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. Ill . . 
B aacTosnnell paoOTe n paMKax npli'li!HJioll S -MaTpH'IJioll Teopnn BMn onpenemwT-

CH KOB8pl!aHTII8H TeU30p!I8H oooomeHHSH M -<jJyHKUHH1 npeoopa3yi0Ul8HCH no TeJI30pHOMY npo-

1!3BeAeHHIO aeyHHTapHbllt KOHe'IJibiX npencTanneal!il yunnepcanbuoil aaKpbiBaromell rpynnhi 
-t 
P + = T l3 SL (2, C) rpynnbl nyauKape pt 

3aMeTHM, 'ITO HccnenonaHHIO KonapuaJITHOil CTPYKTYPbi M-<jJyHKUHH 11 ee ponu n S 

MSTpi!'IHOil TeOpi!H noCBHUl9H PHil HHTepeCHbllt paooT
12

•3 ,.4I, 
11 ti tll 

Cnenyst paoOTaM ' ' , Mbl caaqana paasnsaeM .popManH3M npH'IHHHoil S -MaTpH'IHoll 

TeOpl!n 1111Sl npOH3BonLHOrO Cni!HS II npHBeAeM TOIIbKO Te CBeneHHH H3 3TOrO <jJopM81IH3M8 1 KD

TOpble HeOoltOAHMbl AIIH nccnenoBSHI!H KOBSpl!aHTHOil CTpyKTypbl BSKYYMllbllt cpeAHI!lt panna

UI!OHHbllt onepaTopos n aneMeHTOn npH'IHHHOil S MaTpHUbi, 

B KS'IeCTBe s M8Tpi!Ubl oepeM ee <jJyHKUIIOHanbHOe paano:>Keane no HOpMSIIbHblM npo-

li3BelleHJUIM 8CHMUTOTHqeCKHX , out" non ell: 

(x; x'l nf X 

~ m · s'm' s' m' 
x: t/J"Iml(x) ... t/J n n(x )t/1 I I(x~) ... t/J f f(x'e): 

Kl 1 K p n K'· , 
n I K f 

K
1 

a (a 
1

, a 
1
), a 

1 
=- s

1
, s

1 
, 

1 s 1 ~~::0, 2 ,t, ... , i=l,n, 
( 1) 

(z;z') =(z, ... ,z;z'
1

, ••• ,z~). 
nf I n L 

n+f 

B(JC;K'l.f 
SIBIIHIOTCSl CI!MMeTpi!'IHbiMH no CBOHM. apryMeHTSM H 

uenbiX 11. aHTHCHMMeTpH'IecKHMH - nnH nonyuenblx cnnaon. 
. I 51 

BapHannoHHbie "npOH31\0AHble cnesa• 

onpenennM cornacao 

3 

HOpMSnbHOrO npOH3BeneHI!H onepaTOpOB Mbl 



8 ~- (x ) •.• ; "n"'n(x )t/1 •;ml'(x') • • • •/,"f"'f(x' ): 
K 1 K l K' n K ~ f 

1 n 1 l 8 ., ... (x) 
I( 

"' ( -1) 8 (X - XJ ) 8 KK 8 8 X 
J as J mm J 

l: 
J= I 

, , , , 

X 
- 8 m -e m s m sf mf 
t/1 J l(x ) ••. A .•• t/J n n(x )t/1 1, 1(x' ). · .t/1 , (x'f): 

"J J J K n n K I I K f 

(2) 

rne tr 
1 

- qeTnocTb nepecTanonKn <l>epMn-onepaTopoa, CHMBOll A 1 o6oanaqaeT OTCyTCTsyro

mnll t/J "J "'I (x ) OllepaTOp liOJl 31I8KOM HOpM8/lb1IOrO llpOH3BOJl01IHSI, 
K J J 

ByneM C'IHT8Tb 1 'ITO, S ;-MaTpHna o6nanaeT napHanaonnhlMH npoHanonnhlMH nroooro 
o:n "1"'1 /7/ >. 

nopSIIlKa no t/1" (x) n t/1 , (x') nonsrM 11 RX TpaacljlopMannonHh!ll xapaKTep o6ycnasnHna-" . . 
eTCSI TpancljlopMa!lHOHIIh!Mll cnollcTBSMll cno6onnhlX nonell, BapnallHOHHbie npoaasonnhle no 

