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1. BBEAEHJ.1E 

PaHee 6~no noKa3aHo, 4TO 6e3Maccoaoe ypaaHeHHe AHPaKa 
C 3neKTPOMarHHTH~M a3a~MOAe~CTa~eM 

i y ll all 1/J = e: All/.p : (ll = 0, 1, 2. 3) 11.11 

I All - 3neKTpoMarH~THbl~ BeKTop-noTeH4Han; e - 6e3pa3MepH~~ 
3aPHA: e2 =a I KOH$OPMHO-~Haap~aHTHO no MeHbwe~ Mepe OTHo
c~TenbHO Aayx pa3Hb1X npeACTaaneH~~ KOH¢QpMHO~ rpynn~. nepaoe 
~3 H~X HanHeTCH H3aeCTH~M n~He~H~M npeACTaaneHHeM AnH none~ 

All H 1/f, np~n~CblaaiOIII~M 3THM nonHM KaHOH~4eCKyiO KOH$OpMHyiO 
pa3MepHOCTb. BTopoe ~3 H~X - HeCTaHAaPTHOro T~na. 0HO He
nHHe~HO,~, KpOMe TOrO, ~MeiO~aH onepaTOpHW~ xapaKTep KOH$OpM
HaH pa3MepHOCTb, np~n~CblaaeMaH a 3TOM cny4ae non10 1/J, Heonpe
AeneHHa. KamAoe H3 3T~x Aayx npeACTaaneHH~ onpeAenHeT c T04-
HOCT biO AO nOCTOHHHbiX $aKTOPOB ace AByx- H TpeXT04e4H~e $YHK-
4~~ Ba~TMaHa none~ All ~ .p, ecnH npeAnonomHTb, 4TO aaKyyM -
KOH$OpMHo-~HBap~aHTeH. BblpameHHH AnH 3T~x $YHK4~~, nony4eH
Hble e cny4ae o6eHx npeACTaeneH~~, pa3Hble. B nepeoM cny4ae, 
KaK H3aecTHo, $yHK4~~ Ba~TMaHa none~ 1/J H All coanaAaiOT 
C COOTaeTCTByiO~HM~ $yHK4HHMH AnH cao60AH~X none~. 3TO 03Ha-
4aeT, 4TO TaK~M o6pa30M nony4aeTcH TPHB~anbHOe peweH~e ypaa
HeH~H I 1 . 1 I (All = 0). 

BTopo~ cny4a~ nOAP06Ho paccMaTp~aancH paHee. 6~no noKa-
3aHo, 4TO a03HHKaiO~He np~ 3TOM Aayx- H TpeXT04e4H~e $yHK4~~ 
Ba~TMaHa COOTaeTCTayiOT 4~CTO Kan~6poa04HOMy peweH~IO ypaaHe
H~HI1.11. 

B HaCTOH~e~ pa60Te ~ Ha~AeM TpeTbe npeACTaaneH~e KOH
¢opMHO~ rpynn~ AnH none~ All ~ 1/f, OTHOC~TenbHO KOTOporo ypae
HeHHe 11.11 ~Heap~aHTHO. MeTOAOM KOH¢opMHO~ ~Haap~aHTHOCT~ 
Mbl nony4~M Aayx- ~ TpexTo4e4Hble $yHK4~~ Ba~TMaHa ~ noKameM, 
4TO OHH cornacoaaHw c 3T~M ypaaHeH~eM. Ya~A~M, 4TO 3T~ 
$YHK4HH a AaHHOM Cny4ae COOTaeTCTayiOT HeKOTOpoMy peweH~IO 

ypaeHeHHH 11.11 c aeKTop-noTeH4~anaM~, HMeiOIII~M~ nonepe4H~e 
cnaraeM~e. TaK~M o6pa3oM, nony4eHH~e a AaHHO~ pa6oTe AByx-
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H TpexTo4e4Hble ¢>YHK~HH BaHTMaHa noneH All H rjJ HBnRIOTCH 
npHMepOM B03MOlKHbiX T04Hb1X Bblpa>KeHHH AJlR 3THX ¢lyHK~HH B CnH
HOpHOH 6e3MaCCOBOH 3neKTPOAHHaMHKe. 

2. KOH<t>OPMHbiE nPE06PA30BAHH.R 
3IlEKTPOMArHHTHbiX nOTEHUHAilOB 

AHanH3 KOH¢lOpMHOH HHBapHaHTHOCTH KBaHTOBOH MOAenH THp
pHHra / 1/ noKa3an, 4TO onepaTopbl nonR npeo6pa3yiOTCR c no
MOI!IbiO HeKOTOpOrO KOHTHHyanbHo-npHBOAHMOrO npeACTaBneHHR 
ABYXMepHOH KOH¢loPMHOH rpynnbl. B pa6oTe /1/ enepBble 6blnH HC
nonb30BaHbl onepaTOPHble KOH¢loPMHble pa3MepHOCTH. 

