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3naTeB C.H., CoTKOB r.M., CTORHOB A.u. P2 - 12800 

0 KOH¢QpMHOH HHBapHaHTHOCTH rpaAHeHTHOH MOAenH 

PaccMaTpHBaeTCR rpaAHeHTHaR MOAenb KBaHTOBOH 3neKTpo
AHHaMHKH cnHHOpH~X 4aCTH~ C HyneBOH MaCCOH. noKa3aHO, 4TO 
OCHOBHOe ypaBHeHHe 3TOH MOAenH KOH¢oPMHO-HHBapHaHTHO OTHO
CHTenbHO HeKOTOp~x HeCTaHAapTH~X npeo6paaoBaHHH noneH. 
OcHOBH~MH oco6eHHOCTRMH 3THX npeo6paaosaHHH RBnR~TCR, so
neps~x, HX HenHHeHHOCTb H, BO-BTOp~x, HanH4He onepaTOpHOH 
pa3MepHOCTH. npeAnOnaraeTCR, 4TO npOCTpaHCTBO BeKTOpOB 
COCTORHHH H, B 4aCTHOCTH, BaKyyMHOe COCTORHHe KOH¢QpMHO
HHBapHaHTH~. 3TO AaeT B03MO*HOCTb B~4HCnHTb KOH~OPMHO-HH
BapHaHTH~e ABYX- H TpeXT04e4H~e ~YHK~HH BaHTMaHa, KOTOp~e 

onpeAenR~TCR OAH03Ha4HO H COBnaAa~T C T04H~MH B~pa*eHHRMH. 
noKaaaHo, 4TO nony4eHH~e ~YHK~HH BaHTMaHa cornacosaH~ c oc
HOBH~M ypasHeHHeM. TaKHM o6paaoM, B pa6oTe nocTpoeH anbTep
HaTHBH~H MeTOA AnR T04HOro peweHHR rpaAHeHTHOH MOAenH. 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCKOH ~3HKH 
OH~H. 

Coo!5weHHe 0!5b&llHH9HHoro HHCl'Hl'yTa MepHbiX HCcneaosaHHA. lly!5Ha 1979 

Zlatev S.l ., Sotkov G.M., Stoyanov D.Ts. P2 - 12800 
On Conformal lnvariance of Gradient Model 

The gradient model of the quantum electrodynamics of 
spinor particles with zero mass is discussed. It is shown 
that the basic equation of this model is conformal inva
riant with respect to some non-standard field transforma
tions. The main features of these transformations are their 
nonlinearity and the presence of operator dimensions. It 
is supposed that the state vector space and in particular 
the vacuum state are conformal invariant. It makes it pos
sible to calculate the conformal invariant two- and three
point Wightman functions, which are uniquely defined and 
coincide with exact expressions. It is shown that the 
obtained Wightman functions are in accordance with the 
equation. Thus, an alternative method for the exact solutior 
of the gradient model is built. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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111 B pa6oTe paccMaTpHeaeTcR ceoeo6paaHaR rpaAHeHTHaR 
MOAenb cnHHOPHOH KBaHTOBOH 3neKTPOAHHaMHKH, B KOTOPOH BeK
TOp-noTeH~Han~ RBnR~TCR rpaAHeHTaMH OT HeKOTOporo CKanRp
HOrO nonR. XoTR TaKaR MOAenb c ~3H4ecKoH T04KH apeHHR He 
npeACTaBnReT HHTepeca, ace *e oHa HMeeT onpeAeneHHoe MeTOAH-
4eCKoe 3Ha4eHHe. nocneAHee o6ycnoeneHO HanH4HeM T04HOrO 
peweHHR, 4TO AaeT B03MO*HOCTb Ha 3TOM npOCTOM npHMepe npo
cneAHTb HeKoTop~e xapaKTepH~e oco6eHHOCTH KBaHTOBOH 3neKTpo
AHHaMHKH. 8 4aCTHOCTH, B ~HTHpoBaHHOH pa6oTe, a TaK*e H B 
pa6oTe 121 Ha OCHOBe peaynbTaTOB HCCneAOP. aHHH ynOMRHYTOH MO
AenH CAenaH~ onpeAeneHH~e B~BOA~ o cnoco6ax nocTpoeHHR 
KBaHTOBOH 3neKTPOAHHaMHKH. 

AaHHaR rpaAHeHTHaR MOAenb 6yAeT o6DeKTOM paccMoTpeHHR 
HaCTOR~eH pa6oT~. 3AeCb, OAHaKo, M~ ee paCCMOTpHM C He
CKOnbKO HHOH T04KH apeHHR. Hac 6YAYT HHTepecoBaTb ee CBOH
CTBa no OTHOWeHH~ K npeo6pa3oBaHHRM KOH~pMHOH rpynn~ B TOM 
cny4ae, KOrAa y cnHHOPH~x 4acTH~ HeT Mace~ noKoR. M~ noKa
~eM, 4TO aHanorH4Ho MOAenH THppHHra B ABYXMepHoM npocTpaH
CTBe-epeMeHH 13/ ypaBHeHHR rpaAHeHTHOH MOAenH RBnR~TCR KO
eapHaHTH~MH no OTHOWeHH~ K onpeAeneHHOH peanH3a~HH KOH¢QpM
HOH rpynn~ B npocTpaHCTBe MHHKOBCKoro. no3TOMy, npHMeHHB 
MeTOA~ KOH¢QpMHO-HHBapHaHTHOH KBaHTOBOH TeOpHH nonR K AaH
HOH peanH3a~HH KOH¢QpMHOH rpynn~, ~ nony4HM B~pa*eHHR AnR 
AByx- H TpeXT04e4H~X ~YHK~HH BaHTMaHa, KOTOp~e COBnaAa~T 

