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·1 
l B a e .J:l e 11 a e 

B nocneABee apeMl! cam.ao aoapoc IIIITepec x anexTpOMAriiBTHhiM ljlopM.PaltTOpaM 

AllpOHOB B CBH311 C ycneXAMII TeOpiiH CIIMMeTpiiH aneMeRTBpHhiX ~ACTII~ II OTKphiTIIOM 
/1/ 

aapymeHIIH CP -llliBapiiAHTIIOCTJt • 

Tax0 aanpiiMep, Teop1111 SU ( 6) -CIIMMeTpllll noaa on neT Bhi~CnRTb 11a ocaoae llyltnOII-

"'· " 121 T . HLIX aneKT~OMBriiBTJihiX ¢0pM'I"'ltTOpOB 1130u8pHLIO II IIepeXOJliiLIO ·, BKIIM o5pa30M
1 

113Mepell119 STIIX ¢opM¢AKTOpOB l!B1lHOTCl! Xopomel! IIpOBepKOll 1Ipll5nHJKOIIII!I SU ( 6) -CIIM

MOTpllll, 

npennono:meHI!e 0 TOM, ~TO CP -IIIIBBpliBHTIIOCTb aapymeaa 113-38 aneKTPOMBrHIITIIbrX 
/3/ 

B3BHMOAellcTellll anpo11oe 1 oa11a~aeT B03M01KIIOCTb cymecTeoeaHHH y aaponoe T -aeHII-

eapHanTaLrx. 31l9KTpOMBriii!THhiX ¢0pMijlaKTOpOB, noaTOMy OC05Lrl! IIHTepec Bhi3biBBIOT IIpo

ueCChi B3BIIMOAellcTBIIH anexTpoaoa c aapoaaMII (ynpyroe 11 Heynpyroe,pacceHalle anexTpo

aoe aa aapoaax 11 BliPOHIILIX CIICTeMax, aHH11r11nnsrn11R nap hi e- e+ c polKaealleM ·aAponoa 

II T,II,) 1 II03BOnRIOUliiO SKCIIepiiMOIITBIIbHO OIIpeAenSITb aneKTpOMBrJIHTIIhiO ¢opM<jJBKTOpbl 
x) r 

aapoHoe • 8T11 :me peaxn1111 (aapSIAy c ljloTonllepllhiMII) noseonnroT 11sy~11Tb anexTpoMar-

HHTHyro CTpyKTypy SIAep,· 

2. Oaao.PoTOHHoe npn5nn:meane 

TaK KSK KOHCTBHTa sneKTpOMarHIITHOrO B3811MOAOi!cTilllR Mana, TO OAIIci.pOTOIIIIOO 

npn5nn>KeHne ann nponecca pacceRHI!SI snexTponoe ua aapouax aaeT YliOB1leTeopnTenbiiYIO 

TO'IIIOCTb DpH CpBBHeHHll 

HLre nonpaeK/
51 ), 

141 
C SKCDepHMOHTS~bHLIMII ABHIILIMII (BBOAHTCH 1llllllb pBAHBIIHOH-

x) PeaKnnn .PoTopo:maeanH n aneKTpoMarHnTHhiX pacnaAOB aApoaoe noseonHroT onpe
AennTb numb CT8Tll'I9CKHe MynbTllllOnbllble MOMeHThi 'ISCTllll ( T,e, 3118'19HIIS1 ljlopM<jlllKTo
poB npu uyneaoM nepeaaeneMoM nMnym.ce). 
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Ceqeaae ynpyroro pacceRHHll sne~Tpoaoa aa aenonapasoaaaawx qacTanax co cnaaoM 

1/2 B Oli.IIO<jlOTOHHOM UpHOllHJK9HHH C yqeTOM sneKTpOMHrHHTHhlX <jlopM<jla~TOpoa anepable 

owno·awqacneao P03eHonyToM
161 

H aeuaBHO oooomeno Ha cnyqafi npoasaoflbnoro cnana 
171 181 . 

(fypnea. • nyoOBH~ ). ELma Ta~:>Ke yqTena T -aeanaapHaHTHHII qaCTb a3aHMOuefi-
/9/ /10/ . 

CTBHII (fpa¢¢n, Bann~a , JJ.yoona~, 'IemKOB ). 

- ' . /3/11/ /12/ /13/ . /14/ 
B pH,Ile paooT (fypueH ,. EbopKen, BaneqKa , Mamena , KpacT, Jla , 

/15/ . 
KoHApaTJO~ ) nonyqeao ceqeHHe aeynpyroro pacceiiHHll sneKTponon (po>Kueaae asooap, 

./ . . . /11 13/ 
sneKTpoMarHHTHoe aosoy>KueHHe auep) na nenongpasoaannwx • a nongpasoaaHnwx 

/14,15/ 
Mameasrx .• 

B HHCTOBm9H paoOTe AHHO B Oli.IIO<jlOTOHHOM npHOnR:lKOHHH AH¢<jlepennuanbHOO ceqeane 

p8CC9SIHHH Sll9KTp0110B H3 MRmeHR1 COCTOHmOli H3 'l8CTIIU C npOH3BOllbHhlM ClliiHOM j II 

MSCCOli .K • CnBH ·j' n Macca K' Kone'lawx qacTnn TaKx<e nponsaonhHhl. Y=enw ace 

sne~TpOMarnHTHLie ¢opM¢a~TopLI nepexona. CnaHoaoe cocTo>~nne qacTau MHmenn 3BJ:Iano 

MHTpaneli a anne pa3llO:lK9HHSI UO HenpnaOAHMbiM c<jlepnqeCKHM TeH30paM • naabl npaaHna 

· oToopa cjlopM<jlaKTopoa npa Haao>KeHHH ycaoanll P n T -nnaapaaaTHOCTn. 06cy>Knen aKaan 

B ceqeHHe OT T -aaaapaaHTHLIX <jlopM<jlaKTOpoa. OTnenbHO paccMoTpen cnyqaii nongpnsoaaa-

BOll MHmeHH npn napywennn T -HHaapnaHTHOCTH. nonyqeaw ocnoaawe pesy:'hT8Tbl npenLI

Aymnx. pa60T ~aK qacTHble a npenenbawe cnyqaa. 

3. napaM9TpH38UHSI sneKTpOMarHIIJ'~~ 

npi!MeiiHM MeTOARKY napaMeTpli38UIIll penHTRaiiCTCKHX MHTpnqHLIX sneMeHTOa llOKHllb
/16 17/ 

Hb!X onepaTOpOB1 pa3aRTyiO B paoOTSX 1
. • 

_Oomas .¢opMyna AllH napaMeTp113aunn neAnaroHanbaoro MaTpaqaoro sneMenTa aeKTop-

Horo noKanhnoro onepaTopa la B naoopaTO!!HOii CIICTOMe (n.c.) IIMeeT aHA! 

.. .. 
<P.,K', j', m'l Ia (x) I 0 ,K, j, in>= 

= I/( 2 11 ) 
3 

exp (- q Ax A) a a ,8 ( w ) • 

• < Q/2, K', j', ;.1 I ,a (0) 1._ q/2, K, j, _m > • (1) 

4 

I\ 

i 

I 

,,-, 

.. .. 
3necb O(P),K(K'),j(j'),in(~')- naqanbHhlli (KoaeqaLiii) a 

cnnna na ocb z, <IT ,8 ( 0) I > · · - MaTpaqnLili sneMenT 

npn X fl 8 0, W - CKOpOCTb nopeanoaCKOro npeo6pa30 

MaTpnua npeo6pasonann11 Jlopenna. 

B o.c. napaMeTpnsanHro cKanllpHoli n aeKTopnoii . q, 

maM o6pa3oM: 

< q/2,K', j',m 'l1
0

(0)l._;j/2,K,j, 

=y4TTe I. 
L,M 

L Ya 
(-i) l!l_ < jmLMI i' -u:J,, 

(+I 0, L 2 
.f) L+CU<J>JJ' (q , K,K') 

<q/2, K', j',m'II, (0) I- q/2,K,m 

=y4:re I a= 
J,A,L,M 11 

•Kj;;;JAIJ'm'>qLY* 
_LM 

J+ 1 ~ 

i.=.!.L_ < 11 1 M 
[L] ! ! 

