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Xpl-lcToe Xp., ,l\aMRHoe 6.n. P2 - 12743 
Aci-1MnTOTI-14ecK!-1e <I>YHK~I-11-1 - HOBbiH KJlacc 
o6061.11eHHbiX <I>YHK~I-1H. V. npeo6pa30BaH!-1R <!>ypbe 

B nepe~x 4acTRX 3TOH pa6oT~ 1 1 - 4 / eeeAeH~ ac!-lMnTOTI-1-
YecKI-le <I>YHK~I-11-1 /A<!>/, o61.111-1e noHRTI-lR onepaTopa 1-1 <I>YHK~I-loHana 
HaA Hl-lMI-1. noKa3aHO, 4TO MHO>KeCTBO A<!> COAeP>KI-lT 0 -<t>yHK~I-110 
,l\1-1paKa 1-1 ee npoi-13BOAH~e, T04Hee,l-1x ac!-1MnTOTI-1~ecK!-1e aHanorl-1, 
1-1 OHO 3aMKHyTO no OTHOWeHI-110 K PRAY onepa~!-lH, BKnl04aR YMHO
>KeHI-le. B AaHHOH 4aCTI-1 noKa3aHo, 4To cyl.lleCTByeT BTOPOH PRA 
A<!>, TaKI-lx ,4TO npeo6pa3oBaH!-1e <l>ypbe ocyl.lleCTBnReT B3a!-1MHo
OAH03Ha4Hoe COOTBeTCTB!-le Me>KAY A<!> o601-1X POAOB. np~-1 onpeAe
neHI-11-1 npeACTaBio1TeneH A<!> BTOporo POAa 6bln0 He06XOAI-1MO B OA
HOM nyHKTe HCnonb30BaTb pacnpeAeneHI-lfl Co6oneea-Weap~a. no3-
TOMY M~ paccMaTp!-lBaeM TaK>Ke BTOPOH Bap!-laHT - nocne He3Ha4!-1-
TenbHbiX orpaHI-14eHI-1H Ha MHo>KeCTBO npeACTaBHTeneii A<!> nepeoro 
POAa oKa3anocb B03MO>KHbiM onpeAenHTb npe,QcTaBHTeneii A<!> 
BTOporo po,Qa, He B~XOAfl 1-13 Knacca 06bi4HbiX <I>YHK~HH /Hnl-1 
T. H. YT04HeHH~e o6~4H~e <I>YHK~HH, KOTOpble 3AeCb BBO,QRTCR/. 

Pa6oTa e~nonHeHa B na6opaTOPI-1H TeopeTH4eCKOH 
<!>1-131-lKH OHRH. 

npenpKHT 06b80HHeHHOrO KHCTHTYT8 HOepHbiX HCCne0088HHA, ny6H8 1979 

Christov Chr.Ya., Damianov B.P. P2 - 12743 
Asymptotic Functions - a New Class of 
Generalized Functions. V. Fourier Transform 

In the former parts of this investigation 11- 4 1 the 
classes of asymptotic functions (AF) as well as the concepts 
of operators and functionals on them have been introduced. 
It has been shown that the set AF contains the Dirac o
functions and their derivatives, rather their asymptotic 
analogues, and that it is closed in respect to series of 
operations, including multiplication. Here it is shown 
that there is a second kind of AF, such that the Fourier 
transform conveys the AF of first kind in the second ones 
and vice versa. By introducing the representatives of the 
AF of second kind it has been necessary at one point to 
make use of the distributions of Sobolev-Schwartz. That 
is why we consider also a second approach- after a slight 
restriction of the classes of representatives of the 
original AF it proves possible to define the represen
tatives of AF of second kind remaining in the field of 
ordinary functions, precisely - the specified ordinary 

functions which are also defined. 
Preprint of the Joint Institute for Nt~clear Research. Dubna 1979 
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1 1 , 2 / " " B 6~n npeAno>KeH HOBbll-1 Knave o6o61.11eHH~X <I>YHK~I-11-1 -
Kllacc ac!-1MnTOTI-14eCK!-1X <I>YHK~I-1H /A<I>/f(x) . Ka>K,QaR 1-13 HHX 3a
AaeTcR, KaK ecer,Qa, KnaccoM nocne,QoeaTenbHOCTeii o6~4H~x 
<I>YHK~HH f (s,x)- npeACTaB!-lTeneH f(x) ,HO, B OTnl-141-le OT 061.11ei1 
npaKTI-lKI-1, Knacc~ 3,QeCb He RBnRIOTCR B3aHMHO 4Y>KI-1MI-1, 1-1 no3-
TOMY 1-1x Henb3f1 C4!-1TaTb KnaccaMI-1 3KBHBaneHTHOCTI-1. B 13·4 1 

6blnl-1 ,QaHbl onpeAeneHI-lR o61.11ero onepaTopa 1-1 KBa31-1KnacCI-14ecKoro 
onepaTopa, ,QeHCTBYIOIIII-lX HaA A<!>. Ha 6a3e 3TI-1X onpe,QeneH!-lH pac
cMoTpeH~ ocHOBH~e anre6pa!-14eCKI-1e 1-1 aHanHTI-14eCK!-1e onepa~~-11-1 

Ha,Q A<!> 1-1 noKa3aHa 3aMKHyTOCTb MHO>KeCTBa A<!> no PRAY onepa
~1-lH /B T.4. yMHO>KeH!-le/. 6~n1-1 BBeAeH~ TaK>Ke 061.111-1e 1-1 KBa3H
KnaCCH4eCK!-1e acHMnTOTI-14eCK!-1e <!>YHK~I-lOHanbl, 3Ha4eHHR KOTOPbiX 
RBnRIOTCR acHMnTOT!-14eCKHMI-1 4!-lcnaM!-1 /A4/. Ha 3TOH ocHoee no
Ka3aHo po,QCTBO A<!> c o6bi4HbiMI-1 . <I>YHK~HRMI-1 1-1 o6o61.11eHHbiM&-1 <I>YHK
~HRMI-1 Co6oneea-Weap~a / 5 •6 1 . 

3AeCb Mbl paccMOTPI-lM <t>ypbe-npeo6pa3oBaHHe A<!>. noKa>KeM, 
4TO OHO CYI.lleCTByeT, HO onpeAenReT APYrOH Knacc A<!> - A<!> BTQ
poro POAa, AOBOnbHO nOXO>KI-le Ha Te, KOTOpble M~ ,QO CHX nap 
paccMaTp1-1ean1-1, 1-1 KOTop~e 6yAeM Ha3~BaTb A<!> nepeoro POAa. 
npHMepaMH A<!> nepeoro 1-1 BToporo poAa MoryT cny>KHTb eonHOBble 
naKeTbl B HMnynbCHOM H KOOP,Q!-lHaTHOM npeACTaeneHHRX /7 / . 

1. 06mEE OnPE,l\EnEHHE <I>YPbE-nPE06PA30BAHHR A<!> 

<!>1-lKCHpyeM o6o3Ha4eHHR: <t>ypbe-npeo6pa3oeaH!-1e g(y) AaHHOH 
A<!> f(x),BBOA!-1Moe 4epe3 

f(x) = fg(y)eix y dy, /1/ 

1-1n1-1, 4TO TO >Ke caMoe, 

1 - ix y 
g(y) = - f f(x)e dx 

2rr /2/ 

3aAaeTCR TeM!-1 >Ke COOTHOWeHI-lflMH Me>K,QY npeACTaBHTenfiMH f(x)H 
g(y): 
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ixy 
f ( s , x) = I g ( s ,y) e d y 131 

11n11 

1 - i xy 
g(s,y) = - I f(s,x)e ' dx. 

277 /4/ 

/T04Hee CM. onpeAeneHI1H 1,2 11 3 a 13 1 
/. np11 3TOM nOApa3yMe-

aaeTCH, 4TO g(y) AOn>KHbt 6btTb A<l> a TOM lKe CMbtcne, 4TO 11 f(x) 
/eM. onpeAeneHI1H 8,12 11 14 a 1 1 1 /. B 3To~ nocTaHoaKe MHo
lKecTao <I>YHK1..111~ f(x) . 11Mel0li\11X <I>YPbe-npeo6pa3oaaHI1H, oKa3bt
aaeTCH npaKTI14eCK11 nycT~M: 

TeopeMa 1 . A6contOTHaH HyneaaH A<l> f 00 (x) I eM. onpeAeneHI1e 5 
a 12/feA11HCTaeHHaH, KOTOpaH 11MeeT <I>YPbe-o6pa3. 0H TOlKe Ha
nHeTCH a6contOTHO~ Hyneao~ A<l> g00 (y) /a npocTpaHcTae A<l> aTe
para POAa/. 

) . rn) B caMoM Aene, CI1HrynHpHaH KOMnoHeHTa f Pm (s,(x-x p s nepe-
XOA11T a 

1 - m -ixy -txpy 
g(s,y) = 2; I fern (ds,(x-xp)s - )e dx=e gprn(s,rrn) 

151 
(rrn ~ ysrn), 

rn . 
s -ttr /6/ g0 (s,r) =-I fo (s,t)e dt. 

Lnl 2 71 Lnt 

- IX fY 
<l>yHK1..11111 e gf (s,rrn)npl1 KOHe4HOM Vfrn He npi1HaAnelKaT H11 
OAHOMY 113 Knacc&! Fern (s,y) I eM. onpeAeneHI1e 3 a 1 2 1 I - OH11 
11MeiOT 11Hyl0 CTpyKTypy/. np11 S --> 0 fern(S,t frn) CYlK11aatOTCH a T04-
Ke X£ , a e ~IxfYgo (s,rm) pacnnbtBaiOTCH 11 nepeXOAHT B nnoc-

Lm 
K11e BOnHbl. 

<l>ypbe-o6pa3 

( ) 1 J ( - ixy g 0 s,y = 
277

- r 0 s,x)e dx /7/ 

perynHpHO~ KOMnoHeHT~ ~(s,x), BB11AY ee HeorpaHI14eHHOrO 
pOCTa np11 X-->± oo, B 06ll\eM He Cyll\eCTByeT /B MHOlKeCTBe 06bt4-
HbiX <I>YHK1..111~/. ;2 ; 

OcTaeTCH paccMOTpeTb /5/ npl1 vem=oo. no TeopeMe 5 B 
f fm ( s. t Em ) np11 n106oM Bbt6ope E 11 rn 3aAaeT a6contOTHYIO 

HyneByiO A<!> /onpeAeneHI1e 5 a 12 1 
/. nepe~AeM K ee CTaHAapTH~M 

npeACTaBI1TenHM f00 (s,x). 0HI1 HBnHIOTCH <I>YHK1..111HM11 Tl1na fo(S,X) 
C v 0 =Vo = oo , KOTOPbte BMeCTe C npOI13BOAHbiM11 Be3Ae Henpe-
PbiBHbl 11 np11 x ... ± oo YAOBneTBOPHIOT ycnoBI110 6btCTporo 11C4e3Ho
BeHI1H: 
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I tO~ (s,x) < ;
00

(s )f 
0
i
0 

(x). (i = 0,1,2 •.. . ). !81 

rAe ; 00 (s) 

r 00 (s,x) I 
paHI14eH~ 11 

orpaHI14eHa np11 s < s0 
11 6~CTPO 11C4e3aeT np11 
6~CTPO 11C4e3aiOT np11 

I s 0 > 0 M_?~eT 3as11ceTb oT 
s ... 0, a r0

1

0 ( x) nosctOAY or-

X--+±oo 
i 1 d i 

(foo (s,x) =.-,- dXT foo (s,x)) 
1. 

04eBI1AHO, 11X <I>YP be-o6pa3bl 

1 -ixy 
g 00( s. Y) = 2;' f f 00 ( s. x) e dx /9/ 

I ll 
YAOBneTBOPHIOT ycnoBI1HM A.B. D onpeAeneHI1H 8 B OcTaeTCH 
AOKa3aTb C. A11<l><!>epeH1..111PYeM /9/ k pa3 no y, Aeni1M Ha k! 
11 yMHOlKaeM Ha yh. B npaso~ 4aCTI1 11HTerpl1pyeM h pa3 no 
4aCTHM 11 HaXOA11M 

. -h-k 
h k ( ) 1 Y goo s,y = ---

2 71 k! 
f (xk foo (s,x)§h) eixydx. 

CneAoBaTenbHo, c y4eTOM /8/, 

h k A I Yl I g
00

(s , y)l ~ o (s)I 
00 hk 

I = _1_ l h k-f A E 
hk 2 71 p E• (h-E)' (k-P)! f I xI f 00 ( x) dx 

/10/ 

/scneACTBI1e 6~cTporo 11C4e3HOBeHI1H 
cyllleCTBYtOT/. BBI1AY Taro, 4TO /10/ 

A i 
f00 (x) 3TI1 11 HTe rpanbt 

11MeeT MeCTO np11 nt06btX 

h, k = 0 ,1 . 2 .... , ecn11 Bbt6epeM 

Aj -h 
goo (y) = i~fl hi I Y I • 

TO nony4aeM, 4To Agp9(s ,y) TolKe YAOBneTsopHeT HepaseHCTay 
T11na /8/, npl14eM g

0
1
0
(y) noaCIOAY orpaHI14eH~ 11 6btCTpO 11C-

4e3aiOT, KOrAa y ... ± oo. 3TI1M MalKopl1poaaHI1e AOKa3aHo. To, 4To 
o6paTHoe <t>ypbe-npeo6pa3oaaHI1e nepeBOAI1T g00 ( s. y) a f 0J s ,x ). 
AOKa3~aaeTCH aHanOri14HO. 

Mbt, KOHe4HO, XOTI1M, 4T06~ Kpyr AOnyCTI1MbiX Ae~CTBI1~ HaA 
A<!> 6~n ao3MOlKHO 6onee W11POK11M, TaK 4TO pe3ynbTaT, KOTOpbti:i 
M~ nony411nl1, 04eHb He6naronpi1HTeH. Ho, C APYrOH CTOPOH~, 
ai1AHO, 4TO see C11HrynHpH~e KoMnoHeHTbt fe (s,t) (E .rn~ LM) 
KalKAOro npeACTaBI1TenH f( s. X) nto6oi1 A<l> rcl} 11MeiOT anon He 
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onpeAeneHH~e ¢ypbe-o6pa3~. A cornacHo /7/, ~ see npeACTa
B~Ten~ perynflpHO~ KOMnOHeHTbl TO>Ke ~MeiOT ¢ypbe-o6pa3bl, XOTfl 
6~ B npOCTpaHCTBe 06061J1eHHbiX ¢YHK4~~ Z '(y) / 5 / . 0TCIOAa flCHO, 4TO 
np~ nOAXOAfliJ1e~ nocTaHoBKe ¢ypbe-o6pa3bl A¢ AOn>KH~ cy1J1eCTeo
BaTb • .QocTaTo4HO eeecT~ BTopoe MHO>KecTeo A¢ - G(y) , A<l> 
BToporo POAa,cocTaeneHHOe ~3 ¢ypbe-o6pa3oe eeeAeHH~x y>t<e 
A<l> f( x), KOTOPble 6yAeM Ha3biBaTb A<l> nepeoro POAa: 

OnpeAeneH~e 1. MHo>KeCTBo G(y) A<l> BToporo POAa g(y) ~ 
MHO>KeCTBO G(s,x) ~x npeAcTaB~Tene~ g(s,y) 3aAaiOTCfl TaK~M 
ycnoe~eM, 4T06bl npeACTae~Ten~ g(s ,y) n106o~ C!JYHK4~~ g(y) 
~3 G( y) 6bln~ ¢ypbe-o6pa3aM~ npeACTaB~Tene~ f(s,x) COOTBeTCT-
BYIOIJ1e~ ¢yHK4~~ f(x) ~3 F(x). 

3T~M MHO>KecTea G(y) ~ G( s,y) /a e cooTBeTcTe~~ c onpeAe-
neH~eM 14 e I ll 1. - ~ MHO>KeCTea Q(y) ~_Q(s,y)/, onpeAeneHbl. 
OnpeAeneHo TaK>t<e ~ npae~no pa36~eH~fl G(s,y) /~ G(s,y) I Ha 

KnacCbl, 3aAaiOIJ1~e OTAenbHble <I>YHK4~~ g(y) /~ g(y) I. EcTecT
eeHHo, B03H~KaeT 3aAa4a - AaTb BHyTpeHHIOIO xapaKTep~CT~Ky 
<)>yHK4~~ g(y) ~ g(s,y) T~na TO~, KOTOpafl 6blna AaHa Anfl f(x) 
~ f(s,x), HO He 3aB~CfliJ1YIO OT Hee, ~ nOTOM AOKa3aTb, 4TO 
<I>YHK4~~ f(x) ~ f(s,x) ~3 F(x) ~ F(s,x) nyTeM <)>ypbe-npeo6pa3oBaH~fl 
nepeXOAflT B <)>yHK4~~ g( y), COOTBeTCTBeHHO g(s, y) ~3 G( y) 
~ G( s ,y), ~ Hao6opoT: g(y) ~ g(s,y) nyTeM o6paTHoro ¢ypbe-
npeo6pa3oBaH~fl nepexoAflT e f( x) ~ f( s. x). 