4eTblpexMepHafl rpaAHeHTHafl MOAenb KBaHTOBOH 3neKTPOAHHa
MHKH B 3TOM OTHOWeHHH BeCbMa nOXO>Ka Ha MOAenb THppHHra. 
H 3AeCb rnaBHYIO ponb e npeACTaeneHHHX c onepaTOPHbiMH pa3-
MepHOCTRMH HrpaiOT HenHHeHHble peanH3a~HH KOH¢loPMHOH rpynnbl Ha 
3TOT pa3 e 4eTblpexMepHOM npocTpaHcTee-epeMeHH. Ha3oBeM yc
noeHo 6a3HCHbiMH Te H3 HHX, KOTOpble B03HHKaiOT B OAHOPOAHbiX 
npoCTpaHCTBaX KOH¢lopMHOH rpynnbl . npeo6pa30BaHHfl AJlR CKanRp
HOro S(x) H eeKTOpHoro AIL (x) noneH, paccMOTpeHHbiX paHee, 
RBnHIOTCH 6a3HCHbiMH HenHHeHHbiMH peanH3a~HRMH. KopoTKO HanoM
HHM HeKOTOpble OCHOBHble 4epTbl HX CTpyKTypbl. none S(x), HB
nRHCb nopeH~eBCKHM CKanRpOM, npeo6pa3yeTCR HeOAHOPOAHO nOA 
AeHCTBHeM MaCwTa6HbiX H cne~HanbHbiX KOH¢loPMHbiX npeo6pa30Ba
HHH. YpaeHeHHe, HHBapHaHTHOe OTHOCHTenbHO 3THX npeo6pa3oea

HHH, HMeeT BHA 

o2 S(x)=O, 12.11 
+ 

rAe 0- onepaTop A. AilaM6epa. EcnH s-(x) -4aCTOTHble 4aCTH 

nOilfl S(x), TO KOMMyTaTOP 

+ - + 
[S (x),S (y)]=-iAE (x-y), 12.21 

rAe 
+ i 2 2 . 

E (x)=----ln(-1-L x -10x 0), 
(417) 2 . 

a 1-L - npoH3BOI1bHaR nocTORHHaH c pa3MepHOCTbiO Maccbl. B TepMH-
Hax 4aCTOTHbiX 4aCTeH ynOMRHYTble npeo6pa30BaHHfl HMeiOT BHA: 

+ -1 + + 
~(r)S-(x)UD (r)=S-(rx)+eq-lnr, 12.31 

+ -1 + (K) + 
UK(a)S - (x)UK (a)= s-(x )-eq-ln lp(a, x) l , 12.41 
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rAe Un H U K - onepa Topbl npeACTaeneHHH MacwTa6Horo c napa
MeT poM r H cne~ KOH¢lOPMHOro C napaMeTpaMH a = (a 1-L ) ( 1-L = 0, 1, 2, 3) 
np e o6pa30Ba HHH COOT BeTCT Be HHO , a 

2 
XIL + X all 

x<K) = ; p (a, X)= 1 + 2(ax) + a 2 x 2 • 12.51 
1-L p (a, X) 

. + 
KaK 6blno AOKa3aHo, eenH4HHbl q - HBnRIOTCR nocTOHHHbiMH one

paTopaMH, CBH3aHHbiMH C noneM S(x) cneAYIOI!IHM o6pa30M: 

- i S+(x) 
q + = < q ) * = - -- lim - , I 2 . 6 I 

(477)2e x~o W (x) 
I xl-+oo 

rAe e - HHBapHaHTHbiH 3aPRA. 

¢JOpMyna 12 .61 AaeT B03MOlKHOCTb Bb14HCnHTb KOMMyTaTOpbl 
onepaTOPOB q+ H q- C nonRMH S±( X) H Me>KAY C060H: 

e - -A -= +-, ± s + (x)] =+ - - )2 K [q • (417 e 

[ ± ± ] [ + -] q , S ( x) = q ,q = 0. 

K = (417e )2 

A 
12.71 

Tenepb MO>KHo HenocpeACTBeHHo npoeepHTb, 4To p a eeHCTBa 12 . 11 
H 12.21 KOBapHaHTHbl OTHO CHTenbHO npeo6pa30BaHH H 12 . 31 H 12.41. 

none A (x) H BnHeTcH BeKTOPHbiM non eM , H era MacwT a6Hble 
H cne~KOH¢0PMHble npeo6pa3oBaHHR TaK>Ke HeOAHOPOAHbl. 0AHaKO 
3 TH n p eo6pa30BaHHfl MOlKHO nony4HTb H3 12 . 31 H 12.41 nyTeM 
npocTo ro AH¢>¢>epeH~HpOBaHHfl, TaK KaK A 1-L ( X) H a 1-LS(x) npeo6pa-
3YIOTCfl COBepweHHO OAHHaKOBO . no3TOMY KOH¢loPMHO-HHBapHaHTHble 
ABYXT04e4Hble ¢>YHK~HH BaHTMaHa noneH All (x) 4HCTO npoAOnbHble. 
HMeHHo c noMOI!IbiO AIL(~ YAanocb AaTb KOH¢>oPMHO-HHBapHaHT
Hoe onHCaHHe rpaAHeHTHOH MOAenH KBaHTOBOH 3neKTPOAHHaMHKH. 