0030H1Ih)M IIOllSIM KOMMYTHpylOT1 a IIO ljlepMHOHHhlM - 81ITHKOMMYTHpyroT MOlKJlY COOOJI, 

BneneM a paccMOTpenl!e •panaannonnhiH onepaTop• {n+ f) -ro nopS!ilKS 

n +f 
(n+f) , 8 S + 

H {x;x ) f = , , , S , (3) 
(KIK')nf n 8t/Jolml(x ) .. ,.8t/J"n"'n{X )8t/J"I,"'I(x'l ) .•• 8t/J"f,"'f(x'f) 

K 1 1 Kn n I< 1 K f 

IIpeo6pa3yromHliCSI liO TOH30pHOMY npOH3BOilOHHIO neyHHTBpHbiX KOHO'IHhlX llpOilCTBBllOHHH CIII'I..:. -, 
nopnoli rpynnhl ITyaiiKape P + c sneMenTaMH (a, A) , rne a t T , AC SL { 2, C) , cornacno 

n +f -1 
U{a,A)H , (x;x'\eU {a,A)= 

'"'" ) n e 

l: 
D •rm n+f f S'm' -1 

Q D 1 (A)I! , {Ax+a;Ax' +a) e0 D 1, 1,{A) 
1 = I K p ( •<l K ) n f n J =I p J K J (4) lp,p') nf 

rne 

( 

- -1 ) D (A) 0 
o""'<A.)= 

o o""'<A>+ 

D •m (A) o6h!'IHoe ( 2s+ 1 )x( 2s+ 1)-Mepnoe MaTpH'IJIOe npencTanneaze rpynnhi SL (2, C) 

(5) 

3nec& 

B (4) TpaHCijlopMBllHOIIHhlO CBOl!:CTB8 panHBllHOHHOrO. onepaTOpa (3) OXapaKTOpH30B8Hbl 'IOp03 
. om -om 11/ 

TpaHCijlOpMBllliOIIIIhlO CBOllCTBII CBOOOLIIIhlX IIOllOJI t/J K (X) H t/J K (X) 

4 

• 

·, 
',(. 

I 

.l'\ 

( 

I 

'''1 

:~) 

l 
! 
! 

I 
i 

t,l 

I 
J, 

'\ 
I 
f\ 

'1 
I! 

I 
·I ;1, 

Jlnsr CBOilOHHSI MBTpH'IHhlX 3110MOHTOB S - MBTPHilbl 

s, ,, (p;p') e = 
8 3; 8

3 nf n 

= < p s ( mi s l. ... , P s. ( m s l I S I P' s' ( m' s' l. ... , Pis' • [ m 'nS '• ] > 
1!,1 1, n3,1 nn 13,1 11 3,t tt (6) 

K BaKyyMHhlM CpOLIHHM pallHB!li'IOIIHhlX onepaTOpOB IIpO/lCTSBBM npaayro '18CTb (6) \B Cl'lllY 

llBKlli'I'IHOCTH BaKyyMa) B Bl'l/le: 

.am am *s'm" *s'm' 
< 0 I a l l(p ) ... a n n(p ) S a ,I l(p' ) ... a ! f(p' ) I 0 > 

3,1 J a 310 D Sfl,J J B!,f e 

1'1 Bbi'IJ'ICllHM ee, IIOllb3y.llCb COOTHOmOIIHSIMH 

-lp:l: 
8m *sm e sm 

[if, (x), a 
3 

(p)]+ = -:-:---:!7'2 D" (p), 
" - (2tr) "s 

rne 

D sm (p)= ~ 
""3 y2 

( 

sm l.> ) D [ (p· .a/ m) ] 
a.3 

D sm [ {p • o) m) l.> 1 
a "3 

- elpx -am 
[ a"m(p), t/1""' (x)]+= ----af2 D"• (p). 