3Ty 3aAa4y Mbl 6yAeM pewaTb e ABYX eap~aHTax: A/ np~ y>t<e 
3aAaHHO~ nOCTaHOBKe, T.e. Anfl MHO>KeCTBa Bcex <)>yHK4~~ g(s,x), 
flBnfliOIJ1~XCfl <)>ypbe-o6pa3aM~ ecex <I>YHK4~~ f( s,x) ~3 F ( s. x ), 
np~4eM np~ onpeAeneH~~ <)>ypbe-o6pa3a perynflpHo~ KOMnoHeHTbl 
fQ (s,x) HaM, 04eB~AHO, noHaAo6~TCfl ~cnonb30BaTb o6o61J1eHHble 
<I>YHK4~~ Co6oneea-Weap4a /HaA Z(y) 15 1 /, ~ Bl Anfl HeKoTopo
ro, no B03MO>KHOCT~, MeHee Cy>KeHHOrO nOAMHO>KeCTBa <)>yHK4~~ 
f(s,x), TaKoro, 4TO np~ COCTaBneH~~ ~X <)>ypbe-o6pa30B MO>KHO 

6blnO 6bl OCTaBaTbCfl B MHO>KeCTBe 06bi4HbiX <)>yHK4~~. 
6yAeM nonb30BaTbCfl pa3no>t<eH~eM perynflpHo~ KOMnoHeHTbl 1221 

e
1 21 

. .Qnfl YA06cTea Han~weM fe
0 

(s,t) eMeCTo .!e
0

(s,t) ~ f
0
(s,x) 

BMecTo !0 Cs.x). TorAa pa3no>KeH~e 3an~weTCfl ·e B~Ae: 

LM 0 
f(s,x) = f0 (s,x)+ 2 f 0 (s,t 0 ) 

f,m Lm Lm 
(tfm =(x-xe )s-m ). I 11 I 

3Ha4~T, fo(s,x) 3aAaeT rnaAKYIO 4aCTb perynflpHO~ KOMnOHeHTbl, 
a ffm(S,tfm ) OXBaTbiBaiOT C~HrynflpH~e KOMnOHeHTbl 1-1 pa3pbiBHble 
4acT~ perynflpHOH KOMnoHeHT~ <I>YHK4~~ f(s,x). Bap1-1aHT~ A 1.1 B 
OTHOCflTCfl TOnbKO K COCTaBneH~IO <)>ypbe-o6pa3a fo (S,X). KoMno
HeHTbl ffm(s,t) ,((f ,mE LM0 ) MO>KHO paccMaTp~eaTb KaK OAHO 4enoe. 
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A<l> f(x) 6bln~ BBeAeHbl KaK o6o6111eH~e Knacc!.14ecKoro noHfl
T~fl <I>YHK41-1~, T04Hee, KaK eap~aHT Anfl <I>YHK4~H Co6oneea-Weap-
4a, np~4eM ~X npeACTaB~Ten~ flBnfln~Cb 06bi4Hb1M~ <)>yHK4~flM~ 

OT ABYX nepeMeHH~X S ~ X. 4T06~ onpaBAaTb CBOe Cy1J1eCTBOBa
HI-1e, A<l> e HeKOTOPbiX cny4aflx AOn>KHbl 6b1Tb 6onee YA06H~M~ 
~ none3HbiM~, 4eM o6o61J1eHHble <)>yHK4~~ Co6oneea-Weap4a. 06 
3TOM roeop~nOCb B I ll, a e l 4 l M~ BI-1Aen~, 4TO 3T~ <)>yHK41-1~ 
C04eTaiOT MynbT!.1nn!.1KaT~BHOCTb C Cy1J1eCTBOBaH~eM Tex <)>yHK-
l.I~OHanoe, KOTop~e xapaKTepHbl Anfl <I>YHK4~~ .Q1.1paKa ~ ee npoi-13-
BOAHbiX. Ho, KOHe4Ho, A<l> He npeTeHAYIOT Ha nonHoe ~x 3aMeHe
H~e. no3TOMY 1-1 HeT npOT~Bope4~fl, ecn~ B HeKOTOPOM nyHKTe 
pa3B!.1BaeMOH 3AeCb Teop~~ HaM np~AeTCfl BOCnOnb30BaTbCfl <)>yHK-
4~flM~ Co6oneea-Weap4a. TonbKO c T04Ki-1 3peH~fl npocTOTbl Teo
P~I-1 6blno 6bl ny4we, 4To6~ npeACTaB~Tenl-1 f(s,x) 1.1 g( s,y)6~n~ 
06bi4Hb1M~ <)>yHK4!.1RMI-1, a ecnl-1 3TO He TaK, TO 4~CnO TeX nyHKTOB, 
rAe 3TO ycnoe~e HapyweHo, 6~no 6bl He6onbW!.1M. TaK oHo ~ eCTb: 
o6o61J1eHHble <)>yHK41-11-1 Co6oneea-Weap4a Heo6xoA~Mbl TOnbKO np~ 
COCTaeneHI-1~ rnaAKOH 4aCT~ perynflpHOH KOMnOHeHTbl A<!> BTOporo 
POAa g 0(s,y), a, KaK yB~AI-1M, He6onbWI-1M Cy>KeH~eM MHO>KeCTBa 
F0 (s,x) MO)!{HO He BbiXOA~Tb 3a npeAenbl Teop~i-1 06bi4HbiX 
<)>yHKl.li-1~. 

0npeAeneH!.1e 2. C y4eTOM 161 1-1 /71 ~ B COOTBeTCTBI-1~ C 1111 
Bbl6epeM npeACTaB~TeneH A<!> BToporo POAa B B!.1Ae 

LMo -ixe Y 
g(s,y):g

0
(s,y)+ 2 g

0 
(s,r )e 

o Lm m 
(r =YSm ). 

m 1121 
L,m 

.Qanbwe onpeAeneH!.1e g ( s. y) cBOAI-1 TCfl K onpeAeneH~IO g 
0
(s,y) 

~ g fm ( s • r ). 

2. <llYPbE-06PA3bl KOMnO~EHT ffm (s,t) 

PaccMoTpi-1M cHa4ana <)>ypbe-o6pa3bl gfm (s,r) <I>YHK41-1H fe!Q.Cs.t) 
((f ,m) E LM 0 ) Ci-1HrynRpHbiX KoMnoHeHT 1-1 pa3pb1BH~x 4acTel-1 
perynflpHO~ KOMnOHeHTbl <)>yHKl.li-11-1 f(s,x). 

OnpeAeneHI-1e 3. <l>yHKl.ll-11-1 gf ( s ,r rd (( e ,m) ELM 0 ) xapaKTepw 
3YIOTCfl CBOHCTBaMI-1 A ' , B' , m C' , SD ',aHanor!.14HbiMI-1 cBOHCTBaM 
A, B , C , D onpeAeneHI-1fl 8 B I ll. 

CeoHCTBO A' !.1MeeT TaKoe )!{e COAep)!{aHI-1e, KaK 1-1 A. CTeneHI-1 
1-1 T04HOCT~ g fm (s,r) o6o3Ha4!.1M 4epe3 11 fm 1-1 vt ' ( vo' ~ vl' + ( ). 

C v B ' o6 v B n m Lm m 
BO~CTBO nOA HO CBOI-1CTBY · Pl-1 S< s 0 , rAe s 0 ;;:;;s 1 

MO)!{eT 3aB~ceTb OT Bb16opa gfm(s,r), <I>YHK41-11-1 gfm(s,r) 6ec-
KOHe4HO AH<)><)>epeH4~pyeMbl npH BCeX r 6e3 HCKnl04eHHfl, a npi-1 
r -->± oo pa3n0)!{!.1Mbl no y6b1Bai01J1HM OTPH4aTenbHbiM CTeneHRM r: 
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g 0 ( s , r) = g 0 ( s , r) + g~ ( s , r) , 
LID -LID LID 1131 

~ j ) - j - 1 
~ Em ( s ' r ) = j~O gEm ( s r . 1141 

3AeCb gjE (s) 11MeiOT BI1A /191 a 111 . Hx CTeneHI1 ljr ;.. l 'e' • 

a 11x T04~CTI1 lj * '=v.p*' . B 11 HTepea11e s ' < s < s
0 

mnp11 11.86oM m m · 
ln0110>1<11Te11bHOM s'< s 0 Kali<Aa.A 113 c!>YHKI..l11H!!;/(s) orpaHI1-

4eHa. P.AA 1141 aCI1MnTOTI14eH np11 r .... ±oc. K erom411eHaM oTHO

C.ATC.A CTaHAapTHble o6pe3a1011111e MHOl1<11Te1111 Tl1na 110/-/13/ B / :U 

np11 3aMeHe 

t , a 11 r < a Ha 1/ r , 1/ a 11 1/r < 11 a . 1151 

0HI1 COXpaH.AIOT aCI.1MnTOTI1KY P.AAa np11 r ->± oo, HO o6ecne411BaiOT 

ero CXOA11MOCTb 11 6eCKOHe4HyiO A11$$epeHI..l11PYeMOCTb np11 Bcex r 

lero cyMMa Aall<e 11C4e3aeT np11 lrl < p I. 
Yc11oe11e C' Tpe6yeT, 4To6~ 11Me11o MecTo Mali<Opl1poeaHI1e Tl1na 

I g~ j * ( s , r) I < ~ ~ ( s) g ~ ( r ). 
Lmn Lmn Lmn 1161 
~ n ~ . 

3AeCb oo :s .... o np11 s ... O,a glo (r) orpaHI14eHbl noeCIOAY 11 
Lmn •mn 

np11 r ... ± oo 6blcTpo CTpeM.ATC.A K HY 1110. B AYXe onpeAe11eHI1.A 8 
a l l / Hl1li<H11H 11HAeKC n C BepXHI1M 3HaKOM * 03Ha4aiOT n -TyiO 

OCTaT04HyiO CyMMy pa3110ll<eH11.A no CTeneH.AM S, BepXH11H 11HAeKC j 

03Ha4aeT j -TyiO npoi13BOAHYIO no r, Ae11eHHyiO Ha j! , a eepxHI1H 

3HaK X yKa3~BaeT Ha TO, 4TO Bee 3TO OTHOCI1TC.A He K c!>YHK

I..l1111 gEm(s,r), a K OCTaT04HOMy 411eHy 6eCKOHe4HOH T04HOCTI1 

ee CTaHAapTHOrO aCI1MnTOTI14eCKoro pa3110ll<eHI1.A no y6biBaiOU111M 

cTeneH.AM r np11 r ... ± oo. 

CeoCicTBO D' Tpe6yeT, 4T06bl ec.A cyMMa 

y6b1Ba11a 6~CTPO np11 Y-> ± oo. 3To CBOAI1TC.A 

Mf0 . 

J -jm ! g 0 (s)s =0 
m Lm 

npl1 ecex e 11 j. 

! g E ( s, y s m) e 
f,m m 
K YC110BI1.AM 

B CB.A311 c onpeAe11eHI1eM 3 B03HI1KaeT OA11H eonpoc. 

-ixp y 

1171 

P.AA e npaeoCi CTopoHe 1141 aci1MnToTI14eCK11H. KaK yll<e 6b1110 

cKa3aHo, Mbl ecerAa noApa3yMeeaeM HeKoTopbiCi onpeAe11eHHbiH 

CTaHAaPTHbiH cnoco6 CYMMI1POBaHI1.A. HMeiOTC.A 0611111e cnoco6bl, 

npi1MeHI1Mble K 11106oMy aCI1MnTOTI14ecKoMy PRAY, Hanpi1Mep, no 

P11Ty lnocTpoeHI1e 2 e 12- ' , np11 $11KCI1poeaHHOM Bbl6ope a ,a 11 r I 
np11 3aMeHe 1151, TaK 4TO cyMMa /141 eno11He onpeAe11eHa. 0A-

8 
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HaKO TaKI1X cnoco60B MHOro, 11 HeT npi1HI..ll1nl1a11•H~X OCHOBaHI1H 

npeAn04eCTb OA11H APYrOMY. Ec1111 6bl pa3110ll<eHI1e 1141 11 yc11oe11e 

1171, a C11eAoBaTe11bHO, MHOll<ecTea ct>YHKI..l11H Gem (s,r) 11 ace 

pe3y11bTaTbl, KOTOpble Mbl 6yAeM no11y4aTb, 3aBI1Ce1111 OT Bb16paH

HOrO cnoco6a cyMMI1POBaHI1.A, TO BC.A TeOpi1.A 6bl11a 6bl C1111WKOM 

11CKYCCTBeHHOH. TaKa.A ll<e npo611eMa CTO.A11a 11 TOrAa, KOrAa Mbl 

BBOA111111 ct>yHKI..ll111 f(s,x) 11 npeAno11ara1111 pa3110ll<eHI1.A 1131 11 

1141 a ll! . B C11y4ae, KOrAa vd' :oo 111111 ve* =oo npl1 HeKOTOPbiX 

E , ffi , P.AAbl 6bl1111 TOll<e aCI1MnTOTI14eCK11MI1m. 4To6~ o60HTI1 3TY 

HeOAH03Ha4HOCTb, Mbl, eo-nepBbiX, C$OPMY1111POBa1111 yC110BI1e 

Mali<OPI1POBaH11.A He K OCTaT04HOMY 411eHy, a K OCTaT04H~M CyM-

MaM, KOTOp~e He3aBI1C11M~ OT cnoco6a CYMMI1POBaH11.A. Bo-BTOp~X, 

Mbl CTaBI11111 yC110BI1e Mali<Opl1pOBaHI1.A T011bKO np11 t j. 0, B fe3y11b

TaTe 4ero B~na1111 1111HeHHble KOM611Hal..ll111 113 c!>YHKI..l11H i)( k (t), Ko

TOpble BB11AY pa3pbiBOB B ff (s ,t) no.AB.ATC.A B 11X np01.13BOAHbiX,I1 KO

TOpble HeorpaHI14eH~ /T04H~e, He annpoKC11MI1pyiOTC.A orpaH114eH

H~MI1 c!>YHKI..l11.AMI11. 3AeCb Hyll<eH 6o11ee TOHKI1H nOAXOA, TaK KaK 

HOCI1Te1111 ct>ypbe- npeo6pa30BaH11.A c!>YHKI..li1H i)(k)(t) He .AB11.AIOT C.A 

T04e4HbiMI1 - ocTaT04Hble cyMMbl P.AAa I 141 y6biBaiOT MeAJleHHO, 

11 Ol..leHKa OCTaT04HOrO 411eHa pa3110ll<eHI1.A C nOMOU1biO OCTaT04HbiX 

cyMM 6bl11a 6bl HeAOCTaT04HO T04HOH, 4T06bl o6paTHOe $ypbe

npeo6pa30BaHI1e nepeBOA11110 ct>YHKI..l1111g(s,y) ef(s.x). 3AeCb Mbl 

BBeAeM HeKOTOP~H 0611111H 11, ecTeCTBeHHO, O$OpM11eHH~H K11acc 

AOnycTI1M~x cnoco6oe cyMM1.1poeaH1.1.A aci1MnTOTI14eCKI1X P.AAOB P 
1.1 nOCTaBI1M YC110B~e, 4T06~ MHOll<eCTBO c!>YHKI..l11H gpm(s ~) B Lle-

110M, KaK 11 ero pa3611eHI.1e Ha K11accbl, He 3ae11ce1111 oT Bbl6opa 

cTaHAapTHoro cyMMI1poeaHI1.A p cpeA11 AOnyCTI1M~x P. 
TaK no CYU1eCTBY eonpoc CBOA11TC.A K HaXOli<AeH1110 K11acca P. 

OnpeAe11eHI1e 4. nycTb 3aAaH aCI1MnTOTI14eCK1.1H P.AA 

'i rj x j 
j=O 

(x > 0) 1181 

C COBepweHHO npOI13B011bHbiMI1 1KoMn11eKCHbiMI11 K03$$111..ll1eHTaMI1. 

B Ka4eCTBe CYMMbl noCTaBI1M eMy B COOTBeTCTBI1e c!>YHKI..ll110 ~(X) , 
onpeAe11eHHYIO 11 6ecKoHe4HO A11ct>ct>epeHI..li1PYeMyiO np11 x > O l11 Aall<e 

aHa1111TI14eCKyiO, 1.11111, T04Hee, aHa111.1TI14eCKI1 npOA011li<I1MYIO Ha 

oTpe3Ke O < x <~. rAe ~ - npoi13B011bHO e~6paHHoe no110li<I1Te11b

Hoe 411C110I, npl14eM np11 X-> 0 OHa 11 ee npOI13BOAHble paBHO

MepHO CTpeM.ATC.A K j ! f j , 1.11111 TaKyiO, 4TO 

k . . k 
f(x)-! rlxJ = 0 (x) 

k • k 
( o (x) : x .... 0) . 1191 

- j=O 

3Ta c!>YHKI..l11.A f(x) npeACTaB11.AeT C060H aCI1MnTOTI.14eCKY~ CyMMY 

p.AAa I 18/ np~ x ... 0 . 
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0Ha, KOHe4HO, onpeAeneHa C T04HOCTbO AO HeKOTOPO~ A06a
B04HO~ ~YHK4~~ f x~). 6eCKOHe4HO A~~~epeH4~pyeMO~ ~ 6~CTPO 
~c4e3a10111e~ BMecTe c ee npo~3BOAHbtM~ np~ x ... 0. 11 Hao6opoT: 
ecn~ f(x) - HeKoTopaH cyMMa PHAa /18/, To f(x) ~ ( '<( x) 
Tome MomHo C4~TaTb ero cyMMo~. -

nocTpoeH~e 1. Te cnoco6bt cyMM~poeaH~H ac~MnToT~4ecK~x 
PHAOB, KOTOp~e M~ 6yAeM C4~TaTb AOnycT~M~M~, COCTOHT ~3 

ABYX waroe. nepe~~ onpeAenHeT cyMMY f(x) KaK aHan~T~4ecKyo 
~YHK4~0 OT x np~ x <(, rAe ( - HeKoT-opoe nonom~TenbHoe 
4~cno, 6onbwee ~. a BTOPO~ onpeAen~T f(x) np~ X2 ~. np~ 
3TOM Ha~AeHHbte yme 3Ha4eH~H !(x) a ~wrepeane ~< i< t;; MoryT 
~3MeH~TbCH. 

nocTpOeH~e 2. nepB~M waroM, KamAOMy 4neHy fjxj PHAa 
I 18/ nocTae~M a cooTBeTCTB~e o6peaao~~~ . MHOm~Tenb g i (!j ,x), 
rAe !i - nonom~TenbH~~ napaMeTp:!i ~l fl 1. MHom~Ten~ 
gi(.!J ,x) nonom~TenbHbte ~ aHan~T~4ecK~e np~ x > 0. np~ x .o 
CTpeMHTCH K 1, a ~X np0~3BOAHbte - K 0. np~ j ~ J , rAe J 
HeKoTopoe ~aTypanbHOe 4~cno, ~ np~ ~~Kc~poeaHHOM !i npo~a
BeAeH~H !j xl g j (_!j ,X) pacTyT C B03pacTaH~eM X. np~ ~ KC~po
BaHHOM X OH~ ~C4e3aiOT, KOrAa !_j -+ 0 , ~ paCTYT C B03pacTa
H~eM f j , np~4eM CTpeMHTCH K onpeAeneHH~M rpaH~4aM g j (x), 
TaK~M ~ 4TO np~ X < ( PHA ~ g . (X) CXOA~TCH a6conOTHO ~ pae-

j~ 0 J 
HOMepHO. TorAa, 04eB~AHO, np~ X <( PHA 

l rixi gj (!j , x) 
J 

/20/ 

TOme 6yAeT CXOA~TbCH a6coniOTHO ~ paBHOMepHO ~ 6yAeT YAOB
neTBOPHTb ycnoe~10 /19/ np~ k=O. npeAnonom~M e~e, 4To npo~a
BOAHaH PHAa /20/ HBnHeTCH ~YHK4~e~ TOrO me caMoro T~na, 
C T04HOCTbiO AO HeKOTOpO~ pa3H~4bl, 6eCKOHe4HO A~~epeH4~pye
MO~ ~ BMecTe CO CBO~M~ npo~3BOAH~M~ 6btCTPO ~C4e3atO~e~ np~ 
x-+ 0. To, 4TO /20/ YAOBneTeopHeT /19/ np~ scex k, AOKa3bt
eaeTCH MeTOAOM nonHo~ ~HAYK4~~. To, 4TO ~YHK4~~ gi([i,x) 
cy~ecTBYIOT, B~AHO ~3 np~Mepoe, KOTOPble 6btn~ AaHbt ~1 1 . B 
caMoM Aene, A~~~epeH4~PYH 

00 j -___L_ 
l f.x (1-e r · xa ), 
j=O J _J 

nony4aeM 1 
00 . - r:-xa- 00 

l j f . xl (1- e -l ) + l a 
~0 J j~ 

fj j-a-1 - ~ 
--x e r . x 
f . -J 
-J 

nepe~~ PHA 3AeCb TOro me T~na, KaK ~ ~CXOAHbl~, a BTOPO~, 
04eB~AHO, 6~CTp0 ~C4e3aeT np~ X -+ oo . 
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3T~M e~e cyMMa J(x) He Ha~AeHa, TaK KaK PHA /20/ ~MeeT 
CM~cn TOnbKO np~ x<(. lho6bl npoAn~Tb !:.(x) np~ x ~ t;;, np~4eM 
HOBaH ~yHK4~H 6blna nOBCIOAY 6ecKOHe4HO A~~epeH4~pyeMo~, 
AOCTaT04HO COXpaH~Tb 3Ha4eH~H /20/ np~ X~~, rAe ~< ( - He
KOTOp~~ HOB~H napaMeTp, ~ AaTb HOBOe onpeAeneH~e J(x) np~ 
X>~. 3TOT BTOPOH war TOme MOmHO CAenaTb pa3n~4HbiM~ cnoco-
6aM~. Mbl np~MeM 

nocTpoeH~e 3. AonycT~MbiM~ BTop~M~ waraM~ aaAaeM yMHome
H~e PHAa /20/ Ha ~yHK4~10 h( x), 6ecKoHe4HO A~~$epeH4~pyeMytO 
np~ acex x > 0, paBHYIO 1 np~ x < ~ ~ paaHyiO 0 np~ x :S TJ, rAe 
TJ - napaMeTp B ~HTepaane ( ~, (). /ECTeCTBeHHO, np~ X ~ ( 
np0~3BeAeH~e 6yAeM C4~TaTb paBHbiM HyntO/. np~MepoM ~yHK4~~ 
h(x) MomeT cnym~Tb nocTpoeH~e 2 a 12~ ecn~ aaMeH~Tb TaM t 
Ha r(x-TJ ) 1 ((-TJ ). 