0AHaKO KPOMe 6a30BbiX eCTb H APYrHe HenHHeHHble peanH3a
~HH KOH¢lOpMHOH rpynnbl. 0HH B03HHKaiOT H3 nHHeHHbiX nyTeM 
nepeonpeAeneHHfl nHHeHHo-npeo6pa3YIOIIIHXCR ~oneH c nOMOI!IbiO 
noKanbHbiX npeo6pa3oBaHHH H3 TOH >Ke rpynnbl lo6 3THX npeAcTae
neHHHX CM. , HanpHMep, /2/ AJlfl KOH¢l0PMHOH rpynnbl H 13/ Anfl 
06111ero cny4aRI . no3TOMY ycnOBHO TaKHe HenHHeHHble peanH3a4HH 
Ha3oBeM npOH3BOAHbiMH peanH3a~HflMH. 

nycTb 3aAaHo eeKTopHoe none h (x) 
¢lOPMHOH pa3MepHOCTbiO, T.e. 1-L 

C KaHOHH4eCKOH KOH-

-1 
UD (r)hll ( x)UD (r) = rhll(rx), 

...:.1 a (R)p ( R) lk h (x) U R = X h (X ) • 
1-L axil p 

12.81 

12.91 
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3AeCb H B AanbHe~WeM ~ 6yAeM nonb30BaTbCR He caMHMH 
cne~KOH<)>opMHbiMH npeo6paaoeaHHRMH, a nHWb npeo6paaoeaHHRMH 
R -HHBepcHH. no3ToMy e <)>opMyne 12.91 U R ecTb onepaTop 
npeACTaeneHHR R-HHBepCHH, a 

X (R)l =- xJl • 
x2 

PaccMOTpHM eenH4HHbl 

+ 
s-(x)h (x). 

Jl 

0HH RBnR~TCR CHOBa BeKTOPH~MH nonRMH, HO npeo6pa3y~TCR 

12.101 

/2.111 

C nOMO~b~ npOH3BOAHO~ HenHHe~HO~ peanH3a~HH KOH<)>opMHO~ rpyn
nbl. Mbl npHHHMaeM, 4TO eeKTOPHble noTeH~Han~ 3neKTPOMarHHTHo
ro nonA npeo6pa3y~TCR HMeHHO C nOMO~b~ 3TO~ peanH3a~HH KOH
<)>opMHO~ rpynnbJ. 

0TBneKaRCb OT KOHKpeTHOro BHAa B~pameHHR 12.111, Mbl 6yAeM 
C4HTaT b, 4TO 3neKTPOMarHHTHbl~ eeKTop-noTeH~Han A (x) MomHo 
paa6HTb Ha ABe 4aCTH: At (x) H A~ (x), KOTOpble /{peo6paay
~TCR no OTHOWeHH~ K KOH<)>opMHO~ rpynne cneAY~~HM o6pa3oM: 

+ -1 + + 
UD(r) A; (x)Un (r) = r A~ (rx) + eq-r lnr h11 (rx), 12.121 

+ a (R)v + + 
URA-(x)U-R1 = x IA-(x (R))-eq-ln \x 2\h (x(R) )I. 

fl axfl v fl 
12. 131 

+ 
l04eBHAHO, 4TO, B 4aCTHOCTH, BeiJH4HHbl 8-(~h/l (~ npeo6pa-
3Y~TCR TaKHM ~e o6pa30MI. 

3TH npeo6pa30BaHHR Mbl paccMaTpHBaeM B KBaHTOBOM CIJy4ae, 
C4HTaR, KpOMe Taro, 4TO q± H h (~ Me~AY Co6o~ KOMMyTHpy~T, 
a KOMMyTaTOp fl 

[ q ±, A+ (x)] = + ~ h (x). 
Jl K Jl 

12.141 

3TH KOMMyTaTOPbl Mbl nOCTYIJHpyeM, XOTR H MOmHO npHBeCTH 
C006pa~eHHR B nOIIb3Y HX cnpaBeAIIHBOCTH. 0TMeTHM TOIIbKO, 4TO 
paeeHCTBO 12.141 cneAyeT H3 12.121, 12.131 H npeAnonomeHHR 

+ 
0 KOMMyTaTHBHOCTH q- H h/l(~· IKoHe4HO H 3AeCb, KaK B CIJy4ae 
peaiJH3a~HH 12.31 H 12.41, q - RBIIR~TCR HHBapHaHTHbiMH onepa
TOpaMHI. 

C y4eTOM 12.141 paBeHCTBa 12.121 H 12.131 MO~HO aanHCaTb 
B BHAe 

~ (r) A±Jl (X) u~ 1(r) = r 1 ±K q+ q-
+ - + -

A~ (r x) r + K q q 12.151 

6 

+ _ a (R)v + _ 
URA~(x)UR1= X \l\=t:Kq q A±(x(R))\x2\hq+q-

axll v 
/2.161 

B 3TH paBeHCTBa none hJl(~ RBHO He BXOAHT. BHAHO, 4TO 
OHH nepeXOART, KpOMe Taro, B paeeHCTBa 12.81 H 12.91, ecnH 
B HHX BMeCTO AJl(X) nOACTaBHTb hJl(X). 