C COOTBeTCTBy~HMH T04H~MH B~pa*eHHRMH. TaKHM o6pa30M, Ha 
ypoBHe ABYX- H TpeXT04e4H~X ~YHK~HH MeTOAaMH KOH¢QpMHO
HHBapHaHTHOH KBaHTOBOH TeOpHH nonR MO*HO C¢QpMynHpOBaTb anb
TepHaTHBH~H cnoco6 T04HOro peweHHR rpaAHeHTHOH MOAenH. ~op
MynHpOBKe 3Toro cnoco6a H nocBR~eHa HaCTOR~aR pa6oTa. Cne
AYeT OTMeTHTb, 4TO B npHH~Hne TaKOH cnoco6 peweHHR MO*HO 
npHMeHRTb K n~6~M KOH~OpMHO-KOBapHaHTH~M ypaBHeHHRM AnR 
KBaHTOBaHH~X noneH, 3TO AaeT HaM npaBO HaAeRTbCR, 4TO H3no
*eHH~H HH*e cnoco6 AaeT B03MO*HOCTb HaXOAHTb T04H~e peweHHR 
H AnR 6onee peanHCTH4eCKHX MOAeneH. 
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1. OcHOBH~M ypaeHeHHeM rpaAHeHTHOH MOAenH AnR 4acTH4 
C nony4en~M CnHHOM H C HyneBOH MaCCOH RBnReTCR ypaBHeHHe 

i/'afllji(x)=eyfl: aflS(x)!f(x):, /1/ 

rAe !f(x)- cnHHopHoe none, S(x)- cKanRpHoe none, y fl - MaT
PH4bl t\HpaKa, CHMBOn : .. . : 03Ha4aeT BHKOBCKOe HOpManbHOe 
npoHaBeAeHHe. CKanRpHoe none S(x)yAOBneTeopReT ypaeHeHHIO 
4eTeepToro nopRAKa 

o 2S(x)=O 

H KaHOHH4eCKOMy KOMMyTa4HOHHOMy COOTHOWeHHIO 

[S(x),S(y)]=-~f (x0 -y0
) e[(x-y) 2). 

8rr 

rAe o- onepaTop KneHHa-ropAoHa: 

o=i"vaflav (goo=-gtt=-g22=-g33 = l). 

/2/ 

/3/ 

YpaeHeHHe /1/ HMeeT T04HOe onepaTOpHOe peweHHe BHAa 
-ieS 

.P=:!foe ~. /4/ 

rAe !fo- CB060AHOe CnHHOpHoe none C HyneBOH MaCCOH, KOMMy
THpyiO~ee C noneM S. no3TOMy rnaBH~M MOMeHTOM npH paCCMOT
peHHH rpaAHeHTHOH MOAenH RBnReTCR nocTpOeHHe KBaHTOBOH 
TeopHH cKanRpHoro nonR S. 3ToMy eonpocy H noceR~eHa 6onb
waR 4aCTb pa6oTbl 1 11 . KpoMe Toro, nonR AaHHoro THna MOmHo 
BCTpeTHTb H B PRAe APYrHX pa6oT / 4-6 / . 

none S(x) RBnReTCR 4eTblpexMepHbiM aHanoroM ABYXMepHoro 
CKanRpHoro nonR, paccMoTpeHHoro e pa6oTe 171. Ero MOmHo paa-
6HTb Ha nonO>:<HTenbHO-·H OTPH4aTenbH04aCTOTHble 4aCTH S +(X) 
H S-(x) COOTBeTCTBeHHO. KamAaR H3 HHX TaKme YAOBneTBOpReT 
ypaBHeHHIO /2/, T.e. 

+ 
o 2S- (x)=O, /5/ 

H BMeCTe C 3THM - cneAYIO~eMy nepecTaHOB04HOMy COOTHOWeHHIO: 

[S+(x), S-(y)]=-iAE+(x-y), /6/ 

rAe 

+() i 2 2 . 0 ) E x =--2 1n(-fl x -1 x 0 • 
(4rr) 171 

4 

a fl - npOH3BOnbHaR nOCTORHHaR C pa3MepHOCTb~ Mace~. /B npH
nomeHHH npHBeAeH~ 6onee nOAP06H~e CBeAeHHR 0 nepeCTaHOB04-
HbiX <!JyHK4HRX noneH S±(X) /. 

2. nepeHAeM K paCCMOTpeHH~ CBOHCTB nonR S(x) no OTHO
WeHH~ K npeo6pa30BaHHRM KOH<!JoPMHOH rpynn~ B 4eT~pexMepHOM 
npocTpaHcTee-epeMeHH. YpaeHeHHe /5/ H nepecTaHOB04Hoe co
OTHOWeHHe /6/, 04eBHAHO, TpaHCnR4HOHHO- H nopeH4-HHBapHaHT
H~ I S ± (x) npeo6paay~TCR no cKanRpHoMy npeACTaeneHHIO rpyn
n~ JlopeH4a/. BMecTe c 3THM nerKo aaMeTHTb, 4TO ¢yHK4HR E +(x) 
He HMeeT KOBapHaHTH~X CBOHCTB npH MaCWTa6H~X H cne4HanbH~X 
KOH<!JopMH~X npeo6pa30BaHHRX. nycTb 3TH npeo6pa30BaHHR B KOop
AHHaTHOM npoCTpaHCTBe 3aAaH~ B BHAe 

a/ MacwTa6H~x npeo6paaoeaHHH: 

X ~D)= r X fl r > 0; 

6/ cne4KOH¢opMHbiX npeo6pa3oBaHHH: 
2 

(K) x fl+ aflx 
X = -'-----'-

fl p (a ,x) 

rAe 
p(a,X)=l+2(a,X)+a2x2, 

/8/ 

a afl, r - napaMeTp~ npeo6paaoeaHHH. TorAa nerKo y6eAHTbCR 
B cnpaBeAnHBOCTH cneAYIO~HX TOmAeCTB: 

+ . 
E + (x (D))= E (x) + --1

2
ln r 

( 4rr) 

+ ) + . 
E (x (K )=E (x)--1--ln l p(a,x) l . 