(-) i ,L <n >BL+cu<I>, ,. 
~ 

rAe <l> 
0

' ~ - sneKTpnqecKne <jlopM<jlaKTOpbl nepexona, 
JJ . 

nepexona, a 1 7 - MaTpaua nepexona K KaaoanqecKoMy 

' npaqeM
1 

( -1) CU- OTHOCHT9llbHHH qeTHOCTb aaqanhHOro 

:lKHTeflb OTORpaeT numb p -RHaapHHHTHbiO nepoXOAbl, 

<+l · c-1 c±l 
[L I= 2L+ 1, flL+cu = fl L+cu+l '• (f\L+w) 

Tpeooaanne spMnToaocTn onepaTopa TOKa npnaounT K 

2 J + J, 2 
<l>

11
,(q , K,K')= (-1) <f*J 'l (q , K 

3aKOH COXpaHeHHII TOKH naeT COOTHOWeHne: 

J4 I,L-IL I,L· 
/ 311 L[L-1][L] [<1>

11
• !..q

2
<f> u' 

O,L 

= -lq 0 ell JJ, ' 
j ->2 

q 0 = q_.-4 + K 
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nenonHpH30BBHHhlX qaCTHHBX CO CHHHOM 

sneKTpoMarnnTnwx ¢opM¢aKTopon nnepswe 

0 OOOOWeHO Ha cnyqafi npOB3BOflbHOrO COBBS 

qaCTb B38HMOAeil-

KpncT, Jin
1141

, 

pacceSIHHSI SJleKTpOHOB (pOlKAenne H3008p 1 

· Ill 13/ 
geHOJlBpH30BBHHbiX 1 H HOJIBpH30BBHHhlX ·.J 

cnyqaa. 

.. 

npnonnJKennn nn¢¢epenunanhnoe ceqenne 

qacTHU C npOH3BOJlbHhlM CllHHOM j II 

qacTnn TBKX<e npOH3BOJibHhi. Y'lTenw nee 

MamenH aanano 

c<jlepaqeCKHM TenaopaM • naHbl llpBBIIJIB 

a T -ansapaanTnocTn. OocyJKnen sxnan 

OTnenhno paccMoTpen cnyqafi nonnpnaosan

nonyqenw OCHOBHble peay~TBTbl npeAbi-

MBTpaqnhlX SJieMeHTOB JIOKBJ!b-

MaTpnqnoro sneMenTa seKTop

CIICToMe (n.c.) HMeeT BRA: 

IO,K,j,in>~ 

>.)a·ap(w). 

I - ;j; 2, ". L ,, > • 
<!) 

/' 

4 

··,r 
I 

3necb 0 (P ),K(K ') ,j(j'), m(~ ')- naqanhnwil (Koneqnhiil) HMnynbc~ Macca, cnan, npooxuan 

cnnna na ocb z, <I T/3 (0) I::> · - MaTpaqnhiil sneMenT TOKa B opeilToBcKoll cacTeMe (o.c.) 

npa x ti • 0, w - CKOpocTb nopenuoncKoro npeoopaa.osanan K neil , n aaf3 ( w )- oobJqaan 

MaTpaua npeoopaaosannn Jlopenua. 

B o.c. napaMeTpaaauaro CKannpnoll n neKTopnon qacTeil TOKa MOlKHO aanacaTb cnenyro

mnM oopa30M: 

< q/2,1<', j',m 'll~(O)I-q/2,1<, j, m > ~ 
L I> 

..i=.!.Ll!l_ < j m LM I j'm '> q LY* (; ) • 
[l] ! ! L M q 

~v4"e ~ 
L,M 

f+l O, L 2 
•@ L+<o<flJl' (q • 1<,_1<') 

<q/2, ~<', j',m'II, (0) 1- q/2,~< ,m > ~ 

~..;A;e ~ a~ 
J ,A .L,M 11 

J+ 1 === Ya 
(-i)' < tilMIJA>[LI 
[L] ! ! 

. '"' AI" ' L * .. ( -l .._I' L' J( 2 ' •i<JmJ Jm>q Y (n )f!L+"', _q ,K,K ), 
.LM ~ "'ll 

(2) 

(3) 

.._ 0, L I, L, J 
rQe .'>' , - sneKTpaqecKne <jlopM<jlaKTOpbi nepexona, <ll

1 1
, - ManmTHble <jlopM¢axTopbl 

ll . t±l L+<o 
nepexona, a 1 7- MaTpnua nepexona K xanonaqecxoMy oaancy, ®L+cu=l/2[1±(-1) ], 

• npaqeM, ( -1) W - OTHOCIITeJibHBH qeTHOCTb naqaJibi!Oro H KOI!eqnoro COCTOHIIBli. 3TOT MIIO

lKHTellb oToapaeT namb P -ansapaanTIIbie nepoxoAhi. 

(+l (-l t±l 2 t±l 
[L] = 2L+ 1, flL+w ~fl L+W+I '• (f\L+u,) = f\L+co H T.n. 

Tpeoosanae spMnTosocTn onepaTopa ToKa npnsonnT K ycnosaro nn11 KalKnoro ¢opM¢axTopa: 

2 1+1' 2 r· 1y, 
<f>l!'(q ,1<,'\')~(-1) <t*, (q ,K',K) J..!L,-

1 l [j'l y, 

3aKon coxpanena11 TOKa naeT cooTnomenae: 

I,L-l,L 2 I,L+l,L 1 J (L+1).-"'L ]= 
J4/371 L[L-l][LJ [<l>ll, -q <I> ll' 1Lf [L-1HL+l I 

0, L 

=-iqO<flll, / 
.. 2 -- J.o2 2 

qo~ q,--4+~<'2- q~+K 

5 ...--. 
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Tpeoosanne T -nnsapaanTnocTn nanaraeT na ~opM<jlaKTop niDooro anna cnenyiDmee 

ycnosne: 

••• ,L, ••• 2 L+l+l' [jl · ... ,L, •• 2 
<f>

11
, (q ,K,K')=(-l) y'[j:T<fll'l (q ,K',K). (6) 

0Toop ~opu<jlaKTopos no P - n T -nnsapnanTnOCTH a nonc'leT nx o6mero 'lncna npn 

A8HHOM CB9A9B AnB yA06CTB8 B Ta6nngy (eM. np~nOM9HH9 1). 

.-1 

4. llapaMeTpnaaunn MaTpHUbi nnOTnocTn 

MaTpnna nnOTnocTn cnnnosblX cocToSinnli 'lacTnn p o6bi'IHO paanaraeTcn no non-
"' I [! B, 191 

SIOMY naoopy T9H30pHblX nonSipH38UHOHBblX onepaTopoB J L M 
I 

1 
p= TiT" ~ ~ 

L=O M 

T I pi 
L M LM 

KOTOpble ynoaneTBOpBIDT COOTH0lli9HHSIM OpTO~OH8nbHOCTH II HOpMRpOBKH: 

I +I 
Sp { PL M PL 'M' I = [ i 1 ll L L.-8 MM ..... 

(7) 

(8) 

C yqeToM (8), npnMeHSISI TeopeMy BHrnepa-3KKapTa, MaTpH'IHbie sneMeRTbl onepaTopoa 

S' ~ M MOMHO BblpaaHTb qepea KOs~nunenThi Kne6ma-fopAona c TO'IHOCTbiD AO nponaaonh-

noro ~aaosoro MHOMRTenSI: 

< m' I "P 1 I m > = e Ill [ L 11> < i m L M I i m ' > 
LM 

(9) 

I 
YAOOHO Bb16Hp8Tb p L M 

I 
AelicTanTenhHblMH, T.e. ll = O. Kos¢¢nnHeHTbi T L M SiansnoTcSI 

TenaopaMH nongpnaannn qacTnn panra .L • Onn onpeAenniDTCH KaK cpeAnne aaaqennn 

COOTB9TCTBYIDlliHX nonnpH38UHOHBblX onepaTOpOB B A8BHOM COCTOBHHH: 

I . +1 
TLM=Sp{pS'LMI. 

B cnny spMnTonocTH n aopMnpoaKH MaTpHUbl nnoTBOCTH 

Sp p = 1 

Tenaopbl non<~pHaannH T ~ M ynonneTnop!IIDT ycnonnnM: 

(10) 

T 1 =1 1' 1 =(-1)MTJ (11) 
00 ' LM L-M· 

Ecnn MaTpnua nnoTnocTR p (m 
0

) onHCbiBaeT 'IBCToe KsanTonoe cocTOBHBe c npo-

eKunell cnnna na ocb z 
paBHblM 01 O , TO y T9B30pOB non!!pH38UBII Be HC'i938IDT- TOnh-

KO nyneBbl9 KO)<InOH9HTbl : 

6 

;; 

., 
' 

T 1' (m 0 )=1 [LJ II> T 1 (: 
LM 417 L 

rAe· I . l> 
TL(m 0 ) =(477) <jm 0 L! 