3. KOH<I>OPMHbiE nPE06PA30BAHHR 
CnHHOPHOrO nOJlR 

CornacHo HaweMy npeAnonomeHH~ 3neKTpoMarHHTHble noTeH~Hanbl 
npeo6pa3y~TCR no OTHOWeHH~ K KOH<)>opMHO~ rpynne C nOMO~b~ 
paBeHCTB 12.151 H 12.161 IHnH, 4TO TO ~e caMoe, 12.121 H 
12. 131 I. npeo6pa3yR TaKHM o6pa30M All (x) B ypaeHeHHH I 1. 1 I 
H noTpe6oBaB era HHBapHaHTHOCTH, Mbl MO~eM Ha~TH H KOH<)>opMHble 
npeo6paaoeaHHR AnR cnHHOpHoro nonR 1/J(x). 0AHaKo npe~Ae 4eM 
3TO CAenaTb, cneAYeT onpeAenHTb npaey~ 4aCTb ypaeHeHHR 11.11 
e TepMHHax eeeAeHHbiX 3AeCb none~. B npeAblAY~eM nyHKTe 3Ha4KH 
+ y nonR A (x) Mbl cTaBHIJH no aHanorHH c BblpameHHeM 12. 11 I, 
- Jl 
H no CMbiCIIY OHH AOII~Hbl 0603Ha4aTb COOTBeTCTBy~~He 4aCTOTHble 
4aCTH. EcnH TaKoe npeAnonomeHHe npaBHIIbHo, TO TorAa 

+ - . 
:A

11
(x).p(x): ~ All (x).p(x) + ljJ(x)AJl (X). 13.11 

0TeeT Ha eonpoc o npaBHIIbHOCTH AaHHoro paeeHcTea nony4aeTCR 
OAH03Ha4HO H3 KOH<!>oPMHo~ HHBapHaHTHOCTI-1 ypaeHeHHR. Ae~cTeH
TeiJbHo, nOACTaBHM 13.11 B ypaBHeHHe 11.11 1-1 npOJ-13BeAeM KOH
<)>opMHOe npeo6paaoBaHHe. AnR Taro 4To6bl ~pa~eHHe 13.11 npH 
3TOM coxpaHRIIO CBO~ BHA, Heo6XOAHMO npeAnOIJO~HTb cnpaBeAIJH
BOCTb CIJeAYIO~HX npeo6paaoBaHH~ AIIR CnHHOpHoro nOIJR rp(X): 

-1 3/2+K q+q- K q+q-
Un(r)rp(X)UD (r)= r 1/J(rx)r , 13.21 

+- + -
URrp(X)U~1 =\x 2\2-Kq q i.p(x(R) )\x2 \-Kq q ; i=yflXJl. 13.31 

lnpH 3TOM noKa He B03HHKaeT Bonpoca 0 KOMMyTaTopax onepaTOPOB 
+ 

q- H nonR .p(x) I. 
0AHaKO nocne 3Toro ypaBHeHHe 11.11 Bee me He npHBOAHTCR 

K nepeoHa4aiJbHOMy BHAY· MomHo y6eAHTbCR, 4TO HHKaKHMH paayM
HbiMH nepe<)>opMyiiHPOBKaMH paeeHCTB 12.151, 12.161 HIIH 13.21 
1-1 13.31 He YAaeTCR npHBeCTH npeo6paaoeaHHoe ypaeHeHHe K Ha-
4aiJbHOMY BHAY· 0TCIOAa Mbl npHXOAHM K BbiBOAY, 4TO paBeHCTBO 
13. 11 AIJR none~ C HaWHMH KOH<)>opMHbiMH CBO~CTBaMH He Cy~eCTBy
eT. 
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AenHTb eornaeHo paaeHeTay 
EenH, OAHaKo, BMeeTo /3.1/ aenH4HHy:A (x)rjl(x): 

fL 
onpe-

def . I + -:A (x)rjl(x): = hm !A (x 1)rjl(x )+rjl(x
2

)A (x 1)-
fL X -+X =X fL 2 fL 

2 1 /3.4/ 

iK I 2 I + - + -]1 --e-aflln x 12 [q q rjl(x2)+r/f(x2)q q , 

rAe 
x12=x1-x2, 

TO epa3y MOmHO noKa3aTb, 4TO npH 3TOM ypaBHeHHe /1.1/ KOH-
¢OPMHO-HHBapHaHTHO OTHOeHTenbHO npeo6pa30BaHH~ /2.15/, 
/2.16/, /3.2/ H /3.3/. AoKa3aTenbeTao 3Toro yTaepmAeHHR M~ 
npHBOA~M B npHnomeHHH. H3 3Toro AOKa3aTenbeTaa BHAHO, 4TO 
B HeM He npHXOAHTeR nepeeTaBnRTb q+ H q- e noneM r/f(X). 
Bee me 3TH KOMMyTaTOp~ 6yAYT HymH~ npH B~4HeneHHH ¢YHK4H~ 
Ba~TMaHa, noeTynHpyeM HX, KaK 3TO ~ yme eAenanH e KOMMy
TaTOPOM /2.14/. HMeHHo, npeAnonomHM: 

+ + 
[q-,rjl(x)]=w- rjl(x), /3.5/ 

rAe w + = (w- )* /3Be3Aa 03Ha4aeT KoMnneKeHoe eonpRmeHHe/ RB
nReTeR KoMnneKeH~M 4HenoM. Boo6~e paaeHeTBO /3.5/ B3RTO no 
aHanorHH e eOOTBeTeTBY~~HM paBeHeTBOM B rpaAHeHTHO~ MOAenH. 
C APYrO~ eTOpOH~, /3.5/ RBnReTeR npoeTe~WHM KOH¢QpMHO-HH
aapHaHTH~M KOMMyTaTOPOM. KpoMe /3.5/ HMeeM TaK*e 

+- +-
[q -,r/f(X)) =- W- r/f(X) , /3.6/ 

-
rAe rjl(x) - AHPaKoBeKH-eonpR>MeHHoe none. 

