)~· 
)I{HM (1- = = 0 ( CM, ) , nycTb Tenepb .J){N,X;,~ -HeKOTOpblfi aneMeHT 

rl!nb6epToBa npocTpaacTaa, peannayJOmHil npeAcTaaneal!e ( N,x) ; ero MO)I{HO 

paano)I{I!Tb no 6aa11caM (9): 

A /\ 

D{N x) = L rnJr"'J"' S N-;~izz h ···f; 
I / . . tfi .. -f~ .., L\ ;:,tz. r j1 '"Jc 

( 10) 

f q, ... ;, 5 
BnAHO, 'ITO Teaaop ~ ~ , He aaBI!cSimHll OT • • ; b , - TO)I{e CHM -

Jf' .. Jfl , 
MeTpi!'!HbiH no I!HAeKCaM :f H f , ~OpMyna ( 10) AaeT K8K p83 peAyKilHJO 

.Sl/(2,2) .:::::::> SV(i)®Sl/(2.)® u(1)· B npHMeHeHI!I! K Teopnn CI!MMeTpl!l! Hac 6onb

we HHTepecyeT peAyKili!SI Sl/{21 2J::::::JiSv(2)®Sl/(2.)~U{1) J , rAe 

[sv(tj ®S li{~®U(t) J onpeAenlleTCSI xax noArpynna.; nony'!eHHaSI B peaynb-

TaTe npnMeHeHI!SI no/eHneaa npeo6paaoaa HHSI L
1 

K SU(2) ® S U{2) ® U(t) 

( P - 4 - HMnynbC '!8CTHUb!), llnSI 3TOl! peAyKUI!I! HymHO nony'!I!Tb Bblp8)1{eHHSI 

AnSI 683HCa ( 9) H AnSI KOMllOHeHT 1>} "'lC B COCTOHHHH C HMnynbCOM h 
-::r1"';;J'fl r~ 

upaaol! '!8CTH ( 10) nopeHneBbi npeo6paaoaaHH!l. L1 
YJ> TorAa BMecTo TeHaopoB Z ~· .. ~ 
1'11.- ,., ... Je. 

npHMeHHB K 

L; '(o Lf-t = 

, JlnH KOTOpb!X 

H t'fl jt ".,-: 
I :f,· .. :fi 

10 

Mbl AOnlKHbl B3SITb CneAy!OI 

llt···Jf 1.) _;, 
V; -u. z ,, ... ,, - ft 

dJ fr ·"fc 

T h··· J) (;) -· u 

~YHKUHSI s = J '(roy~ 
3aM9HSI9TCSI <jlyHKUHeil S ( 

HOpbt1 YAOBn9TBOpSI IOII(H9 on 

peAyxnnl! SU(2tl):::::>~SU(z}8 SV, 

D,(~x) ~ ~ 
cljz. 

d> P,·fc. 
~YHK!ll!l! ; Yt···Jip onl!CbiBI 

.lJeTHOCTb 'laCTI!Il paBHa (-1 
ypaBaeanliM EaprMaHa-Bl!rF. 

(yp-tn_, 

(rt+" 

Han11rneM aecxonbKO KoMnoa 

HBMH, KaK 6hmo noKaaaao 1 

~~t!~ -2}x-}= 0~? '"r I 

CTaBneHHH C .2.}x.)=: tJ~, ... ,a 

2jx} - J. I J .E I . - . - :z. 2.1 .2.. 

Meaoa bi 

1) np"' 

2) np"' 

c f=o 
e f= .1. 



l9HTapHblX qaCTHil 

aeaHe rrpencTaaneHHA rnaBHoA 

14,51 
'a6oTaX plllla aBTOpOB 6btn0 

,aaHMOil9ACTBYIOlllHX aneMeH-

'Il9 p - rpynrra nyaHKa

TQqKa o6oaHaqaeT nonyrrpll-

~pOH9 yHHTapHyJO CHM-

s liBnli9TCll rpyrrrra sval). 
) 9HHll KBaHTOBOA TeOpHH rronll, 

16,7 I 
IX qaCTHil ( CM, 1 TaM 

(9) 

vt eTpHqHbiA ITO HHil9KCaM ~ 

ll CB9pTbiBaHHH e. C :f 
= ~2. . llnH rrpocTOTbl rrono

;~ -H9KOTOpb!A aneMeHT 

I9HH9 (1\jx); ero MOlKHO 

··fp 
.<\ 

·· jjc 
( 10) 

