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B B e .u e H n e 

KaK 1!3BeCTHO, BCliK8li TeOpl!li MOJKeT 6b!Tb IIpl!ql!cneHa K. peHOpMI!pyeMbiM 

lin I! nepenopMI!pyeMbiM B CMbicne pasnolKeHI!li S -MaTpi!Ubl B pliA Teopnl! B03-

MyllleHI!fi ITO CTeiieHliM KOHCT8HTbl CBli3H, B peHopMnpyeMoli Teopnn KoaeqHhifi pe-

synhTaT MoJKeT 6biTh rronyqea BBeneaneM Koaeqaoro qncna KOHTpqneHoB. 3.uecb 

6eCKOHeqHOCTII MOI'YT 6b!Tb OTOJKlteCTBIIeHbl C 38TpaBoqHbiMH 38pliAOM H Maccoli, 

B nepeaopMI!pyeMhiX TeopnliX aTa rrpouenypa ae cocTOHTenbHa. B aToM cny

qae CTapa!OTCli HCIIOIIb30B8Tb HHbie MeTOAhi, He IIpH6eraH K Teopi!II B03MYIIleHI!ii, 

/1/ 
Hanpi!Mep, B pa6oTe Bb!IIOIIHHeTCH cyMMI!pOB8HHe rpaljloB, IWTOpb!e IIOpOlK-

ABIOTCH ypaBHeHI!eM EeTe-Coniii!Tepa, l1 XOTH cyMMI!pOBBHIIe ITO Teopnn B03Myme

HI!fi BeneT K paCXOAIIMOCTHM, ljlopM8IIbHOe CYMMHpOB8HI!e H81!6onee paCXO.llHIIlHXCli 

qneuoB naeT Koueqabili pesynhTaT, 

C IIOMOIIlbiO I!TepaUI!OHHOfi CXeMbl ( "neoaTH38IIIH!") BblqHCIIHIOTCH IIOIIDilBK'If K 

6 K 6 n /2/ 
·CYMMe 118H orree Cl!lll'YIIHpHblX qrreHOB, 8K II B pa OTe II , 3TH IIOIIpaBKII 38BH-. 

CS!T Hea!IBIIIITI!qecKI! OT KOIICT8HTbl CBH31!, 

TipeACT<:BrrS!eTCH IIHTepeCHbiM IIpi!MeHI!Tb IIOXOJKHe MeTOAbl K pacqeTy pasnnq

Hb!X BenHqi!H, 

Mbi 6yneM nsyqaTh ypaBHeane llaiicoaa nnH ljlyaKunn fpnaa B cnyqae aepe

IIOPMIIpyeMofi TeOpiii!. 

B IICIIOIIb30B81IHOM HBMI! neCTHI!qHQM IIp1!6III!JKe!II!I! 3TO ypaB!IeHI!e IIMeeT KO

HeqHOe pemel!l!e, y6biB8101Ilee BO Bceli IIIIOCKOCTI! p 
2 

3 



~ Ypasnenne nnH ~YHKnHH fpnna 

PaccMoTpnM naanMo.neficTBHe B9KTOpHbiX 'IBCTHU A v (x) c Maccolt m 11 

CKanSipHbiX '18CTIIU <{> (x) C M8CCOH fl . narpaHlKliSH B38HM0.[{9l\CTBIISI Bb!OepeM B 

TSKOM BIIAe: 

acp (x) a<{>*(x) 
L(x) .. - ig(</>*(x)--- --</>(x))Av (xl. 

axv ax v ( 1) 

3Ta T90pliS! HHBapnaHTlla OTIIOCHTenbHO Upeo6pa30B8l!Hfl: p9I!OpManH38UHOHIIOH 

/3/ .ll -rpyiTITbl • J1epel!OpM11pOB8HH09 ypaBH9H!I9 8IICOHa HM99T TaKoil: Dlllt: 
-l 

0 

G (p) 
Q -1 0 

z so (p) -I. (p) • 

0 i '= 

( 2) 