HanpnMep, oobl'IRa!l nongpHaanH!I npannMae~ anB 

Tl (m )=(-1)21+1y' 4: 
I 0 . j (: 

. flongpB3HUBSI MHKCBM8HbHH npn MHKCRMHllhHOCTB 

nongpnaaunn: 

ITII(mo)l =ITII(j) 
ma% 

CTeneHh nongpHaannH II panra (cTeneHh BbiC 

I 21 2 
T

2 
(m

0
)=(-1) {3m -J(j 

nnn '18CTBU CO CUIIHOM j = 1 MHKCBMHnhHOe 

nynesoli npoeKnHn cnnna aa aanpasnenne BhiCT~ 

I -- I 
IT2 (nio)lmcu=IT2(1 

nn!l 'IHCTIIU CO CUKSIOM = 2 BbiCTp09BHOCTb 

2 2 
IT2(0)I;.,IT2 (2)\ 

nnsr 'IHCTKU CO CUIIBOM j >'2 II j = 3/2 

I T 1 
(j) I 

2 

J 87Tj2 [ 

(j +I)[ 

. Tenaopbi nongpnaaUlln 'IHCToro cocTO!IBHl 

nony'laiDTCSI 113 (12) nosopOTOM CIICT9Mbl KOOp 

I .. I 
TLM(mo' "o)= TL (m 

rAe 
I . -. l> 

TL (m 0 ),=(477) <: 

TaKHM o6paaoM, a aTOM cnyqae MaTpnna nnm 

.. 1 
P (m

0
, no>=-[-·~ T 
· j] L,M 

0AHHKO B o6~eM Cny'lae 'iBCTOrO COCTO!IHIISI ~ 

(17). MaTpnua nnoTBOCTH coCTOHBHH nonaoli 1 

7 
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aa <j>opM¢axTop ;noooro anna cnenyroi!Iee 

L+J+l' [j] •.. ,L, .. 2 
(-1) y'T'}T<J>J,J (q ,K',K). (6) 

n noncqeT nx o6I!Iero qncna npn 

npnnoJKeane 1), 

-..,S 

llHOTBOCTH 

p 06biqao pasnaraeTcn no non-
!1' l [ 18. 19] 

LM 

}; T l !I' i 
L M LM 1 (7) 

OpTOI'OH8HbHOCTH H HOpMHpOaKH: 

, I = [ j 1 ll L L...s M M'. (8) 

KK8pTa, MaTpnqHbie 9HeMeHTbl onepaTopoa 

Kne6I!Ia-fopnoaa c ToqaocTbiO 110 npoasaoHb-

<jmLMiim'> (9) 

l 
T,e, /J = 0, Ko:a¢¢anneHThi T L M !laHIIIOTCSI 

Oan onpenenSIIOTCSI xax cpenane saaqeang 

a ll8HHOM COCTOSIHHH: 

( 10) 

llHOTHOCTH 

ycnoaHSIM: 

( 11) 

OllHCblaaeT qacTOe KaSBTOaoe COCTOHBHe C npo

O, Toy Teasopoa nonSipnsanna ae ncqesaroT.TOHh-

6 

"'j 

I 

l; [L) ~ 1 
TLM(m 0 )=1~1 TL(m

0
)/JMO' 

rae· 
l . ~ 

TL(m 0 ) =(4") <jm
0

LOIJm
0

> (12) 

HanpnMep, o6biqaag ·nongpnsann>I npnanMaeT saaqenng: 

l Tl (mo )=(-l)2J+Iv' 4"mo 
j (j + 1 ) (13) 

nongpnsanng MaxcnManbaa npn MSKCHMBnhHOCTH saaqeann npoeK!lHB cnnaa aa nanpaaneane 

nongpnsannn: 

l l l --~ 
Tl(mo)l =ITI(i)l=v'--. 

max j + 1 (14) 

CTeneHh nongpusannn II panra (cTeneHb BbiCTpoenaocTn) paaaa 

2J 2 I -' __ :::.;8 "::-.-=---:c;-
r!<mo)=(-1) 13m -JCi+l) v<J+lHJ-l][J+ll 

' 

(15) 

.nn>I qaCTHil CO CnJ!IBOM j = 1 M8KCHM8HbBoa 3Haqeane abiCTp09BHOCTH aOCTHraeTCH npn 

ayneaol! npoexnnn emma na aanpaaneane ab!CTpoeHHOCTH 

I I --1 T 2 ( m o ) I m (u = IT 
2 

( 0) I '= 4y' t7 /5 • (15a) 

nng qaCTHU CO CllHHOM • 2 BbiCTp09HHOCTb M8KCHM8HbHa UpH m O - 0 HHH 2: 

2 . 2 Pi 
IT (0)1'= IT (2)-1 = 4 .1!_. 

2 . 2 7 (15a) 

.nng qacTnn co cnnaoM j >'2 H j = 3/2 abiCTpOeHBOCTb ~8KCHM8HbH8 llpii m O = j: 

I< (J>I ;s;rri...::_!j_ 
(i+1}[j+l]. (15c) 

Tensopbi nongpnsannn qncToro cocTOSIHHSI c npoexnnen -+ m 0 _ aa aanpaaneane n 
0 

llOIIyqaroTCH H3 (12) noaOpOTOM CHCTeMbl KOOpanaaT H8 yrnhi (rp, (), 0 )': 

J ... J ... 
TLM(mo•fto)=TL(mo )YtM (no), (16) 

rae l -. ~ 
TL(m 0 ),=(4t7) <jm

0
-LOIJm

0
>. 

TaxnM o6pasoM, a :aToM cnyqae MaTpnna nnOTHOCTH HMeeT ann: 

.. 1 l .. l 
p(m~,_no)=-[-! TL(II' )Y*L (no)!I'L 

j]L,M 0 lA M (17) 

Oaaaxo a o6I!IeM cnyqae qncToro cocTORHHB MaTpnny nnoTBocTn nenbsa npnaecTn x anny . . . . .. 
(17). ~aTpnna nnoTHOCTH coCTOHBHSI nonaol! nongpnsanan aaonh -n

0 
panra L nMeeT ana: 

7 



p(L,n0 >=ffilr+t~ ~ v'i.u<n-o>P~u· (18) 

Taxoe COCTOBHH9
1 

OAH8J:01 Be m>IIHGTC.H ~CTbiM J:BSB'I;OBbiM COCTOHBH9M 1 Trut 1:81: AIIH 

~HCToro cocTOHHHH c aeJ:TopoM COCTOHIIHH I i/J >-:. 

<m'lp(,P.)Im>=a* ~,. 
m m 

rAe a = < m I i/1 >' 1 T.e. p( 1/J ) o6H3aTenhBO HMeeT Beuc~eaaromxe BeAHaroBanbable 
-!'.' M8TpB~ble aneMeBTb11 a p(L,z) TllltBX Be BM99T H Be COBII8A89T C (17). 