HaKOHe4, eneAYeT paeeMOTpeTb H KOMMyTaTOP enHHOPHOrO nonR 
rjl(x) e 3aTpaao4H~M noneM hp. (x). noeKonbKY noeneAHee none 
npeo6pa3yeTeR e noMO~b~ KaHOHH4eeKHX KOH¢QPMH~X npeo6pa3oaa
HH~, TO, 04eBHAHO, OHO eao60AHO. no3TOMY ~ AOnmH~ npeAnono
mHTb, 4TO 

[rjl(x 1),hp. (x 2)] = o. 

4. ABYX- H TPEXT04E4HWE ¢YHKUHH BA~TMAHA 

6yAeM e4HTaTb, 4TO TeOpHR, OeHOBaHHaR Ha KBaHTOBOM ypaa
HeHHH /1.1/ e onpeAeneHHeM /3.4/, HMeeT KOH¢QpMHO-HHBapHaHT
H~~ BaKyyM \0> , T.e. 

U0 \0> = Ua\0> = IO> . /4.1/ 
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TorAa M~ MomeM B~4HenHTb AByx- H TpexTo4e4H~e ¢YHK4HH Ba~T
MaHa H npoaepHTb HX eornaeoaaHHOeTb e ypaaHeHHeM /1. 1/. Me
TOAHKa nony4eHHR 3THX ¢YHK4H~ H3BeeTHa, H OHa yme npHMeHR
naeb /eM., HanpHMep, ~/ /. He BAaBaReb a nOAP06HoeTH, M~ 
npoeTO npHBeAeM eOOTBeTeTBy~~He ypaBHeHHR H HX o6~He pewe-
HHR. 

Ha4HeM e ABYXT04e4HO~ ¢yHK4HH none~ AP.(x). 
cneAY~~HM o6pa3oM: 

8 (x )= <OIA (x1)A (x2 )IO>. 
flll 12 fL II 

06o3Ha4HM ee 

/4.2/ 

TorAa yenoaHR MaewTa6Ho~ H R-HHBapHaHTHoeTH HMe~T eooTaeT-
eTBeHHO BHA 

2 2e 2~ 2 
8 (X 12 ) = r 8 (rx 12 ) + --lnra a ln lx121, 

fl 'JI flll K fL II 

X _ ax<f)P ax<f"JU X (R) _ 
8p.11 ( 12)- fL II 8 pa< 12) ax 1 ax 2 

/4.3/ 

e 2 ~ 2 2 2 
- --K- ln lx1x21 afl a 11 ln \ X 12 1 

rAe ~ - HOPMHPOB04HaR noeTORHHaR ABYXT04e4HO~ ¢yHK4HH nonR 
h (x): 

fL 

8 ° (X )= <Oi h (X )h (X )\0 > =~a a ln\x 21 I. 
flll 12 fL 1 II 2 fL II 2 

HeOAHOPOAH~e 4neH~ B paeeHeTBaX /4.3/ B03HHKa~T npH KOMMy
THPOBaHHH onepaTOpOB q+ H q- e noneM ·Ap.(X). npH 3TOM eo
rnaeHO paBeHeTBY /2.14/ B03HHKa~T nonR h (X) H ¢YHK4HR 
8p. 11 (X 12) OKa3~BaeTeR eBR3,aHHO~ e 8:11 (~12). 

06~ee peweHHe ¢YHK4HOHanbH~X ypaBHeHH~ /4.3/ HMeeT BHA 

e 2~ 2 2 2 
8p.11 (x 12)=- -K-lnlx 12 \ap.a11 lnlx 12 1 +Cap.a11 1n \x 12\ /4.4/ 

I C - npoH3BOnbHaR noeTORHHaR/. Ca~M 3aMe4aTenbH~M eeo~eT
BOM 3TO~ ¢YHK4HH RBnReTeR HanH4He B He~ nonepe4HOrO enarae
MOrO. Ae~eTBHTenbHO, He eoeTaBnReT TPYAa y6eAHTbeR, 4TO ¢YHK-
4H~ /4.4/ MOmHO npeAeTaBHTb B BHAe 

e 2~ g flll 
8fLII (X 12) = ---- -2- + KanH6poaKa. I 4. 5/ 

K X 12 
PaeeMOTPHM Tenepb ABYXT04e4Hy~ . ¢YHK4H~ enHHOPH~x none~: 

Gaf3(x 12 ) = <0 l'r/1 f3 (x 1)rjl a (x2) I 0> . /4.6/ 

Tpe6oeaHHR MacwTa6Ho~ H R-HHBapHaHTHoeTH npHBOART K eTaH-
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AaPTH~M ypaBHeHHRM, H n03TOMy ~ HX npHBOAHTb He 6yAeM. 
npHBeAeM Cpaay OKOH4aTenbHOe B~pameHHe AnR $YHK4HH /4.6/: 

~ + -
G(x 

12
) = N x (x 2 )-2--Kcu w 

12 12 /4.7/ 

rAe N - npoHaeonbHaR nocTORHHaR. 
HaKoHe4, noA06H~M o6paaoM MOmHo nony4HTb H TpexTo4e4HY~ 