Bno.ng fjlyHKUHIO {!(p) , C ITOMOIIIb!O COOTHOIII9HI!H G (p) .. ~ G(p) , 
(2rr) 

nony'li!M cne-

.nyromee ypaBHeJine: 

4 2 •2 :1 2 
.. -1 2 2 2 d k ( p + k) -m (p - k ) ~ 
G (p) = Z(p -flo)- g f ;-::-:-r.- • . G(k). (3) 

· (2rr) i (p-k) -m ' 

Ey.neM peiiiaTb aTo ypaBHeHne, ncrronhayR npn6nnlKeHne c<p> 
"'1 

.... s < P l c· (pl s < P l '· 

'ITO COOTB9TCTByeT yqeTy nHIIIb AI!8I'p8MM neCTHI!'IHOI'O TI!ITa. 3.necb YAOOHO ITOBep-

7T /4/ 
HyTb KOHTyp I!HT9I'pllpOB8HIIH ITO k0 Ha yron 2 . Mbi yBI!.[{IIM, 'ITO AnSI Ha-

"'-1 
Illeil f)lyHKUIII! G (p) TaKOH ITOBOpOT c.nenaTh MOlKHO. TaKI!M o6pa3QM oy.neM Bbl-

ITOnHSITh IIHT9I'p!!pOB8HI!9 ITO eBKni!AOBY '19Tb!peXMepHOMy 
.. -1 
G (pl HMeeM TaKoe ni!Hellaoe ypaBHeHne: 

.. -1 2. 2 2 ( 2 -2 2 
G (p)=Z(p +flo) +~f/k p+k) +m (p + 

(217) (p-k)2 +mn 

/5/ 
BoiAenHSI Hanoonee CHHI'ynRpHyiO 'ISCTh S!Apa , HMeeM: 

k -rrpOCTpaHCTBy. .llnH 

2 2 .. -1 
k ) G (k) 

• (k2 +/>2. (4) 

"'-1 2 2 g
2 

1 4 (p
2

-k
2

l
2 

"'-1 
G (pl=Z(p +fl(,l+--1-2 ·----:rfdk 2 2 2 ~G (k)+ 

(217) m (p -k) ( k +fl l 

4 

• 

I 

.\, ;,1 
'fl 
f 
I 

.I 

;i 
I 

~~, 

;) 
l 
I 
i 
I 

4g2 4 pllk2-(pk)2 ""-1 
+ --~-2- f d k 2 2 2 2 2 n G {k) 

(2rr) [(p -k) + m ](p-kl (k +fl ) 
( 5) 

Hccne.nyeM ypaBHeHIIe .nnR aan6onee cnnrynRpHoll qacTH. Tiepell.neM oT ypaBHeHHR 

naTerpanbHOro K ypaBHennro .nnfjlfjlepeHunanbHOMy. Hcrronh3YR cfjlepn'lecKne Koop.nii-

HSTbi, MOlKHO 38ITHC8Th: 

2 
F(x) = Z(x +fl ol + 

2 2 
g 1 x ydy(x-y) 

(27T)11 ·~J nn 

7T sin
2 

() d() 

F(y) f x _ 2Fr cos6 +y 
0 

( 6) 

MLI a.necb rronolKnnii 
2 2 ( pk) 

p =X , k = y , cos(} = r;;r:Tkl• 3TO ypaBII9Hli9 nerKO 

ITpHBO.[{IITCH K cne.nyromeMy BH.[{y: 

r.ne 

2 2 2 2 
F(x)=Z(x+flo)+a xl

1
+a I

2
-3a x f 

2 X y 2 F(y) dy 

-3a f 2)2 
0 (y +fl 

2 X y 3 F(y) dy 
+l!_f 22 

X 0 (y +fl ) 

2 
a = 

2 
g 

4m 2 (2rr) 10 

oo y F (y l dy 

i 1 =J (y+fl2) 

yF(y)dy 

2 2 
(y + fl ) 

