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I. B B e s e a n e 

111 12 'd/ 
B nocnenaee apeM.!! a pa60Tax BynaaB 11 <l>poacnan.!! , <l>poacnan.!! ' , 

Pron/
41

, CanaMa]! sp/
61 , Hryea Baa Xbe/

13
•71, .Uao Boar ,Uhlxa n Hryea Baa Xbe/

8 •91 

6b!DR paCCMOTPOHbl CHMMeTpiiH 9D9M9HT8pHbiX ~aCTHD C npRMeaeaBeM aeKOMDaKTabiX rpynn. 

HexoMnaKTaan rpynna G .!!BD.!!eTC,.!! nonynpHMblM npOR,3B9t!eHBeM rpynllbl nyaHKape P 

H JleKOMDSKTHOll rpynnbl BHyTpeanel! CIIMMOTpHR S 

B naaaol! TeOpBR ~aCTRDbl xnaccn<jlanupyroTc.!! no aenpueonRMbiM ynaTapabiM (6ecito-

ne'!HOMepllbiM) npeJlCTllBDOIIRlJM rpyDllbl BHyTpeaael! CRMMeTpRB S • B l{ll~eCTBe rpy!lDbl 
x) .. 

S MoryT 6b!TL Bbi6paHbl rpynnbl SL ( 6, C) t U ( 6 ,o) R T.n. • no.!!BD.IIOTC.!! Dpi!HDH-

nnai!LHS.!! B03MO)I{HOCTL Bbi'IHCDHTL MaTpR~Hble sneMeHTbl nponeCCOB B Teopau, COXpaH.!!IO

lliOll yaRTapHOCTb • Onaaxo aonpoc o Texanxe Bbi~ncneanl! .!!BDSieTCSI aeTpnananLHbiM, nocxonL

xy ncnonLsyeMbie rpynnbl aexoMnaxTnbl. 

nollb!TKB DpOB91l9HBII DOJl06Jlb!X Bbi'IBCDeHBll 6bllJB CJl9D8Hbl lleKOTOpbiMB llBTOpaMH 0 . 

1101 
B ~aCTI!OCTB, B pa60Te Bnccna~'IH u <l>poacnamr nony'!eHbl ~tos.¢¢nnaeaTbl BexTopaoro 

cno)l{eHBII nnn rpynnbl SL(2,C) ·npu onpeneneaahlx orpaan~eaaax Ha napaMeTPblo onpe

nennromue nenpuaonHMbie npencTaaneHH.!! rpynnhl. 

B aacTomnel! pa60Te npenno)l{eJI npyrol! MeTOJl Bbi'!HCneausr xos<jl<jluunenTOB aexTop

aoro cno)l{eHHSI nnSI rpynnbi SL ( 2, C) 6es xaxax-nu6o orpaHH'IOHHll aa napaMOTPbl 

ae:npaaonHMbiX yauTapHbiX 6ecxoae~aOMepHbix npencTanneHHll. l1cnonLsy.11 MaTpH'IHbie 

sneMOHTbl nepexona oT aeljlnsa'!ecxoro 6asuca x <jlusa~ecxoMy 6asncy Manol! rpynnbi 
/9/ 

SL(2,C)P , nony~eHilbie B pa60Te .Uao Boar .ULrxa a HryeaBaa XLey , Mbi aaxonuM 

C TO'IIIOCTbiO JlO 119KOTOpoll CKllll>!pHOll <jlyHKUBB Bbipa)l{eHHe Jlll.!! MaTpH~HbiX 9llOM9HTOI'I 

nponeccoa pacnanoa. B nocnenaeM nyaxTe aacTomnel! pa60Tbl B xa~eCTBe npano)l{enan 

x) 17/ 
B pa6oTe noxasaaa B03MO:lKHOCTb BBeCTB yanTapnyro S -MaTpnny B Teopan 

C 6eCKOHO'!l!b!Mil MynLTHDD9TllMHo 
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paCCMOTpeB C/1~8A paCH8.1(8 qaCTBUhl CO CHHBOM na .ttse oeccnanonMe qacTnnM, 