$yHK4H~. Tpe6oeaHHR MacwTa6Ho~ H R-HHBapHaHTHOCTH B HaweM 
cny4ae, HanpHMep AnR $yHK4HH 

- + 
rJL,af3(x1 , x 2 , x 3 )=<0il/ff3(x 1)AJL (x 2 )1/fa(x 3 )IO > , /4.8/ 

npHBOART COOTBeTCTBeHHO K ypaBHeHHRM 

r 
+-

JL (x1, x2' x3) = r 4+2Kcu cu rJL (r x 1, r x2, r x3), /4.9/ 

+ - (R)v 
2 2 -2--KW W ax 2 ~ (R) (R) (R}. ~ 

r JL(x 1 , x2 , x 3)= lx 1 x 2 1 ---- x3ry(x 1 ,x 2 , X 3 ') x1 , 

ax~ ;4. 10/ 
3TH ypaBHeHHR 04eBHAHO CTaHAapTH~, H n03TOMy HX 06~ee pewe
HHe H3BeCTHO: 

+ - 2 2 -1-KW W X13 X 12 Xa2>1 X21 
r!L(x 1,x2 ,\)=(x13) (C1-

2 
a 2J.Lln--

2
-+C 2 /

2 
), /4.11/ 

x13 x32 x3~21 

rAe C1 H C2 RBnR~TCR npOH3BOnbH~MH noCTORHH~MH. 
4To6~ onpeAenHTb 3TH nOCTORHH~e, paCCMOTPHM $yHK4H~ 

r!L (x 12 ) = <O!l/f(X1):AJL(x2 )1/f(X2 ):IO>. /4.12/ 

04eBHAHO, 4TO cornacHo onpeAeneHH~ /3.4/ oHa AOnmHa nony4aTb
CR C noMO~b~ paBeHCTBa 

. + -
riL (x 12 )= xli~x lriL(x 1, x 2 , x 3)- lK: cu all lnlx2~1G(x 13 )1. /4.13/ 

3 2 

YcnoBHe cy~ecTBOBaHHR HeHyneeoro npeAena /4.13/ H AaeT eoa
MOmHOCTb onpeAenHTb npOH3BOnbH~e noCTORHH~e C 1 H C 2 .Ae~CTBH
TenbHO, noACTaBHM B /4.13/ r!L(X1,X2,X3) H G(xl:V H3 /4.7/ 
H /4.11/ COOTBeTCTBeHHO. Tenepb, ecnH nonomHM 

10 

+ -
iK~-~--N, C 1 =- --e a C 2= 0, /4.14/ 

TO npeAen /4.13/ cy~ecTByeT ~ 

~ + -
Nx (x ) (x2)-3-KW cu 

12 12 IL 12 
r (X )= 2iKCU+CU-

IL 12 e 
/4.15/ 

HaKoHe4, noKameM, 4TO nony4eHH~e HaMH ~YHK4HH Ba~TMaHa 
cornacoeaH~ c ypaeHeHHeM /1. 1/. AnR 3Toro o6oaHa4HM apryMeHT 
B ypaBHeHHH /1.1/ 4epe3 x 2 , YMHOmHM o6e 4aCTH cneea Ha 
~(x 1 ) H B03bMeM eaKyyMHOe cpeAHee OT nony4eHHoro onepaTop-
Horo paBeHCTBa. B peaynbTaTe HMeeM: 

i y1La2JL G(x 12) = eyiL riL (x 12). /4.16/ 

He cocTaBnReT TPYAa noACTaBHTb /4.7/ H /4.15/ B eepxHee 
paBeHCTBO H y6eAHTbCR, 4TO OHO YAOBneTBOpReTCR TOmAeCTBe~HO. 

5. rPAAHEHTHA~ HHBAPHAHTHOCTb 

fpaAHeHTHaR HHBapHaHTHOCTb ypaBHeHHR /1.1/ HaKnaA~BaeT 
HeKOTOp~e AOnonHHTenbH~e CBR3H MemAY $yHK4HRMH Ba~TMaHa, 
nony4eHHbiMH B npeA~AY!lleM nyHKTe. OcTaBnRR noKa B cTopoHe 
BOnpoc 0 B03MOmHbiX noKanbH~X rpaAHeHTH~X npeo6pa30BaHHRX, 
COXpaHR~~HX ypaBHeHHe /1. 1/, M~ paCCMOTpHM TOnbKO Te H3 HHX, 
KOTOPble CBR3aHbl C noneM S(x). 3TH npeo6pa30BaHHR HMe~T BHA: 

A! (X)= AJL(x) + za!LS(x), /5.1/ 

·'· g( )-' -iezS(X) ·'·( )'- -iezS+(X) ·'·() -iezS-(x) 
'+' x-.e '+'x. = e '+' xe . /5.2/ 

0HH OAHOnapaMeTpH4eCKHe, H Z -
g 

3neKTpoMarHHTHoe none AIL (x) 
30BaHHR OTHOCHTenbHO KOH$OpMHO~ 
Mbl He 6yAeM B~nHC~BaTb, TaK KaK 

a:v (x 12 )= < 0 I A!(x 1 )A~ (x 2 ) IO> 

HX napaMeTp. 
HMeeT HOB~e 3aKOH~ npeo6pa
rpynn~. 3TH 3aKOH~ 3AeCb 
$YHK4H~ Ba~TMaHa 