2 oo F(y) 
+a x f 2 ~ dy 

X ( y +fl ) 

oo y 
2 

F ( y) dy 
12 = f 2 2 

0 (y + fl ) 

( 7) 

I 7t 
BMeCTO ypaBH91I!!SI YAOOHO paCCM8TpHB8Tb COOTB9TCTByiOIIIee eMy AII!)l~epeHUH-

a~bliOe ypaBHeHHe, KOTopoe nonyqaeTcR na ypaBH9HIIR ( 7) nocne.noBaTenbHhiM Jlllcp

~epenunponanneM ero rrpaBoll n neBoil qacTn: 

d 4 
2 F (x) 

--4- [xF(x)] + 6a 2 2 = 0. {8) 
dx (x + fl ) 

Hac HHTeoecveT oeiiieHne aToro ypaBHeHI!R B TO'IKax x = 0 n x =oo • To'IKa 

X = 0, .nnR 9TOI'O ypaBH9HliH HBnReTCH perynRpHOH OCOOOH TO'IKOH, T0'1K8 x = oo-

!IpperynRpHOH OCOOOH TO'IKOH. 
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I 

B OKpecTHOCTH TOqKn x = oo peweamr HMeroT cnenyrownli BH.r:t/B/ 

I 1{ -1/4 
F 1 {x)=x- exp(-4oe ya'x )oU(x), 

-1 -1~ ~ !4 
F 2 (x)= x exp(-4e Va x )U(x), 

' -1 1.;:. ~ * 
F a ( x) = x exp ( 4e y a x ) U ( x) , 

( 9) 

1T 

F 3 (x) 
-1 -l:r - li 

x exp ( 4e ya' x • ) U(x) • 

3.r:tecb a'2 
H U(x) = ::£ an X 

n=O 
6a 

2 

Peweansr F 1 (x), F 2 (x) 9KCIIOHeHI:manbHO y5b!B8IOT, peweHHSI 

Fa ( x) , F 4 (x) aKcrroaeaunanbHO BOG pacTa roT. Bbi5HpaeM peweane ypaBHeansr B Bn.r:te 

F(x) b I F I (x) + b 2 F 2 ( x) • ( 10) 

3TO o5ecrreqnBaeT HaM CXOAHMOCTb HHTerpanoB B ypaBHeHHH (7). TaKHM o5pa30M, 

peweHHe y5biBaeT BO BCeH IInOCKOCTH KOMIIIIeKCHOI'O rrepeMeHHOI'O X •H HMeeT 

pa3pe3 aa oTpnuaTenhHoli .r:telicTBHTenhHOli ocn. IToaToMy rrpoaenaHHhlli paaee rroBo-

pOT KOHTypa BOKpyr OCH ko B03MO)KeH. Pa3IIO)KeHne peweanli ypaBaeansr ( 8) 

B5nH3H TOqKH x = 0 HMeeT T8KOH BH.r:t: 

,2 
2 a 

F 1 (x) = x - p:r ~ 6 
3 ° 4 o 5•6 X + 0 (X ) , 

, 2 

( a 1 4 5 
F2 x) = x - -::--4 • x + O(x ) 

p. 
• 2 

( a' 1 a 4 
F8 x) =1-----r-· x + O(x ) , 

p. 2·3·4 

-1 5 2 1 a' 
2 

2 a 
F 4 (x) = x + 2 , 3 , 4 x + T 7 x log x + 0 ( x ) • 

Tor.r:ta B OKpecTHOCTH Hynsr peweane ypaBHeHHSI (8) HMeeT 8CHMIITOTHKY 

F(x) 
cl 

X 

6 

2 
+ c 2 + c a x + c 4 x ( 12) 

• 

HalineM rpaan~oe ycnoBne, rrpn KOTopoM peweane nn¢¢epeaunanhHoro voaBaeansr 

y.r:toBneTBOpHeT •. UHTerpanbHOMy ypaBHeHHIO, llnsr 9TOI'O, HCIIOnb3YH { 8), BbiiiOnHHM 