/10/ 
BMqacnsm oonee BMCOKBe DOPHHKB no 9Hepraa, qeM B paoOTe • Mhl yoelK):taeMcsr, 

qTo pacnaA p -+ 2" ae aanpemea, 

MeTOA H8CTOsrmeA p800Thl MO}KOT OhlTb HCHOIIb30B8B .1(/IH nayqeHBH moooli BepnmaM, 

B ltOTOpyiO BXO.I(BT qaCTIIUM, COOTB9TCTBYIOIIlll9 H9IIpHBOAHMhiM npe!ICT8B/19HHSIM rpynnM 

SL (2, C) xaK !1/IH ocaoBaoli, Talt n A/Ill ~:~ononHnTellbaoll cep1111, HacTosrmal! MeTo.tt MO}KJIO 

npaMeHH~ !IIIli nro6oA rpynnu 

.!(/Ill .1(9MOIICTp8HIIII MOT0/:18, 

SL (n, C) , Mhl HCHOJib3yeM rpynny SL (2, C) KaK MO!IeJib. 

2, Kos<jl<pnnaeH'l'hl BOKTOp!IOI"O C/IO}Ke!IHSI !1/lll rpynnhi SL(2,C) 

Orlo3aaqnu napaMeTphl v, p , xapaKTepli3YIOIIlB9 nenpHBO!IHMhi9 yHHTapHhie npe!ICTSB-

ne!IHSI rpynnhi SL(2, C) • qepe3 a • nnsr OCIIOB!IOA cepiiB v -HeOTp11U8T9/Ibl!Oe nenoe 

nnn nonynenoe, p -!leliCTBBTellblloe, !IIIli .1(0HO/IllHT9/IbHOi! cepan V = 0 -1~ip~ 0. 

T,e. Tenepb p -MHHMOe, BeKTOp!Ihili oaanc uenpBBO!IBMOI"O YllHTapaoro npe!ICTSB/IaHBH 

rpynnhi SL (2, C) oy.[laM ooooaaqaTb qepe3 I a j ni > • r~:~e - xapaETepn3yeT Koaequo-

Mepab!e nenpaBonHMhie npe~:~cTaBneHBll MaxcnMaJibHoii KOMHaKTHoii no.ttrpynnhi rpynnhi 

SL ( 2, C) ·, 3TOT 6a3nc 6y!IOM Ha3hiBaTb xaiiOaaqeCKHM oaaacoM, 

nng TOI"O, qTOOhl B8liTH KOs!f><jlanaeHThl B9KTOpHOI"O C/IOJKeHHSI, HeOOXO!IIIMO HOCTpOIITb 

BtiBapKaiiT rpyntthi. HanniiieM npe}K!I9 <jlopMa/lbHoe Bhip8}KeHae nng HHLapaaaTa B cnyqae 

Tpex B91tTOpOB COCTOHHHH B rpynne SU(2): 

I= ~ jlj2j3)1a·j m >Ia j m>la j m >, 
mmm 111222 333 m 1 ,m 2 ,m~ l ~ 3 

j j j m + m + m =0 
rna ( m1 ·~ ~ ) 1 23j - 3 caMBO/Ihi Bl'raepa, HHBapnaaT rpynnM SL(2, C) 

· YMHO>KeH~e:. tJ.) aa xos<jJ<jJBnnenT BexTopHoro cnoJKeansr' [ ~ 1.a 2 .a 3) 
J I J 2 J 3 

110 j 1 • j 2 • j 3 

1= ~ 
ll.J2.J3 

a 1 a
2

a
3 

j I j2 j 3 
~ 

ml,m2,m3 

·I a I jIm I> I a 2 i 2m2> I a 313m 3 > • 

i1JZ>j3 

m m in 
I 2 

) . 

(1) 

nonyqaeTcn 

H CYMMHPOB8HH9M 

\2) 

H3 onpeneneHBH IIHBapnaBTa rpynnhi nnH /lioooro reaepaTopa X
1 

x11 =0. 