• 3 I( - (2tr) 3 

rne 

- sm 1 sm [ ' -~ l.; D (p)=-= (D (p•a m) 1 
""3 y2 ass 

n"m[(p·i:r lm)y,] 
a "3 

I'llO 

(p • :a I m ) y, = [2m (p 0 + m ) fv.[ ( p 0 + m ) + pd) C SL ( 2, C) -

npeo6pa30B8BHO nopenna B Cl!CTeMe IIOKO.Il1 T,e. (p al m )H p = p, .. 
P=(m,O), u = (a o ';;) -;; = ( 0" 0' _·;) -

l 4 -lpx.., *""'()1- fdxe ~ 
[s,a.3 P -- (2tr'flh " 

D sm (p) 
""3 

1 · 1 p z - sm ( ) 8 S 
sm ] Jd4xe ID p--=;;-;, 

(aK {p).S -= (ZTT)3/2 K Ks3 81/IK (x) 

(7) 

(8) 

(10) 

(II) 

(12) 

(13) 

OnepaTOphl pOlKLIOIIl!<l a""' {p) a YHH'ITOJKeHHR a""' (p) 'IBCTI'IIl HOIIpHBOilHMOrO 
"3 . - 83 

P! ynoaneTaopS!roT cooTnomenam,,: npeacTaanenaSI [m sl cnHnopnoil rpynnhi ITyaaKape 

5 



[a"m(p), :•:m(~1]+=2p08(p-p')8 , 8, .B , 
8 3 a _ a

3
a

3
as mm \14) 

[ a•m(p), a··~· (p')]+=[ ;•m(p), :•',m'(p ')]+=Oo 
• 3 • 3 - 8 3 • 3 -

\15) 

llpeAnonaraSI, 'ITO nee BMnynbCbl P
1 

, o o o , P
0 

11 P
1
', o o ,I> f pa3nH'IIIbl, llenocpeACTneaHbiM 

Bbi'IHCH8111!8M UOny'IIIM: 

rAe 

·~ 

(K;K')nf 

X 

I= I 

s ., Cp; p'>.e 
(s3: 8 nf 

D:l: I (pi) M(K;K') (p;p')nf X 
I 3, I nf I= I 

a~ m ,J 
DK •• •. <P;>. 

I 3,1 
(16) 

M(KoK'l (p;il') f = ' nf n . 

f 1(~ 0 -~f ' ') n+f 
fJ( n d 4 x )(II d 4 x')e l=lplxl l=lp IX I <OIH ' (x;x') 10» ) 

( 2fT) 3/2 (n+f) I= I 1=1 (K;K )
0

f nf \17 

B cnny cooTaomeHIIfi (4) II <0!U(a,A)=0 
-I 

U (a, A) I 0>=0 M- <jlyHKUHSI, onpe)le-

HSI8M8SI \ 17) r 6y)leT KOB8p1!8HTHOfi II YAOBH8TBOpSieT TOJK)l8CTay: 

X 

UHR UCHbiX 

n , f , , 

"'c ., (p:p').e = 
K;K nf 

-l(~l=laopl-~l=la•.Apl l 
e x 

~ 

Cp:p'l nf 

n 

@ 
I= I 

a m J.. 
DK lp 

1
(A)M(pop'l (Ap;Ap').£ Qs) 

1 1 f nf J = 1 

s 1 +s'
1

, i=1,n, J=l,f. 

' ' 
o"lmi(A)-t 
p' K' 

I I 

\18) 

M- <jlyHKUHID, n>ieiDlllyiO npeACTanneane ( 18) , MOJKHO paccMaTpanaTb KaK MBTpii'IUble 
171 

3118MenTbl S-MaTpHUbl n cnaaopnoM 6aaace • Tenepb noAcTannSIR (18) n (16}, Mbl ycTa-

171 HOBHM, 'ITO M8Tpll'lllbl8 3H8M811Tbl S( , (p;p') • B K8HOHH'I8CKOM 68311Ce y)lOB-
a3;a ,,nr n[. 

HCTBOpSieT TO}!<)lCCTBY 

~: . 

6 

:" _:_..~~-·· ""'''·"'" ..• ·~-t.j') .. 