(4rr) 2 

/9/ 

nocneAHHe paeeHCTBa noKa3biBaiOT, 4TO COOTHOWeHHe /6/ He 
MomeT 6b1Tb HHBapHaHTHbiM, ecnH nonR S ± (x) npeo6paayiOTCR c no
MO~biO nHHeHH~X npeACTaBneHHH KOH¢opMHOH rpynn~. Bee me cy
~eCTByeT peanH3a4HR 3TOH rpynn~, KOTopaR coxpaHReT KaK ypae
HeHHe /5/, TaK H nepeCTaHOB04H~e COOTHOWeHHR /6/. B cny4ae 
KnaccH4ecKHX noneH e pa6oTax 18- 121 6blnH HcnonbaoeaHbl noAo6-
Hble peanH3a4~H AnR MacwTa6H~x H cne4KOH¢OPMHbiX npeo6paaoea
HHH 

S ± '(x) = S ± ( x (D) ) + A± lnr , 

/10/ 
S ± ' (x) = S ± (x (K))- ;\ ± ln I p (a ,x ) I 
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+ 
COOTBeTCTBeHHO, 3AeCb A-- nOCTOHHH~e, KOTOp~e HBnH~TCH 
HHBapHaHTaMH npeACTaeneHHH. nerKO 3aMeTHTb, 4TO 3TH npe

+ 
o6pa3oBaHHH c n~6~MH A- coxpaHH~T ypaeHeHHe /5/. 

8 KBaHTOBOM cny4ae MO~HO AC5HTbCH HHBapHaHTHOCTH nepe
CTaHOB04HOro COOTHOWeHHH /6/ OTHOCHTenbHO npeofipa30BaHHH 
/10/, npeAnono~HB, 4TO A± HBnH~TCH onepaTopaMH. OcHoBaHH
eM AnH nDA06Horo npeAnono~eHHH cny~aT CBOHCTBa ABYXMepHO
ro cKanHpHoro nonH, paccMoTpeHHoro e pa6oTax 1 3 1 H 171 , rAe 
y~e ecTpe4anHcb aHanorH4H~e npeo6pa3oeaHHH. 4To6~ AOKa3aTb 
Hawe npeAnono~eHHe, paccMOTPHM onepaTop~ 

B± 
+ 

= lim s- (x) 
x-+oo E + 
x2<o -ex) 

/11/ 

+ 
CHa4ana MO~Ho npoeepHTb, 4TO onepaTop~ B-/ecnH OHH cy~ecT-

ey~T/ HBnH~TCH TpaHcnH~HOHHo- H nopeH~-HHeapHaHTH~MH. To ~e 
caMoe HMeeT MeCTO H AnH MacwTa6HbiX npeo6pa3oBaHHH /nepeoe 
H3 paBeHCTB /10//. 

Aanee, H3 paeeHCTB /10/ H /8/ HMeeM: 

S±(XIl+aX2 + ~ ll ) ± 
(B-)' = lim __ p ( a,x) -A ln IP (a,x)l 

x-+oo --~+- --~--- ± x2<o E-(x) --=-A lim X-+ oo 

+ 
=±i(477)2A-

x2<0 

lnlp (a,x)l 
----.... = 

+ i 
- ( 477) Jn 1-!21 x I 2 

/12/ 

+ nony4eHHoe paeeHCTBo noKa3~eaeT, 4TO B-. eo-nepe~x, cy-
~ecTBY~T H, BO- BTOpbiX, OHH He H3MettH~TCH npH cne~HanbH~X 

KOH$OpMHbiX npeo6pa3oBaHHHX, T. K. A- I KaK Mbl y~e OTMe4anH/ 
KOH$OpMHo- H H eapH aHTHbl. CneAOBaT en bHO, 

+ . + 
A-=+ - 1

- B- , 
(477) 2 /13/ 

H, 3Ha4HT, OH~ HBn~~TCH onepaTopaMH. AnH AanbHe~wero HaM 
YA06Ho BMecTo A± nonb30BaTbCH onepaTopaMH 

+ 1 ± 
q-=e-A • /14/ 

rAe e- 6e3pa3MepH~~ 3aPHA, BXOAH~H~ B ypaBHeHHe /1/. C no
MO~b~ paeeHCTB /6/, /11/, /13/ H /14/ MO~HO B~4HCnHTb KOM-+ + . 
MyTaTop~ onepaTopoe q- c nonHMH S-(x) H Me~AY co6oH. 3TH 
nepecTaHOB04H~e COOTHOWeHHH HMe~T· cneAY~~H~ BHA: 

6 

• 

[q± ,S + (x)]= + __;,;A~
(477) 2e 

( Q ±, S ± (X)) = ( Q +, Q- ) = 0. 