!18HHOJ! I"pynnhi HMeeM: 

EcTeCTBeaao, qTo nnH EOMIIaKTHhiX reaepaTopoB H 1 rpynnhi SL(2,C)i>To ycnoBne Bhlnon-

BliOTCH, noc:a::OJ!b:a::y HeltOMHSitTHhiQ reHepaTOpb! F ± BhipalKaiOTCH qepea XOMMyTSTOphl 

[ H ± • F 3 ] , BaM nocTaToqgo ncnoJib::JOBSTb TOIIbKO ycnoBne 
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.. 

f 

i 
l 
I 

l 

I 

·~ (J' 

r 
I 

·l 
\ 
i 

' l (J 

F 
3
1 = 0, 

(;j) 

rna IIO onpe~:~eneHHIO onepaTop F3 .ttelicTByeT C/IOAYIOIIIHM oopa30M {eM. KHnry Hai!Map-

x/111) 

Flaim>= Ca (j,j-1)la,j-1,m>+ 
3 m 

+ c: (j, j ) I a j m > + C :(j, j + 1) I a, j + 1, m>. (4) 

B npnMeHeHBH K {2) F 3 O::JHaqaeT cyMMy: 

( I) ( 2) ( 3) 
F3=F3 +F3 +F3 • (4') 

(I) • 
rna F 3 .tteliCTBYtoT B npocTpaHCTBe BeKTopon I a 

1 
J 

1 
m 

1 
> 

HcnOJib3YH {4) B (4'), nonyqnM 113 ypaBHOHHH _{3) C/le!IYIOIIIYIO peKyppeHTHyto <jlopMy

/ly nnst KOs<jl<jJHUHeHTOB B9KTOp!IOI"O C/10lK9HHH: 

'C: I ( j I+ 1, j I) [.a I a 2 a 3 J 
I Jl+lj2j3 

{11+
1 

i2 ·is)+ 

\mlm2m3 

a I (. . + c J'l .J 
ml [

a a 
; I 2 

i l i 2 
a 

3
] (~ 1 

im
2 

i; l + 
j 3 I 2 3 

+ em I( j - 1, j ) l 2 3 l 2 3 + a ~ a a a ] (j -1 j j ) 

l I 1 jl-1 i2 j3 mlm2 m3 

[ 

a a a ] (j j + 1 j ~ + c: 2 ( j + 1, j ) . I. 2 ~ I 2 3 + 
2

2 2 J J+lJ mmm 
I 2 3 I 2 3 

+ C: 2 ( j 2 ,j 2 ) r~ 1 ~ 2 a 3] . ( j I j 2 j 3) 
2 1 J j m m m 

1 2 3 l 2 3 

+ 

+C~2(j~-l,j 2 ) .. I 2 .3 I 2 3 + 

[ 

a a a J (j j - 1 j ) 
2 Jl J 2-1 13 mlm2 m3 

+Cm3(j 3 +l,.j:i) .. 1 .2 3 1 2 3 + a [ a a a ] ( j j j + 1) 
3 JIJ2J3+1 mlm2m3 

a 
+Cm

3
(j3,j3) 

3 [aaa]('' ·1 j I . 2 . 3 . ~ 1 lm2 J m3 + 

l 1 2 )3 l 2 3 
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3A9Cb 

a [ a a + Cm3CJ,-l,j3) -I 2 

3 J J J 
I 2 3 

a 
3 

J (
J 1 J 2 J 3 -

1
) • O, 

1 m m m 
I 2 3 

a 2 2 
Cm(J-l,j)·vJ -m c

1 

c:(J+1,J>=-v(J+I) 2 -m 2 cJ+
1

, 

a 
Cm(J,j)=-mA

1
, 

AJ= __ vp __ 
j ( j + 1) • 

ci • .L,; 02 -v2)(Jz +p2) 

j 4j 2 -1 

(5) 

(6) 

J1a COOTHOW9HHSI (5) Mbl MOJK9M llpHHl(HllHB.IIbHO nony'IHTb SIBH09 Bb!pBlK9Hil9 AnSI niOOOI'O 