" 

rna 

s c.,, ( 

, -I( l; n a Ap l; f 
•'l p;p >.e= e 1•'1 ~- l=·la Apll 
3~ X 

X. @ II t:n -1 
D I 1 [ R (A

1
p 

1
)J s

1
.., v' 

1 
(Ap;Ap')~ x 8

3,.1 v 3,1 3 1 3' nf I= I 

f 
Q 
1=1 

a' m' -1 
D 1 ![R (A,p')l, 

•3,1 v3,1 I 
X 

-1 ~ ll -1 -1 ll 
R (A

1
p)=(po!m) A (A po!in) c SL(2,C) 

(19) 

- TBK H83biB88MOC 'nnrnepOBCKOe npamenue·, ACSL(2,C), aC: T. n"m[R (A,p)]...o6bi'IHOe 

(2s+l)x(2s+·l )- Mepaoe ynaTapaoe Mt!Tpa'laoe npencTannenae npameaag R-~A,p)CSU(2,C). 

Ha \19) BIIJlH01 'ITO MaTpH'Inble aneMeUTbl S -MaTpanhl n KBHOHII'IaCKOM 6aance npe

o6paayiOTcSI no TeaaopnoMY npoRaneneniiiO yniiTapablx npencTanneanA clll!nopaoA rpynnhl -. nyaaKape p +· , 38BIICsmJ.aMy OT HMIIyHbCOB 'IBCTH)lbl, T.e. OHH O!Ipenenalibl HB MBCCOBOfi 

nonepxnocTa. B To JKe npeMR M-<jlynKuliSI n cnBnopnoM 6aance npeo6paayeTcn no Tenaop-

noMy npoBaneneHHIO aeynHTapablx KOBe'IHbiX npencTannenBll rpynnbl pt . llpeliMymecTno 
+ 

UpenCT8BH8HIIR (18) no Cp8BH8HHIO C (19) 3BKHIO'I88TCSI eme B TOM, 'ITO B \18) OCTUHHCb 

TOHbKo cmmopHbie npeo6paaonannn cnnaopab!X naneKcon n nCKHIO'ICHbl op6nTaHbHbie npeo6paao

naHIIR HMITyHbCOB. noaTOMy KOB8pii8HTH8R CTPYK'l'ypa Teaaopaoll M -qJyBKUI!H nOH}!{fia nelKaTb 

B OCHOBe UOCTpOeHIISI S-MBTpH'IHOll T80pHH1 HHB8pH8HTHOfi OTHOCI!T8HbHO 6onee IDIIpOKOll 

rpynnhl, 'laM rpynnhl flyanKape, a l!Meaao, rpynnbl, cnnablnaromel! cnnii c rpynnoll nayTpea-
18,91 

Hell CHMMeTpnH • KpoMe Toro, ananBTH'IeCKHe cnoficTna cnanopab!X MBTPH'IHbiX 3HaMen-

TOB II S -MBTpli'IUOfi TOOpHll IIMOIOT BB)!{UOC 3HB'IeHHe. 
III 

Cnenyn Boronro6ony , ycnonne npli'IIIHHOCTII onpenenBM cornacao 

8 

sJ;•m(x) 

" 

( 8S S+)=O 
81/l"m ( ) p y 

_li_ ( liS S +)=O 

lir/J•m (y) 8J;"m(x) 
p K 

nn<~ x:::_y. 

AHSI y;:_ Xo 

.Hcno, 'ITO cnBaopabxe KonapnanTable onepaTopbi TOKa, onpenenneMbla corna'cao 

liS + 
I (x)=i S , lK(x)= 

K 81/l:m (x) 
-i 8S s+ 

liif;"m(x) 
K 

7 

t20) 

\21) 

(22) 



t5yAyT UpH'IHHHbiMH OUepaTOpilMH. 3TH OUepaTOpbi B Cl'ly'lae t5030BHhiX UOl'leil KOMMyTHpyiOT,t 

i1 B Cl'!y'lae <jJepMHOHHhiX aonei! HBTRKOMMyTHpyiOT MOJKAY cot5ol!. 

Tenep&, UOl'lb3YBCb YCl'IOBHBMH UpH'IHHBOCTH (20} H (2J), Mbi MOJKOM Bblpa3HTb BilKy

YMBOe cpenaee PHAHilAROHHhiX OUepaTOpOB ~ (3) UpH llOMOmB 9THX onepaTOpOB TOKil B BRAe: 

n+f . - -
B1 (x) ,-<01 T(I (x ) ... I (x )I (x ) ••• I (x e>IO> + 

K)n+f n+·t Kl K D Kn+·l n+l Kn+f n+ .. 