/15/ 

Tenepb nerKO MO~HO npoeepHTb, 4TO KOMMyTaTOp /6/ 8 CHny 
paBeHCTB /15/ HHBapHaHTeH no OTHOWeHH~ K npeo6pa30BaHHHM 
/10/, KyAa A± nOACTaeneH~ H3 /14/. TaKHM o6pa3oM, KBaHTOBY~ 
TeOpH~ CKanHpHoro nonH S(x), OCHOBaHHY~ Ha ypaBHeHHHX /5/ 
H /6/, MO~HO nOCTPOHTb KOH$OpMHO-HHBapHaHTH~M o6pa30M, npo
CTpaHCTBO COCTOHHHH 3TOH TeopHH cneAyeT CTPOHTb HanOA06He 
npOCTpaHCTBa $aKa, HCXOAH H3 COCTOHHHH BaKyyMaiO>,onpeAeneH
HOro cornacHo paeeHcTeaM 

J s 1 0 > = s- Cx) 1 o > = o. /16/ 

rAe J 8
- reHepaTop~ KOH$OpMHOH rpynn~. TaKoH eaKyyM eAHHCT

eeHeH H, 04eBHAHO, yHH4TO~aeTCH TaK~e onepaTOPOM q-: 

q-10>=0. /17/ 

0CHOBH~e xapaKTepHCTHKH 3TOro npOCTpaHCTBe aHanorH4H~ xa
paKTepHCTHKaM npOCTpaHCTBa COCTOHHHH ABYXMepHoro KBaHTOBaH-

, Horo cKanHpHoro nonH, paccMoTpeHHoro B pa6oTax
1 31 

H
171 

/eM. 
no 3TOMY noBDAY o63op 1 13 / /. B 4aCTHOCTH, H 3AeCb MeTpHKa 
npOCTpaHCTBa COCTOHHH~ HHAe$HHHTHa H $H3H4eCKH~ BaKyyM OAHO
napaMeTpH4HO B~PO~AeH. 

Ae~cTBHTenbHO, nerKo, HanpHMep, 3aMeTHTb, 4TO see eeK
Topa THna 

a + 
Ia> =8 q 10> /18/ 

KOH$OpMHO-HHBapHaHTH~: 

s 
J Ia > =0, 

T.K. B CHny KOH$OPMHO~ HHBapHaHTHOCTH onepaTOPOB Q 

[ s ±] J ,q = 0. 

/19/ 

/20/ 

BeKTop~ Ia> HBnH~TCH, KPOMe Taro, coficTBeHH~MH eeKTopaMH 
onepaTopa S -(x): 

- aA 
S (x) l a > = ~ Ia > . /21/ 

(477) e 
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3. Tenepb paccMOTP~M ypaeHeH~e 

jyf.Lap.Y,=eyf.L :Af.LY,: 0 1221 

0Ho coenaAaeT c ypaeHeH~eM I 1 I, ecn~-1 nono)f(~Tb Ap. = af.L S 0 

C APYrOA CTOPOH~, 1221 HBnHeTCH OAH~M ~3 ypaBHeH~A 6e3Macco
BOA cn~HopHoA 3neKTPOA~HaM~KI-1, KaK ~3eecTHO, 3To ypaeHeHI-1e 
KOH$opMHo-~Heap~aHTHo np~ ycnoe~~-1, 4TO 1/1 ~ Ap. npeo6pa3yKn
CH KaK nonH C KaHOH~4eCKI-1M~ pa3MepHOCTHM~ -312 ~ -1 le eAI-1-
H~~ax AJ1~H~I COOTBeTCTBeHHO. 

YpaeHeH~e 1221, OAHaKo, ~Heap~aHTHO ~no OTHOWeH~~ K 6o
nee o6~~M, 4eM KaHOH~4eCKI-1e, npeo6pa3oeaH1<1HM: 

D -d-.!.. R 2 d A A f.L 
1/1 -or 2 Y,(rx), 1/1-+ lx I x Y,( xR). x =y xf.L; 1231 

v 
D R 1 a (x R) 0 d +2 2 

Af.L -orAf.L(rx), Af.L-+ ~ axf.L AJxa) +l--6- a f.Lln l x 10 1241 

3AeCb MacwTa6H~e npeo6pa3oBaH~H IA1-1naTa~1-11-1l o6o3Ha4eH~ 3Ha4-
KOM D, a R 03Ha4aeT R -I-1HBepc~~. B AaHHoA pa6oTe a ~enHx 
KpaTKOCT~ 1-1 HarnHAHOCT~ $OpMyn BMeCTO cne~~anbHbiX KOH$OpMHbiX 
npeo6pa3oBaH~A M~ 6yAeM nonb30BaTbCH COOTBeTCTBy~~I-1MI-1 R
~HBepC~HMI-1. npl-1 3TOM 

f.L R f.L xf.L 
x _. (x ) =- --

R x2 1251 

B c~ny AeAcTB~TenbHOCTI-1 3neKTpoMarHI-1THbiX noTeH~I-1anos Af.L 
~3 1241 cneAyeT, 4TO pa3MepHOCTb d nonH lj!~) AOn)f(Ha 6~Tb 
KOMnneKcHoA. To4Hee, d +2 HBnHeTCH 4~CTO MH~MbiM 41-1CnoM. Ecn~-1 
e~e noTpe6osaTb, 4To6~ a npeAene e~O npeo6pa3oBaHI-1e 1241 
nepeXOA~IlO K KaHOH~4eCKOMy, TO, 04eB~AHO, 4TO, KpOMe TOro, 
d + 2 AOil)f(HO 6biT b nponop~l-1oHan bHbiM e 2 

0 

KoMnneKcHaH pa3MepHOCTb nonH Y, (x) BPHA n~ MO)f(eT ~MeTb 
CKOnbKO-HI-16YAb npl-1eMJleMOe ~3~4eCKOe TOI1KOBaHI-1e, ~, CTano 
6b1Tb, npeo6pa3osaHI-1H 1231 ~ 1241 cneAyeT paccMaTpi-1BaTb KaK 
HeK~A MaTeMaTI-14eCK~A Kypbe3. 0AHaKO M~ c~A4aC noKa)f(eM, 4TO 
80 BTOp~4HO-KBaHTOBaHHOA TeOpl-1~ cy~eCTByeT MeXaH~3M, C no
MO~b~ KoToporo MO)f(HO o6oATI-1 yKa3aHHY~ TPYAHOCTb. AnH 3ToA 
~enl-1 npeAnOnO)f(I-1M, 4TO 

d+2 = ie 2 q, 

rAe q=q++q- ~ q± 3aAaHbl paeeHCTBOM 1141. TorAa BMecTo 1231 
~ 1241 6yAeM ~MeTb: 

3 ° 2 2 
D y-Ie q R 2 -2+ie q 

1/1 -+ : r 1/1 ( rx):, 1/1-+ : I x I x 1/1 ( x R ): • · I 26 I 

8 

. \ 

• 

D 
Af.L- rA /rx). 