K09<jl<j>anaeHTB BBKTopuoro cnoJKeHHSI • 2 • 2 • 3 • BBHAY rpOM03AKOCTH Bbi'lHcnel!Hil [ 
a a a ] 
J J J 3 

llpHB9A9M TO.IIbKO H9KOTOpb19 K09<jl<jJH!lH9HTbll Ank HI!3WHX 3HB'I9HHil j 
1
1 , 0rM9THM, 'ITO 

H3 ycnoBHSI HOpMHpOBKH cne):lyeT, 'ITO K09<jl<jJHitH9HT [ al a.2 a 31 H [a I a 2 a3] 

MOX<HO C'IHTBTb pBB!IbiM l, 
oooJ **o 

L\ 1 ( j ) = J(j2 - v ~ )( j 2 + p ~ ) 
[ 

a 1 a 2 a 3] 
ljlj2j3J= jl j2j3 

l 0 11 l= il . I L\ I (1 ) J 
2

- L L\ 2 ( 1) J 
2

- L ,f, 3 (1 ) J 
2 

2 i\2(1)/\3(1) 

LlO 1 l= v 3 • l L\ 2 ( 1) J 2- L L\ 3 (1) J 2- L L\ I ( 1) J 2 

2 i\3(1)1\1(1) 

• l1llJ = y3. Li\ 3(1)J2-Lill(1) J2-Li\2(1)J2 

2 L\ (1) L\ (1) 
I 2 

llllJ=-i-l p2v2-p3v3 L\ (1) + p3v3-plvl /\ ( 1 )+ plvl-p2v2 L\ (
1

)1 
2y2 i\2(1)/\3(1) I i\3{1)1\1(1) 2 i\l{l)i\2(1) 3 

l211J=t-W(v p -v p )[111]+-
3
-Li\ (1)l101J+i\ (l)lllOJ-

2 ' 2 2 3 3 2y2 2 3 

--i-.'11(1)[0111 

6 

1 
'TIT>; 

I 

• 

1 • 

i' 
I 

l•/3 . 3 
[121)=1-.:..L:(v p -v p HlllJ+-Li\.(1}L1JilJ+i\

1
(1)L011J-2 . 3 3 1 · , 2,; 2 • 

1 ! - 3 i\ 2 (l)L lOll ]I i\
2 

(
2

) ; 

L 112 J- I - l2y 
3 

( vI p 1 - v 2 p 2 ) L 111 J+ 2~ 2 L L\ J ( 1 )L 0 11 J+ L\ 2 ( 1 )L lOt .l

--ti\3(1)[ U) Jl i\31(2); 

t..!..l.t·J--1-· (v2p2-vlp I)L_l.lo j, 
2 2 3y 2 L\ 3 ( 1) 2 2 

S. MaTpH'IHbll! 9naMal!'1' pacnaAOB 

llpHMBHHM IIOJiy'IBHHbiQ peaynbTBTbl K ll3Y'I9HHIO paCII&liOB 'laCTillt ll3 09CKOH9'1Hb!X 

N:ynhTanneTOB rpynnw SL (2, C) • Mw noKaaalill:, 'ITO 6aaacuwe aeJtTOpbl aenpHBO.r:tBMb!X 

YHHT&pl!b!X llpB.liCT&BneHHil rpyllllbl S MOI'yT !Sb!Tb npeACTaaneHbl lt&K I a j m > • nocKom.ey 

nonaan rpynna CHMMeTpHH G 

rpyllllbl BHyTpeaaei! CHMMBTPHH 

171 

BCTb nonynp>tMoe 11pOH3B9A9HH9 rpyllllbl llyaHKape P 

s 1 B9ltTOp COCTOBHHSI 'I&CTH!lhl .MOJKHO npe.r:tCTBBHTb 

BH,liQ : 
IPs,ajm>=lps> X I ajm>, 

B 

B 

171 
HacTOSIWHil 6aaac, HB3B&Hl!bli! B lt&HOHH'IBCKHM, SIBnH9TCSI He<jJH311'19CKHM 083HCOM, napeii-

ABM B CHC'I'eM:y IIOKOH C IIOMOUU.IO npeo6p&30BBHHH nopaH I(& A P+il' 

I p s , a j m > = U (A P -P' ) I p s , a j m > = U P (A P _ il') I p s > x U • (A P-~) I a j m >. 