B (7) HHTerpnpoBaHHe ITO qacTSIM, 3TO HaM .r:taeT: 

F(x) Z(x +p.~)-
Cl 2 2 x -c 2 +a' x1 1 +a' 12 +F(xl. ( 13) 

0Tcrona cnenyeT, qTo peweane nnljlljlepeaunanhHoro ypaBHelmsr y.r:toBneTBopsreT liH-

TerpanbHOMy ypaBaeanro, ecnn: 

Ct:: 0, Zx + a'
11
x1 0. 

2 2 
Zp. 0 - c 2 +a' x 12 - 0 • 

( 14) 

l13 9TliX COOTHOWeHlifi liMeeM: 

Z = _a, 2 j y F(y) 
0 ( y + p. 2 ) 2 dy • 

2 00 2 
Zp.o -c2 + a'2 .[ Y F(y)dy 

o· (y + p.2)2 

(15) 
0 . 

3, fi pH 0 n H)!{ e H He [l
2 

=0 

P accMoTpliM qacTHbiH cnyqali ypaBHeHnsr ( 8), Kor.r:ta p. 2 = 0. 3annllleM 

ero B T8KOM Bli.r:te: 

d 
(xdX 

d d d ,2 
2){xdx -1Hx dx + llxdXF(x)+a xF(x)=O. ( 16) 

. Peweane 9TOI'O ypaBHeHliSI, KOTOpoe y5bmaeT IIpli X -+ 00 
, eCTb cjlyHKUliSI 

/7/ < 

Meliepa : 

F(x) = G~~(a' 2 x j2,1,0, -1). (17) 
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Ilpn ManbrX 3Haqegngx apryMeHTa nMeeM TaKoe pa3no:rn:eane: 

rae 'I' 

,2 
30 ,2 I ,2 ( 3 ) a x ,2 G 04 (a x 2,1,0,-1) ~ 1 +a x T + y +--

2
-Ioga x + 

a'
2

x 2 00 (-a'2 x)
0 

+ ~ loga' x n;O N [tfrn +tfrn+l +tfrn+2 +tfrn+3]-

a' 2 x 2 
2 (-d'

2x>"'' 
- --

2
-- log a' x ~ --

n=O N 
a'

2
x I, en 

n=O 

(-a,2x)
0 

N 

f"( z) 

I'(z) 
ll N n 

3 
( n + 1 )

8 
( n + 2 ) 

2 
( n + 1 ) ( n l) 

4 

(18) 

Cornacyg aTo pa3nOl!{eane c Bhrpa:rn:eaneM, aanaeMbiM ypanaeaneM (7), rrony-

'!liM D.nSI F(x) cneuyromee pa3no:rn:eane npn ManbiX 3Ha'!eHnSix a' 2, 

,2 

( [ 
,2 3 a x , 2 ( ,2 ] 

F x) - c 2 1 +a x(""t" + y) + --
2
-- loga x + 0 a x) ( 19) 

2 BRAHM, '!TO ~YHKllllSI F(x) IIMeeT norapii~Mll'!eCKyiO TO'IKY BeTnneHIISI npn 
a' = o. 

Terreob ll3 COOTHOIIIeHIIfi (15) MO)KHO OUeHIITh KOHCTBHTV neoeHOPMllPOBKll R 

, ycTaHOBIITh CBSI3h Me)K.[ly p. 
2 

ll p.~ • EyaeM paCCMaTpllBBTh 9TH COOTHOIIIeHIISI, 

nona rag p. 
2 

= 0. 11HTerpan I 1 paCXOD.llTCSI norapn~MII'!eCKll Ha Hll:rn:HeM npe-

aene, 3TOT llHTerpan MO)KHO OUeHIITh, nonarag Hll)KHIIfi rrpe.rten paBHhiM 
2 

IJ. 