11MeiOTCH TaKme ac~MnTOT~4ecK~e PHAbl APYro~ ~opM~, cyMM~ 
KOTOpbiX BBOAHTCH aHanor~4HO: 

OnpeAeneH~e 5. Ac~MnTOT~4ecKaH cyMMa g~) PHAa 

00 j -j-1 
I g y ( y > 0). /21/ 
j=O 

np~ y ... oo aaAaeTCH ycnoa~eM 
k-1 . . 1 -k-1 

g(y)- 1 gly_l_ = o(y )(y ... oo) 
j=O /22/ 

T~na /19/. 06peaa10~~e MHom~Ten~ ki(y) ~ f(y) 3AeCb ~MetOT 
TaKo~ me B~A, KaK ~ gl (x) ~ h(x), np~ aaMeHe x , ~ , TJ ~ t;; 
Ha 

1/y. 1 /~. 1/TJ. 11( . /23/ 

AHanor~4HO paccMaTp~eaoTcH /18/ ~ /21/ a cny4ae, KOrAa 
x ~ y npo6eraiOT see 3Ha4eH~H OT -oo AO +oo. 

OnpeAeneH~e 6. CyMM~poaaH~e PHAOB 

i ln lxlfjxj 
j=O 

(-oo <X<+ oo, X-+0) /24/ 

~ 

i gj~ 
~ -

(-oo <Y<+oo, y-+ ± oo ), /25/ 

KaK ~ nony4eHH~X A~~epeH4~POBaH~eM, BBOA~TCH aHanor~4HO . 
K 4neHaM, COAepma~~M OTP~4aTenbHble cTeneH~ x, o6peaa10111~e 
MHOm~Ten~ He CTaBHTCH, a 4neHbl, COAepma~~e o(r)"-~yHK4~0 
~ ee np0~3BOAHble, He n~WYTCH. 
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Ha 6a3e 88eAeHH~X nOHRT~~ MO~HO AOKa3aTb 

TeopeMy 2. Ecn~ 3aAaH PRA I 181 ~ ecn~ f' (x) ~ f"(x)- ero 
CyM~, noJly4eHHble A8YMR AOnyCT~M~M~ cnoco6aM~ p' ~ p" , TO 
~X pa3HOCTb 

M(x ) =f' (x)- f" ( x) - - -
R8J1ReTCR <)>yHKL(~e~, KOTOpaR np~ X --> 0 6~CTPO ~C4e3aeT C ee 
np0~380AHbiM~. 

B~6epeM napaMeTp~ i~J o6pe3a~~~x MHO~~Tene~ AilR pa3HOCT~ 
~.f(x), TaK, 4T06bJ_!~J ~ !.j + .fj'. TorAa, o4e8~AHO, !\! (x) 
6yAeT YA08JleT80pRTb YCI108~~ 1191 H, CileA08aTeJlbHO, 6yAeT 
np~HaAne~aTb Knaccy P. Ho TaK KaK, c APYro~ CTOPOHbl, pa3-
HOCT b ~I< x) ~ ee npo~380AHble cTpeMRTCR K Hyn~ np~ x __, 0. 
TO 3THM TeopeMa AOKa3aHa. 

YT04H~M Knacc AOnycT~MbiX cnoco6o8 cyMM~po8aH~R AJlR PRA08 
~fm(s,r) 1141. Mbl AOil~H~ CAenaTb 3TO TaK, 4T06bl o6paTHoe 
<)>ypbe-npeo6pa3o8aH~e nepe80AHI10 gpm(s,r) 8 <I>YHKL(H~ T~na 
fa ( s , t) I. YA08IleT 80pR~~y~ I 2 31 8 I 11 I. 

l HJ 

nocTpoeH~e 4. nycTb gpm(s,r)~ Gem (s,r),.a ge'mn(s.r) - OCTaTo4-
Hble cyMMbl pa3no~eH~R gpm (s,r) no cTeneHRM s. Cor nacHo onpe-
AeneH~~ 3, OH~ TO~e ~Me~T aCHMnTOT~4eCK~e pa3JlO~eH~R T~na 
1131 H 1141. 06o3Ha4~M 4epe3 oo (s) (;n (s)/ s 11 

•
0

0) <)>yHKl.l~~ tmn tmn s--> j 
OT s, KOTOPble no nocTpoeH~~ 1 8 121 Ma~op~py~T g" (s). 

CornacHo 1131 ~ 1141, ecn~ 
rmn 

gt (s,r) = gt (s,r). ;a (s), 
tmn tmn tmn 1261 

TO 

&, ( s, r) = g
0
* (s,r) + g~ x (s, r), 

tmn tmn . tmn 

- * 00 - j - j - 1 
g£ (s,r)= l g£ (s)r , 
- mn j=O mn 

/271 

/ 2 / -* j 
npH4eM no nocTpoeH~~ 1 8 K03<!>c!>~l.l~eHTbl go (s) AOnycKa~T tmn 

He 3a8HCR~~e OT S 

napaMeTp08 THna ~J 
k n . (r) K 4JleHaM 

lnlllJ 

YT04HReTCR KaK 

- * j 
Ma~opaHT~ ~Emn . B~6~paeM ~x 8 Ka4eCT8e 

np~ cocTa8neH~~ o6pe3a~~~x MHO~~Tene~ 
g/ j (s)r -J- 1 • C y4eTOM 1231 PRA 8 1271 

tmn 

g * (s,r)= ~ g*J (s)r-J-\ (g*l r). 
- fmn j= 0 fmn fmnj -fmn 

1281 

12 
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c!>opMyn~ 1261 ~ 1281 Aa~T nep8~~ war AOnycT~M~~ cnoco6o8 
cyMM~po8aHHR. BTopo~ war ocy~ecT811ReTCR no o6~~M npa8~naM. 

nocne Toro, KaK MHO~ecT8a c)>yHKl.lH~ Fern ( s. t) ~ Gpm ( s. r) 
onpeAeileH~, M~ MO~eM AOKa3aTb 

TeopeMy 3. <l>ypbe-npeoqpa3o8aHHe lnpRMoe ~ o6paTHoel ocy
~ecT811ReT 83a~MHO OAH03Ha4HOe COOT8eTCT8~e Me~AY <)>yHKL(~RM~ 

3T~X A8YX MHO~e~T8, np~4eM 

11im = vern~ m *' * 11fm = 1fm ~ m • 
j ' j 

v Em ~ vPm -1 m . 1291 

gj ( s) = (-1)j+1 j! sm M j (s). 
Em 2rr Em 130/ 

MHO~HTeJl~ Ofmn(s), npH nOMO~~ KOTOp~x OCy~eCT811ReTCR Ma-
~Op~po8aH~e OCTaT04HbiX 4JleH08 fp* X (s,t) ~ g *pX (s,r), MO~HO 8bl-

mn mn 

6paTb OA~HaKo8~M~. HH~MH cno8aM~, ecnH 803bMeM <)>yHKl.l~~ 

fpm (s,t) c pa3pbJ8aMH ~f(111 (s) H <)>yHKL(H~ gpm(s,r) c acHMnTo-

THKO~ np~ f --> oo, 3aAaHHOC1 K03<)><)>~l.(~eHTaMH gpm(S), ~ eCJl~ OH~ 
C8R3aHbl COOTHOWeH~RMH 1291 ~ 1301, TO <)>ypbe-o6pa3 fl'm ( S, t) 
MO~eT OTI1~4aTbCR OT g p ( S, r) TOilbKO Ha <)>yHKL(H~ THna !!:p> (s,r), 

- Ill Ill 

~ Hao6opoT: o6paTHOe <t>ypbe-npeo6pa3o8aH~e g" (s,r) Mo~eT oT-
• fill X 

IlH4aTbCR OT Jp
111

(s,t) TOilbKO Ha <)>yHKL(~~ THna fp
111

(s,t)(fy
11

(S,t), 
HO 6e3 pa3pbiBOB npH t ~ 0). 3T~ ABa Knacca <)>yHKL(HC1 F p~ (s ,t) 

X 
~ Gpm (s,r) OTI1~4a~TCR OT F 00(s,t) H a 00 (s,r)TOilbKO TeM, 4TO CTene-
H~ ~ T04HOCT~ 3AeCb KOHe4H~. 0HH TO~e CBR3aH~ <)>ypbe-npeo6-
pa30BaHHeM. 

B caMoM Aene, o6o3Ha4~M 

F s m -i tr 
gp (s,r) ~ - f fp (s,t)e dt. 

m 277 m 

HHTerpHpyeM k pa3 no 4aCTRM OT _ ..,., AO 0 ~ OT 0 AO ' ""· Y4~TbJ-
eaR, 4TO np~ t ~ 0 <)>yHKL(~R f Pm (s, t) ~ ee npoH3BOAH~e HMe~T 
pa3p~B~, HaXOA~M 

F sm k: 1 j!t".f~m(s) 
g (s,r) = - }; ---.-- + 

Em 2 11 j =O (i r) J ~ 1 

m s (k) . 
----~ J f ( -rtr 
2 rr (ir) k P m 8 • I ) e d t . 1311 

F X k fi w w 1311 Ecn~ go o 03Ha4aeT ocTaT04H~~ 4IleH e npa8o~ cTopoHe , rm 
TO 

n Fx k 
r gPm (s . r) 

m 
s ----- r r n f(k) . 

217 (i r) k Pm ( s • t) e -I tr d t. 

HHTerp~pyeM e~e n pa3 no 4aCTRM OT - nc· AO Q H OT 0 AO I""· 
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( k ) 0 Y41-1Tb1Ba.R pa 3pb1Bbl c!>YHKI.\1-11-1 f Em ( s ,t ) 1-1 ee npm13BOAHbiX np1-1 t~ • 
HaXOA1-1M 

n Fx k.- (-i)ns m (k+n) - itr sm n- l j j k ~n- 1 - 1 
r ge ~s .r)=~-Jf p (s,t)e dt + k I (-i)r '\f p (s). /32 / 

m 277( ir) m 277( ir) j=O m 

0TC~Aa HaXOAI-1M • 

n Fx k Oo_ (s) ~ k+n n- 1 111 k-! n- J- 1 
lrl Jge (s,r) ls; (k;n)!~- J f (t)dt t I - 8--k- l t\f (s) l . 

m - r · j=O 2111 r I -.1 

HMe .R s BI-1AY /23/ B 1 11 1-1 /5/ s o 
121

• np1-1 n ~ k 1-1 !r I ' P· rAe p -
HeKOTOpOe nonomi-1 Te11bHOe 41-1C110, Ha XOA1-1M 

F k ~ kn 
Jr lnlge; ( s,r ) l~ o Pm( s )cPm 

kn 
rAe Cfm - n0110>KI-1Te11bHble KOHCTaHTbl. nonb3y.RCb MeTOAOM, 
npi-1MeHeHH~M np!-1 AOKa3aTe11bCTBe TeOpeM~ 1, HaXOA1-1M, 4TO 
OCTaT04Ha.R CYMMa g[;:k(s ,r) AOnycKaeT Mamopl-1pOBaHI-1e T!-1na 

Fx k ~ ~ k 
lg em (s,r) l~ oEm(s)gEm(r), 

Ak 
np!-14eM ct>YHKI.\I-1.R gEm (r) nose~~{ orpaHI-14eHa 1-1 np1-1 r -• ± "" cTpe-
iii-1TC.R K Hyn~ 6biCTpee, 4eM I r I . OcTasn.ReM k pacTI-1 Heorpa-
HI-14eHHO. HMe.R B B1-1AY, 4TO C B03pacTaH!-1eM k MOmHO o6ecne-
41-1T b g pk , (r) < C g nk , (r), rAe C - HeKOTOpa.R KOHCTaHTa, KOTO-

m t m 
pa.R MO)I(eT 3aBI-1CeTb OT k ' 1-1 k", a TaKme 1-1 OT f , ffi , HO He 
OT f , nony4aeM, 4TO npl-1 k -+ oo OCT aT04HbiCi 411eH gf~ ( S , r 'f 
YAOBileTBOp.ReT YCilOBI-1~ 6~CTporo ~C4e3HOBeHI-1.R. 3AeCb M~ He 
Y41-1T~Banl-1, 4TO P.RA /14/ aCI-1MnTOT!-14eCKI-1Ci. noApaayMesaeTC.R, 
4TO KamAOMy 411eHy CyMM~ B /31/ nocTasneH B COOTBeTCTB!-1e 
o6peaa~l.lii-1Ci MHOmi-1Tenb 0 n (s )k~ (g. ,r) Eo (r). 3TI-1M OH I-13Me-t m t rq -tm tm 
HI-1TC.R Ha ct>YHKI.\1-1~ T1-1na g{ (s ,n. 4TO Hecyl.lleCTBeHHO. AHano-

tnt x 
r!-14HO paccMaTp!-1saeTc.R Mamop!-1posaHHe npoH3BOAH~x g f (s,r) 

h m 
no r : aaMeH.ReM 

F(h) 
Ha gfm ( s , r) . 

B /31/ f n ( s,t) Ha (-i) f n (s,t) 1-1 g~ (s,r) 
rm t m tm 

c!>yHKI.\HH g~~) ~.~ HMe~T TaKOCi me BHA, KaK H 

gfm ( S,r), TOilbKO P.RA. THna /14/ 6yAeT Ha4HHaTbC.R CO CTeneHH 
r - h- 1 . 3TO nOH.RTHO, nOTOMy 4TO npOH3BOAHa.R g0(h) (s,r) COOT-

h tm 
eeTcTsyeT npoH3BeAeHH~ (-it) f Pm (s ,t) , a npoH3BOAHble ct>YHKI.\1-1H Ta
Koro THna MoryT HMeTb paapbiBbl, TonbKO ecnH HX nop.RAOK 6onee 
BbiCOK, 4eM h. nepeXOA OT c!>YHKI.\HH gpm(s,r) /H ee npOH3BOAHbiX/ 
K OCTaT04HbiM CYMMaM g:t (s,r) /1-1 HX npOH3BOAHbiM/, 4TO, co6-

t mn • 
CTBeHHO, B CHily /16/ HaM H HymHO, He C03AaeT 3aTPYAHeHI-1H: 
AOCTaT04HO B /31/ ct>opMallbHO 3aMeHHTb f £m(s,t) 1-1 g pm(s,r) Ha 
fa* ( s,t) H g ~ , (s , r) (n' = n ~ m ). Bbi4!-1TaHHeMy0 (s,r) 1-1 gl(s,r) 
t mn t mn em tm 

14 
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X 
c y4eTOM /13/ 1>1 /14/, nony4aeM, 4TO gfm (s,r) YAOBneTeop.ReT 
ycnosH~ 6~cTporo HC4e3HOBeHH.R. 3THM nepea.R 4acTb TeopeMW 3 
AOKa3aHa. 

AoKa*eM BTopy~ 4aCTb . Ha /6/, /13/ 1>1 /14/ HaXOAHM 

F -m irt -m 1 irt x 0 
fa (s,t)=s fg

0 
(s,r)e dr=S it-' (s)f-. -e dr+f 0 (s,t). 

LID LID arm 1r LID 

/no o6~qHM npaBHnaM, gfi (s,r), j -Ta.R ocTaT04Ha.R cyMMa pa3-
no*eHH.R gfm (s, r) no y6~WaiOUIHM cTeneH.RM r I. noAcTaHoBKa rt=q 

AaeT 
F -m 1 -iq X o 

fo (s,t)=±S g~ (s) f -.-e dq+fn (s , t) . 
LID LID Jq LID 

npH 3TOM 3HaK + HnH -, CMOTP.R no TOMY, t > 0 1>1111>1 t < 0. npH 
t -+ ± 0 HaXOAHM 

F -m 
ffm (s,+0)= i77S g~m(s), 

F -m 
rfm(s,-0)=-i178 gfm(s) 

H, cneAOBaTellbHO, 

F F -m 
LH'fm (s)=f fm (s ,+0)-f fm (s ,-0)=277iS gfm (s). 

nocne TOrO, KaK pa3p~B ~ff (s) Ha~AeH, COCTaBil.ReM Henpep~B-
HY~ npH t = 0 <l!YHKI.\1>1~ m 

F F 1 -m 1 1 lrt X 1 
fo 

1
(s,t)=fo (s,t)--

2
LH9 (s)t 0~s g 0 (s)f-

2 
e dr+fo (s , t). 

tm LID rm LID (if) LID 

/nocneAHee paeeHcTeo HanHcaHo c y4eToM /14//. AH4!4lepeHI.\HPYeM 
no t 1>1 HaXQAHM 

F' • -m 1 irt x 1 r. (s , t).,s ,d(s)f-. -e dr+ff (s,t). 
LID 1 LID 1f m 

Ta *e caMa.R noAcTaHoBKa rt = q npHBOAHT K 

1 F' F' -m 1 
~ f fm( s )=f fm 1 ( s , +0)- f fm 1 ( s, -0)=-277 s gfm (s). 

CocTaBn.ReM Henpep~BHY~ BMecTe c ee nepeo~ npOH3BOAHO~ c!>YHK-

1.\H~ 

rfm2(s,t)=frm<s. t)- ~Mlm(s)tO- i Mem(s)t1 

-m 2 1 irt • x 2 
=S gf (s)f--

3
e dr+fo (s,t) . 

m (ir) Lm 

15 



A~~~epeH~~pyeM ABa paaa no 

M {ID (s) =- i 2rr s -IDg fiD ( s ). 