YcnoBHH BeoTpanaTenbBOCTH M8TpHilbl nnoTBOCTH aaKnAJlbiBSJOT Ba TeBaopbl nongpxaye-

MOCTH T 1 nononBHTen&Bbie ycnoaaH
1201 

. LM · 

TaK1 a cocTo!!llHH nonBoll: nongpHaanHH 

nongpxaaAHH T: ynoaneTBOpHeT aepaae'BcTBy: 

paBra{o6bl'lBan nongpH381lHH) cTeneBD 

(T~) 2 ~ J;- i. (19) 

Teaaopbl nongpxaanxx AnH npoB3BOJ1bBoll: MaTpBUbl nnOTHOCTB MoryT 6b1Tb npencTaB-
121 22/ • 

neHbl B BHJle 1 
: 

J 
TLU = 

L+f + f J 
:£ (- I) . I 2 T d e d m f m I LM >. 
l'm2 1 2 1 1 2 2 

• :y• (; ) Y* 
f I m

1 
I _ f 2 

(;2 ) ; f 1 -~f 2 =L; L+l. 
(20) 

3AeCb D H D . - llpOP.3BOnbHbie 9JlHBH~Hble H9KOmniHe8pHb19 BeKTOpbl, (B llpBJIO>KeHHH 
- I 2 • . r e 

AOKaabiBaeTCll nonaOTa a nxaei!nall aeaaaxcaMOCTb cxcTeMbl L -aeKTopoa IJI LIM 
2 

= :£ 
ml ,m2 

·<f 1 ~ 1 f 2 m 2 1LM>'Yl (~ 1)Y{ (;J,no KOTOpOll: npOH3BeAeHO pa3llO>K9HHe,(20)). 
. IM I 2m2 

<t>a3bx npx Koa<!><l>xnxenTax nongpxaanall: 
J 

T Lf f B (20) ahi:6paHbl TaltBM o6paaoM1 

~TO ycnoBHe ( 11 ) AenaeT 9TH K03<jl<j>HilH9HTbl Aell:C~B:TenbHbiMII, 
J 

Kos¢¢nnlleHTbi T • • 
-+ L '-l'2 

TpeM aanpaaneBHBM n 1 1 n_ 2 

onpeAallH~T ~TeneHb COOTBeTCTBYIOIIIHX nongpH381IHll IIO 
.. . [n n l -

H n
3 

a 1 2 (yAo6no opTbl n H 
I[ rt, rt 

2
,]1 . I ... ... " ... 

.aaaxMao-nepneHAHKYIIHPHbiMH: n 1 = e ", n 2= eY , n 3 = e • ), TaK1 ·aanpxMep, opToroaanh-

Bbi6Hp8Tb -n2 

J .. 
TIM paBHbt: Hble npoeKIIHH B9KTOp8 liOllgpH38IlHH 

T
1 

= T
1 

1% 1 1 1, Q 

T1 
;, T 1 

1 Y 1 1 Q 11 

T
1 

=T
1 

1 z 1 ,1' 1 
(21) 

8 

" 

ej 

MaTpHil8 nnOTHOCTH B BHJl9 (18) B (20) B e 

pac~eTa ce~eaxA pacceaHKB aa nongpaaoaaaJ 

5. Bb1'1Hcneaue ce• 

B o6meM BHAe ce~e!IHe aanHCbiBSeTCH 

~ 1 
dO -2 :£ . .. (.) 2 

IM I 

l +c. 1 1• 1 
=-2 2 Sp.l,_. lv .a,_.a(w)al 

q . 

(e) 

rne I,_. a 
(h) 

Ia - onepaTopbl aneKTpoMar: 

COOTB9TCTB9hH01 
p -M8TpHil8 IIIIOTIIOCTB C 

BRAG (20) • 

Haxo>KAeHxe nepaoro mnypa Tpxaxan~ 

(e)( o) 

Sp I I' I v = PI' P ~ + Pv f 

rAe p H p' - aa~aJibHblll H KOHe~HhiA 4-H 

MaTpxna_ nopennoaa npeo6paaoaaHHll B 6.c. 

8 oo=wo <wo =J-;, 2
-1). 

8 c[) +~ 1 'W !:::1:-

lk lk WO + 1 I l 

BaeAeHbi cixeAyromxe KHHeMaTx~eCKHe o603E 
A 

(;;')=II, q2=(p-p')2>0 

K2 
x=-- -1, a=(+ x/4,1 

,('2 
2 

d=a +(. 

nponenaB AOBOIIbiiO rp01~03JlKHe BblKII8JlKII, 

x) - . 
npu paC'l9T8X HCTIOJib30B8Hbl MOHO 



II+T~l:YL1 <n+>5' 1 • 
M 0 LM (Is) 

XB8H'J;0Bh!M COCTO<IBHBM1 Tax X8X AIISI 

aeac'!:eaaromae ae~:~aaroRallbRl>,Ie 

lie HMBBT H He COBU8A8BT C {17), -..J 

nnoTJIOCTH Raxnanh!aaroT aa TeJiaoph! nongpaaye-

paara(ooh!'!:Raa nongpaaanaa} CTeneHb 

<' s,. - ~3-j. (19) 

MaTpanhl nnOTHocTa MoryT ohiT& npencTaB-

L+f 1 + f 2 T 1 <i m f m 1 L M > • 
Lf f I I 2 2 

I 2 

(;
2

); i
1
,+i

2
=L; L+l. 

(20) 

CHCTBMhl 

BexTophl. (B npano}!{eJIHa 

f i 
L -BeKTopoB 'J1 LIM 2 = l: 

paano)!{eaae, (20) ). 
ml ,m2 

l 
T L f f B (20) Bhlopaah! T8KHM oopa30M,· 

I 2 
ABiiCTBHTBIIbllhiMH, 

~Teneab COOTBeTcrnyromax nongpaaauuli no 

DID2]( - • . I [-::;--::;---- . YAODHO OpThl D I H D 2 BLIOHp8Tb 
.. n ~ n 2,11 .. 

• D 2= e 7 , n 3 = e z ) •. TaK, JianpuMep, opToroJian&
T' . 

I M P8BHhl! 

l 

1 1 0 1 1 

1,1,1 (21) 

8 

~ ,,r 
"<.: 

I. 

i 
.I 
I 

MaTpana UIIOTHOCTH B BDAB (18) D (20) H ee CBOiiCTB8 JIH)KB DYAYT HCUOIIb30B81Ihi•AIIH 

p8C'!:BT8 CB'!:BHllll paCCBSIIIHSI ·aa UOIIHpH30B81IHblX '!:8CTDU8X. 

5. Bhi'!:DCIIBIIHB CB'!:B!IHSI D ero oomuli BRA 

B oomeM BHne CB'!:BliHB 38UHCLIB8BTCSI KaK: 

~ 1 
dO .- 2 l: a,e, 

I e) 2 (h) 2 
I tl I I, I M I 

m,m 

1 +r e l ( e l +r h l ( h l 
= 2q'2 Sp .IlL I v • ~IL a ( w )av 11 ( w ) Sp I a P I 11 

(22) 

(h) ( •I 
rne IlL a Ia - onepaTopLI aneKTpoMaraaTaoro ToKa sneKTpoaa (Mrooaa). a anpoaa 

COOTBBTCTBBliH01 

Bane (20). 

p -MaTpHUa IIIIOTHOCTH CIIHHOBLIX COCTO<IHHJ! '!:8CTHU MHII!BHH 38UHC8H8 B 

Haxo)!{neaue nepBoro wnypa TpaBaanbao: 

(e)(e)_ , ,_~ 8 , 
SpilL lv =PILPv+PvPIL .2 p.v 

rne p H p' - H8'!:81IbHLilt D KOHB'!:HLill 4-HMnyllbCLJ 31IBKTpOaa, 

MaTpaua nopeanoBa npeoopaaoaaaust B o.c. ua n,c. HMeeT Ban: 

8oo = wo (wo = J-;,2 -1), a1o 8 01 = w 1 

w w P 1 1+a 
8 =8 +--1-k' w = --r.=-. wo = JL' • 

lk 1k W + 1 1 2Ky b V b 
0 

BBB11BHLI cnenyromae KIIHBMaTH'!:BCKHB 0003H8'!:BHHSI! 

... "... 1 2 2 . 2 . 
(pp')=l:l, q =(p-p') >0 (=__s,., 7]=1+( 

4K 
2 

x=-K- -1, 8=(+x/4,b=l)+x/2, c=l+/b. 
K'2 

2 
d=8 +(. 

np011BII8B llOBOllbUO rpOM0311Ki<Ie Bb!KII8AKH, nony'!:HM Clienyromull peaym.TaTX): 

X) npa p~C'lBT8X HCUOffi,30B8Hbl MOHOrpa¢uu122•231, 

9 

(23) 



~ = ( k,) CF +·F(a) + F(aM) + FlM)] 
dO - dO LfOT'f L "•o L " L " L " ' (24) 

(a .) 
rna FL , - 'lacTb, cooTBaTCTByromasx nenMgpnaoBannoMy ce'laHHro, F L , - 'IACTb, coneplKll-

~ (M) 
man anexTPn'lecue cj>opMcjlaxTopbi, F L,- 'IACTb,. coneplKllmasr · MarHBTnue cj>opMcpaxTOpbi, 

( M) . 
F 

3 
- HHTepcpep,ellltnOHHASl 'IACTb, 

npn'leM 

2 2 
(du) =-a_Ctg0/2 

.,,/drf MOTT4c2 sin2 0/2 l+(2K£)Sin20/2' 