+ !. 
2;$r~n +f -I 

(-!)' P(x 1, ••• ,x 1 lx1 +l'''''xt +t f ••• fxt+ •. +t 
1
+1''''xn+f)x 

r! I 1 I 2 I r-

t + ••• +t •n+f 
I r {23) 

t I t, 
x<OI T[A (x , •• ,x ) ... A (x , ••• ,x e>liO> + 

K ••• Kt I t 1 K +· .. +t +I,. .,K +f t 1+ ... + t 
1
+1 •+ 

1 t
1 

r-1 n r-

n+f-· 11+f 
+I .<OIA (xl ..... x e>IO><. 

KI'"'Kn+f ,n+ 

rne P ( x , ... , x I; .. f x t . . , ... , x f ) - onepaTop cyMMHposaruur no seeM I t 1 1+ ... +t,_1+1 n+ 

B03MOJKHbiM(D+f)!ft 1 ! ... t,! pa3t5R9.1111BM COBOKYUHOCTH (n+f} TO'IeK Hil r rpynn no 
N 

t 1 , ••• , t TO'IeK s KilJKAOM. fipoH3BOl'lbBbie KBi13Hl'IOKill'lbHble onepaTopbi A ( x , ••• , x ) 
r K 1 ... KN I N 

Ot5l'li1/li1IOT CBOliCTBHMR l'IOKill'lbHOCTH1 9pMHTOBOCTU1 CHMMeTpR'IHOCTH R KOMMyTilTHBBOCTR 

Rl'IH aaTRKOMMYTilTHsnocTR s npocTpakcTBeaao-nonot5BbiX TO'IKax. Koa¢¢HnHeBTBhle ¢ynxnRH 

STHX onepaTopos, nanpRMep, s cny'lae t5oaoa~x nonel!, HMeiOT cnenyro!l1yiO CTPYKTYPY: 

N 2a " 
K (x 1, ... ,xN)aP (i 1a

1
1'

11
-m 

1 
2. " 

, ... ,1 Na 2a 
II'J - mN N) X 

x8(x 1 -x 2 ) ... 8 (xN_ 1-xN), 

rne P( ... ) UOl'IHHOM C UOCTORHHbiMH K09¢¢HAR9HT8MH OT CBORX apryMeHTOB 

a 
11'1 I r'"~'a," ,. 

I 
a = a"1a" 28 1 a"1 = a '"'- ... . --p 

I a X I 

\ 

( 

0 u (ss) \ 
r'"~'= _ "1"'"2• 1 ) 

u (ss) 0 
"I .. ·I' 2ol /3/ 

rna u;, ., (ss)- Ot506!l1eHHh19 MilTPRAbl fiayl'IH • 
r1'"r2a n+f 

B ¢opMyne (23) 'lepe3 B CKI (x)n+f ot5o3Ha'leaa 
n+f 

• I' 1 = 0, 3, I = l;'N, 

•+f 
¢yaxnHn B1KzK'l.e (x; x '>.e , 

B KOTopoii nono>Keno x~ = x n+k, K~ = Kn+k , ~ = 1, t • 3aMeTHM, 'ITO A' (x
1
)=1K ( x

1
) 

Kl I 

npH I= l,n H.A', (x )=A',(x')=l, (x') 
K n+t n+t: K t. t K t k npa k=U 

8 

<''"'z.:;'::~: _,. 

n+f 
<l>yHKUHIO B(K) (x)n+f , RM9IO!l1yiO CTpyKTypy (23). t5yAeM Hi13hlB8Tb Ul'IOTHOCTbiO 

n+f 11 

\ nnpoM} o6o6!l1erraoil ¢yaxnna Eoronro6osa. fipa nocTpoeaaa ·xsaaTosoil Teopaa nonn, ocao-

saanoro aa CHCT9'-'9 aenpOTHBOpe'IHBhiX1 HOl'IHbiX II H938BHCHMbiX ilKCROM B paMKe UpH'IRHHOll 