~ TeM ~e cnoco6oM HaxoA~M 

B o6~eM onRTb HaxoA~M /29/ ~ /30/. 
B~BOA OCTanbH~X CBOHCTB 1eiD(s,t) 

cT~. OcTaHoB~MCR TonbKO Ha eonpoce 
gfiD (s,r)E G fiD (s,r)~ nycTb 

He COCTaBnReT TPYAHO
Ma~OPHPOBaHHR. nycTb 

F ( -IDJ ( ) irt f fiD s,t)~s gfiD s , r e dt. /33/ 

npH t f= 0 nonyo.taeM 

h F(k) -ID k (h) 1 
(-it) f (s,t)=S f[(ir) gfiD (s,r)]x e rtdt. 

/34/ 

npH 3TOM, B CHny /13/ ~ /14/, np0~3BeAeH~e (ir)kgfiD(s,r) HMeeT 
B~A 

00 k j k-j-1 k • 
!. i g 0 (s)r +(ir) g{' (s,r). 

j=O LID LID 

B 3TOH cyMMe y4acTBY~T k 4neHoa c HeoTp~~aTenbH~MH cTene
HRMH r. 1-ix ~ypbe-o6paa 3aAaeTCR nHHeHHOH KOM6~Ha~~eH ~YHK
~~H 8 j( t), j =0,1, ... , k -1 /KOTOp~e nORBnR~TCR BcneACTB~e paa
p~BOB y f f~(s,t) ~ ee npo~3BOAH~x/. Hx cneAyeT oT6pocHTb, no-

TOMY 4TO ycnoe~e /23/ B /1! He 3aTparHBaeT 3Ha.LieHHR ~YHK~HH 
CfiD(s,t) np~ t=0.3Ta npocTaR onepa~~R, KOTOPY~ M~ o6oaHa4H
n~ HHAeKCOM X K CK06Ke B /34/, COOTBeTCTByeT onepai.IHH 
nepexoAa OT geiD(s,r) K g~~(s,r) H gf~(s,r) a nepeoH 

4aCTH AOKa3aTenbcTea AaHHOH TeopeM~. Ecn~ k > 0 HnH h > 0, 
~3 /34/ cpaay nony4aeM 

h Fk h 
ltllf (s,t)l~l!. 

j=D 
ikh! k! f rk-jg;-j(s ,r)eirt dtJ 

j! (h-j )! (k-j)! ID /35/ 

A hk 
5: Oo (s)co , - LID LID 

hk h h!k! k-jAh-j 
c f = !. -- f I r I gf (r)dr. 

ID j=D j!(k-j)! ID x 

k·j h-j 
np~ 3TOM H 3AeCb 3HaK X HanoM~HaeT, '-ITO lrl gf ~) Ma-

k·j h-j IDx 
~op~pyeT ~YHK~~~ r go (s,r) nocne Toro, KaK y gfiD 

LID x 
OT6poweH~ 4neHbl CO CTeneHRMH r BblWe ~n~ paBHblM~ -k, TaK 4TO 

16 
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~HTerpan~ CXOARTCR. CoOTHOWeH~e T~na /35/ B~BOA~TCR ~ np~ 
h =0, XOTR ~ AnR C f! nonyo.taeM B~pa~eH~R, OTn~o.tH~e OT B~we
np~BeAeHHOrO. B 3TOM cnyo.tae noA ~HTerpanoM 6yAeT ~YHK~~R 

k 1 A 

[(ir) gfiD (s,r)] x, KOTopaR np~ r -+ ± oo ~co.teaaeT KaK r- • H gfiD (r) 
He RBnfteTCR HHTerpHpyeMOH. B~AenHM o.tneH, COAep~a~HH r-1: 

[ ( i r) kg fiD ( s • r )] x = [ (i d gfiD ( s • r )] 0 + [ (i r) kg fiD ( s • r )] 1 • 

rAe 

[(ir) kg fiD(s ,r)]o = 

{ ~kgk (s).!.. 
fiD r 

np~ I r I< P • 

npH I r I~ p • 

npHo.teM P - HeKoTopoe nono~~TenbHoe 4~cno, a ~YHK~HR 
( (ir )kg fiD (s,r)) 1 HC4e3aeT KaK r - 2 

• B COOTBeTCTB~~ C 3T~M 
Fk A A k A k 

lfo (s,t)l5: 0 0 (s)(f 0 (t)+f 0 (t)), 
LID - LID LIDO LID1 

A k k A 

f 0 (t)~ flrl g 0 (r)dr, 
LID 1 LID 1 

np~4eM ~HTerpan CXOA~TCR. C APYrOH CTOPOH~, 

A A k k irt 
0 0 (s)lfo (t)l= I f[(ir) go (s,r)]

0
e dr I = 

LID LIDO LID . 

k • p 1 irt +oo 1 irt 
~ I go (s) 1·1 f - e d r + f - e d r I LID r r _.,. p 

k +oo 1 
= 21 go (s) I ·I f - sin r t drl . 

LID p f 

HHTerpan, ~ryp1o1py~HH 3Aecb, o4eB~AHO, Ma~opHpyeM /~ 
Aa~e MO~eM B~6paTb p TaK, 4T06~ OH npOCTO HC4e3an/. 

np1o1 Han~4HH /35/ Ma~OpHpOBaHHe f r:(s,t) npoBOAHTCR 

cnoco6oM, npHMeHeHH~M np~-1 AOKaaaTenbCTBe TeopeMbl 1. AHano
r~4HO Ma~op~py~TCR ~ OCTaT04H~e CyMM~ f: (s,t) ~ ~X npo~a

LIDn 
BOAH~e ff(k)(s ,t). B~4~TaHHeM fr (s,t) OT ff (s,t) HaXOAHM, 

x IDn ID ID 
4TO f fiD(s,t) YAOBneTBOpReT ycnOB~~ 6~CTporo ~C4e3HOBeHHR. 

3. ~YPbE-06PA3 fnAAKO~ 4ACTH PErYnRPHO~ KOMnOHEHT~ 

OcTaeTCR paccMoTpeTb ~YHK~HIO g 0 (s,y) - ~ypbe-o6paa OT 
rnaAKOH 4aCT~ fo(s,x) perynRpHoH KOMnOHeHT~ ~yHKI.IHH f(s,X)/11/. 

HanoMHHM CBOHCTBa ~yHKLIHH f 0 (s,x): 
1. 06~4H~e ~YHK~HH onpeAeneH~ npH BCeX Be~eCTBeHH~X X 

H S<S 1 • 
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2. HMeiOT pa3IlOlKeH11.A no CTeneH.AM S OT v
0 

AO v0 (v0 ~;v0 +£ ) . 
3. np11 ecex x 11 np11 s < s 0 ,rAe so< s 1 MOlKeT 3ae11ceTb aT 

Bb16opa f0(s,x), 6ecKoHe4HO A11<1><1lepeHL.111PYeMbl no x • 
4. 0cTaT04Hble cyMMbl fri'n ( s, x) pa3IlOlKeHI1.A f 0(s ,x) no cTene-

H.AM S AOnycKaiOT MalKOPI1POBaHI1e 

If ~~ (s , x ) ! ~ ~ n(s)C
0
in (x) , /36/ 

"" n A · 

rAe o n(s): s --- 0, a r 1 (x) orpaHio14eHbl B n106oM KOHe4HOM 
s -+ 0 on 

lo1HTepeane Ha OCI1 X· /npl1 X -> ± oo OHI1 MOryT pacn1 CKOilb yrOAHO 
6blcTpo/. H3-3a 6blcTporo pacTa ¢lyHKl.llo111 fo(s , x) np1o1 X-+± oo , 

ee ¢lypbe-npeo6pa3oBaHio1e go(s,x) /7/ .ABHO He MolKeT 6b1Tb 
o6bi4Hoi1 <I>YHKL.1ioiei1. Ho, KaK lo13BecTHO 

15
•
6

•
8 1

• np1o1 KalKAOM s < so 
OHO cy~eCTByeT B MHOlKeCTBe o6o6~eHHbiX $yHKL.11o1H Z'(y) -aHa
Illo1Tio14eCKio1X <I>YHKl.lioiOHanoe HaA <I>YHKL.111.AMI1 KI1acca Z(y).<!>yHKL.Iioi.A 
g 0(s,x) /7/ np1o1 s < so onpeAeileHa KaK aHail11Tio14ecKI-1i1 <I>YHK
L.II10Han Ha eceii nnocKOCTI-1 y - KOrAa lo1HTerpioipoeaHI1e ioiAeT 
He TOilbKO BAOilb Be~eCTBeHHOH OCI1 y, HO lo1 Ha Ili060H Kpi1BOH L 
/3TO, KOHe4HO, He 03Ha4aeT, 4TO B Cily4a.AX, KOrAa $yHKL.IIo10-
Hail 

J(s) = f g
0
(s ,y) t/J(y)dy /37/ 

peryn.ApeH, T . e. KOrAa g 0 (s,y) np1o1 1)111KCioipOBaHHOM S .ABil.AeTC.A 
00b14HOH $yHKL.11o1eH, OHa AOillKHa 6b1Tb aHaillo1Tio14eCKOH Ha Bceii 
nnocKOCTI-1 Y I. 

TaK KaK f 0(s,x) np1o1 KalKAOM s RBil.AeTc.A MyilbTio1nillo1KaTopoM 
HaA D(x), TO g 0(s,y) 6yAeT ceepTbiBaTeneM HaA Z(y). 3To 
CBOHCTBO xapaKTeplo13yeT g 0 (s,y) np11 KalKAOM 3aAaHHOM S, 

HO OHO He AaeT B03MOlKHOCTio1 C$OpMyi111POBaTb YCI10Bio1e MalKOPio1PO
BaHio1.A. no3TOMY Mbl no1o1~eM lo1HYIO xapaKTeplo1CTio1KY Ail.A <I>YHKL.IIo1H 
go(s , y), 3aTparlo1BaiO~yiO 6onee HenocpeACTBeHHO ee CTPYKTYPY· 

OnpeAeneHioie 7. nycTb D(x,a)- MHO)f(eCTBO <I>YHKL.111H ¢(x) 
113 D(x), TaKI1X, 4TO ¢(x)=O np11!xl~ a (a > 0), a Z(y,a)- MHo
lKeCTBO 1o1x <I>YPbe-npeo6pa3oBaHHi11/J (y)15

•
6

/ MHOlKeCTBo G o< s. Y) 
COCTaBileHO 1-13 o6o6~eHHbiX <I>YHKLIHH g Js,y ), KOTOpble npH KalKAOM 
S< SO npHHaAJlelKaT npOCTpaHCTBy Z ' (y), T . e. np1o1 Ili060M a> 0 
OHI1 .ABil.AIOTC.A aHailHTio14eCKHMH $yHKL.1110HailaMH HaA $yHKL.IIo1RMH 
t/J ( y) 1-13 i ( y ,a), pa3IlOlKI1Mb1Mio1 no cTeneH.AM s np1o1 v0 ~ n ~v 0 
( v0 ~v0 +£) , npH4eM OCTaT04Hble cyMMbl 3TOrO pa3IlOlKeHH.A YAOB
IleTBOp.AIOT HepaeeHCTBaM 

k A Ak 
lfy g~n(s , y)t/J(y)dyl ~ 0

0
n(s)g

0
n(a)llt/lll (k=0,1 ,2 .... ). /38/ 

npl-1 3TOM 111/1 II - HOpMa 1/J(y) B L 2(y), o on(s ) : s n ... 0 (s ... o), 
Ak 

a g (a) - ¢lYHKL.111H, KOTOPble onpeAeneHbl np1-1 a > 0 1-1 orpaHH4e-on 
Hbl B Ili060M KOHe4HOM 11HTepsane. 0HH MoryT paCTI-1 CKOilb yrOAHO 
6biCTpO C B03pacTaHHeM a 11 k ; · 

TeopeMa 4. ¢lypbe-npeo6pa3o,BaHHe nepeBOAHT KalKAYIO ¢lYHKL.11110 
r 0 ( s , x) 1-13 F 0 ( s ,x ) B ¢lyHK1.1HIO g0 ( s,y) 1-13 G0 (s , y) /KoTopa.A 
YAOBileTBOp.AeT onpeAeileHI-110 7/, 11 KalKAa.A ¢lyHK1.11-1.A g 0 (s,y) 113 
G 0(s,y ) nyTeM I o6paTHoro/ ¢lyp be- npeo6pa3oBaHH.A nep~XOAHT 
B ¢lyHK1.11-110 fo(S, X)I-13 F o(s ,x ) . npl-1 3TOM Vo , vt) , so 1-1 o on(s) 

A k A k 
y f 0(s ,x ) 1-1 g 0(s ,y) OA11HaKOBbl, a g (a) 1-1 f (x) CB.A3aHbl Hepa-on on 
BeHCTBaMI-1 

-k a Ak 
g (a) ~ -

2
1 f f ( x) dx , 

on - 11 -a on 

A k d A k 
f ( x ) :0:: 2TTI -- g (a) ! 

on - da on a=x /39/ 

B caMoM Aene, nycTb f 0 (s,x) - HeKoTopa.A ¢lyHKL.1H.A 1-13 F0 (s, x) , 
a g 0 (s,y) - ee ¢lypbe-o6pa3. 04eBI1AHO, g 0(s,y) cylJ1eCTsyeT 
KaK nocneAOBaTeilbHOCTb o6o6~eHHbiX ¢lYHKLIH~ 113 Z'(y) , 3neMeHTbl 
KOTopoi1 xapaKTepl13yiOTC.A napaMeTPOM s. BB11AY paeeHCTBa nap
ceean.A, 113 /7/ HaXOA11M 

I(s) = ~ f (iy ) k g* (s ,y )l/J(y)dy = [ f * k (s, x )¢( x ) dx 
k! on on 

/40/ 

1-1, CileAOBaTeilbHO, BB11AY /36/, 
A Ak A A ' 

\I(s) l;;; o (s)J f (x ) J¢( x )! dx :; o ( s)gk(a ) lll/111 . 
on on - on on 

,. k 
rAeg

0
n(a) 3aAaeTC.A 4epe3 /39/. 3THM nepea.A 4aCTb TeopeMbl 

AOKa3aHa. 
npHMeM Tenepb, 4TO 

BBOAHM ¢lYHKl.IHIO f 0 (s ,x) 
npOI-13BOAHble f *( kl (s , x) on 

g 0(s, y) - 3aAaHHa.A ¢lyHK1.1H.A 113 G 0(s , y ). 
1-1 TeM CaMbiM ee OCTaT04Hble cyMMbl 11 HX 

4epe3 /40/. 04eB11AHO, OHI-1 cy~eCTBYIOT 

XOT.A 6bl KaK nOCileAOBaTeilbHOCTI1 o6o6~eHHbiX <I>YHKL.II-1~ Knacca 
D '(x ) , xapaKTepH3yeMbiX napaMeTpoM s /Mbl e~e He MOlKeM yT
eepw.AaTb, 4TO OH11 .ABil.AIOTC.A o6bi4HbiMI-1 ¢lYHK1.111.AMI-1 , nOTOMy 4TO 
a ¢lYHKLIH.AX Knacca Go(s,y) 113BeCTHO, 4TO OH11 YAOBileTsop.AIOT 
/ 38/, HO noKa He I-13BeCTHO, .ABil.AIOT C.A Ill-1 OHI-1 CBepTb1BaTeil.AMI1 
HaA Z (y). 06o3Ha4a eM 

J (s) =f f * (k{s,x) ¢ (x) dx = 2TT J(- i y)kg * (s,y)l/J(y)dy (¢(x)<= D (a)). 
on on 

BBHAY /38/, HaXOA11M 

JJ (s)J ;;; /if * (k)(s ,x ) Jdx . J I¢1! = 2TT~0n(s)g~n(a)!J¢JJ . /41/ 
- a 



<l>yHK~I-11-1 ¢(x) e D(a) Ran.RIOTC.R nnoTHbiM noAMHO)f(eCTaoM a L
2

(a) 
(-a~ X ;;'; a ) no TOnOJ10f"l-1-lo1 a 3TOM IKe npocTpaHCTae, 0TCIOAa no 
TeopeMe XaHa-6aHaxa 19 1 cneAyeT, 4To HaHAeHHa.R o~eHKa 
6yAeT cnpaaeAJ11-1aOH, eCJll-1 ab16!-1paTb a Ka4eCTae ¢ (x) 11106y10 
<I>YHK~I-110 1-1s L

2
(a) . Ho TOrAa no TeopeMe P1-1cca f * k(s , x) 

KaK ()>yHK~I-11-1 OT X npl-1 KaiKAOM ab160pe ll , k 1-1 S c0~0A.RTCR K 
06b14Hb1M (J>yHKlti-1.RM I-1S L 2 (a), KOTOp~e a 1-1HTepaane -a s: x S: a 
MaiKOPI-1PYIOTCR ()>yHK~H.RMI-1; (s)g k (a) /41/ . Ho OTCIOAa, - Ka~ 

on on 
I-1SaeCTHO / S/, CJleAyeT, 4TO f J'n ( S , X) AI-1<J><J>epeH!ti-1PYeMbl 1-1 -B 

00bi4HOM CMbiCJle a 1-1HTepaane (-a.gt~ a) , 1-1 HX npOI-1SBOAHble sa

AaiOTCR 4epes /40/. A TaK KaK ace cKasaHHoe HMeeT MecTo np~-1 
nl06oM a , 1-1s /41/ cneAyeT, 4TO f~n(s,x) onpeAe!leHbl, 6ecKo
He4HO A1-1<l><l>epeH~!-1pyeMbl 1-1 YAOa!leTaop.RIOT ycnoe1-110 MaiKopHpoaaHI-1R 
/39/ np!-1 Jli060M X . 3T!-1M 1-1 BTOpa.R 4aCTb TeopeMbl AOKaS~Ha. 

np!-1Me4aH!-1e. TaK KaK o6paTHbiH <J>ypbe-o6pas KaiKAOH ()>yHK~I-11-1 
1-1s Knacca Go(s,y) sen.ReTCR o6bi4HOH <I>YHK~HeH K!lacca coo , 

T.e. RaJl.ReTC.R MYJlbTI-1n!lHKaTopOM HaA D, TO C!leAyeT, KaK 6bl110 
ynOMRHYTO, 4TO (J>yHK~I-11-1 go(s,y), SaAaaaeMble yCJlOa!-1eM /38/, 
6YAYT ceepTblaaTe!l.RMH HaA Z(y). 