<=K(a+ya +(/S!nre72)·,E=K(1+2a), 

F , = .!11.._ ( (i + !B tg 
2 e I 2 ) 

L =0 [ j I 

2J 2 L 
ff=I (4(+-x-) 

L >·o • 4 b 

2 

~ +!B 
I[ L I ! !12 

(4" _x_)L . C-1 2 2 
21 ~o+ 4b I 2" IAI,L,LI2 e + -"C4(+_x_>J· !B = I 2 -3-· 'I'"' L+"' 3 4 b 

L> I l [L].!! I 

.:-...f..!:.l_l 1,;+1,12fll+l + x
2 

h.t.LI¢o';l2flC+I + 
L[L+1) </>II L+cu (16(b+x~ 4L II t. +cu 

+ ..L y 2 11 V ( L + 1 )[ L ] rni ( </> o, ~ ' 1, L+ 1, t. fl C + I 
4b 3 L[L+l) IJ <p JJ' J L+"' + 

1 x 2 . o,o 2 C+l 1 x 2 . 0 L 2 C+l 
. +6 x2+16(bl<t>"· I f.l"' +s-Ax2+16(b<li!>. I e~.+"'+ 

~. 0 2 (+) 

+4/314>"· I e"' I • 

BBeneM o6oana'leHHH 

J+J'' 
( -l) [j') . j [ L )[ L ') [ f )1-t I 2 .!:..±..k • L" 

x= . 1 2 " " 2 
2[Ll !![L'l'·' [J 1 r L"J. '

4
• + 411 > ·Trlr2 

(25) 

(26) 

(27) 

(28) 

* , * ' , (<f>""'L'",P""'L, .• 1 e(-l)a[<f>""'L'""<f>""'L '"+(-l)a</>.,L,"<f>.,L..)f'C ••• )e( •.• )
0 (a:) - JJ' JJ'' . JJ' JJ' L+Ct> L '+(t) 

10 

\ 

I 

\i 

l 
1: 
-~ 

,. 
i 

I II) 
,, 
l 

Torna 

f +f i . 
F2~l I (-1) 

1 
1V1(LL'L")(f1f

2
L" 

L,L' 

Fl~,Mk I ,laMCCP. (O)(.:.d 1 
L L,L',f,f' f2 . 

+ DPf, (O)[f'l (ff1 f') (lf
2
f'){ ~ 

rna ,laMJ, 4V}- ( -1 )L "[J I~ [ L ")[f) (LL ~f) X I~ n :·I 

rAe 

Fl~)= I rlMJ([>.I>f•(O)+ 
L L ,L ',t_t ',t" 2 

+ (2>. -IL) Pf (0) b tg 20/2 + (>. + IL 
2 

,(M)=-¥-v[J) [J'I ~I nr; I </>I,L,_ 

>. = [ L "I ( L L 'L ")(L "f 1 f, 

1L = y JO( -l)L '+J +~[fl fe'')[L ") (~ L 'f)(2f"£ 

V=· 
L" -· f+f 

< -1 > H'l (1 f 2f')2 >. + v ~s < -1) 2 

KnneMaTn'lecxne 'IACTH B cj>opMynax (30), (31) nMet 

11 



F +·F(s) + F (sM) + p.lM) ] 
L '~o L " L " L " ' (24) 

(a .) 
nenonS!JlH30BaHHOMY Ce'le.IUno, F L .. - 'I&CTb, coneplKa-
(M) . .1. .1. 

FL .. - 'I&CTb 1 . coneplKllmag MarHRTHble ..,opM..,attTOpbl, 

1+ (ll)Sin 
2
0/2' 

K 

Sin~ 0/2), E =K (1+2a), 

ff + Sl tg 
2 o I 2 > 

2 L L£Y +!il 
!IL I ! ! 12 

I L L 2 1-1 2 2 
I'PJ; •. I eLH<J+ r<4(+ii;->J· 

+ X 
2 

L+ 1 . O,L 2 (+I 

060 +X~ 41: I rf>JJ •. I e~. +<>,+ 

· O,L ; I,L+I,L. (+) 
fm ( rp JJ • <p JJ, J ("\ L+c.J + 

1 2 sA x <I'Po.~. 1 2 ,+, 
X2 +16(b @L+c.J + 

2 ~; L" 

(4~+*) 2 Tflf2 

. ..,~ 

(25) 

(26) 

(27) 

(28) 

-!)"( rp .. '!""-; .. ,L ',. + ( -1)"; .,L, cp' ,L.~)f' ( ... ) l3 (.; .) 
0 lJ jj' · JJ' JJ' L+cu L +cu 

10. 

\.''' 

.\ 
' 
I 

1 ; ' 

-~ 

' '1 

I 

l 
) 

l ,,) 

~. 
r 

Torna 

. r J . . f +f · L L'L' , 
F

19t l: (-1) I lL'1(LL'L")(f f L") p (O)I"-0 'Lo}O,LI . (29} 
Z:' . , I 2 j j j' X f 

2 
'I' 'P ( L- L '1 , L,L 

.F l~,Mk l; ,lsMrcP. (O)(~d~+~(lfL")(L"f £ )+ 
L L,L',f,f' .f 2 · I 2 

+ DPe, (O)[f'l WI f') (lf2f') ( ~ i f'l. 
(30) 

rna L" 1i LJL" 1L"f O,L';I,L,J . ,l~Ml4JfC-1) [JI [L"Hfl CLL'Oxl 11 J' II L'LJ I ·1</> 'P I 1 ~.·-J-1,· 
lM} (M} ' 0 

F .. = l: r ([.\Pf (O)+I'Pe.,(O)l-+ 
L L ,L ',f,f ',t" 2 d 

+(2.\-I')Pf (O)btg
2
0/2+(.\+1')APf (O)+vBPf, (0)1, 

2 2 (31)' 

r.r:te M j'J'J" l,L,J*l,L',J' 
,l J=~ !" v[JI [J'I xl J J J' II</> . </> I IJ+J'+L"+fl +£2 > 

· LJ 1 
.\ = [ L "I ( L L 'L ") ( L "f 1 f 2

) ( ]'1,. 'L'~ , 

l'=vao(-l)L+J't{[fJ fe"][L"I (LL'f)(2f"f2) <lf"£2)(ff"fl) 2/e•) f L"2 { f f L'~{L J 11 
· L 'J' 1 

L" - f f 
v = (-1) [f~J (1 f 2£•)2 .\ + y..!i. ( _1) + 2 [f'](li'f")( li'fi) f"2 L" 

2 c u 2 e "> I 1 e • 1 I I' 

KnneMaTH'I9CKH9 'laCTH B <jlopMYnax (30) 1 (31) HMeiOT BH.r:t: 

11 



A=ti + dll-~.(~)+-9-
2

-+[ t-.lii __ d_J tg2 8.,.,2l, 
d dJli a+c .. (~+c)2 a+c (a+c)2 . 

2 --· B=GF,C=-1/eGF , D=FybA, 

-,.I 
~h: ab () J· t: 2 "' G = ~-- -:r-•, F = tg- d + ~ ctg ...... 2 • 
A+~ a 2 (32) 

6. '-lacTHble cny'laH 

BbinHCaHHOe Ce'leHHe_ O'leHb OOI!10. MoJKHo nepel!TH It nasoonee BS)I{HbiM 'lSCTHblM cny-

'la.I!M. flyCTb, HSnpHMep, nonS!pH3SllHSI 'lSCTHll MHllleHH OnHCblB89TC>I p -MaTpHnel! B BHAe 

( 18 ) T lsJ lsM) \M} • 
• orJia FL'', FL,, FL'' _npHMy-r BHJl. 

~ LL'L" 
F~!'!t;l )=Lf,[L") (LL'L'')( j j j'lx'(cf>O,L¢O,L"'L-L'J' (33) 

rAe 

x'=x(f 1 =L",f 2..-0),;
1 

=q/lql. 

lsJ .. \S) .. \s) .. 
FL_,(n

2
)=FL,(n

3
)= FL,_(n 

1 
)PL,~O). (33a) 

.. r;· ; 1 
rAe n 3 =. I[-+ 1 _, 2 - HOpMa1Ib K nnocKOCTH pacce>IHH>I. 

n 1 n2 ll 

\SM)-> \sM) 
F L, l n 1) = I r C, 

L,L' 
(34a) 

\SM}.. lSJII} 
FL,(n )= I r .tCPL,_(O)+DPp(O)). 