~ b 
OT 5i , ) , - TO>Ke CHM-

J) naeT KaK paa penyKnHro 

Opl!H CHMM9TpHH HaC 6onb-

•V(1) J }> , rne 

'pyrrna, rronyqeaaaH B peaynh-

SV(z) ® S V{2) ® V(t) 

y)[<HO nonyqHTb BblpalK9HHll 

;QCTOliHHH C HMnynbCOM ~~ 

18 91 
Mbi non}I(Hbi Bal!Th cnenyJOmae Teaaopbl ' 

( 11) 

ct>yaKilHll S =}'(To~~~ ( Mbi B3SIIJH rrpencTaBnean:e nayna nnll MaTpn:n J ) 
aaMeHl!eTCSI <jlyaKnHeA S{P)= Ji( '%1~ . B BbtpaJKeHHSIX ( 11), ( 12) U -crrH

HOpbi1 YAOBneTBOpSiromHe orrpeAeneHHbiM ypaBHGHHSIM .llHpaKa. TaKHM o5paaoM, Anll 

peAyKilHH SU(t,l)::::>~SU(z}8SV{2}dPV{!) l HMeeM: 

D,(t~;x) 4 rf':.:~;S(f/";i' z:::? (J:J 1" 1 
~z / I ' I & 

tf, f't·fc-
ct>yHKilHH 1 yt ... Jft onHcb(IB~~~IqacTHilbi c 

~9THOCTb qaCTHil paBHa -~ • ct>yHKilllll 

ypaBHeHHHM EaprMaaa-BHraepa : 

orrpeAeneHHbiMH HMrrynhCOM H qeTHOCTbJO, 

tp /'f. ··J'c. 
o/ ynoBneTBopSiroT cnenyromHM y, ... 'jB 

= 0, 

0. 

tfl /'t·1c 
Halll!l119M H9CKOnhKO KOMITOH9HT l )4 .. ,1) OITHCblBSIOlllHX qacTHilbl C HH3WHMH CITH-

111 
HBMH. KaK 6bmo rroKaaaao B pa6oTe , npencTaBneHHll aenpHBOilHMbi npH ycnoBHH 

~~-t;;~ -2}x,}= 01;? '"r IT03TOMy nnsr OITHC8HHH M930HOB HylKHO B3l1Tb npen

CTaBn9Hllll C .2JA:.I= ~~J'">a IlnSI OITHCBHHll 6apHOHOB - npe.QCTaBneHHll C 

2 1%.} = f J ~I f J 

Meaoabi 

1) npH 

2) npH 

HM99M <flyHKUHIO 

181 
HM99M 

11 

¢, OITHCbiBaromyJO M930H 0+. 



rhf f n, J -~r- .'1 ry = UJI{I')~f Uj- -JJ 

3Ta KOMITOHeHTa OITHCbiBaeT M e30Hbl 

= [(1f+m){r«f-Ts4>s)J~ 

H 0-, 

3) npH c.= f= 2 

fj~~; = [crr+~)y&c 1,. t.Jc'r. Crr--)Y,.. , 
C /10/ /11/ 

rae -aHTIICHMMeTpHqHbli! TeHSOp, BBeaeHHbli! B pa5oTe ( CM.T8K>Ke ) • 

KoMnOBeBTa ~ ~~;~; OITHCbiBaeT Me30Hbl 0+, 1+, 2+. 

EapHOH hl 

1) npH t-=O;f= I HMeeM ljlyHKUHIO <t , OITHCbiBBIOIIIYIO qaCTHUy f-+-: 
2) np11 C=1;j=0 HMeeM ljlyHKUHIO ~f' , OITHCbiBBIOIIIYIO qaCTHUY 

3) npH c.=O; f=3 

Tv,~)]J t" (yrc)Ji~J + -t-1Ytt~'(}JIC)ti'3 
3 Ta KOMITOH9HT8 OITHC biB8eT 'IBCTHUY 3+ 2 . 