DehcTnnTenhHo, npn ManbiX p. 2 
9TOT llHTerpan MO)KHO 38IIIIC8Th TBKHM o6pa30M: 

2 
P. y F ( y) dy oo y F ( y) d y 
f 22+[ 2° 
0 (y+p.) p. (y +p.l 

(20) 

2 ~ yF(y) 2 00 yF'(y) 
= f(p. ) + f ---:r- dy - 2p. f--a- dy + ... 

p.2 y p.2 y 

8 

• 

0TCIOD.8 BIIAHO, 'ITO npn M8nbiX 
'2 

p. OCHOBHOfi BKnaa ABeT llHTerpan 

ooyF(y) 
I 1 = f -;r- dy · 

p.2 y 

CooTaomeang ( 15) 3anmuyTcSI cneayromnM o6paaoM: 

z + 

30 2 
-- G 04 (a' Y 12' 1,0 ,-1} 2 2 

,2 f d Z , I , 2 a c2 y= -c2 a oga p. 
p.2 y 

2 2 
00 

30 2 2 
Zp. 0 - c 2 + a' c2 f G04 (a' rl2, 1,0,-1) dy = Zp. 0 + c 2 

0 ' 

113 rrepnoro COOTHOllieHIISI cneayeT, 'ITO z , 2 , 2 2 = c 2 a log a p. 

( 21) 

T.e, KOHC-

T8HT8 rrepeaopMHpOBKll 6CTb orpaHH'I6HH8SI B6IIII'IIIH8, C HCIIOIIh30B8Hll6M, BTOpOrO CO

OTHOlli6HHSI HMeeM: 

2 
p. 

I 

1 - ~a'2 
-;;r e 
a 

113 IIOIIy"!eHHOrO Bbip8)!{eHIISI BIIAHO, '!TO IIpll III060M QJHKCIIPOB8HI!OM 

MO)!{I!O HafiTII COOTBeTCTBYIO!IIee 3H8'!eHne p. 2 

4. 3 a K n 10 'I e H u e 

(22) 

r.! 2 
a n llo 

TaKnM o6paaoM, rroKaaano, '!TO B cnyqae B3anMoD.eficTBHSI, KoTopoe 3aD.aeTCSI 

111 . n . 
B nnae narpaH)!{HaHa , rrepeaopMnponannoe ypaanenne afrcona B necTHII'IHOM rrpn6-

nnllmnnn nMeeT Koneqnoe pemenne, y6bmaromee na 6ecKoHe'!HOCTH •. 3To perneane 

IIMeeT H68HaniiTH'!eCKyiO 38BIICIIMOCTh OT KOHCT8HTbl CBSI3H, T,K, B paanO)!{eHIIll ( 18) 

coaep)!{IITCSI '!neH nnaa a' 
2 

loga' 2 
, rae a' ecTh KOHCTaHTa CBSI311, B paccMoTpen-

HOfi MOA6IIII YA8II0Ch T8Kl!{9 H8fiTH CBSI3h Me)!{AY ~li3H'I6CKOfi Maccofi 1-1
2 

BO'II!Ofi 
2 

llo 

n 3aTpa-

necTIIII'IHOe IIpn6nn)!{eJIHe, KOTOpoe Mbl 3A9Ch HCIIOnh30Bann, He SIBnSI6TCSI AOC

TaTO'IIIO xopOlliHM AII5I H3y'!eHH5I CBOfiCTB ~YIIKUHH fpnHa, 11HTepecHO 6btn0 6bi B 

aanbnefirneM nayqnTh 6onee nonnyro ¢yHKUHIO fpnna, paccMoTpen nennnefi~oe ypanne-

nne. 
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B 3aKniO'l9HI!e BbipalKaiO rny6oKyro 6naronapaocTh E.A. Ap6y3oBy 38 rrocTo

HHHoe BHIIM8HII9 K pa6oTe II o6cylKA9HII9 pe3ynhT8TOB. 

• 
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