<l>opMyJll-1pOBKa TeopeMbl 4 1-1 ee AOKasaTeJlbCTBO 6bl!ll-1 yT04HeHbl 

npH noM~I-1 B.C . BnaAI-1MI-1poea 1-1 H.K.roPAI-1eaa. 

4. <I>YPbE-06PA3 rilAAKOtl 4ACTH PErYil.RPHOtl KOMnOHEHTbl 
B MHOlKECTBE 06bi4HbiX <I>YHKL.(Htl 

nepeHAeM K aap1-1aHTY B: Cys1-1M MHOIKecTeo rnaAKI-1 X 4acTeH 
peryJl.RpHbiX KOMnOHeHT fo (S,X) TaK, 4T06bl npH COCTaBJleHI-11-1 1-1X 
<J>ypbe-o6pasoe g

0
(s , y ) HaM He npi-1XOA1-11lOCb BbiXOAI-1Tb sa npe

Ae!lbl TeOpl-11-1 06bi4HbiX c)>yHK~I-1H. 3Ta SaAa4a, ecTeCTBeHHO, 
MOIKeT !-1MeTb paSJli-14Hble peweHI-1.R. Mbl AaAHM OAHO, Ha HaW BSr!lRA, 
AOBOJlbHO o6~ee 1-1 ecTeCTaeHHOe c)>OpM!-1poaaHHO e 

OnpeAeneH!-1e 8. 06osHa4!-1M 4epes F0 ~. x) MHOIKeCTBO ecex 
QJYHK~I-1H f 0 (s , x) , I-1Mei0~1-1X ace CaOHCTBa c!JYHK~HH .(0(s , x ) , 
yKasaHHbiX e eap1-1aHTe A , sa I-1CK!ll04eHI-1eM MaiKopHpoeaHI-1.R. B sa

MeHe npeAnO!lOIKHM, 4TO QJYHK~I-1.R f 0 (s ,X) npl-1 S < SO , rAe s0 
MOIKeT saBHCeTb OT Bbi60pa f 0(s ,X), npeACTaa!-1Ma a BI-1Ae 

too j -j 1 oo j -j X 
f0 (s,x)=~f 0 (s)x + - ~ f0 (s) x t f

0
(s,x). /42/ 

J= - oo 2 J- -oo 

. · { xi np~-1 X> O 
KaK yiKe 6blno cKasaHo, ! l = XJ sgn x = . ' . Han1-141-1e 

-x l np~-1 x < O 

ABY X CYMM B /42/ OSHa4ae T, 4TO paSJlOIKeHHe f 0 (s,x) no CTeneHRM 
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X npl-1 X> 0 1-1 x < O MOIKeT !-1MeTb paSJli-14Hble l<034>Qll-1~!-1eHTbl: 

f~ (S) + i J~(S)!-1 f (s)- i .!_ (s). Ko3$!>H~I-1eHTbl rJ (s) 1-1 f~ (s) Ran.R

IOTCR QJyHK~H.RMI-1 THna /1/ a 1 1 1 , T.e. npeACTaaHTeJlRMH aCHMnTo-
TI-14eCKH~ 41-1~en, CTeneHH KOTOpbiX vJ . ~ V 5 . orpaHH4eHbl 
CHHsy: 'OJ .vJ ~ v 0 • KorAa j ... - oo , f~(s) 1-1 .!~ (s) npH n106oM 
s < s 0 CTpeMRTCR K HYJliO TaK 6biCTpo, 4TO 

i --..:-j- i . 

lim v' i I I f 0 ( s ) I = lim v i ! 1.! ~~ ( s) I = 0 
i -+oo i -too 

(i =-j ) . /43/ 

. j 
HHKaKI-1e APYrl-le ycnoaH.R Ha f~ (s) 1-1! (s) He CTaB.RTCR. 3TO 
SHa4HT, 4TO eaepx /npl-1 j ... +oo I PRAbl MoryT pacXOAHTb<:.R CKO!lb 
yrOAHO 6biCTpO, OHI-1 aCHMnTOTI-14eCK!-1e, H HX CyMMbl C!leAyeT 
HaHTH no OOCTpOeHHIO 4. npl-1 3TOM OC06eHHOCTH, KOTOpble 4JleHbl 
C j > 0 I-1MeiOT a T04Ke X= O, a TaKIKe 1-1 paspblabl SHaKonepeMeH
HbiX CTeneHeH npH j ;£ 0, I-1C4eSHyT. 0CTaT04HbiH 4JleH f~ ( S, X) 
paSJlOIKeHH.R /42/ no CTeneH.RM X .Ran.ReTC.R <)lyHK~I-1eH Tl-1na f 0(s,x) 
CTeneHH Vo 1-1 T04HOCTH v0 ( v0 ~v O + f), KOTopa.R YAOaneTaOp.R
eT ycnoa~-110 6blcTporo I-1C4eSHoaeHH.R: 

I f X * j( s . X ) I < ~ ( s ) f j (X ) • 
on = on on 

npl-14eM On(s):sn ... Q,a f
0
jn(x) noBCIOAY . orpaHH4eHbl 1-1 6b1CTPO HC4e

saiOT np~-1 x ... ± oo . PasnoiKeHHe /42/ AaiKe npH QJHKCHpoeaHHOM 
abl6ope cnoco6a cyMMHpoaaHH.R acHMnTOTI-14eCKHX R.RAOa HeOAHO
sHa4HO: HMeiOTCR QJYHK~HH TaKHe, Hanp. , KaK e-x

2
, KOTOpble 

paSJlOIKHMbl no CTeneH.RM X 1-1 B TO IKe BpeM.R 6biCTpO ~C4eSaiOT 
npH X ... ± oo , a HMeiOTC.R 1-1 ()>yHK~I-11-1 , TaKHe, KaK e -eX 1-1!11-1 <)lypbe
o6paS OT e - ay

2 - bl y
2 (a ,b > 0), KOTOPble npl-1 3TOM YAOB!leTBOp.R-

IOT ycnoe1-110 /43/ . TaK npi-1XOAHM K 

_ TeopeMe 5. Cy~eCTeyeT HenycTOH MOAY!lb F0 (s ,x) <l>YHKI..II-11-1 
f 0 ( s_.x) Tl-1na /42/ TaKOH, 4TO, A06aBJlR.R QJYHK~I-110 f 0 ( s, x ) 
HS F 0 (s ,x) K f d:s.x) 1-1 Bbi4HTa.R ee pasnoiKeHHe no cTeneH.RM x 
HS CYMM B /42/, nony4HM HHOe paSJlOIKeHHe TOH IKe caMOH <)lyHK
~1-11-1 f 0 (s, X), 1-1 KaiKAOe pasnoiKeHHe AaHHOH cpyHK~I-11-1 f 0(s,x) MOIKHO 
nony41-1Tb 3THM cnoco6oM HS n106oro APYroro 3KBHeaneHTHoro ee 
pasnoiKeHH.R. 

HaweH ~enbiO 6yAeT AOKasaT b, 4TO cpypbe-o6paSbl cpyHK~HH 
THna /42/, T.e . npeACTaBHTeneH AaHHoro cyiKeHHoro Knacca A4>, 
SaAaiOTC.R 06bi4HbiMH QJY H K~HRMH 1-1!11-1 YT04HeHHbiMH 06bi4HbiMH 
cpyHK~H.RMH, TeopH.R KOTOPbiX HeMHoro BbiXOAHT sa npeAe!lbl o6bi4-
Horo KJlaCCH4eCKOrO aHaJlHSa, HO KOTOpble AaiOT B03MOIKHOCTb 
HaMHor~ pacwHpHTb Kna c c A<l> , cpypbe- o6pasbl KOTOpblx .RB!lRIOTC.R 
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o6bi4HbiMH <l>YHK4HfiMH /s yKa3aHHOM CMblcne/. TeopHFt yT04HeHHbiX 
o6bi4HbiX <l>YHK4HH AaHa s AononHeHHH K :noi:i pa6oTe. 

OnpeAeneHHe 8. 06o3Ha4HM 4epe3 G o(s .y) MHO>KecTeo AByx
KOMnoHeHTHbiX yT04HeHHbiX o6bi4HbiX <l>YHK4HH - c OAHOH oco6oi:i 
T04KOH y0 ~ 0, y KOTOPbiX K03<t><l>H4HeHTbl - A4, a OCTaT04HbiH 411eH -
A<!>, see c OAHOH H TOH >Ke T04HOCT biO H c orpaHH 4eHHbiMH CHH3Y 
CTeneHfiMH: 

-t<>o (- j ) -t<>o 1 (- j ) X 

g0 (s,y) = l g. (s)(l..) + l g . (s)(-) + g
0

('s,y) , 
j=-<><> OJ Y j =-oo OJ Y 

/44/ 
(I/. , V. ::? II X ; V * , V. = V X * ) . 

.J .) - J J-

nepBbiH PfiA 3AeCb yT04HeH B CMblcne /,l\.27/, a BTOPOH -
e cMblcne - /,l\.28/. Cyl!leCTByeT 4HCno s 0 >0. TaKoe, 4To g

0
j(s) 

H g oj (s) orpaHH 4eHbl npH n106oM s e HHTepeane s' < s < s 0 • 

CyMMHpoeaHHe acHMnTOTH4eCKHx PfiAOB e /44/ npoH3BOAHTCfl no 
nocTpoeHHIO 4 TaK, 4TO $yHK4Hfl g~(s , y) 6eCKOHe4HO AH$$epeH-
4HPYeMa no y, npH4eM ocTaT04Hble cyMMbl ee pa3no>KeHHfl no 
CTeneHfiM S H HX npOH3BOAHble no Y YAOBneTBOpfiiOT ycnOBHIO 
6biCTporo HC4e3HOBeHHfl npH· y - 0. 

TeopeMa 6. Pa3no>KeHHe /44/ HeOAH03Ha4Ho. Cy111ecTeyeT 
HeKOTOPbiH MOAY11b G 

0
(s,y) <l>YHK4HH g0(s,y) THna !:(0 (s,y), TaKoi:i, 

4TO A06aenflfl ee K g~(s,y) H Bbi4HTafl ee pa3no>KeHHe H3 cyMM 
B /44/, Mbl nony4aeM HHOe pa3110>KeHHe TOH >Ke <!>YHK4HH H 3THM 
cnoco6oM Mo>KeM nony4HTb eecb Knacc pa3no>KeHHH AaHHOH <t>yHK-

4HH go(s,y) . _ -ay 2-IJ / y2 
npHMepOM $yHK4HH g 0 (s,y) MO>KeT cny>KHTb e 
nocne Toro, KaK Knaccbl F 0(s ,x) H G 0(s,y) e eapHaHTe B yKa-

3aHbl, Mbl Mo>KeM c<t>opMynHpoeaTb 

TeopeMy 7. <!>yHK4HH f 0(s,x) H3 Knacca F 0(s ,x) HMeiOT <t>ypbe

o6pa3bl B MHO>KeCTBe G 0(s,y), a <!>YHK4HH g 0(s ,y) H3 G0 (s,y) HMeiOT 
o6paTHble <t>ypbe-o6pa3bl e MHO>KecTee F0 (s ,x). Y4HTbiBafl HeOAH0-
3Ha4HOCTb pa3110>KeHHH /42/ H /44/, Mbl MO>KeM noTpe6oeaTb e111e, 
4T06bl nap4Ha1lbHbiM CyMMaM PfiAOB B /42/ npH j ~ J, rAe J -He
KOTOpoe 4enoe /y6b1Bai0Uiee/4HC110, COOTBeTCTBOBanH nap4Ha1lbHble 
CyMMbl npH TOM >Ke J B /44/ H Ha060pOT. TorAa T04HOCTH 
H cTeneHH, a TaK>Ke K03$<l>H4HeHTbl 4neHoe e I 42/ 6YAYT coena
AaTb C T04HOCTFIMH, CTeneHfiMH H K03$$H4HeHTaMH COOTBeTCTByiQ
IliHX 411eHOB B /44/. 3THM o6ecne4eHO TO, 4TO pa3HOCTH PfiAOB 
B /44/ H $ypbe-o6pa3bl PfiAOB B /42/ fiB11fiiOTCfl 6biCTpO HC4e3ai0-
111HMH npH y .... Q <!>YHK4HfiMH THna g~(s,y), · a pa3HOCTH PfiAOB 

B /42/ H $ypbe-o6pa3bl PfiAOB B /44/ fiB11fiiOTCfl 6b1CTPO HC4e3al0-
llii-1MI-1 npl-1 X -+ ± oo <!>YHK4HfiMH THna f~(S,X). 0CTaT04Hble 411eHbl 
f~(S , X) 1-1 g'Q(x,y) TaK>Ke B3aHMHO OAH03Ha4HO CBfl3aHbl, HO 
3Ta CBfl3b HMeeT 6onee C110>KHbiH BI-1At TaK KaK OHa 3aBHCI-1T OT 
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e~6paHHoro cnoco6a cyMMHpoeaHH~ acHMnToTH4eCKHX PfiAOB 
B /42/ H /44/. PRAbl B /44/ npH Ka>KAOM S < s 0 3aAaiOT YT04-
HeHHble o6bi4Hble $yHK4HH, T,e, 06bi4Hble HO HeHHTerpHpyeMble, 
H n03TOMy HX $ypbe-npeo6pa3oBaHHfl 3aAaiOTCfl KaK B TeOpHH 
o606UieHHbiX <l>YHKL.IHH: 

r lxy if g 0(s ,y)e ¢(x)dxdy = f r
0

(s,x)¢(x)dx, (¢(x) E D(x)), 

1 T -lxy - Jj f 0( s ,x) e tjl(y)dxdy= f g
0

( s,y )t/1 (y)dy 
277 

(t/l(y) e- Z(y)). 

npeACTaBHM /42/ B BHAe 

X 
f 0 (s,x)= f_(s,x)+_L(s,x)+f+(s,x)+!+(s,x)+f 

0
(s,x), 

f _(s • x) = I r _ ( s) x j • c _ ( s • x) = I r . ( s) x J . 
j=O j - j= 0 -J -

00 -j-1 00 -j-1 
f+(s,x) = l: r. 1(s)x • f (s,x) = l: f. 1(s)x • 

j=O J+ -+ j=O J+ -

C y4eTOM /.£\.29/ MO*eM TaK>Ke HanHCaTb /44/ B BHAe 

X g 0 (s ,y) = g_ (s,y) +~- (s ,y )+ g+ (s ,y )+~+ (s,y)+ g 0{s,y). 

g {s,y) = i g .(s)81 (y), 
- j=O -J-

"'" ,j -j-1 
g (s,y)= l: (-1r j! g . (s)y • 

- j=O --J 

/45/ 

/46/ 

/47/ 

/48/ 

/49/ 

/50/ 

g (s,y)= I -1 
g_ fs)y 10nlyl-c 1). /51/ 

-+ J-0 j! - J+ 

1 00 j 
g+(s,y)=-2j:0gJ+1Y • 

j-1 
(c J = l: !..i ). 

!=1 

noApa3yMeeaeM, 4TO PfiAbl /47/ H /50/ aCHMnTOTH4eCKHe npH 
X-+± oo, COOTBeTCTBeHHO npH Y ->0, HX 4neHbl CHa6*eHbl o6pe3aK>-
UIHMH MHO*HTenfiMH g /B,X) H h(x), COOTBeTCTBeHHO k lS,Y) 
H f(y), coxpaHRIOUIHMH noBeAeHHe PRAOB f_(s,x) H f_(s,x) npH X-doo 

H PRAOBg_(s,y) Hg_(s,y) npH Y-+0. -

Aanee Mbl noKaieM, 4TO c T04HOCTbiO AO 4neHoB, 6biCTpo 
HC4e3a10111HX npH X-+±oo,$ypbe-npeo6pa3oBaHHe nepeBOAHT Ka>KAbiH 
H3 nf!TH 411eHOB pa3nO>KeHHfl /46/ B COOTBeTCTBYIOIIIHH 411eH 
e /49/ H Hao6opoT. CneAOBaTenbHo, HaM npeACTOHT AOKa3aTb 

5 TeopeM, H3 ABYX 4aCTeH Ka*Aafi,O TOM, 4TO <!>YHKL.IHH THna f 
nepeXOAfiT B g 1-1 $yHKL.1HH g - B f . 

Bee 3TH TeopeMbl RB11fiiOTCfl TeopeMaMH THna TeopeM 4 H 1 
H n03TOMy He 6yAeM HX nOAP06HO AOKa3biBaTb. 0TMeTHM T011bKO 
HeKOTOpble MOMeHTbl, 

<!>yHKLIHH r_ ( s. x) /4 7 I pa3nO>KHMbl e PRA no cTeneHRM x. 
a6coniOTHo CXOARIIIHHCR npH acex x. CornacHo/ 5/ , <t>ypbe-o6pa3oM 
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x-j (j,.0,-1,2, ... ) fiBJlfleTCfl o6o6t~~eHHafl <l>YHK~I-Ifl -1 -8(·j{~).Ho 
2"i < rl< .), 

npocTpaHCTBe Z '(y) OHa SaAaeTCfl o6b14HOH <l>YHK~I-IeH - . -J . 
Y-J+l 

yT04HeHHOH cnoco60M /~.28/, TaK 4TO,nOACTa8J1AR 8 /7/, 
AI-1M nepaoe BbiPalKeHHe /50/. 

B 
1 -j 

(-). 
y 

Haxo-

<!>yHK~HH f _ (s,x) TOlKe paSJlOlKHMbl nO CTeneHRM X , XOTR K03<!>

<l>t-1~1-1eHTbl paSJlOlKeHI-Ifl npl-1 X> 0 H X< 0 OTI11-!4aiOTCfl no SHaKy, T, e. 
. / 5/ . 

OHH pasnolKHMbl no !J • CornacHo , <l>YPbe- o6pas xJ saAaeTcR 

4epes npoHSBOAHYIO (.!... )( -j) , yT04HeHHYtO cor nacHO I A, 29/. 
y 

noACTaBJlfiR B /7/, HaXOAHM BTOpOe COOTHOWeHHe /50/. 