5-MaTpa'lnoil Teopnn EMn
11 1

, csoiicTsa cpyaxuaa Eoronrot5osa 6ynyT arpaTb ¢yanaMeaTan&

ayro pon&. 'Pyaxunn Eoronro6osa SIBnneTcn o6o6!l1eauoil cjlyaxuneil, npnaanneJKa!l1ell npocTpaa-
, <Cn+fl S( 4(n+fl) 

CTsy S (R ) , rne R - npocTpaacTso aeorpaan'leaao nncjlcjlepeauapyeMbiX 11 

M91ll'I9HHO yt5biB8101l1HX Hil 6eCKOH9'1HOCTH <jlyHKUHil. 

Mbl 3Aec& yxaJKeM Toni.xo iiaw& aa Tpauc¢opMauaoaahie csoilcTsa o6o6!l1eauoil cjlynxuna 
N -

Eoronro6osa B OTHocaTen&ao cnnaopuoil rpynnbi fiyarrxape P: . 
n+f 

Ot5o6weaayro <I>YHKURIO Eoromot5osa a, K. K' l e onpenenaM KilK nnueilHb!l! Henpe-
4 (n+fl' n+ 

pbiBHhill cpynKuaouan R npocTpaucTse S(R ) cornacuo: 

•+f n • e • n+f 
B , <r, ,, )=fJ( II d X )(II d x')B, 'l (x;x') e'x 
(I<;K )nf I<;K nf I =I I J=l J K;l< nf n 

X ~I<;K'Inf(x;x')np 
\24) 

nnn nro6oil ¢yaKunn fC.~<:~<'lne(x;x')nf C S(R.~Cn+fl rna nnoTHOCTb o6o6weuaol! 

¢yHxunu Eoronro6osa - ljlynKUH>I BC~<:~<'l.ix;x').yonpenenSieTcn cornacno (23). fion&3ync& cooT

nowenneM l4), Mbi ycTaHosnM TpaHc<jlopMauaorrHbie csoilcTsa o6ot5meHHol! ¢ynKuna Eoronro6osa, 

onpenenneMol! (24) OTHocaTenbHO cnanopuol! rpyrrrrbi fiyaHxape 

nnn nro6b!x 

n+f (f , ) = ~ 
BCI<:I<\f C1<:1< lnf Cp:p lnf 

a•+e. <@ 
Cp:p lnf I= I 

D simi (A)x 
KIp I 

-1 -1 
X r, , (A (x-a); A (x'-a)) • 

K:K lnf , n[ 

e 
0 o"!m! (A)) 

p K J= I 

4 (n+fl 
f(K ,

1 
(x;x') f C S(R .f), (a,A)C p# 

:K nf n n + + 

(25) 

npnHHM8SI BO BHHMBHHe <jJOpMyny (17), Mhl MOlKeM orrpenenHTb TeH30pHyiO o6o6weHHYIO 

M -cjlyaxunro cooTaoweHHeM 

rAe 

M( I<• K, ( f , ) = B n + f 
' )nf (K;I< )nf (K;K')nf(f(IC;K')nf). 

f(I<;K') (x;x'>.e = 
1 n · f 

C2dh!n+ffJ ~!11 d •Pp;) (J~I d •p~) X 

n f , , 
I( !.l=lplxi-2J=IPJ x J 

x e f(K:K')nf(p;p')nf 

9 

(26) 
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AllH "nro6on ~YHKUHH 
+ 

f 1"'"\e (p;p ')n£ C S ( R n,£ ), 

0THOCHTenbHO CUHHOpHOJ! rpynUhl ITyanKape 
p~ 

+ ona npeo6paayeTCH cornacno 

M , (f , ) = 
(KIK )n£ (KIK )n f 

M -I(!.;= a•p _ !_p , , 
(KIK')n(e I I J=la•pj) 

nt I 

n 

0 
I= I lp,u')nP 

p ' ' -1 -1 s m -1 
X f( ,, (A p;A p') p 0 D } } (A) ). 

PIP ne n. j =I K j p j 

o"t m, (A)x 
PI" I 

rrom.ayHCb cny-q:aeM, BhlpalKaro rny6oxyro 6naronapHOCTb H.H. Eoromo6oay, 

(28) 
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