.i -. 
2 

PaccMoTpHM Tenepb npocToil cnyqall B3aHMoaeilcTBIIH aeKoToporo 5ecKoaeq

aoro M ynbTHnneTa co CKanHpHb!M aaernHHM noneM A. B s TOM cnyqae HHBapHaHT

uaR B9p111HHH8H ljlyHKUHH HMeeT BHa: 

A(;-J)j j):(N;xj!J,(~x)<ffff) ( 14) 

noacTaBHB ( 13) B ( 14), B cnyqae Me30HHOrO MynbTHnneTa Mbl nony'IHM anH KOM

noaeHTbl f ( / == C = 0 ) cneayJOmee B btpa>KeHHe : 

A ( !-r) ¢*(p)rjJ{9)F{t) _, 

( 
~' ( -J;-j -fz+j 1L 

rae F "0 ) S(p) S(J) +rv) t=(j-,) . ( 15) 

Mo>KHO npoaepHTb , 'ITO S (I') -aemecTaeaaaH aenH'IHHa. B cnyqae B38H-

MoaellcTBHR 5apHOHHOrO MynbTHnneTa CO CKamrpHbiM BHernaeM noneM A anH 

12 

KOMITOHeHTbl '/J, ( != 1; C= (} ) Hi 

4,2 u}(-t) 

--9 
:f' p 

rae U/'(-J) H '} (-t) -anpaKoacr 

(rr-m); : 
Uj(-t) ('f! 

F/(t) = js(lf2-1s 

,ilng apyrHX KOMnOHeHT, OITHCbiBBIOIIIH: 

qHTb aaanorH'IHbiG Bblp8)1(GHIIH. noHBn 

F f, (t) , ... B npeahiaymeM npHM 

Hb!M MynbTHITneTOM B03HHK810T HOBbiG 

B8Hbl Ha OCHOBe Hai!aeHHblX npeacTaB. 

B 3aKniO'IeHHe aBT op Bbipa)l(aeT 

H M.T. Toaopoay 3a HHTepec K pa5oT 
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2. M.M. rpaea. Tpynhl MocK. M8TGMI 
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/10/ /11/ 
3&AeHHbll! B pa6oTe ( CM.TBK>Ke ) • 

+ + + 
·Rbl 0 • I • 2 • 

..i.+ OIII!Cb!BBIO!Ilyto '18CTHilY 2.. , 

OIIHCbiBBIOIIlYIO '18CTHilY t -. 

8HMOJlel!CTBIISI H&KOTOpOrO 6eCKOUeq

JneM A. B 3TOM cny'!ae HHBapHaHT-

( 14) 

> MynhTHrrneTa Mbt rrony'IHM ang KOM-

btpa)l{eHue: 

0F(t) ~ 
-f.z+j ~ ) +r&) t=(j-J) . ( 15) 

:TBeHHaSI aenH'IHHa. B cnyqae B3all-

lSipHbiM BHewHeM rroneM A AlUI 

KOMIIOHeHTbl f; ( != 1; C= {) ) HHB8p118HTH8SI BepWHHH8SI !jlyHKilHSI (14) aaeT 

F..:f :f' 
4-,2 uf(-r) .:f!(t} lij {-)) fJ{JJf{y) 

.Y, {JJ-r~(ff+-'j 

:f' I' 181 
rAe u1 r-;) II ~ (-!) -AHpaKOBCKHe CIIHHOpbt, YAOBneTBOpSIIO!IlHe ypaBHeHHSIM 

( r;-m ); u jr-1) == o ~ 
Uj(-Y}(f1-7f = {}; 

F/t (t) = jsrl'/2-':fs&iz+,Yj :rJ*:fdt&-) ( 16) 

nng ApyrHX KOMIIOHeHT, OIIHCbiBBIOIIlHX '18CTI!Ilbl C Bb!CWHMII CIIHH8MH, MO)I{HO IIOny

'II!Tb aHanorH'!Hbte Bbtpa)l{eHHSI. fioganeHHe KHH&MaTH'IecKHX !jlaKTopoa F(t) .; 
F f, (t) , ... B rrpeAbi.IlymeM rrpHMepe rroKa3biBaeT, 'ITO a TeopHH c 6ecKoHe'! 

HhtM MynbTHIIneTOM B03HHK810T HOBbl& 06CTOSIT&nbCTB8, 0HH MOryT 6btTb HCCneao

B8Hbl HB OCHOBe H8l!AeHHb!X IIpeACTaaneHHl!. 

B aaKnto'leHHe aBTop Bbtpa)l{aeT rny6oKyto 6naroaapHoCTb HryeHy BaH Xbey 

H M.T. Toaopoay aa HHTepec K pa6oTe 11 ueRHbte yKaaaRHSI. 
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