2 
L,L ',f 

(34e) 

r)le L" 
r (sM)= 4lf (-1) [r] y'[j) [L"I (lfL") (fLL ')x'· 

1PL"JLL" I,L,Jo,L' . 
• I L, J L II j j j' l ( </> ¢.. l, L '+ J+ IJ • 

12 

\SM}.. \SMi 
F ,(n )= :l: lr CP,(O)+ 
L 3 L,L ',f L_. 

rAe 

.,lsu} 4V ~r[L")[ Jl (LL'I 
r · = 3L"(L";+-1) 

J L'L" I,L,J 

·I l J l' I I</> 
* O,L.'J 

cf>· (L 

\M} 
F ,(; )= :l: ,lMJ[0.-1'/2) 

L l L,L,',l 

F\~~~ )= :l: 1 \M)([(.\-~ 
L 2 L,L',f.f' 

+.\£.!!..) P, (O)+I'(E_ 
· d L d 

rAe· 

! L, ~ 

.\=(-1) [L"). (Ll 

L '+J '. 

"= <-o v30fi:'1 <o <fl 

L" 
. V= (-1) [f') (lf'L")

2 
.\+ 

·f' .. l L" 

• :( 2 f 1 I " 

13 



~ . -· n; a 
2 

2 · 'ii d 1 2 1 (~)+---+[ 1-~--- tg 6_..-2 • 
· a+ c. (a+c)2 a+ c (a+c) 2 \SM}.. \SML =\9M/ I I I 

F , (n )= :£ {r t::P ,(O)+r DP , (0) I, 
L 3 L,L ',f L L (34c) 

2 --· GF , D=Fv'b.-"11, 
rile 

. . ·1 r:·r:· . 
alsM} v' rr[L"l[JI (LL'L")x'IL'J L I·• 
r · =

4 
3L"(L"+1) 

tg ~ J d + ( ctg 
2 

IV2 • 
·{32) 

J L'L" I.L,J 
·f;jj'll¢ 

* 0, L·' 
<I>· I IL' -J I ; 

6. 'iacTJihie cny'laH 

(M} (b 
F .. (~)= :£ ,lMJ[{.\-p/2)(-+2btg 2 6/2+(.\+p)A]., 

L I L,L',f d 
(35a) 

Mo)!(Jio nepellTH x BaH5onee Ba>KJihiM 'laCTHhiM cny-

'laCTHil MHWBJIB OnHChiBB9TCS! p -MaTpBnefi B BBJl9 

.npHMyT BHJl: 

LL'L" O,L '1'0 L' 
L L 'L ") I j j j .I X 'I <I> cp • I I L - L ., • {33) 

\Ml-+ \MJ 2 · 
F,(n)= :£ r l[{.\-p/2)2btg6/2+(.\+p)A+ 
L 2 L,L',i,f' . 

(35a) 

. +.\~: ]PL,(O)+p'f-Pr (O)+r,-BPe,(O)], 

• f 2= 0 ) • ;I = q/ I ql . 
rlla 

.. \9) .. 
n

3
)= FL,(n 

1 
)PL,~O). {33a) 

L" ~ L 1 
.\=(-1) [L"I~ (LL'L")( J ~'L'J. · 

.OCKOCTB paCC9S!HBS!, 

:£ \aM) 
r C, (34a) 

L'+J' . '{L)l} 
p= (-1) . y30[L"I(f) {eLL')(2fL") f L"2 

. . L'J' 1 

(911,<} 
r .LCPL,(O)+DPf(O)), (34a) 

L" 2 -
11= ( -1) [f'l (1 f'L ") .\ + y .!2._ (lff') { 1 L "f') [f']• 

2. (2ft '1 
[fJ J[j] [ L "I (lf~>·) (fL L 1x'· 

I,L,J *O,L •
1 I <I> ¢ I L '+ J+ I ) 

f'·1 L"· 
• :I 2 f 1 I I' 

12 

13 



r\M},, _ 4 11 -'[J) [J') '( J f"t"11 _,_1,L,J "'I,L',J'I 
g-v X jjj'"' "' CJ-J'!' 

· \M}-+ (M) 2 · f:b 
F ,(n ) = I r ([1.\-pl2) 2b tg 812+.\::z.!!... + 

L ' L,L',f,f' d 

1 · = 12 1 · (b (sM) Ill · 
+(.\+p)A)'i_,(O)-y[JLPf(O)+JLPf (O)ldl+r vPL., (O)B, (35c) 

rJle -,.J 
(
.2 f L ") 
2 -2 0 . 

(2fL ") 

L" 
[1+(-1) lp. v 3 

JL= 2£f-1J£fl[f+1Hf+21 

;=30(-l)L'+J' [L"] [f](lfL")(fLL'){l 
. Jt"(L"+l) . f 

L "L '} . { L J lJ 
1 2 _f L" 2 

L • J, 1 

=\M) • \M) 
= r 

(J-J'+I 

p 8CCMOTpDM eme BHl!UibiH cny'Iali K = K ' (X = 0 ) . AnSI nony'teHHblX Bblp8)KOHDH 

(33)- (35). 3TO COOTBOTCTByeT, HanpHMep, pHCCOHBHJO sneKTpOHa Ha H)lpe, npH'IOM nocne)l

nee nepeXOJlHT B B030Y)!{Jl0HHOO COCTO~HRO, 4>opMynbl (33)- (35) DpHMyT oonee DpOCTOli 

BRA, T8K KHK ycnOBHO X= 0 cymeCTBOHHO ynpomaeT KHHOMBTHKy: A=G=0, a=e, b='1• d=('1, 

F =v( tg28l2 V'1+ ctgz 8I2Bbrpa)KellHe (33a,e) JlnH sneKTpH'Iecxoil 'tacTn ocTaneTcn neHaMellHblM. 

B sneKTpoMarllHTHoli ·qaCTH (34 a, e, c) C = 0 • MarHHTHas )KO 'IHCTh npHMOT BHJl: 

(M!-> •\Ml 2 
F L , \ n 1 ) = . I, r \ .\ - JL I 2 )[ 1 + 2 71 tg 8 I 2 I. 

L,L ,f (36a) 

\M)-+ \M}... \M) 1 
FL.,(n )=FL,(n )P .,(0)+ I r p[Pf (0)+-

2 
PL.,(O)), 

2 I L L,L ',f . (36e) 

\MJ-+ {M}-+ 1 1=(2) 
F ,(n )=F .,(n )P ,(0)+-

2 
I ll[P ,(0)-P.(O)-..,-IlPn (0)). (36c) 

L 3 L I L L ,L ', f L r.. - · t 

Mo>KHO paCCMOTpOTb T8K)K0 B Hameil TOXHHKO HOKOTOpblO ·Ba>KHblO cny'IaH, KOTOpblO 

y)Ke 6blnH nony'IeHbi panee pa3HblMH aeTopaMH. Cny·•11ii 1) L "=.0, j f j', K f K' npHee

JlOII Bblme (25)- (27)
111

•
131

• ~nyqan 2) L "= 0 , K = > , j f. j' K 3) L "= 0 , K f K.'; 

j f. j ' JlBIQT O'IOBlt)lHblO. ynpOIUOHBH B cjJopMynaX (33)- (35), H l!X MO>KHO HO BblDHCblBHTh, 

14 

npDBGJlGM TOJihKO HllROOnee BBlKHblli CJiy'{Bli ) 

npn STOM oj>opM<jlaKTOpbl )leliCTBDTOJibHbl H HX 

nn Dpll q2 = 0 3BB'lGHDSI COOTBGTCTBYJOIIlR: 

{25) oyJlyT IIM9Th BRA: 

• 2 2 I 

(j = fo L + I 
' L~l 

21 

[
< jjJ 

L 

!B=l!L I 
3 L :::,.1 

[ q 
<iiJOIJ J>£: 

7 • ~Ofl~'!_I!E!_~<\lpGKTbl np.!_l_ 

H3 Bblp8)!{9HHSI (33)- (35) BRAHO, 'ITO D 

sneKTpoMarHRTHBSI 'IBCTb B <>TcyTCTBne T -H 

Pa.ccMOTpnM nanoonee Ba)!{Hblli cny'Iali: L"a 

'IBCTJIIl MJIWeHH. 