R 1 a(xR)" 
A f.L-+7 rJ xf.L Av(xR)-eqa /lln I x 

21. 127/ 

HopManbHoe npo~3BeAeHI-1e : .. o: Ha npaKTI-1Ke 03Ha4aeT, 4TO ece 
onepaTOPbl co 3Ha4KOM 11+11 cneAyeT n~caTb cneea oT nonH Y,(x), 
a onepaTOPbl co 3Ha4KOM 11

-
11 

- cnpaea oT nonH Y,(x). He cocTae-
nHeT TPYAa nposep~Tb, 4To ypaeHeH~e 1221 ~Heap~aHTHO ~ no 
OTHOWeHI-1~ K npeo6pa30BaH~HM 1261 ~ 1271 . 

JlerKo y6eA~TbCH, 4To ecn~ 3aAaHbl nonH S(x) ~ cn~HOpHoe 
none 1/!o(x) C KaHOH~4eCKOA pa3MepHOCTb~, TO npeo6pa30BaH~H 
1261 1-1 1271 MO)f(HQ CKOHCTpy~poeaTb ~3 npeo6pa30BaH~A 1101, 
nonO)f(~ B 

A p.=ap.s. 1281 

a l/l~)s~pa31-1Tb cornacHo paseHcTsy 141. TaK~M o6pa3oM, 3Ta 
4~CTO rpynnoeaH KOHCTpyK~~H np~BOA~T KaK pa3 ~MeHHO K TOMy 
peweHI-1~ ypaBHeH~H 1221, KOTOpoe HaM~ 6~no paCCMOTpeHO B Ha-
4ane HaweA pa6oT~. 

04eB~AHO, 3Ta KOHCTPYK~~H 3aAaeT HOB~A, rpynnosoA cnoco6 
peweHI-1H ypaBHeHI-1H 1221, OCHOBaHH~A Ha ~Heap~aHTHOCT~ 3TOrO 
ypaBHeHI-1H no OTHOWeH~~ K KOH$OpMHOA rpynne, ecn~ C4~TaTb, 

4To nonH if' (x) 1-1 Af.L (x) npeo6pa3y~TCH cor nacHo paeeHCTBaM 126/ 
1-1 1271. TaKoA cnoco6 xoTH ~ npocT no 1-1Aee, ece )f(e Ha npaK
TI-1Ke MO)f(eT OKa3aTbCH COBepWeHHO He3$$eKT~BH~M, B OC06eHHO
CT~ TOrAa, KOrAa peweH~e 3apaHee Hei-13BeCTHO IT.e. KaK pa3 
8 ~HTepeCH~X cny4aHxl. 

C APYrOA CTOPOH~, echl-1 npeo6pa30BaH~H /261 ~ 1271 MoryT 
np~BOA~Tb K OAH03Ha4HbiM KOH$OPMHO-I-1HBap~aHTHbiM AByx- ~ Tpex
T04e4HbiM <PYHK~I-1HM BaATMaHa noneA Y,(x) ~ Af.L(x), KaK 3To ~MeeT 
MeCTO B KOH$OpMHO-~HBap~aHTH~X KBaHTOB~X Teop~HX nonH, TO 
04eBI-1AHO, 4TO 3T~ $yHK~I-1~ AOn)f(Hbl coenaAaTb C $yHK~I-1HM~, no
ny4eHHbiMI-1 cTaHAaPTHbiM cnoco6oM, B HaweM cny4ae, ecn~ npeA
nono)f(~Tb, 4TO eaKyyM I 0> KOH<PoPMHO-~Heap~aHTeH, AJ1H B~4~c
neH~H KOH$OpMHO-~HBap~aHTHbiX MHOrOT04e4HbiX $yHK~~A Heo6xo
A1-1MO, KpOMe npeo6pa3oBaH~A 126/ ~ /271, e~e 3HaTb KOMMyTaTOp 
noneA 1/!(x) ~ Ap. (x) c onepaTopaM~ q± 0 nocKonbKY M~ C4~TaeM, 
4TO KBaHTOBaH TeOp~H, OCHOBaHHaH Ha ypaBHeH~~ 122/, KOH<PopM
HO-~HBap~aHTHa, TO cneAyeT npeAnOnO)f(~Tb, 4TO 3TOT KOMMyTa
TOp TaK)f(e ~HBap!-1aHTeH no OTHOWeH~~ K npeo6pa30BaH~HM 1261. 
8 TaKOM cny4ae Mbl npi-1AeM K BbiBOAY, 4TO OH AOn)f(eH 6b1Tb npo
nop~~OHaneH non~ 1/1 (x ), T. e. 