A6COJ1tOTHaR H paBHOMepHaR CXOAHMOCTb PRAOB /50/, 04e8HA
HO, o6ecne4eHa yCJlOBHeM /43/, TaK 4TO OHI-1 SaAaiOT o6bi4Hble 
<l>YHK~HH. 06peSafOIIIHe MHOlKHTeJlH THna f(y) HYlKHbl TOJlbKO, 4T06bl 
o6ecne4HTb 6blcTpoe HCI.Ie3HoaeHHe npH y ... ± oo, MalKOPHPOBaHHe 
CileAyeT HS CXOAHMOCTH. no3TOMY nepeXOA HS /50/ B /47/ ocy

lileCTBJlfleTCR aHai10rH4HO, 
C <l>YHK~Hf!MH THna f (s,x) 1-1 g (s,y) Mbl ylKe BCTpe4aJ1HCb. 0HI-1 

+ + 
HMetOT T04HO TaKHe lKe xapaKTepHCTHKH, 4TO 1-1 gf (s,r) /onpeAene-
HHe 3/ 1-1 ffm (s,t) /onpeAeileHI-!e 8 e I ll I ,npH <!>OPmMaJlbHOH saMeHe 

gfm H r Ha f+ 1-1 X, H, COOTBeTCTBeHHO, ffm H t Ha g+ 
H y. Bee eonpocbl o CBHSI-1 K03<l><!>H~I-!eHTOB e nepBblx paeeHCTBax 

/48/ H /51/ 6biJ1H paCCMOTpeHbl B TeOpeMe 3. 
4TO KacaeTCR <l>YHK~HH THna _!+(s,x) H_g+(s ,y), TO OHH paccMaT

pHBatOTCR KaK B npeAbiAYiileM CJ1y4ae. CBRSb MelKAY K03<l><!>H~HeHTa
MI-1 SaAaeTCR <!>OpMyJlaMI-1 Ha CTp, 449 H 450 B / 5 /, 

HaKOHe~. <l>YHK~I-IH r;{s,x) 1-1 g~(s,y) HMeiOT TaKHe lKe CBOHCT&a, 

4TO 1-1 ff:(s,t) H gfm(s,r), npH <l>opMaJlbHOH saMeHe t ,r 1-1 fm 

Ha x , y 1-1 0. I<Jlaccbl FQx(s,x) H G ~ (s,y) ceRsaHbl <!>ypbe-npe

o6pasoeaHHeM, OAHaKo f~(s,x) H g~(s,y) e /42/ H /44/ He 
RBilfltOTCR <!>ypbe-o6pasaMH APYr APYra, noToMy 4TO cnoco6bl cyM
MHpoeaHHH aCHMnTOTH4eCKHX PRAOB /48/ H /51/, KOTOpble Mbl 
C04J1H AOnyCTHMbiMH, TaKOBbl, 4TO <!>ypbe-o6pas <l>YHK~HH /48/ 
OTJ1H4aeTCfl OT /51/ <l>YHK~HeH THna g~ (s,y),a o6paTHbiH <l>YPbe
o6pas <l>YHK~HH /48/ OTJ1H4aeTCR OT /51/ <l>YHK~HeH THna f~(s,x). 
no3TOMY, eCJlH f 0 ( s · ,X) H g 0(s,y) CBf!SaHbl <!>ypbe-npeo6pasoea
HHeM, TO, 04eBHAHO, 6yAeT BSaHMHO-OAHOSHa4HOe COOTBeTCTBHe 

MelKAY f if (s,x) H g ~ (s,y ), HO OHH, B o6t~~eM, He 6YAYT <!>ypbe
o6pasaMH APYr APyra. 4T06bl AOKasaTb MalKOPHPOBaHHe, AOCTa
T04HO Bbl4eCTb <l>YPbe-o6pas /46/ HS /49/ HilH o6paTHbiH <!>ypbe
o6pas /49/ HS /46/ H y4eCTb, 4TO ace OCTaJlbHble paSHOCTH, 
KOTOpble noJ1y4aTCfl, 6yAYT <l>YHK~Hf!MH THna g~( S ,y), COOTBeT

CTBeHHO f ;(s ,X). 
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3THM eonpoc o <l>YPbe-npeo6pasoeaHHH e eapHaHTe B peweH. 
B CMbiCile onpeAeileHHH, KOTOpble 6biJ11-1 AaHbl, <l>YPbe-npeo6paso
eaHHe <l>YHK~HH fo(s,x) /42/, a CJleAOBaTeJlbHO, H BCeH <l>YHK~HH 
f(s,x) /11 I npH 3TOM Bb16ope f 0(s,x) saAaeTCH yT04HeHHbiMH 

00bi4Hb1MH <l>YHK~HRMH /44/. noBTOPHM e111e pas, 4TO 3TH <l>YHK~HH 
6biJ1H HaseaHbl 06b14Hb1MH B TOM CMbiCJle, 4TO OHH SaAaiOTCfl CBOH
MH SHa4eHHfiMH, KOTOpble COOTBeTCTBYIOT SHa4eHHfiM apryMeHTa 
Y (y f. 0). Ho OHH, KaK H HX npoo6paSbl /42/ t HeHHTerpHpye
Mbl, H n03ToMy npRMoe H o6paTHOe <!>ypbe-npeo6pasoeaHHH, 
KOTOPbiMH OHH CBHSaHbl, SaAaiOTCfl He o6bi4HbiMH npaBHJlaMH <!>ypbe
npeo6pasoBaHHfl, a npH nOMOIIIH BblpalKeHHH /45/, xapaKTepHbiX 

AJlH TeopHH o6o6t~~eHHbiX <l>YHK~HH. B AaHHOH, AOBOilbHO ecTecTBeH
HOH TeOpHH OKaSaJlOCb, 4TO BblpalKeHHfl THna /~4/ MOlKHO yT04HHTb 
pa3J1H4HbiMH cnoco6aMH, H n03TOMy <l>YHK~HH /44/ OKa3aJ1HCb ABY-
3Ha4HbiMH /HJlH T04Hee - ABYXKOMnOHeHTHbiMH/ yT04HeHHbiMH 06bi4-
HbiMH <l>YHK~Hf!MH. 

0TMeTHM, 4TO y g
0
(s,y) TOilbKO OAHa OC06af! T04Ka - npH Y=0. 

3To CBfl3aHO C Bbi60pOM npeACTaBJleHHfl /42/, 3aAa10111ero aCHMn
TOTHKy f0 (s,x) npH X-+! oo, ECI1H B npaBOH 4aCTH /42/ BCTaBHM 
MHOlKHTeJlb e -iy oX , TO OC06af! T04Ka y g0 (s,y) nepeABHHeTCfl 

B Y=Yo. ECI1H B Ka4eCTBe f 0 (s,x) B03bMeM CYMMy TaKHX <l>YHK~HH 
C pa3J1H4HbiMH 3Ha4eHHfiMH Yo , TO g 0(s,y) 6yAeT MHOr03Ha4HOH 
YT04HeHHOH <l>YHK~HeH 06111ero THna,TqKOH, KaKHe paCCMOTpeHbl 
e ,llononHeHHH. 

EcnH C04TeM, 4TO HsnaraeMbiH SAeCb eapHaHT B CilHWKOM yc
IlOlKHeH ,Mbl MOlKeM ynpOCTHTb TeOpHtO, OrpaHH4HBaf!Cb 6011ee npo
CTbiMH BblpalKeHHRMH AJlfl f 0(s,x ), 4eM I 42/. A HMeHHO, ecnH 

XOTHM pa6oTaTb OAHOSHa4HO YT04HeHHbiMH <l>YHK~Hf!MH, AOCTaT04HO 
OCTaBHTb OAHH HS PHAOB B /42/. Ec11H XOTHM, 4T06bl paSJlOlKeHHfl 
/42/ H /44/ 6bi11H OAHOSHa4HbiMH, CileAyeT o6opBaTb Pf!Abl AO 
j ~ J( < 0). ECJlH He XOTHM nOJlbSOBaTbCfl TeOpHeH o6o6t~~eHHbiX 
<l>iHK~HH, MOlKeM npeAnOJlOlKHTb, 4TO j ~ 0. ECI1H He XOTHM nOJlb
SOBaTbCfl o6pesatOIIIHMH MHOlKHTeJlf!MH, npeAnOJlOlKHM, 4TO PHAbl 
/42/ H /44/ CXOAfiTCfl paBHOMepHO H a6COJ110THO He TOJlbKO BHHS, 
HO H BBepx, Bee lKe peSyJlbTaT OCTaHeTCfl HeTpHBHaJlbHbiM, 

BapHaHT B, npeACTaeneHHbiH SAeCb, saMe4aTeneH TeM, 4TO 
cyt~~eCTBOBaHHe <l>YPbe-o6pasa o6ecne4eHo AJlH o4eHb o6wHpHoro 
KJlacca <l>YHK~HH /42/. 

,liOnOllHEHHE 

noHHTHe yT04HeHHOH 06b14HOH <l>YHK~HH 

KaK HSBeCTH0,06b14Hble <l>YHK~HH g(y) 3aAatOTCfl CBOHMH SHa-
4eHHfiMH npH KqlKAOM SaAaHHOM SHa4eHHH apryMeHTa Y /6yAeM 
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C4HTaTb ero ee~ecTBeHH~M, npo6era~HM ace 3Ha4eHH~ OT -~ 
AO +~. a caMH ~YHK~HH 6yAeM C4HTaTb 6ecKoHe4HO AH~epeH
~Hpye~MH, npH4eM HX npOH3BOAHWe 3aAa~TC~ no o6~4HOMy, 
KnaccH4ecKoMy cnoco6yi.06o6~eHH~e ~YHK~HH Co6oneea-Weap~a 
g~(y) 3aAa~TC~ 3Ha4eHH~MH Henpep~BHOrO nHHeHHOrO ~YHK~Ho
Hana 

J [ 1fr ] = f g~ (y ) 1fr ( y) dy • 111 

KOTOP~H ycnOBHO 3anHCaH B BHAe HHTerpana. ~YHK~HH lfr(y) npH
HaAne~aT HeKOTOPOMy nnOTHOMY nHHeHHOMY MHO~eCTBY 6eCKOHe4HO 
AH~epeH~HpyeMblx ~YHK~HH, HanpHMep D(y) , S(y) , Z(y) 
H T ·A. / 5/ , npH4eM HX npOH3BOAHWe lfr(~) (y) npHHaAne~aT TOMY ~e 
caMoMy MHo~ecTey. TorAa ~yHK~HoHan~ 

[if> [lfrJ=(-l)f J[lfr(f) l=(-l)f f g~(y)tfr(f}(y)dy 12/ 

(f =0,1,2,l no onpeAeneHHIO ,3aAa~T npoH3BOAHWe g<~ (y) o6o6~eHHOH 
~yHK~HH g~ (y). MHO~eCTBa ~YHK~HH, COOTBeTCTBy~HX 3THM ABYM 
onpeAeneHH~M, He coenaAa~T. 0TC~Aa ao3HHKaeT noH~THe pery
n~pHWx o6o6~eHHWX ~YHK~HH - . TaKHX, 4TO ~yHK~HOHan~ 111 
H 121 MO~HO paccMaTpHBaTb KaK HHTerpan~ npH 3aAaHHOM aw6ope 
o6W4HOH ~YHK~HH g~(y), a ecnH g~(y) - rnaAKa~, TO KPOMe 121 
HMeeM 

Jf>[ 1fr] = f (f) 
g~ (y)tfr(y)dy ( f = 0,1,2 •... ). 131 

Bo3HHKaeT TaK~e noH~THe peryn~pH3oBaHHwx o6o6~eHH~x ~YHK~HH, 
KOrAa ~YHK~HOHan~ 111 H 121 3aAa~TC~ KaK HeC06CTBeHHWe HH
Terpan~ OAHOH o6~4HOH, B o6~eM HeHHTerpHpyeMOH ~YHK~HH g(y) 
npH HeKoTopwx AOnonHHTenbH~x npaBHnax, yT04H~~Hx cnoco6 
HHTerpHpOBaHH~. YT04HeHH~e ~yHK~HH, KOTopwe M~ 6yAeM 3AeCb 
paCCMaTpHBaTb, ~Bn~~TC~ ~YHK~H~MH, peryn~pH30BaHHWMH B CMbiC
ne, KOTOPWH 6yAeT yKa3aH. 0HH CBR3aHW e~e C noH~THeM aHa
nHTH4eCKOro ~YHK~HOHana/5/, Bee ~e HX onpeAeneHHe He CBOAHTC~ 
aeToMaTH4eCKH K 3THM noH~THRM. Mw BBOAHM 3TH ~YHK~HH AnR 
peweHH~ TOH npo6ne~, KOTOpy~ paCCMaTpHeaeM B HaCTOR~eH 
pa6oTe: An~ pacwHpeHH~ H 6onee ecTecTBeHHoro o~opMneHHR 
Knacca A~, npeACTaBHTenH ~ypbe-o6pa30B KOTopwx ~en~~Tc~ 
TO~e o6~4H~MH ~yHK~H~MH. Ho HaM Ka~eTC~, 4TO OHH MOryT ~Tb 
HHTepecH~MH H An~ APYrHx ~eneH. YTo4HeHHe o6~4HWX ~YHK~HH, 
0 KOTOpOM 6yAeT HTTH pe4b, MO~HO COBepWHTb pa3HWMH cno
co6aMH, T.e. YT04HeHHe pac~enn~eT Ka~AYIO o6~4HYIO ~YHK~HIO 
Ha HeKOTOpoe MHO~eCTBO ~yHK~HHg(y), H 3Ta AOnOnHHTenbHa~ 
CB060Aa HMeHHO AaeT B03MO~HOCTb HaHTH HCKO~e ~ypbe-o6pa3~. 
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OnpeAeneH!-1e 1. YT04HeHHafl o6bi4Hafl ~YHK~I-1fl g
11

(y) OAHOro 
BelJ1eCTBeHHoro apryMeHTa y ( - co< y< +"" ) 3aAaeTcfl OAHOH o6bi4HOH 
¢>YHK~Hei1 g(y) 1-13 HeKoToporo MHo~ecTea G(y), 6ecKoHe4HO A1-1¢>
¢>epeH~I-1pyeMoi1 3a 1-1CKnl04eH!-1eM KOHe4Horo MHo~ecTea oco6~x 
T04eK Yk ( k=1,2 , ... , K) . npl-14eM ee npoi-13BOAHble npi-1HaAne~aT 
TOMy ~e CaMOMy MHO~eCTBy G(y), 1-1 ell1e HeKOTOP~MI-1 AOnonHI-1Tenb
HbiMI-1 yKa3aHI-1flMI-1, AaiOlJ11-1MI-1 B03MO~HOCTb onpeAeni-1Tb ((>yHK~I-1~Han 
11/ np!-1 ni060M Bbl6ope g(y) -:G (y ) 1-1 1/J(y)<::: Z (y). npl-1 3TOM J( ) [ljJ j 
3aAaiOTCR 4epe3 131. YKa3aHI-1fl Ha To, KaK noH!-1MaTb 111, $1-1K
CI-1PYIOTCfl B~60pOM KOHe4Horo MHO~eCTBa, 8 06lJ1eM, KOMnneKCH~X 
napaMeTpoe 11 h ( h = 1,2 . .... H ) 1-1n1-1 Bbl6opoM OAHOH T04KI-1 1/ 
B HeKOTOpOM KOMnneKCHOM H -MepHOM ni-1HeHHOM npOCTpaHCTBe. 
npl-1 3TOM 111 flBnHeTCfl ni-1HeHHOH $yHK~I-1ei1 KOOPAI-1HaT 1/h 
T04KI-1 1/ . T. e. ecn1-1 AaHbl TPI-1 T04KI-1 1/ ' , 1/" 1-1 1/ C KOOPAI-1HaTaMI-1 
ry 'h , 11~ 1-1 1/h ( h =1 ,2, ... ,H) 1-1 ecn1-1 J 11 - , J~-- 1-1 J

11 
- co-

OTBeTCTBYIOU11-1e $yHK~I-10Hanbl np1-1 3aAaHHOM Bbl6ope g(y) 1-1 1/J (y), 
TO 

' ' " " J [ ·'· (k) ] ' J [· '· (k)] " J [,.(k)] 1-131/h=c ·1/ •c ·11 cneAyeT 'f' =C , 'f' t-C 'f' • 
h) h" 1/ ~ ry" 

(k) h 
.RcHo, 4TO ecn1-1 3aAaAI-1M J[ljJ ] a H T04Kax 1/ (h =1,2, ... ,H), 

He ne~alJ11-1X Ha OAHOH r!-1nepnnocKOCTI-1, npOXOAfll!1eH 4epe3 T04Ky 
0 I c TJ h = 0 I, TO 3TI-1M 6yAeT onpeAeneH $yHK~I-10Han J [ ljJ (k) ] 
B n106oi1 T04Ke 1/. 8 TaKOM CMbiCne 6yAeM roeopi-1Tb, 4TO YT04-
HeHHafl $YHK~I-1fl g 11 (y) I-1MeeT H KoMnoHeHT. 

.Qanee Bonpoc CBOAI-1TCfl K 3aAaHI-110 MHO~eCTBa G(y) 06bi4HbiX 
$YHK~I-1i1 g(y) 1-1 cnoco6a I-1HTerpl-1poeaHI-1fl, T.e. conocTaeneHI-1R 
¢YHK~I-10Hana J[lfr) Ka~AOH $yHK~I-11-1 g(y) B Ka~AOH T04Ke 1/· 

OnpeAeneH!-1e 2. B Ka4eCTBe G(y) npMMeM MHO~ecTeo ecex 
$yHK~I-1i1, npeACTaBI-1MbiX 8 BI-1Ae 

K 
g( y) = {(y) + l g k(y-y k ). 141 

k= l 

rAe gx (y) - $yHK~I-1fl Tl-1na S(y) , a gk(r) (r=y-yk) - K -$yHK
~MM, Ka~Aafl 1-13 KOTOPbiX npeACTaBMMa B B1-1Ae 

00 1 (-j) 
gk(r) = l gk _(-) · 151 

J=- oo J r 

3Aecb (-j) 03Ha4aeT -j -KpaTHoe A1-1$$epeH~I-1poeaH!-1e np1-1 j ~ 0 
1-1n1-1 j -KpaTHoe 1-1HTerp!-1poeaH!-1e np1-1 j '> 0, T.e. Bbl6epeM npocTei1-
WI-1M o6pa30M MHTerpa~I-10HHble KOHCTaHTbl 
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( .!.__ ( - j ) 
r ) = 

(-1)j(- j) ! 

r - j ~ 1 
j s o. 

r j - 1 

(j-1)! (lnr -cJ) 

j ·- 1 
(Cj = l ~) j .· O. 

i"" 1 1 

B 151 Ko3¢¢~~~eHTbl g kj Bbl6paHbl TaK, 4T06bl 

i 
urn " i 1 1 g k -i 1 ~ o 

1 -tOO f 

(i = -j = 0,1,2, ... ) . 