BaKTOpbl B npaaoil 'I&CTH 9Toro ypaaaeaan o6oaaa'!HM qepea I ps,aJ;;;> ·• ByAeM 

paccMaTpHBBTb TOnbKO cny'!ail -s=O • TorAS <jJH3H'IBCKHil 6aaac awpaJKaeTCH ~epea BBltTo-

pb! I p, a J m > CJ!BliYIOWHM oopaaoM: 

== a 
lp,ajm>=DJm,J'm'(Ap-j)) lp,aj'm'> • 

llocKonhKy BeKTopbi cocTOSIHHSI I p, a j; > HMBIOT BHA onacauuoro awwe llpHMoro npoHa-

B9li9HHSI, IIM99M OKOH'I&TQnbHO: 

.. s::s a -
I a J m >= D1m,J'm.(A P-ll') I a j'm '>, 

{7) 
a 

Ko91jxjlH!l119HTbl DJm,J 'm' OblnH nony'lBHbl B paoOTe nao Boar nwxa ll Hryeu BaH -Xbey 
191 

H HMBIOT cneeytomHli BH.r:t:' 

Dvp, (r)= Smm' ((2j+l)(2j'+l)(j+m}! 
Jm,Jm' ·(j+J'+l) · 

7 



•. (J -m) l(j+V)I {J -v) I(J'+m)l (J'-m)I(J'+v) I(J'-~)t I~: . 

::t· (-
1

)d+d: (d+d'+m+v)I{J+J'-d-d'-m-v)l . 
d, d • !II d'f {J -m-d) I(J'-m-d'~l (v+m+d)l (v+m+d'~I{J -v-d) l(j'-v- d ')I! 

(8) 

2(2d'+m+v+l+-¥-) I , 
·~ • F{J'+1+-f,d+d'+m+v+l;j+J'+2;1-~ 4 ), 

Y'IHTbiBBSI Bbiwecxa3aaaoo , 3anaweM MIITPH'IHbill sneMeHT pacnMa 'laCTI!Ilbi aa ABe 

Apyrax, axoAmnax B tSecxoae'IHbiA MY11bTanneT rpynnbi G , a cneAyromeM BaAe: 

< q lv I P IJ 1m 1 ; q2 v 2 P 2j tm 2 I T I P v s P ,J 3m s > • 

::t 
j~·J" 

::t . ., 
m,.m · 

vlpl v2p2 
D I I' •.{q 1) 0 1 I" i.(q. ) , 

1
m 

1
, m 

2
m

2
, m .. 

(vl P 1) (v2p2) . [ 
J' J, 

( v s p ,> 
J l 

3 
( 

J. 

m' 
ls).F(s,t), 
m, 

j" 

m ,~ 

(9) 

PaCCMOTpHM B XB'IeCTBe npHMepa pacnaA 'IBCTH!lbi CO CnHHOM 1 HB ABe O):(HHBKOBbi!l 

'IBCTHilbi CO CllHHOM 0, 0oo3H8'1HM 'lepe3 10 BK1!8A B MBTpH'IHbiii S11EiMeHT npH V 3 -Q, a 

'lepe3 I 1 - BK1IB.ll npu v 3 = 1 • TorAa aMeeM: 

' 0 p I 0 p I [ pI ·p 2 p sJ· ( 0 0 1 ) + 
Io· 

0
oo,oo

0
oo,oo 0 0 1 0 0 0 

op 1 op1 [ p 1 p 2 p 3] ( 1 0 1) 
+DOO,lOJDOo,oo 1 0 1 000 + 

Dopl opl [PI p2 
p'](201) + 00,20 °oo,oo 

2 
+ ••• 

0 1 0 0 0 

+Dopl Dopl [PI p2 '·]("') oo,oo 00,10 0 + 

1 1 0 0 0 
(10) 