[ q ± ,1/1 (x)] = ± i w lj! (x), /291 

rAe w - He~3BeCTHafl Be~eCTBeHHafl nOCTOfiHHafl. 
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noAOfiH~e coo6pameHHR npHBOART HaC K B~BOAY, 4TO AOnmHO 
BblnOnHRTbCR H cneAYIOll\ee paBeHCTBO: 

[ q ± • All (x)] = 0. /30/ 

4. Tenep b nepei1AeM K B~4H cneHHIO AByx- H TpexTo4e4HbiX 
<!>YHK~HH. nycTb 

t\ij (x1 ,x2) =< OI.fj (x1) rf;i (x2)1 0 > . /31/ 

B CHny Hawero npeAnOnomeHHR 0 KOH<!>OPMHOH HHBapHaHTHOCTH 
TeOpHH nerKO nony4HTb cneAYIOli\He <!>YHK4HOHanbHble ypaBHeHHR 
AnR <!>YHK4HH /31/: 

3+2e2 w 
t\(xl'x 2)=r t1(rx 1 , rx 2 ). /32/ 

2 2 -2-e2w h • ~ 
t\ ( x1 ,x2) =( lx111x 21) x ,P. ((x 1)R • (x2)R) .x1 /33/ 

npoAeMOHCTpHpyeM, KaK, HanpHMep, nony4aeTCR BTOpoe H3 
npHBeAeHH~X ypaBHeHHH. B CHny KOH<!>OPMHOH HHBapHaHTHOCTH ea
KyyMHOro COCTORHHR M~ MOmeM HanHCaTb, 4TO 

< 0 I~ (x 1 ) rjJ (x2 ) I 0 > = 

2 - h -2+ie2q 
~ < 0 I: I xfl-2-ie q rf;((x1 )R)x 1:: I x~ l ;2 rf; ((x 2) R) : I 0 > 

lsAeCb HcnonbaoeaHo BTopoe H3 npeo6paaoeaHHi1 /26// . PacnHcae 
HOpManbHOe npOH3BeAeHHe, HMeeM: 

- -2 ~ -ie2q- ie 2q+ 
<0 I rf;(x 1)rf;(x2 )10> .. (lxrll x~D x 2<0 l.f((x1) R)lx i I lx:l x 

x rf;((x 2)R)IO>i 1 • 
2 -ie2q

rAe ~ y4nH paaeHCTBO /17/. Tenepb, npoKoMMYTHpoaaa lx 11 
2 ie 2q+ -

H lx2 I c t/J H t/J cooTBeTCTBeHHO, ~ nony4HM paaeHCTBo 
/33/ /onRTb C y4eTOM /17//. YpaBHeHHfl /32/ H /33/ HMeiOT 
OAH03Ha4HOe peweHHe /C T04HOCTbiO AO MynbTHnnHKaTHBHOH nOCTOf!H
HOH N /: 

~ 

X12 
t1(x1,x2)'"'N /34/ 

(xfJ 2+ e 2w 

Tenepb f!CHo, 4TO ABYXT04e4HaR 4>YHK4HR cnHHOpHoro nonR 
HMeeT AeHCTBHTenbHYIO aHOManbHYIO pa3MepHOCTb, HeCMOTPR Ha • 
KOMnneKCHOCTb npeo6pa3oeaHHi1 /26/. TaKHM o6paaoM, e . KeaHTo
BoH TeOpHH KOH<!>OPMHaR pa3MepHOCTb HMeeT ABOHCTBeHH~H xapaK-

10 

Tep: oHa KOMnneKcHa H HeonpeAeneHHa AnR caMHX nonee~x one
paTopoe, Ho Aei1cTBHTenbHa H enonHe onpeAeneHHa AnR AByx
T04e4H~x <!>YHK4HH 3THX me nonei1. 

3TOT MexaHH3M 11 ABOHCTBeHHOH pa3MepHOCTH 11 HMeeT MeCTO 
AnR BCeX MHOrOT04e4HbiX <!>YHK4HH, H OHH nony4aiOTCR CaMOCOrna
COBaHH~MH . 4To6~ noKa3aTb 3TO, paCCMOTPHM TpeXT04e4HYIO <!>YHK-
4HIO 

r ll i j ( x l ,X 2 ,X 3)=< 0 I ri/x1) : A,/x 2 ) rf;i (x3 ): I 0> 

- + 
"'< Oir/Jj (x1) Ail(x 2) rf;1 (x3 ) 10 > , 

/35/ 

+ 
rAe All (x 2)- nono~HTenbHo-4aCTOTHaR 4aCTb 3neKTPOMarHHTHoro 
nonR. /0HO npeo6pa3yeTCR no 3aKOHy /27/, rAe BMeCTO q OCTaB
neHO nHWb q +j. TpefioBaHHe KOH<!>oPMHOH HHBapHaHTHOCTH <!>YHK4HH 
/35/ npHBOAHT K cneAYIOli\HM ABYM ypaBHeHHRM: 

4+2e 2w 
rll (X 1, x2 , X 3 ) = r rll ( r X 1 , rx2 , rX 3 ) , /36/ 

rll (x1. x2. X 3 ) = ( I X~ ll x321) -2- e 2w x3 a(x2)~ 
ax~-' 

2 

1v((x1)R • (x2) R · (x3)R)

/37/ 
-ie w alllnlx~lt1(x 1 , x 2 ). 

BHAHO, 4TO <!>YHK4HR f'll (x 1 , x2 , x 3 ) YAOBneTBOpReT HeOAHOPOA
HOMY ypaBHeHHIO - TaKOH CHTYa4HH n04TH He BCTpe4aeTCR B CTaH
AapTHOH KOH<!>OPMHO-HHBapHaHTHOH TeOpHH nonR. 06111ee peweHHe 
ypaBHeHHH /36/ H /37/ HMeeT BHA: 

a 2 a 2 rll (x1 • x2 • x3 ) = (b1--ln I x321 +b2--ln lx 1 ~)t\(x 1• x 3 )+ 
a x~ ax~ 

2 ~ 2 ~ ~-~~ 

+l x 21-1-e w {c ~-a-ln I x121+c x32Y x21 
13 1 2 a ~-' -::2 2 2 2 

x13 x 2 x32 x32x21 

/38/ 

xik =xi -xk • 

rAe, HanpHMep, b 1 , c 1 H c 2 - npOH3BOnbH~e, a 

b 2=iew-b 1 . /39/ 

Ha-aa HanH4HR HOpManbHoro npoHaBeAeHHR e onpeAeneHHH 4>YHK4HR 
/35/ AOn~Ha HMeTb KOHe4H~H npeAen, KOrAa 

x2 ... x3 . 
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3TO Tpe6oBaHHe npHBOAHT e~e K ABYM ycnoBHRM AnR Tpex npOH3-
BOnbH~X KOHCTaHT! 