161 

171 

np~ j -• ~ oo H~KaK~X orpaH~4eH1.1H Ha g kj He CTaB~TC.A: TaM 
P.RA ac~MnToT~4ecK~I:i. Ycnoe~e /71 o6ecne4~BaeT np~ n~6oM r 
CXOA~MOCTb P.RAa 151 CH~3y, KOrAa yj ->- oo . nepeMeHHa.R y, B o6-
~eM, Be~eCTBeHHa, HO B 151 ~ 161 OHa MO~eT np~H~MaTb 
~ KoMnneKCHble 3Ha4eH~.R: ¢YHK~~~ (.L)(-j) aHan~n14eCK~e Ha ecel:i 

r 
nnOCKOCT~, 3a ~CKn~4eH~eM T04K~ r = 0. 3Ta T04Ka, 04eB~AHO, 
oco6a.R: non~c np~ j ~ 0 ~n~ T04Ka norap~¢M~4ecKoro eeTene-
H~.R np~ j -. 0. Ko BC:eM 4neHaM C j ~ J > 0 OTHOC.RTC.A o6pe3a~-
~~e MHO~~Ten1.1, He Hapywa~~~e ~x ac~MnTOT~Ky np~ r --> 0 lno
CTpoeH~.R 1,2,3 B OCHOBHOM TeKCTel, KOTOpble MOryT 3aB~CeTb 
OT p. HO ~ He OT cp (r = pe icp ). 

TaK~M o6pa30M, ¢yHK~~.R g k (r) onpeAeneHa KaK MHOr03Ha4Ha.R 
¢yHK~~.R IBBI.1AY np~cyTCTB~.R lnr I Ha ecel:i KOMnneKCHOH nnoc
KOCT~ r 3a ~CKn~4eH~eM T04K~ r = 0. 0Ha 6eCKOHe4HO A~¢¢e
peH~~pyeMa no p ~ cp np1.1 p f 0 , OAHaKo ecneACTBI1e o6pe3a~
~ero MHO~~Ten.R ee aHan~T~4HOCTb HapyweHa. 

Pa3no~eH~e 151 ¢yHK~~~ gk(r) lnp~ 3aAaHHOM cnoco6e 
CYMM~poBaH11.AI COAeP~~T HeKOTOPY~ HeOAH03Ha4HOCTb ABO.RKOro 

npo~cxo~AeH~.R. Bo-nepeblx, ecn~ 

g k(r) ~ g k(r )+ g~ ( r). g; ( r) = gk (r)ln r - g! ( r). 181 

- 00 j 
g k(r)=_ l g _(-1J j ! 

J=O k .· J r j+ 1 

g k . j -1 1 oo gk .c · j -1 
g 0 (r) = l-J-r . g k(r) = l ~.Lr • 191 

k j= 1 ( j-1)1 j= 1 ( j-1)! 

1 
/o6pe3a~~~e MHo~~Ten~ K g0k(r ) 11 g k ( r ) noApa3yMeea~Tc.RI, 
.RCHO, 4TO gX(y) 6yAeT HeonpeAeneHHOH AO He KOTOpOH A06aeo4-

HOH ¢YHK~1111 T~na 

K 
2 rr i l rn k g k ( y- y k ) ( rnk = 0 , ± 1 . ± 2 .... ) . I 1 0 I 

k= 1 
X 

I KoTopa.R, o4eB~AHO, np~HaMe~~T Knaccy G ( Y) I. BTopa.R 
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HeOAH03Ha4HOCTb COCTO~T B TOM, 4TO ~Me~TC.R ¢yHK~~~ T~na 
g ~ ( r ) , KOTOpble 6biCTPO ~C4e3a~T np~ f --> 0 , ± oo, 1.1 B TO ~e BpeM.R 
pa3no~~Mbl no cTeneH.RM r . Hanp~Mep, 

- - a.' r 2-br 2 oo k b k 2k 
g x( r) ~ e = l (-1) Jk (-ab) ( -) r 

0 k- oo a 

rAe Jh(z) - ¢yHK~~~ 6eccen.R. Ao6aen.R.A Kg ~ ~) 3TY ¢yHK~~~ 
~ Bbi4~Ta.R ~3 cTeneHHoro P.RAa ee pa3no~eH~e no cTeneH.RM r. 
nony4~M.04eB~AHO, HOBOe pa3nO~eH~e T~na /51 TOH ~e CaMOH 
¢yHK~~~. Ka~Aa.R ¢yHK~I1.R gk(y) ~MeeT ~enbli:i Knacc 3KB~eaneHT
HbiX pa3no~eH~H, nony4aeMbiX OAHO ~3 APYroro nyTeM A06aeneH~.R 
HeKOTOporo MOAYn.R g ~ (r) . 

BB~AY n~HeHHOCT~ ¢yHK~~OHana 11/ Mbl MO~eM Han~caTb 
X K 

J[t/;l = J [ «/; ] + l 'Jkf t/J J. 1111 
k= 1 

X 
np~4eM J [«/;] ~ Jk[ t/; ] 3aAa~TC.R 4epe3 /1/, ecn~ nOACTa-
B~Tb TaM g x (y) ~ g k(y-yk) BMeCTO g(y). 

¢yHK~~OHan Jx ( t/J ] B /11/ .RBn.ReTC.R peryn.RpHbiM, 3aAaBaeMbiM 
¢yHK~~eH g X(y ), no3TOMY HeT HaA06HOCT~ ero YT04H.AT b. 

He TaK o6cTo~T Aeno c ¢yHK~~oHanaM~ Jk[t/;]. BB~AY Toro, 
4TO, eo-nepBbiX, ¢yHK~~.R ln r HeQAH03Ha4Ha, ~, eo- BTOPbiX, 
OHa ~MeeT He~HTerp~pyeMy~ OC06eHHOCTb np~ f = 0. 4T06bl 
yT04H~TbJk( t/J ) , 3aAaeM 

nocTpOeH~e 1. nycTb L -Kp~Ba.R lKopAaHa' npeACTaB~Ma.R 

B B~Ae Y=Y(e) (- oo < < too), rAe y (f)- HenpepbiBHa.R ¢YHK~~.R 
C 4aCT~4HO HenpepbiBHOH ~ OTn~4HOH OT Hyn.R npo~3BOAHOH. 
Kp~ea.R L, OAHaKo, ne~~T He Ha o6bi4HOH KoMnneKCHOH nnocKOCT~ 
y, a Ha p~MaHoeol:i noeepxHOCT~ S g ¢YHK~~~ g(y) I~AeHT~4HOH 

. . K 
c hoeepxHoCTb~ aHan~T~4ecKo!';\ (!lyHK~~~ l c kln(y-yk ) I. 

k= 1 
n~H~.R L ~CXOA~T ~3 T04K~ Y=- oo ,06XOA~T ece T04K~ yk ~ OKaH-
4~BaeTC.R e T04Ke Y=+oo , np~4eM ~MeeT conp~KacaH~e 6ecKoHe4Ho-
ro nop.RAKa K ee~ecTBeHHOH oc~ y np~ y = - oo ~ y =~ oo, T. e. 
KOrAa f __, ± oo . npo~3BeAeH~.R T~na 

p 
Irn y (f )(Re y(e )) /12/ 

cTpeM.RTC.R K Hyn~ np~ n~6oM P= 0,1,2, ... CneAOBaTenbHO, L 
3aAaeTC.R He TOnbKO ypaeHeH11eM Y= Y(e ) , HO e~e 4~cnaM~ rn k 
(k = l ,2, .. . , K) . ~HAeKc~py~~~M~ TOT n~cT p~MaHoeol:i noeepx-
HOCT~, Ha KOTOPOH ne~~T OAHa T04Ka Kp~BOH L, Hanpi1Mep, T04-
Ka 0, COOTBeTCTBy~~a.R 3Ha4eH~~ f ~, too .np~ 3TOM np~MeM, 4TO 
OCHOBHOH n~CT, Ha KOTOPOM np~ Y Be~eCTBeHHOM 11 6onbWeM Yk • 
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1-1MeeM ln(y-yk )= lnp (p=JY-Yki ), 3aAaeTCR I-'IHAeKcaMI-1 mk=O. 
Kp1-1aaR L MOJKeT 3aKpy41-1BaTbCR aoKpyr T04eK Yk. OycTb nk 
(nk=0,±1,±2, ... )- 41-1Cna ee 3aKpy41-1BaHI-1~ lecn~-1 OHa npocTo o6-
X"OAI-1T caepxy T04KY Yk, TO llk=O I. 

OocTpOeHI-'Ie 2. 3aAaeM 

JkL[ifl]= I gk(y-yk) ifJ (y)dy. 1131 

3HaR k 1-1 L I KpoMe gk (y-y k) 1-1 ifJ (y) I, MOJKHO onpeAeili-'IT b 
<!>YHKI..II-'IOHail JkL (ifl ]. Ho Mbl He MOJKeM CKa3aTb, 4TO :HI-1M YT04-
HeH <!>YHKI..II-'IOHail Jk(ljJ]. T.e. Mbl He MOJKeM I-1HTepnpeTI-1pOBaTbJ"7(!/J] 

X 
4epe3 J [ifJ]+~JkL[ifl] 1111, TaK _KaK 3TO BBeAeT ropa3AO 6onee 
BbiCOKYIO HeonpeAeileHHOCTb, 4eM Ta, KOTOpaR AOnyCTHMa no onpe
AeneHI-110 1. 003TOMY Mbl BBeAeM e~e 

nocTpoeHHe 3. EcnH L - 3aAaHHaR KPHBaR yKa3aHHOro BbiWe 
THna, 0603Ha4HM 4epe3 Lkp (O < p~ 1) ceMe~CTBO KpHBbiX, 
noA06HbiX L c 1..1eHTPOM nOA06HR Y k - c ypaaHeHHRMH 

yp ce) =Yk + p(y<f) -yk) co < P ~ 1). 

TorAa, no onpeAeneHHIO, 

Jk[ifl]= limJ [ljJ]. 
p-+0 kLkp 

1141 

4T06bl noKa3aTb KOHKpeTHOCTb 3Toro nOCTpOeHHR, AOKaJKeM 

TeopeMy 1. OycTb L' 1-1 L"- ABe KpHBble yKa3aHHoro THna, 
3aKaH4HBaiO~HeCR a OAHO~ H TO~ JKe T04Ke 0 Ha OAHOM 1-1 TOM JKe 
IlHCTe PHMaHoao~ noaepxHOCTH Sg , c 3aAaHHbiMH HHAeKcaMH 
(m~)=(m") H(n~)=(n~)·. TorAa He TOilbKO KOHI..Ibl, HO 1-1 Ha4aJla 
KpHBbiX '1:_., 1-1 L" 6YAYT pacnonoJKeHbl Ha OAHOM 1-1 TOM JKe IlHCTe 
noaepxHoCTH Sg • a caMH KPHBble L' 1-1 L" nepexoART 
HenpepbiBHO OAHa a APYrYIO, He noKHAaR S g. Op~-1 3THX ycnoBHRX 
pa3HOCTb 

/j, J k p = J kL , - J k L ' 
kp kp 

1151 

6biCTpO CTpeMHTCR K HYiliO, KOrAa p-+0, 

TeopeMa 2. rpaHHI..Ia Jk 1141 cy~eCTByeT. OpH 3TOM hLkp[ifl], 
KaK $yHK1..1HR OT p, 6biCTPO CTpeMHTCR K Jk (ifl], a CaMa rpaHHI..Ia 
3aBHCHT OT Bb16opa Kpl-180~ L TOilbKO 4epe3 4HCila m k 1-1 llk · 

Ha4HeM c AOKa3aTeilbCTBa TeopeMbl 1. Ecn~-1 L- KpHaaR, oT
IlH4aiO~aRCR OT L TOilbKO no caoe~ opHeHTal.IHH, To L kp + Lk~ 
npeACTaanReT co6o~ IAHPeKTHO opHeHTHpoaaHHyiO, HecaMonepe
ceKaiO~yiOcR Ha PHMaHoso~ noaepxHOCTHI 3aMKHYTYIO KPHBYIO Lkp 
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OyCTb 

L* kp 

Skp - 06JlaCTb Ha PI-1MaHOBO~ noaepXHOCTI-1, KOTOPYIO 
orpaHH41-1BaeT. TorAa no TeopeMe CToKca 

t'lJkp= JkL' -JkL " = I gk(r) ljJ (ykH)dr = ffD(s,t)dsdt = 
kp kp L * S 

kp kp 
= fJD(p.¢)pdpd ¢ , 

1161 

skp 
rAe 

D ( ) . aw aw . aw 1 aw i¢ s,t = 1-- -- = D(p. ¢ ) = (1--- -)e 
as at a P P a,p 1171 

W = W(s,t) =W (p . ¢ ) = g /r) ifl (y k H) (r = S + it = pei¢ ). 1181 

00Apa3yMeBaeTCR, 4TO <!>YHKI..IHR g k (r) o6pe3aHa MHOJKH TeilRMH gk/p) 
1-1 h k ( P ). Op~-1 noMO~H ABYX nonepe4HbiX KpH BbiX L kp ~ 1-1 L kp _ 
pa306beM S kp Ha TPI-1 4aCTI-1: cpeAHIOIO S kp 0 1-1 XBOCTOBble S kp ~ 
1-1 S kp-, YXOAR~I-'Ie K r -+ + oo 1-1 r -+ -oo. Kor A a p-+ 0, 3TI-1 TPI-1 o6naCTI-1 
CYJKI-1BaiOTCR, OCTaBaRCb ce6e nOA06HbiMH. 

0l.leHI-1M CHa4ana TY 4aCTb I-1HTerpana 1161, KOTOpaR COOTBeT
CTByeT o6nacTI-1 SkpO. BBI-1AY Toro, 4TO Hac I-'IHTepecyeT acHMn
TOTI-1Ka D(p,¢) npl-1 p -+ 0 , a h(p)=1 npl-1 AOCTaT04HO MailbiX p ,Mbl MOJKeM 

. (j-1)! 
He n1-1caTb h (p ). Bbl6epeM no P1-1Ty g k .(p)=1-exp(- ) j ~J > 0 

J Jak · IPa -
lgkj (p)= 1 np~-1 j < J I. TaK KaK ocTailbHble MHgJKI-1Te111-1 a 1161 
aHaili-1TI-14eCKHe, a AilR aHaili-1TI-14eCKHX <l>YHKI..II-1~ iaw - ..!_ aw = 0, 

ap P a,p 
TO Mbl MOJKeM B 1181 1-1 151 CyMMHpOBaTb TOilbKO npl-1 j ~ J: 

00 J'-1 (j-1)1 -
r -

W= ~ gk. --(lnr-c. )(1-e Jg .Jpa)!/J(yk+f ). 
j=J J(j-1)! J kJ 

Ecn~-1 pacKpoeM BTOPYIO CK06Ky, To seni-141-1Ha D(p,¢)~ooTBeTCTByiO
~aR nepBOMy 4IleHy, 6yAeT HyileM, TaK KaK OHa RBilReTCR CYMMO~ 
npoi-13BeAeHH~ aHailHTH4eCKI-1X <l>YHKI..II-1~. CneAOBaTenbHO, np~-1 Ha
XOJKAeHHI-1 D (p , ¢) Mbl MOJKeM B3RT b 

W = w(p .¢ )!/J(yk H), 

rAe 
(j-1)! 

j-1 i(j-1)¢ - ~--~ -a 
P e . gk.p 

w(p,¢)=~gk . (c.-lnp-1¢)e J 1191 
i=J J(j-1)! J 

HaKoHel.l, Y4HTb1BaR, 4TO <l>YHKLIHR ifl(Yk+r)- aHaili-1TI-14ecKaR 
H 4TO D(p,¢) 1171 RBilReTCR Ili-1He~HO~ KOM6HHa1..1He~ nepBbiX 
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np0~3BOAH~X W /18/ no p ~ cf>, HaXOA~M 

D(p,cf>) = cp(y H)(i aw - .!_ aa; )e ic/> 
k ap P '~-' /20/ 

H3 /19/ HaXOA~M 
j - 1 (j -1 )! a w "': p i(j-1)</> ---a j-1 1 (j-1)1 a 

-- = . ~ gk :-:-:-:-re e I ~)P (-(c .-lnr)--+ (c . -lnr) ·_ . • ). 
a P j=J J (J-1) · P J P J I I gkj p 

"" j - 1 . (j-1)! 
~ = 1 . _P _ Hj - 1)</> - 1 a . . 
a¢ j=JgkJ(j-

1
)!e e gkjiP (1(J-1)(c.i-lnr)-i). 

noAeTasnHeM s /20/ ~ nony4aeM - (j-1)! 

I g k.i I P cr 
/21/ 

i 00 g kj j 
D(p ,cf>) = _a_ l -- r (c. -lnr)e 

P a+ 2 .i= J I gk.i I J 

npemAe seero B~AHO, 4TO 3TOT PHA exoA~TeH paBHOMepHo np~ 
p ..:.. 1 /4TO ~3 o6111~x eoo6pameH~i:1 eneAosano 6bl om~AaTb/, a np~ 
p-+ 0 ero eyMMa 6bleTpO eTpeM~TeH K Hymo. DbleTpO 6YAYT ~e4e-
3aTb TaKme i\Jkp+ ~ i'lJkQ-• TaK KaK eOOTBeTeTBYIOil\~e ~M o6na-
eT~ &_kp+ ~ S kp- np~ p • 6b!eTpO eym~BaiOTeH ~ np~Mb!KaiOT 

K Bell\eeTBeHHOH oe~ Y. /6 eaMOM Aene, ~3 S=pRey(P) ~ 
t= plmy (Y) np~ pRe y(P ) = X= Const BB~AY /12/ HaXOA~M, 4TO 
t=t(x,p) np~ p, eTpeMHil\eMeH K HyniO, 6yAeT 6bleTpO ~e4e3aTb/. 