net'XO yoeAHThCH, 'ITO DPII STOM R3 9)lH 
(s} \M} · · 

FL"= 1= FL"= 1 = 0 • P - nnBapnaBTHOli, ao 

DHOHHBH 'l8CTh: 

du \sM} 3 du 
(-)., =1!-(-) 

dfl L =I 2 df! '-!OTT 

1 ~ 1 _·hl1.'+' 1±!. -lit rrr E) L+cu 3 V 

-v L+1. ~ 
2L[L-1] Viil 

npH BbiBO)lO q,opMynbl HCDOnh30BBH8 CBH3h M€ 

(39) cne)lyeT, 'ITO npoBepxy T -anBapHaHTBC 

BJlpOHOB BblrOABO DpOH3BO)lHTh (a) Dpll JlOCTH' 

yrnax paccennnn snexTponoe, (8) na qacTHDe 

KB8ApynonbHOrO oj>opMoj>aKTOpa H (r) C Manb!M 

H 



J f 'L" I I,L,J _,_I,L',J'I , ' 'I I cf> ., ,, __ ,, 
j j J' 

([f.\-p/2) 2b tg
2

11/2+Afr + 
d 

= (2) {; ( 
Pe(O)+JLPf (O)]~]+raM) 

d ' vP
1 1,~ (0)8, 
L 

(2 f L") 
I 2 -2 0 L, 

1U+21 c2fL") [1+(-1) lp, 

. . } {L J 1] lL""· 
[i] (lfL")(iLL') {e l ~ _e L" 2 

1) L'J' 1 

(J - J, +I l 

(35c)' 

._.j 

K= K'(x=O) AHSI nony'IeHHhlX Bhlpa>KeHaii 

aneKTpoaa·aa SlApe, npa'leM nocnen

<l>opMYnhi (33)- (35) ITPHMYT 6onee npOCTOil 

ynpomaeT KHHeMaTuKy: A=G=O, a=e, b='l• d=('l, 

AnSI aneKTpH'I9CKOii 'IaCTH OCTaHeTCSI li9H3M9HHhiM, 

C = 0 • MaranTnasr >Ke 'IaCTb npHMeT ann: 

.\- p/ 2 )[ 1 + 2,., tg 2 II I 2 I , 

\M) 1 
0)+ };, r ,I'[Pf (0)+'2Pr...,(O)), 

r..,r.. .e 

(36a) 

(36s) 

1 - 1 = c 2, I 
- }; ~t[P .,(0)-PY.(O)-?JLPp (0) • (36c) 2 r..,r.. .·.e r.. . ~ 

119KOTOpbi9 Ba>KHh19 cnyqau, KOTOpb!e 

Cny·•qii 1) L "=0, j of j', K. of K' npuse-

L"=O , K=K' , i.;, i' u 3) L"-o, Ko/ I('; 

(33)- (35), II HX MO>KIIO He BhiUHChiB8Tb, 

14 

·npuseneM TOJJLKo Han6onee sa>KHwli cnyqaA ynpyroro pacce!IIUia: L "~ 0 . , " = K., ._ , J = J , • 

ITpn aTOM tjlopM<PaxTopu ,~:~eAcTBn:Tem,nhl n ax yno6ao nepeonpe,~:~ennTh Tax, '1To6w oan nasa-
. .. /27/ • 

nn npa q
2 

·= 0 aaaqeana coOTBeTCTBYIOmnx MYnhTJmonell • ITpJI aTOM <l H $ a 

(25) 6yny-r nMeTb ann: 

• 2 
21 

L 2 2 
Ci-t +I [ q llf +!BI 

O,L L~l <jjJOIJ j>[J]!! 0,1.. - (37) 

L 21 
!B = 1!!, I 

3 L ~I 
[ q l21f2 +q2 [LI f2 J.(S8) 

<JjJOIJ j>[JI !! I,L ,!.. L[L + 1 I 2 I,L+J,L 

7. ~e~I!!:!!!..~<P<?euhl np!. aapymeann 
I 

T -'!,.~!!,'!_HJ'}I~.!,n_ 

Ha Bhlpa>KeHIIH (33)-(35) BIIARO, 'ITO npn .B9'19THhlX nongpnaartnsx (L"=2n-i!1) 

aneKTpOMal'HIITHaH 'IBCTb B 1>TCYTCTBH9 T -H.BBapaanTHOCTK H9'19THa npn 3aMene e- - (). 
PaccMOTPKM aan6onee BalKRhili cnyqail:: L"• 1, T.e. npocTo nonspaaoaaaaoe cocToRHne 

'IBCTII!l MKIDGHII. 

nei'KO y6eAHTbCH1 'ITO npn aTOM H3 9AHHCTa9HHOI'O yCHOBHlJ p -HHBapaaHTHOCTH 

FL('~) = F 
1
,":-) = 0 • p.- IIHBapaaRTHOA, HO T- .BeHHBapnaHT.BOil 6yAeT HHIDh KHTep<jlepeH-

=1 L =I ., 
lliiOHH8H 'laCTb: 

( ~)\aM]- .11.(~) JJ.:L T I 
dO L"=l-y 2 dO MOTT [JI lr.. 

.. .. 

14 
(4,+..!..) -IT.MT; .-:, 2 

4b [ -
_I[_L_]_! "", 1;-;;2-· I II I 

-W.-·11 I lAC+l ~~ L+1 Re<;?I,L+J,L¢o,_r.._ 
I j I' m . L+cu 3 y'[L+1HL-11 

L + 1 x Re p 0 ' r.. lm p 0 ' L 
..; n[L -11 v' b(l6e'b+xa> · I D. 

(39) 

ITpn BhlBOAe tjlopMynhi HCUOnh30B8lr8 CBH3b M9lKAY <jlopM<jlaKTOpaMn (5). Ha BHAa BLlpalK9HIIH 

(39) cnenyeT, 'ITO nposepKy T -nasapnallTHOcTn aneKTpoMarHnTnwx saanMonelicTsnl! 

aApOHOB Bhll'OAilO npon3BOAHTb (a) npn AOCTaTO'IHO 60nblllHX 3H8'19.BHHX, (6) npn 60nbiDIIX 

yrnax paCC9HHIIH aneKTpOHOBr (;.) Ha 'IaCTIIUe (SlApe) C aHOM8nhHO 6onLIDHM BKnaAOM 

KBaApynonLHoro tjlopMtjlaKTopa n · (r) c ManwM cnnaoM. 

15 



·,_ 

nerx:o Bll.ti0Tb 1 'ITO Jipll lt "' Q OCT80TCSI III!Ilib nepBbiii 'Ul8H B ojl11ryp.HbiX CX:OlSx:ax 

( 39) - JUITepojlepeHIUISI MeJKJty 9Jl8XTPII'I8CX:IIMH II Mlll'HIITHbiMil MOMeBTaNll II po.r:ta 
. /14 15/ . . . 

(cpaaan c ' ). llnH CJIY'ISH J = J'= 1 (ynpyroe e- d pacceSIHHe) nony'IIIM pe-
/10/ 

3YJibTaT paooTbl • 

3 a ·M e 'I a a n H 

B itSny'leHHbiX Bblme ce'leHIIHX npn K = K' Mo~o nepei!Tn OT cny'laH pacceHHHSI 

K cny'lato snex:TpoMarnnTnoro po:lKJleang nap ( t -Kanan). ITepexon ocyl:uecTnnSieTCSI cne

.r:tyromnM H3MOUeaneM KIIHeMaTIIKII: e .. - of of>· 4 K 2 '1 = e -·1 , 

Cos¢= v 1-1/lJ-tg2 8 I 2, n = .;z;::; ctg rp ~ 

rna <P - yron n c.n.n. 

du · a \(;)!,in 2 p 
(dQ)MOTT.. 1GK2 of (40) 

H3 nony'leHHbiX B paoOTe ojlopMyn nerx:o nony'IDTb na*Hble x:oax:peTHble cnyqan nepexonoB 

(NN ~). (NN**) II )lJISI DpO'IIIX· pe30li8HCHbiX nepeXO/lOB, ITpa STOM cnenyeT OTMOTIITb1 

'ITO nenocpe.r:tCTBOHIIOO Bbi'IRCJiel!lle ntoooro HOTPIIBH8JlbHOro (j,j'.L";/ 0) '18CTHOrO 

cnyqag He ynpomaeT liB paC'leTa, 1111 ox:oli'IATenbHl>IX Bblpa)Kel!all. . 