/5.3/ 

MOmHO nony4HTb H HenocpeACTBeHHO H3 ~pMyn~ /5.1/ C y4eTOM 
paBeHCTB /2.2/ H /4.4/. 0KameTCR, 4TO nocne 3Toro ' BHA ~YHK4HH 
8~v (x 12 ) coenaAaeT c BHAOM /4.4/, HOc APYro~ nocTORHHO~ C. 
HoeaR nocTORHHaR HMeeT BHA 

2 Cg=,\Z +C. /5.4/ 

II 



0AHOBpeMeHHO C 3T~M npeo6pa30BaH~e /5.2/ MeHReT CTeneHb 
OAHOPOAHOCT~ ABYXT04e4HOH ¢YHK4HH cn~HopHoro nonR. AeHCTBH
TenbHo, KOH¢OPMH~e npeo6paaoeaH~R nonR ~ g(~ Tenepb ~Me~T 
~A 

g t. 3/2+ + - . 2 + + - 2 -
UD(r)~ (X)U~~r)= r KQ q -Ie zq ~g(rx)rKQ q -ie zq' 

/5.5/ 

UR~ g(x)u;1 = I x212-K q+q-+ ie2zq+ ~~ g(x (R)) Ix 21- K q+q-+ ie2zq-, 6/ 
/5. 

np~4eM 

+ + 
[q-, ~g (x)] = cu~ ~g(x), /5.7/ 

rAe 

+ 
cu; 

+ i.\ 
=cu- ± --z. 

( 4rr) 2 /5.8/ 

Ecn~ aaHoeo B~4~CnHTb ¢YHK4H~ BaHTMaHa /4.6/, To nony4~M: 

g - g g 
G (x d "'< O I ~ (x 1)~ (x 2 )IO> = 

+ - . 2 - + ~ 2 -2-2KCUgCUg-Ie Z(cug-CUg ) 
=X 12(X 12) 

/5.9/ 

3T~ peaynbTaT~ noKa3~Ba~T, 4TO nOCTORHH~e, KOTOp~e nORB
nR~TCR np~ B~4~cneH~~ ¢YHK4~H BaHTMaHa, KaK~M-To o6paaoM 
CBR3aHbl Me>KAY C060H. 3Ty C!f.R3b, B 4aCTHOCT~, MOlKHO y4eCTb, 
paccMaTp~eaR een~4~H~ C, cu - ~ d /cTeneHHOH noKaaaTenb 
B ¢QpMyne /5.9// KaK ¢YHK4~~ OT Kan~6poB04HOro napaMeTpa Z. 
C Y4eTOM /5.8/ M~ 3aKn~4aeM, 4TO cu ±(z) RBnR~TCR n~HeHH~M~ 
¢YHK4~RM~ OT Z. 6onee TOro, ~3-3a MH~MOCT~ Kan~6pOB04HOH 
A06aBK~ K cu ± np~XOA~M K BbiBOAY, 4TO 

+ 
Recu- (~) "'u

1
= const. 

TorAa AnR 

Im cu + ( z) "' u
2 

( z) 

~Me eM 
,\ 

a ( z) = ----- z + B • 
2 ( 4rr)2 
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/5. 10/ 

/5.11/ 

06oaHa4~M 4epea d(z) cTeneHHOH noKaaaTenb e npaeoH 4acT~ 
paeeHCTBa /5.9/, T.e. 

d(z) =- 2-2Kcu+(z)cu-(Z) + ie2z[cu +(z)- cu-(z)]. /5. 12/ 

Ha paeeHCTB /5.10/ ~ /5.11/ nony4HM 

+ ',\ 
cu- ( z) = ± _1_ __ z ± i B + u • 

(4rr)2 1 
/5.13/ 

noACTaHOBKa /5.13/ B /5.12/ AaCT 

3211 2 22 2 2 .\e 2 2 
d(z) = -2- ---e (a + B ) - 6e Bz- ---z 

A 1 (4rr) 2 
/5. 14/ 

H, HaKoHe4, e c~ny paeeHCTBa /5.4/ ~MeeM 

C( z) = ,\ z 2 + C 0 • /5.15/ 

PaeeHCTBa /5.13/, /5.14/ ~ /5.15/ noKaa~ea~T, KaK cne
AYeT cornacoeaTb OCHOBH~e xapaKTep~cT~K~ ¢YHK4~~ BaHTMaHa 

+ cu - , d H C B cny4ae ¢~KCa4~H Kan~6pOBK~. np~ 3aAaHHbiX 
KOHCTaHTaX C 0 ,a1 H 8 Ka>KAOMY 3Ha4eH~~ Z COOTBeTCTByeT 
HeKOTOpaR Kan~6pOBKa H C nOMO~b~ paBeHCTB /5.13/, /5.14/ + 
~ /5. 15/ MO>KHO B~4~cn~Tb cornacoeaHHble 3Ha4eH~R een~4~H cu-, 

d ~ C B 3TOH Kan~6pOBKe. 

AeTop~ e~pa>Ka~T 6naroAaPHOCTb B.neTKOBOH ~ H.T.To
AOPOBY 3a BeCbMa none3H~e o6CY>KAeH~R ~ Kp~TH4eCK~e 3aMe4aH~R. 

nPHJlOJKEHHE 

C y4eTOM /3.4/ ypaBHeH~e /1.1/ ~MeeT B~A 

i/'a ~(x)=ey~'- lim IA\x1 )~(x2 )+~(x )A-(x1)-
IJ. X2-+~ = X p. 2 p. 