3T~M TeopeMa 1 AOKa3aHa. H3 Hee no TeopeMe Kow~ eneAyeT 
enpaBeAn~BOeTb ~ TeopeMbl 2. /C 3TOH t.~enbiO B Ka4eeTBe L" 

6epeM L'p (O < p < 1 I. 
0 0 nyeTb L ( ) ( k = 1,2 .... K) - HeKoTopaH KP~BaH L e 3aAaH-

mk,nk 
HbiM~ ~HAeKeaM~ mk,nk ~ nyeTb, BB~AY /14/, 

lim f gk (r) 1/J (y k +f) dr . 
p-+ 0 L 

(m k'nk)kp 
Jk ,mk ,nk 

I L (m k•n k) 03Ha4aeT, 4TO L 3as~e~T OT seex mk ~ n k , a 

Jk m n - 4TO J 3aB~e~T OT k ~ OT eOOTBeTeTBYIOil\~X ABYX 
• k. k 

mk ~ nk /. CornaeHo /11/, 6yAeM ~MeTb 

J(c/J]=JL(c/J]=Jc ) [1/J]={(cp]+lJkm n (c/J1. /22/ 
m k' nk k k k 

HTaK, eornaeHo onpeAeneH~IO 5, $yHK~~oHan~ T~na /1/ ey-
11\eeTBYIOT, np~4eM KamA~A ~3 H~x yTo4HHeTeH np~ noMOI!\~ OAHOH 
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Kp~soi:1 L Ha p~MaHoBoi:1 nosepxHoeT~ S g ~n~ np~ noMOI!\~ 2K 
~en~x 4~een m k ~ n k. /3T~ 4~ena yT04HHIOT B TO >Ke speMH 
/2/ ~n~ /3//. Ho 3TO He eaM~i:1 o6111~i:1 $yHK~~oHan T~na /1/. 
¢yHK~~OHan~ J( )(cp) Ha30BeM nep8~4H~M~, a ¢yHK~~OHan~ 

mk ,nk 

T~na /1/ /KaK ~ /2/ ~ /3// B eaMOM 0611\eM eM~ene BBeAeM KaK 
n~HeHHyiO KOM6~Ha~~IO ~3 J ( [ cp): 

m k'nk) 

J[c/J) = l c J . [cp] /23/ 
mk ,nk (mk .nk) (mk ,nk) 

e np0~3BOnbHbiM~ KOMnneKeHbiM~ K03$$~~~eHTaM~ /KOTOpble o6ee
ne4~BaiOT eXOA~MOeTb/. /MHomeeTBO 4neHOB B 3TOH KOM6~Ha~~~, 

B 0611\eM, 6eeKOHe4HO, TaK KaK KamA~H ~3 2K ~HAeKeOB m , llk 
MOmeT np~H~MaTb 6eeKOHe4HOe MHOmeeTBO 3Ha4eH~H 0, ± 1, ± ~ .... ). 
Ho Ha eaMoM Aene Me>KAY J( ) [cfJ] ey111eeTByeT PHA n~HeHHbiX 

m k·nk 
3aB~e~MOeTeH ~ B pe3ynbTaTe OeTaeTeH TOnbKO KOHe4H.Oe 4~eno 

-2Krl n~HeHHO He3aB~e~MbiX, no3TOMy Bonpoe 0 eXOA~MOeT~ 
/22/ pewaeTeH Tp~s~anbHO, a onpeAeneH~e 1 s~nonHHeTeH. 

B Ka4eeTse Ha6opa 6a3~eHbiX $yHKt.~~oHanos Mo>KeM B3HTb 
eneAYIOil\~e: 

1 
1. Jo[c/J]= 2 (Jco .ofc/Jl+ J(O,t)[c/J]) /24/ 

- nonyeyMMy nepB~4H~X $yHK~~OHanoB, KOTOp~e 

een~ s~6~paTb a/ see m =0 ~ see n = 0, ~ 6/ 
k k 

see nk=l. 

nony4aiOTeH, 
see m = 0 ~ 

k 

2 • JkO[cp) = -
1 

-;-(J( O)[cp)-J(O 0) [1/J)), 
2171 1k , . 

/2.5/ 

rAe(lk ,0) 03Ha4aeT KOM6~Ha~~IO me =1 np~ e=k , me ~-D np~ff k 
~ne=o U=1,2, .... K). 

3· Jk[c/J]= - 1-. (J(O 1 )[cp]- J(OO)(cp]), / 2G/ 
2171 • k • 

rAe, aHanor~4HO, (0,1 Jt) 03Ha4aeT me= 0 , n e =1 np~ e =k ~ ne =0 
np~ U k ( e = 1,2 , ... , K J • 

nonb3yHeb o6o3Ha4eH~eM /8/, nerKo nposep~Tb, 4TO 

JkO [cp] = f gok(r)cp (yk +r)dr . 

TaK KaK g0k(y-y k ) HBnHIOTeH ¢YHK~~HM~ T~na g x (y), M~ MO>KeM 
HX He n~eaTb: OH~ yBen~4~BaiOT MHO>KeeTBO YT04HeHHbiX ¢yHK~~A, 
COOTBeTCTBY~Il\~X 3aAaHHOH o6~4HOH ¢YHK~HH g(y), HO He yeen~4H
BaiOT Beeb Knaee yT04HeHH~X $YHK~~A. TaK /23/ eBOAHTeH K 
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K 
J [ t/1] = k:O ckJk[tf], 1271 

npl14eM .Jo[tf] 3aAaeTCfl 4epe3 1241, a Jk[tf] (k = 1,2, .. K)- 4epe3 
1261, lhaK, J [t/J] OKa3biBaeTCfl n11He~HO~ KOM611Ha~11e~ K+1 
6a311CHbiX <)>yHK~110HanoB, T. e. YT04HeHHafl 06bi4Hafl <)>yHK~11fl ~ (y), 
KOTOpy~ OH 3aAaeT, xapaKTepl13yeTCfl, KpoMe OAHO~ 06b14HO~ 
<)>yHK~I111 OAHoro ee~ecTBeHHoro apryMeHTa y, e~eK+1 KoMnneKc
HbiMI1 napaMeTpaMI1, OT KOTOpbiX OHa ni1He~HO 3aBI1C11T. 

Tenepb noKa>KeM, 4TO J k [if!] (k =0,1, ... , K) fiBnfi~TCfl <I>YHK~11o-
HanaMI1 Tl1na Tex, KOTOpble BBOAfiTCfl B TeOpl111 o6o6~eHHbiX <)>yHK
~11~ HaA Z~). B caMoM Aene, 113 1271 HaXOAI1M 

Jo [if!]= P I g(y)l{l(y)dy. 

npl14eM P 03Ha4aeT perynflpi130BaHHoe e CMblcne 1241 3Ha4eHI1e 
11HTerpana. C y4eTOM 181 

X K - + 
Jo[if!]= I g (y)tf (y)dy + !. (Pk + Pk) 

k=l 

P - = P I g- ( r ) 1{1 ( y +r ) dr , 
k k 

+ + P = P I g (r) if! (y H ) dr. 
k k 

<l>yHK~11fl nOA 3HaKOM 11HTerpana p+ 11HTerpl1pyeMa, TaK 4TO 
perynflpl13a~l1fl He HY>KHa. HHTerpan P - . no onpeAeneHI1~, ecTb 
cpeAHee api1<)>MeTI14ecKoe 113 11HTerpanoe no KPI1BbiM, 11AY~I1M 

BAOnb Be~eCTBeHHO~ OCI1 Y 11 o6XOAfi~I1M Y k ceepxy 11 CHI13y. 
0TC~Aa HaXOAI1M 

- 00 1 (j) 
P = l g .P I (-) 1{1 ( y + r ) dr . 

j=O k,-J r k 

<l>opManbHoe I1HTerp11poeaH11e no 4aCTfiM AaeT 

P-= ~ (-1)jgk-· VPI.!__if!(j) (yk+r)dr, 
j= o • J r 

rAe VP - rnaeHoe 3Ha4eHI1e no Kow11. Y411Tb1Bafl, 4TO npoi13-
BOAHble <I>YHK~1111 I{IE Z(y) AOnycKa~T Ma>KOPI1POBaHI1e T11na 
Jl{l(f>(y)J~C.af, BB11AY 171 HaXOA11M, 4TO 3TOT PfiA CXOA11TCfl. 

OcTaeTcfl Bb1411Cni1Tb 1261: 

Jk [tfl~ - 1- lim I g (r)l{l(yk H)dr. 
2rri p->0 Lk k 

k p 
rAe L - KPI1Bafl, 11CXOAfl~afl 113 T04KI1 r->-oo,o6XOAfl~afl T04KY r= 
=Y-Yk~ B AI1PeKT.HOM HanpaeneHI111 11 yXOAfl~afl o6paTHO K r-> -oo 
lnpl14eM T04Ka 0, rAe oHa nepeceKaeT nono>KI1TenbHy~ 4aCTb 
OCI1 r, ne>KI1T Ha OCHOBHOM ni1CTe pi1MaHOBO~ noeepXHOCTI11. 
BB11AY 181 
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J [ 1{1] = J- ~ J<1 - J 1 
k k k k • 

- 1 -
J k = - lim I g k ( r ) 1{1 ( y H ) d r , 

2 77 i p-0 L k k 

0 1 1" J = -- 1m 
k 2 77 i p->0 

p 

Ik 

LP 

g 0 (r)lnrl{l(y ~ r)dr, 
k k 

J 1 = _j-lim 
k 2 77 i p .o 

1 I g k(r) l{l (yk +r)dr. 
Lk 

p 

TaK KaK <I>YHK~11flg~(r) OAH03Ha4Ha, Mbl MO>KeM ceecTI1 Lk 
AO OKPY>KHOCTI1 L~ c ~eHTPOM r = 0. HaxoAI1M 

- 1 . "'" {..=Pj; I 00 .;fi{yk) i 
Jk = -. 11m I ( ~ g . ~-)( . !. -.---r )dr 

2771 p·•O Lk VO k .-J r JH 1= 0 1! 
. op 

=l (-1)J g l{l(i) (yk ). 
i=O k ,- 1 

BBI1AY 171 11 Toro, 4To l{l(y-y0 )E Z(y), PfiA CXOAI1TCfl. BTopo~ 
11HTerpan CBOAI1TCfl K 

0 
JO = - I g0 (r) 1{1 (yk H) dr 

k --oo k 

- Jl 11, 04eBI1AHO, CXOA11TCfl, a nocneAH1111 11HTerpan k AaeT Hynb. 
OcTaeTCfl e~e eonpoc onpeAeneHI1fl npOI13BOAHbiX yT04HeHHO~ 

<)>yHK~1111. 3TOT BOnpoc pewaeTCfl cpa3y, TaK KaK /21 CBOA11TCfl 
K 131, a npOI13BOAHafl 

gff>(y)=gx(f)(Y)+ ~ 
k=l 

+oo ~ g 1 (-j) 

j=--oo k ,-j+f (-) r 

11MeeT Ty >Ke CaMy~ CTpyKTypy, 4TO 11 g(y), TaK 4TO <)>yHK~I10Hanbl, 

KOTOpble e~ COOTBeTCTBY~T, Bb1411Cnfi~TCfl aHanori14HO. 
nony4aeTCfi,4TO ecn11 Mbl XOTI1M nOH11MaTb Ill KaK 11HTerpan, 

TO 6a311CHble YT04HeHHble <)>yHK~1111 g 0 (y) 11 g k~). COOTBeTCTBy~-
~11e ¢YH~~I1oHanaM 1241 11 1261, cneAyeT paccMaTpl1eaTb KaK 
perynflpi130BaHHble o6o6~eHHble <I>YHK~1111 11n11 KaK onepaTOPbl I Ae~
CTBy~~l1e HaA if! (y) I: 

g0{Y)= ~ VP g (y-y )+gx (Y)=!. VPg-k(y-yk)+ !. g;(y-yk )+gx(y)= 
k k k k k 1281 

= ~ ;: (-1)j g . vp.L ~ + !. g +~-y k )+gx (y). 
k=l jdl k,-J r dyJ k k 
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k OQ i (i) 1 OQ 1 j - 1 
g (y) = I. C-1) gk - · s (y-yk)+ -2 . ~ c-=--1)- g kj. (y -yk J 

!= 0 • 1 J= 1 J- ! /29/ 

np1-1 3TOM B /28/ VP OTHOelo'ITeR K eOOTBeTeTBYIOl!leMy lo'IHTerpany 
/KOTOP~H nony41o1TeR noene yMHO~eHI-'IR Ha ~(y) /, B /29/ nepB~H 
PRA eXOAI-'ITeR, a BTOPOH- aelo1MnTOTI-14eeKI-1H np1-1 y ~ O. Bo BTOPOH 
eyMMe /29/ BMeeTO (~-~k )i eneAOBano 6bl n1-1eaTb ~-Jk)i -(y-yk)! 

HO 3TO Heeyl!leeTBeHHO, TaK KaK pa3HOeTb RBnReTeR cJ>YHKI..ll-'leH, 
KOTOpyiO MO~HO OTHeeTI-1 K ~ (y). 

113 /28/ "' /29/ BI-'IAHO, no4eMy Mbl onpeAen1-1n1-1 6a31o1eHble 
yT04HeHHble CI>YHKI..ll-11-1 I-'IMeHHO 4epe3 /24/ 1-1 /26/ - TaK OHI-1 Bbl
pa~aiOTeR npoeTo 4epe3 g(y ). 

B KOHI..le XOTI-'IM BepHyTbeR K Bonpoey, BnpaBe n1-1 Mbl paeeMaT
pi-1BaTb YT04HeHHble cJ>yHKI..ll-11-1 KaK o6~4Hble. /28/ 1-1 /29/ noKa3bi
BaiOT, 4TO I-'IX AeHeTBI-'Ie Ha ~(y) He eBOAI-'ITeR K YMHO~eHI-110. 
Hawe YTBeP~AeHI-'Ie, 4TO 3TO - o6~4Hble CI>YHKI..ll-11-1, 6a31o1pyeTeR Ha 
TOM, 4TO, no onpeAeneHI-110 1, Ka~AaR 1-13 HI-'IX 3aAaeTeR eBOI-'IMI-1 
3Ha4eHI-1RMI-1 g(y) npl-1 y Bel!leeTBeHHOM 1-1 OTni-14HOM OT HynR. 
Mo~Ho B03pa31-1Tb, 4TO Hanl-141-1e K+l 6a31-1eHbiX /ni-'IHeHHO He-
3aBI-1ei-1MbiX/ yT04HeHHbiX cJ>yHKI..ll-1.::1, a e111e 6onee - He6a31-1eHbiX, 
nony4aeM~X no /27/, KOTOpble eOOTBeTeTByiOT 3aAaHHOi1 cJ>yHKI..ll-11-1 
g(y), I-'IMeHHO noKa3b1BaeT, 4TO YT04HeHHble CI>YHKI..ll-11-1 He 3aAaiOTeR 
TOnbKO 06bi4HOH cJ>yHKI..llo'leH g(y). 0TBeT Ha 3TO B03pa~eHI-1e TOT, 
4TO 3Ta AOnOnHI-'ITenbHaR 1-1HcJ>OpMal..li-1R, KOTOpaR Hy~Ha, 4T06bl 
onpeAeni-'ITb cJ>yHKI..li-'IOHan /1/, eOOTBeTeTBYIOl!ll-1.::1 3aAaHHOi1 cJ>yHKI..ll-11-1 
g(y), Bee ~e enlo'IWKOM Mana, 4T06bl OTKa3aTbeR Ha3biBaTb I-'IX 
06bi4HbiMI-1. /TaK KaK Mbl He OTKa3biBaeMeR Ha3biBaTb cJ>yHKI..li-1RMI-1 
MHOr03Ha4Hble aHaJli-1Tio14eeKio1e cJ>yHKI..ll-11-1, XOTR ¢>opManbHO OHI-1 He 
YAOBneTBOPRIOT Knaeelo14eeKoMy onpeAeneHI-110 <I>YHKI..ll-11-1/. Mbl Mo~eM 
paeeMaTplo'IBaTb lo'IX KaK 0606l!leHHble cJ>yHKI..ll-11-1, 1-1 Bee 6yAeT BnonHe 
KOppeKTHO, HO Heo6XOAI-1MaR AOnonHI-'ITenbHaR I-1HcJ>OpMal..llo1R eni-1WKOM 
Mana, 4T06bl onpaBAaTb TaK9i1 KpynHbli1 nepeXOA. Mbl MO~eM non
HOeTbiO eoxpaHio'ITb KOppeKTHOeTb onpeAeneHI-1.::1, e41-1TaR K03CI>¢>1-1-
I..ll-1eHTbl Ck (k=O,l, ... ,K) B /27/ <!>I-'IKel-'lpOBaHHbiMI-1, 1-1 TOrAa Ka~-
AOi1 06bi4HOi1 ¢>YHKI..ll-11-1 g(y) 6yAeT eOOTBeTeTBOBaTb OAHa yTo4-
HeHHaR <I>YHKI..li-'IR. Jly4We Beero paeeMaTplo'IBaTb g 77 (y) KaK cJ>yHK-
I..ll-11-1 e K+l KOMnoHeHTaMI-1 gk(y) (k=O,l,2, .... K ). 
Ka~AaR 1-13 KOTOp~x- o6~4HaR ¢lyHKI..li-1R Tlo'lna /4/, /5/. nyeTb · 
4epe3 Jk[gk .~) o6o3Ha41-1M <I>YHKI..li-'IOHan Tl-1na Jk[~) /24/, eo
OTBeTeTBeHHO /26/, rAe BMeeTO g(y) BeTaBneHa eOOTBeTeTByiO
l!laR KOMnoHeHTa gk(y). TorAa /27/ 3aMeHI-1M Ha 

K k 
J[g .~l= ~ c kJk[g .~l. 

17 k=O 
/30/ 
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.ReHo, 4TO Ka~AOMY Ha6opy 1-13 K , l o6bi4HbiX CI>YHKI..ll-1.::1 g\y) 
/TI-1na /4/, /5// eOOTBeTeTByeT OAI-'IH ¢>YHKI..li-10Han /30/. A eenl-1 
M~ XOTI-1M e111e, 4T06~ Ka~AOMY ¢lyHKI..li-10Hany {30/ eOOTBeTeTBO
Ban OAI-1H Ha6op 1-13 K d o6bi4HbiX CI>YHKI..ll-1.::1 g (y), AOeTaT04HO 
npeAnOnO~Io1Tb, 4TO TOnbKO g '' (y) I-1MeeT KOMnOHeHTY g~ (y). 
HeTPYAHO BBeeTI-1 Aei1eTBI-1R HaA YT04HeHHbiMI-1 ¢>yHKI..li-1RMI-1 3TOrO 
Tl-'lna. 111-1Hei1H~e onepall"'"' oey111eeTBnR10TeR noKoMnoHeHTHO. CBepT-
Ka B eny4aRX, KOrAa OHa ey111eeTByeT, nepeMeWI-'IBaeT g ·' 
e g k ( k = 1, 2, ... , K ). B 3TOM noHI-1MaHI-11-1 HeT HaA06HoeTI-1 e 
/30/ n1-1eaTb K03¢l<lJ1-11..ll-1eHT~ C k - I-'IX MO~HO BKni041-1Tb B gk (y) : 

K 
J[g, tf, ) = ~ J lgk. ~J . 

k=O • k 

3aMe4aTenbHO TO, 4TO yT04HeHHble ¢>YHKI..llo11-1 BBOARTeR AOBOnbHO 
06111e - OHI-1 3aBlo1eRT OT Bbi60pa 6eeKOHe4HOro MHO~eeTBa K03<!>-
¢l1-11..llo1eHTOB C( ) 1-1 Aa~e OT B~6opa KPI-1Bb1X L, KOTOp~e MO-

m k" nk 

ryT ne~aTb Ha pa3ni-14H~x nHeTax pi-1MaHoeoi1 noBepxHoeTI-1 Sg 
lo1 3aKpy4lo1BaTbeR npOlo13BOilbHOe 4lo1eilO pa3 BOKpyr T04eK Yk , 
B pe3yilbTaTe 4ero nony4aeM AOBOilbHO npoeTOe MHO~eeTBO cJ>YHK
I..llo10HanoB. 
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