c2 = 0 H c 1 = b1 N. /40/ 

Y4HT~BaR see 3TH ycnoBHR, BMecro /38/ OKOH4aTenbHO nony4HM: 

I 
2 

1

-2-e2w 
. x13 A r11 (x 1,x2 ,x3 )=-2lewN -(x

12
) x

13 r X 2 11 
12 

/41/ 

Tenepb c noMo~b~ ypaeHeHHR /22/ noKameM cornacoeaHHOCTb no
ny4eHH~x HaMH ¢YHK~H~ /34/ H /41/ . EcnH apryMeHT e 3TOM 
ypaeHeHHH o6o~Ha4HTb 4epe3 x 2 , YMHOmHTb ero cneea Ha OAHY 
H3 KOMnOHeHT ~(x 1 ) H nOTOM B3RTb BaKyyMHOe CpeAHee H3 o6eHX 
ero 4acre~. To nony4HM: 

iyll~~(x 1 ,x 2 )=ey11 r11 (x 1 ,x2 ,x 3 ). /42/ 
ax2 

noACTaBnRR /34/ H /41/ B nocneAHee paBeHCTBO, MOmHO y6e
AHTbCR, 4TO ¢YHK~HH /34/ H /41/ YAOBneTBOpR~T ypaBHeHH~ /42/ 
TOmAeCTBeHHO, 4TO H AOKa3~BaeT cornaCOBaHHOCTb nony4eHH~X 
HaMH AByx- H TpeXT04e4H~X ¢YHK~H~. 

HaKoHe~. MOmHo Ha~TH H ABYXT04e4Hy~ ¢YHK~H~ noreH~Hanos 
All, HCnOnb3YR Ty me KOH¢OPMHY~ HHBapHaHTHOCTb! 

a,w<xt 'x2)= <0 I A/x1 )A,/x2) I 0 > . /43/ 

8 CHny paseHCTBa /30/ ypaBHeHHR AnR KOH¢QPMHO~ HHBapHaHT
HOCTH ¢YHK~HH 811v(~ ,x 2) He OTnH4a~TCR OT CTaHAaPTH~X, npH-
4eM KOH¢OPMHaR pa3MepHOCTb B HaWeM cny4ae - KaHOHH4eCKaR. 
B HTore nony4HM: 

811V (X 1 'x2 ) - a 11 a v ln I Xi 2 I . /44/ 

nocneAHH~ pe3ynbrar noKa3~eaer, 4To raKHM o6pa3oM nony-
4eHHble ¢YHK~HH Ba~TMaHa OTHOCRTCR K TeOpHH C 4HCTO npOAOnb
HbiMH 3neKrpoMarHHTHbiMH noreH~HanaML-~. Ecn~-1 nono>KHTb 

A. 
W=(4rr)2' 

TO AaHHaR KOH¢OpMHO-HHBapHaHTHaR 3neKTPOAHHaMHKa nonHOCTb~ 
coenaAaer c MOAenb~, paccMoTpeHHo~ s Ha4ane Hawe~ pa6or~. 

Asropbl Bblpa>Ka~T ceo~ rny6oKyiO 6naroAaPHOCTb H. T. To,Qoposy 
H B.nerKoso~ 3a o6cy>KAeHH e 1-1 ~eHHble 3aMe4aHHR. 
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nPHJlOlKEHHE 

PaccMOTPI-IM ABYXT04e4Hble ¢yHK~HH nonR S(x): nepecraHOB04HY~ 
¢YHK~H~ H ee 4aCTOTHble 4aCTH, ,llByXT04e4HaR ¢YHK~HR 

W (x) = < 0 I S ( x) S (0)'1 0 > 

paBHa onpeAeneHHO~ nOAXOAR~HM o6pa30M 4aCTOTHO~ 4aCTH 
-i.\E- (x) nepecraHOB04HO~ ¢YHK~HH - i.\ E (x ). 06o6~eHHaR ¢YHK~HR 
E(~ YAOBnersopReT ypaeHeHH~ 

o 2E (x) = 0 

H OAH03Ha4HO onpeAenReTCR rpaHH4H~MH ycnOBHRMH 
2-. 3 -+ 

E (x)lxo=0=aoE(x)lx0= 0 =a01!; (x) lxo=o=O, a0 E (x) lxo=o = 8( x). 

npeo6pa30BaHHe ~ypbe 

E(k)= fE(x)eikxd\ 

HeTPYAHO Ha~TH, eCnH paCCMOTpeTb CHa4ana TaKoe npeo6pa30Ba
HHe TOnbKO no npocTpaHCTBeHH~M nepeMeHH~M -+ -+ 

-+ -+ -ik• X 

f(t,k)=fE(t,x)e d 3x. 