8 

---:=;:;~---=---=-:-= ... =-'=--,._ ~-----" - ---·· 

.. 

j 

1 
.I 

+ D op i . D ~ P 1 I PI P 2 P j·· ( 0 2 1)· ca.oo oo.2q - . + •• • 
0 2 1 0 0 ·0 

+ 'UleJtLi tSonee BLICOXOrO nopSI.tUta liO J t XOTOpbie Mbi paccMaTPBB8Tb. 119 Oy.lleM, I I 

li01Iy'laeTCH H3 . I0 3SMII.Il0A 3lla'le11BSI V 3 • 0 na v 
3 

• l, 

fipoz3BOASl BLI'IBCJielmH B (10) 1 D01Iy'IB:M: 

2 
1+ p 3. ) 

Io·< l+p~ 
.. ,-._~, 

2 lp I · 4-
[r F(2+-

2
-,1;3;t-r·)· 

lp 1 4 
•F(1+-

2
-, 1; 2; 1-r )+ 

l . lp 1 . 
2(3 ---, lp lp 

+r 
2 

F(2+T,2;3;1-r
4
)·F(1+T1,1;2;1-r4 )]+ ... 

I 
1
-0. 

4. 3 a x n 10 'I e B u e 

(11) 

fi~eBHaSI B n. 2 peXyppellTllASI $OpMflUI (5) lt03BOJ1Be'l' C DOMOIIlbiO npocTLIX anre-

5p4H'I9CUX. BLIJUIBAQX BL!'IHCliHTb TO'IBO mo5oA K03$$BnH9ll';t' B9KT0plloro C1!0lK9BHB. A1ISI 

rpynnLI · SL (2, C) • EAHBCTBeuaoe neyAoeicTBo saxmo'laeTCB a rpoM03.11XOCTB,· s_TBX pac'leT_OB, 

$yBKIU!H D - (CM~ (8)) t KOTOpbie 6bl11B HCllom.30Bal!Ll B It, 8 npB DOCTp09JmB MaT

pll'lllorO sJieMe.lt'ra, aRBliHTH'Iecu aLip&lKBIOTCH '!apes rRIIepreoMeTpH'lecue $;rBKmm. OABa.;. 

:XO PSUI B (9) IUIOXO CXOAH:l'CH nPH mo6biX SllepraS!X £ , fioaTQM;y 1 Wi_H TOre 'IT06LI pac

CM8TPHB89MBH T90paH 5bina npauenaua x accne.ttoaaBHro cjlusu'!ecux nponeccos, lleooxoltit

MO paCCMATpHBBTb Tom.xp · Te nponeccLI, a xaropLIX ahiAeiureMast aneprasr Mana, O,tUraxo 

'l'e :at& CBML!e ycnoaan lleO!SXOA.BMLI .II~H Bbin01I.Itelll!~ T!>'IHOA CHMMeTpHH. fiOSTOM;y MLI a 

orpaBH'lKliHC!o a ab!pBJKelll!a · ( 11 ) nepBbiM.Il .ttByMH- 'UleJiaM.Il, 

0rM&TilM, 'ITO ecnu Obi ML! HCDOJXb30BB1IH a Xa'leCTBe rpynDL! aJiYTP&IIHell . C.BMM9TPBll 

rpynny SO ( 2) ,pacna.tt p-+ 2rr tSbin Obi 3anpemell. 0ABBXO Mbi 11Cllom.30Bamt_ B XB.'leCTBe 

rp;ymw: caMMeTPnH Manyro rpynny so (2) P , · no&TOMY pacnaA .. P .. 2rr paspemeH. 3TO 

oana'lae'l', 'ITO rpynna stJ ( 2 ) P )''IHTbiBBeT op5HTB11bBLill MONeHT, 

ABTOpbl. BLip8lKBIOT 5naroABpllOCTb Hryen BaR Xbey 38 ll01193llbi9 oocylK.IIei!BR. 
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