EcTeCTBenao, 'ITO nee nony'leHHhie pe3yiibTaTbl cnpaBeAIIHBbl AJIH cny'la>r pacce>rHIIR 

snex:Tponon aa >IJlpax. CnenyeT JlHWb IIOMHHTb, 'ITO oopHOBCKOe npn6nD)KOH)Ie 6onee TO'IHO 

· nnH >l)lep c ,MBJibiM 3ap>rAOM a npn 6oiibmnx. saeprnruc l!aneT8Iomero snex:Tpona •. 

Pacxo)lnMocTb nonyqeHI!biX ce'leHHll npn 0=·0 . cn>r3aaa c npeaeope)KeaneM Maccoll. 

snex:Tpoaa. Bee BbiJ'lB)KOHHR AJISI ceqenHll CIIpBBO)lJlllBbl llJl>l cny'laSI pBCCOSIHHR 118 BJlpOHBX 
I ' • ' . 

MIOOHOB 1 O)lH8K01 TO'IHOCTb yMeHbmaeTC!I 113._38 npeaeope)KOHIIR B KIIHOM8TI'l'IOCX:UX '18CTSIX 

Maccoll Mroona, 'ITO MOJKeT 6biTb ocooeano cymecTseaHbiM npn Manblx nepe)laaaeMbiX 

HMnyiibcax. 
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riPlinQ) 

ITpannna OToopa ojlopMojlaxTopon no 

p 

f 0 ,L 

J 

fO ,L,L 

J 

fO' L+l, L 

J 

inen. 

j nonynen. 

j nen. 

nonynen. 

j nen. · 

j nonynen. 

+1 

.+ 1 

j + 1 

1 
J+y 

!+} 

0 

0 

---------------------------------------------

ITPHnm 

PaccMQTPIIM 2L+1-MepHoe npocTpaacT 

.. 
· r.r:te n .11 n' 

LM . 
l¥ee,= I ,<fmf'm'l Ll 

m,m 

1IpOII3BOJlbllbl~ 0/lHHH'IHbiO Be 

(;;')=Cos 8 • 

* .. a Y6 (n) -cojlep.H'Iecx:ne rapMoanx:n, npn'leM 
lm LM 

llox:a)KeM, 'ITo nex:Tophi 'l'ee • npn L + 1 . 

Hyto CIICTOMy, llmt /lOKa3aTeiibCTBa JlUHellHO~ 

CUCTeMa O)lHOpOJlllbiX ypanneanl!: 

ff' LM 
I a w ••• ee· " 0; I.+ 1 ~f + 

He IIMOOT OTIUI'IHOrO OT HyJlll pemeHHII1 T,e, 

OT ayn>r. lln11 Bbl'lllcnean>r !'> L Bb16epeM Tl 

npaBJIOH IIO OCII Z 7 a i! JlOlKRT B HJIOCKOC' 

·L 
!'> =C(L)(SinO: 

'1 



• 0 ocTaaTCR nimh nepa~a qnea B ~arypaux c~o5xax 

11 MArJmTn~Mll MOMeBTat.OI II POllS 

J=J'=1 (ynpyroe e - d paccemme) .nClny'mM pe-

3 a ·M e 'I a a 11 a 

1/'ltg 

)MOTT-+ 

I(= K.' Mo~o nepeATa OT cnyqaa pacdtaaaa 

-xaaan). ITepexoJ:t ocymecTamreTCR cne

~>-4K2 '1=~-·1, 

2, D = Jf:;:; ctg ¢ ~ 

2~. 2-~. a ~tn..,., 

··16 K 2 ~ (40) 

nerKo nony'IRTh aa:>KH~e xoaxpeTHbie cnyqaa nepexoJ:toB 

llpll 3TOM CHe.[lyeT OTMOTIITh, 

ruoooro aeTpllnaaHbaoro ( J , j'. L ";I 0) 'lacTaoro 

OKOH'ISTenbiD>IX B~pa:>KaHIIJ!, 

peaynbTaT~ cnpaBeJ:tnBB~ .tlna cny'laa pacceaHBa 

noMHIITb0 'ITO OOpHOBCKOe npaonn:>KeHBe Oonee TO'IHO 

oonbmax aaeprnmt aaneTaromero ane~Tpona, . 

npn_ 0=·0 . cnli3aaa c npeneopelKeaneM Maccoll 

,cnpaBe.tlnna~ J:tnn cny~a~ pacceaaan aa aJ:tpoaax 

H3--38 npeaeope:>KeHRH B KHHOMATH'IGCKHX '18CT!IX 

oco6eaao cymecTseaa~M npn Man~x nepeJ:taaaeMbt:X. 
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llPHJIO)i(EHHE I ----
ITpanana OToopa ~opM¢a~Topoa no P- 11 T - aaaapllaaTnocTa 

---
p +1 +1 -1 

Tan~ 
~opM-
cjla~TOpOB T +1 -1 +1 

Jnen. j + 1 0 0 
f 0 ,L • 

l 
J n011ynen, . J + -} 0 0 

j nen, j 0 0 
fo ,1., L 

l 
'nonynen. j + .L 0 0 2 

---
j nen. 0 j J fO,L+I, L 

l J nonynen, 0 j- -}- j 1 
+T ----

ITPHJio:lKEHHE 2 

LM 
PaccMOTpiiM 2 L+ 1-Mepaoe npocTpaacTao BeKTopoa II' ff': 

.. 
rJ:te n a n' 

LM ' ~ ~ . 
'!Iff,= I ,<fmf'm'l LM>Yem(n)yt.m,(n '). 

m,m 
npOH3BOIIb_Hbl~ a.[liiHII'IHbla BOKTOp~ 

(;;')=CosO=x;/ ±1, 

-
-1 

---
-1 

-
j 

j +.!.. 
2 

j 

j -~-

0 

0 

----
Oomee 

'lacno ¢opM-
<jlaKTOpOB 
.!lana oro 
Tana 

2j + 1 
-

2j + 1 

2j 

2j 

2j 

-----
2j 

-----

(2a) 

(26) 

* .. 
a Y.- (n) -c¢epn'lecxn"e rapMOHIIKR, npa'leM f II p• MoryT npBHIIM8Th nroo~e 3Ha'lenaa. 

lm LM 

JloKaJKeM, 'ITO aexTopbi 'l'ff' npa L+1 ?_f~f':::_L naael!ao aeaaancaMbi a o6paayroT non-. 

HyiO CIICTaMy, Jlna J:tOK838TeHbCTB8 naael!aol! ll938BIICIIMOCTII 3THX BaK~OpOB llOKalKeM,.'ITO 

CRCTeMa O.tlHOpO.tlHbiX ypaaaeaal! 

fl' LM 
I a w •• , ee· " 0; L+12:,f+f::::_r.; L:::_M:::_:..,r. 

(2a) 

ae IIMeeT OTnB'Iaoro OT aynn pemeHBa, T,e, onpe.tlennTenb I'! L CIICTeM~ (2a) OTnH'IeH 

OT ayna, Jlng B~'IBCll9HIIH I'! L B~oepeM T8KYIO CIICTeMy KOOp.tliiHST, B KOTOpOil 

npaanea no oca Z , a it ne:>KRT B nnocKocTn ZX 

·L 
I'! = C ( [. )( Sin (J) L ( L+ I I 

. ' 
17 
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C(L) OTnB'l9H OT Hyng npH moooM L , J1a (2I') BHilH01 'ITO f'>. L He paBeH nymo UpH 

ruDOOM .tlOUyCTBMOM paBeHCTBOM (26) 3Ha'l9HHH () , 0'19BB.tlH01 cpaKT 1'.BH9liHOli He3aBBCB-
- LM -+..., -

MOCTII B9KTOpOB IJ'ff• (n,n') He 3aBBCHT OT 'laCTHOrO BbiOOpa CBCT9Mbl K00p.ttiiH8To 

nonHOTQ CBCT9Mbl paCCM8TpBB89MbiX B9KTOpOB cne.ttyeT B3 BX nBHeligoll He3aBHCBMOcTH .H 

H3 TOro1 'ITO BX 'IBCnO paBHO pa3MepHOCTH npOCTpaHCTBa, 

EcTeCTBeHHO, 'ITO B.TQ'IKax ()=O,ir "'L ooparuaeTCSI B Hynh, npn 9TOM ;=±n' 
' LM 

H BCe . IJI ff' CTaHOBHTC!l KOnnRHeapHb!MB 

-.J. 

LM -~ ~ 
'~'u· =(foe~ L ) ..;~ YLM (n ). 
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