3aAa4a cBOAHTCR /eM. 1141 I K peweHH~ o6biKHOBeHHoro AH¢¢epeH
~HanbHoro ypasHeHHR 

a 2 2 2 ... 
(- + w ) f(t 'k) =0' 

at 2 

npH Ha4anbH~X ycnOBHRX 

w 2= k-+2 /A/ 

a ... a2 ... a3 ... 
r(O ,k)=-a f(t.k)l =-2-r(t,k) =o. --f(t,k) =1. 

t t=O at lt=O at3 lt=O 
YpasHeHHe I AI HMeer 4eTblpe He3aBHCHMbiX peweHHR: e iw t , e -iwt , 
te iwt , te-iwt. Ha4anbHbiM ycnoBHRM YAOBnereot>ReT peweHHe 

-+ 1 
f(t, k) = 

2
w 

3 
[ sin(w t)- wtcos(w t)], 

H AnR nonHoro npeo6pa3oBaHHR ¢ypbe ¢yHK~HH E(x) HaXOAHM 
- -t<>o ' k ... · a 
E(k)= _£ e' ot f(t,k)dt = ~[wak0 8(k2 )+e(k0)8(k2)]. 

npH nonbiTKe pa36HTb E(x) Ha 4aCTOTHble 4aCTH B03HHKaeT 
TPYAHOCTb H3-3a TOrO, 4TO npoH3BeAeHHR 8(±k0 )E(k), CTporo ro
BOPR, He cy~eCT ByeT 8 Knacce o6o6~eHH~X ¢yHK~H~ HaA S (R 4 ). 
Ae~CTBHTenbHO, e Bblpa>KeHHH 

E -(k) =8(k0 )E (k) = 77 i 
3

[ w aLa (k0 -w) + 8(k0 -w )1 
2w k0 

BTOPO~ 4neH HMeeT HeHHTerpHpyeMy~ oco6eHHOCTb npH k-.0. CpeAH 
MHOmeCTBa 803MO>KH~X perynRpH3a~H~ ecTeCTBeHHO 8~6paTb TaKy~, 
KOTOpaR COXpaHRna 6~ CBO~CTBO 

E'+(k)+ E-(k) =E(k). ;s; 
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3ToMy Tpe6oeaHH~ YAOBneTBop~eT peryn~pHaa~H~ npH noMo~H 
Bb14HTaHH~ 8 -<)lyHK~HH, YMHOlKeHHOH Ha 6eCKOHe4HbiH K03<)l<))H~HeHT: 

-± 11i a 11i 11i 4 
E (k)=---..--8(k0 ±w)+--8(k0 ±w)±-8 (k) x 

K 2cu;:; ako 2cu3 2 
/C/ 

d3 
X J ~O(K-Iiil). 

I <ll
3 

,lln~ npOH3BOnbHOH <)lyHK~HH g E S (R4 ) HHTerpanbl 

- + 4 11i d3k a ... ... J E;; (k)g(k)d k ~- J -...-l-eu -g(w ,k)+ ( g(w ,k)- g(O)O(K-cu)]! 
2 w" ak0 

Cy~eCTBy~T. npH nepeXOAe K ofipaTHOMy npeo6pa30BaHH~ ¢ypbe 
-+ 

<)lyHK~HH E- (k) YA06Ho nonbaoeaTbc~ ecnoMoraTenbHoi1 peryn~-
PH3a~Hei1, KOTopa~ He COXpaH~eT CBOHCTBO /B/, HO peryn~pH-
3yeT BTOpoi1 H TpeTHH 4neHbl B npaeoi1 CTOpOHe /C/: 

- ± 11i a 
E (k)=-8(w-a)--8(k 0 ±w)+ 

K,a 2w2 ako 

3 
71i i 4 d q ... ... 

+ -8(k0 ± w )O(w-a) ± .;r_- 8 (k)J -- 8(1 q 1-a)O(K-1 ql ) , 
2w3 ;c l<il3 

O<a<K . 

HeTPYAHO y6eAHTbc~, 4To 
- + -+ ' lim E; (k) =EK- (k). 

a -+0 'a 

Tenepb nerKo HaXOAHM o6paTHoe npeo6paaoeaHHe <llypbe <)lyHK~HH 
E ~ (k): 

- i 2 2 ... . 
E K (x) =- --(ln(IL I x 0 -x 21 )+ i17f(X 0

) O(x 2) "'- - 1 -ln(-IL ~ 2+ 
(477 )2 (477 )2 

+iox0
), 

C-1 
rAe IL=e K , C - nocTo~HHa~ 3i1nepa 

n oo -s 
C "' lim ( }; ..L - ln n) = -J ds e ln s . 

n-+oo k=1 k 

HHAeKc K e AanbHei1weM nHcaTb He 6yAeM. 
TaKHM o6paaoM, nony4aeM 

i - . --,w ( x) =-E (x) ~ - - 1
- ln( -IL2x 2 + i ox0 ) ,. (E +(x)) 

1\ (477)2 • 

E (X)=E +(X)+E -(x)"' _!_ £(x 0 )8(x 2 ). 
877 

EcnH H3BeCTHa ¢YHK~H~ E (x), MOlKHO pewaTb 3aAa4y KowH 
An~ ypaBHeHH~ /2/ npH rpaHH4HbiX yCJ10BH~X 
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.. 
II 

s (X) I 0 0 =a fx). 
X =y (J-

a~s (x) I xo=yCF' a JX}. 
a0 S(x)l xo,yo .. a 1(x), 

a ~ s (x) I xo=yo = a3 <X> . 

<llopMyna, aHanon14Ha~ npeACTaeneHH~ 

¢ (x) = J D ( x- y) ... a: ¢ ( y) d 3 y 

An~ CBOfiOAHOrO CKan~pHoro non~, B 3TOM cny4ae Bblrll~AHT TaK: 

s (x)"' - J agE (X- y) a 0 Ol) d 3 y - J a~ E (X- y) a 1 <Y ) d 3 y 

+ f a0 E(x-y)a2(y)d 3y + J E(x-y)a 3(y)d3 y 

+2 (a0 D(x-y)a 0 (y)d3y + 2JD(x-y)a
1
(y)d3y, 

rAe D(x)=oE(x}-nepeCTaHOB04Ha~ <)lyHK~H~ 6eaMaccoeoro ceo6oA
Horo cKan~pHoro non~: 

1. 
2. 

3. 

4. 
5 

6. 
7. 

8. 
9. 

10. 

11. 
12. 

13. 

14. 

oD(x),.O, D(O,x)=O, a
0

D(O,x)=8(x). 
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