-i: ap. lnlx~ 2 i (q+q-~(X 2) + ~(x2 )q+q-]l. 
/A/ 

a/ AoKa3aTenbCTBO MacwTa6HOH ~Heap~aHTHOCT~ 
-1 

YMHo>KaR ypaeHeH~e /a/ cneea Ha U 0 (r), a cnpaea Ha U0 (r) 
C y4eTOM paBeHCTB /2.15/ ~ /3.2/, ~MeeM: 
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+ -+- D KQQ 5/2 +Kq q i Jla t/f(rx)r = r Y J1 

+ - + -
= r5/2+KQ q eyP lim I A (rx

1
)t/f(rx

2
) + t/f(rx

2
) AJ1 (rx

1
)-

X ->X =X J1 
2 1 

+ -D 2 2 + - + -]l KQ q -i!<_a ln l r x l[q q t/f(rx2)+t/f(rx2)q q r • e J1 1 

D a 5'2+Kq+q-rAe a = ---- - - -. CoKpalllaH cneea 11 cnpaea Ha r · 11 
+ .!! arxJL 

rKq q COOTBeTCTBeHHO, nony4aeM nepBOHa4ailbHOe ypaBHeHI1e 
e T04Ke x'=rx, 4TO 11 Tpe6oeanocb AOKa3aTb. 

6/ AoKa3aTenbcTeo R-11Heap11aHTHOCTI1 ypaeHeHI1H 
/A/ 

YMHOlKI1M o6e CTOPOHbl 3TOro ypaBHeHI1H CileBa Ha UR, cnpaea 
Ha UR 1 11 eocnonb3yeMcH $opMynaMI1 /2.16/ 11 /3.3/. nocne He
o6xoA11MbiX ·coKpallleHI1i1 nony411M npeo6pa3oBaHHoe ypaeHeHI1e e B11Ae 

~ ax(R)v R (R) + - (R) (R) + -
iyx a t/f(X )-2iK(Q q t/f(X )+t/f(X )q q ) = 

axJL v 
(R)v 

J1 ~ ax 1 + (R).. R R - R).. 
= ey x lim I [A (x Jt/f(x< ) )+t/f(x < ) )A / (x < J] -

X -> X =X axJL V 1 2 2 I 1 
2 1 1 

/6/ 

- i ~-a JL ln 1 x i 2 1 [ q + q-t/1 ( x ~ R) ) + t/1 ( x ~ R 0 q + q - ] l . 

nepe~i1 4IleH e npaeoi1 4aCTI1 eepxHero paeeHCTea nony4aeTCH np11 
nOMOllll1 CileAY~llleH ~en04K11 paBeHCTB: 

. + -1 
hm URAv (x1)t/f(x 2)U R = 
xt:x.z=x 

a (R)v 
x1 +- 2 +-

= lim I 21Kq q + (R) x1 KQ q + -
x2x=x axJL x1 AJ1(x1 ) 1- 1 t/f(x(R)) Ix21-2-Kqq 

1 1 x 2 2 2 

(R)v n 2 2 
ax + - 00 ln I X I x...l + -

= lim 1 lx21-Kq q I __ _ 1 _:_A+ (x (R))(Kq+q-)nt/f(X (R~ I x2 1-2-KQ q = 
x2->x 1=x ax~ 1 n=Q n! J1 1 2 2 

+- ax(R)v + -
= l x2 1-2-Kq q lim [---A+ (x (R) )t/f(x (R) )1 lx2rK q q 

X ->L=X axJL J1 1 2 
2 l 1 
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BeeAeM o6o3Ha4eHI1e: 

x <R) = x (R) _ x (R) 
12 1 2 

TorAa 11MeeT MecTo cneAY~lllee TOlKAeCTBo: 
ax(R)v 2x 

a ln i x 2 1= 1 a<R\n l(x(R))2 1 +- lJ1 , 
J1 . 12 axJL v 12 ~ 

1 1 

rAe 4epe3 asR) o603Ha4eHa onepa~11H a/ ax(R)V. noACTaBilHH no
CileAHee TOlKAeCTBo eo BTopoe cnaraeMoe e npaeoi1 4aCTI1 pa
eeHCTBa /6/, nony411M: 

a (R)v R R a (R)V R R 
i Jl~ X a< ) t/f(X ( ))=eJL'i __ x __ :A (X( ))t/f(X( )): /8/ 
y axJL v y axJL v 

HaKOHe~, CileAyeT BOCnOilb30BaTbCH ellle OAH11M TOlKAeCTBOM: 

J1 ~ ax(R)v i v 
Y x----=-y 

axJL x2 

nocne COKpallleHI1H Ha HeB~pOlKAeHHY~ MaTpi1~Y ~/X 2 ~ 
y6elKAaeMCH, 4TO ypaBHeHI1e /8/ coenaAaeT C ypaBHeHI1eM /A/ 
B T04Ke X'= X(R). 

TaKI1M o6pa3oM, MacwTa6HaH 11 cne~KOH$0PMHaH 11HBapl1aHT
HOCTb ypaBHeHI1H /A/ - AOKa3aHa. 
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