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Pep1o1x K. B. P2 - 12714 
~YHK~HOHanbH~e ypaBHeHHR rpynn~ HTepa~HH 

"' ypaeHeHHR 4y-noy 
Hcnonb3oeaHa H3BeCTHaR ~opMynHpoeKa ypaeHeHHH 4y-noy 

B BHAe CHCTeM~ HenHHeHH~X pa3HOCTH~X ypaeHeHHH. nony4eHHOe 
paHee AH~~epeH~HanbHOe ypaeHeHHe, peweHHe KOToporo MO*eT 
AaTb o6~ee peweHHe HCXOAHOH CHCTe~ pa3HOCTH~X ypaeHeHHH, 
COAeP*HT ABe HeH3BeCTH~e ~YHK~HH, anropHTM nOCTpOeHHR 
KOTop~x cno*eH, a onpeAenR~He HX ypaeHeHHR He nony4eH~. 
B AaHHOH pa6oTe ~YHK~HOHanbH~e ypaeHeHHR Ha 3TH ~YHK~HH 
nony4a~TCR nyTeM AH~epeH~HpoeaHHR rpynnoe~x ypaeHeHHH a6e
neeoH rpynn~ Henpep~eH~x npeo6pa3oeaHHH, nopO*AeHHOH 
paCWHpeHHeM Ha Henpep~BH~e 3Ha4eHHR AHCKpeTHOro napaMeTpa 
noArpynn 4eTH~X H He4eTH~X HTepa~HH HCXOAH~X ypaeHeHHH. 
PeweHHe nony4eHH~X ypaBHeHHH MO*eT 6~Tb OAHHM H3 nyTeH Ha
XO*AeHHR o6~ero peWeHHR ypaaHeHHH 4y-noy B RBHOM BHAe. 06-
CY*AaeTCR MeTOA peweHHR HaHAeHH~X ypaeHeHHH nyTeM paano*e
HHR BXOAR~HX B HHX ~YHK~HH B PRA B OKpeCTHOCTH HenOABH*HOH 
T04KH. 1 

Pa6oTa e~nonHeHa B na6opaTOPHH TeopeTH4eCKOH 
~H3HKH OH.RH. 

Coo!SweHHe Q!S'bellHH8HHOro HHCTHTYT8 Rll8pHbiX HCCnellOB8HHA, .ay!Saa 1979 

Rerikh K.V. P2 - 12714 
Iteration Group Functional Equations and the 
Chew-Low Equations 

The Chew-Low equation famous formulation as a system 
of nonlinear difference equations was used. The obtained 
earlier by the other author differential equation, which 
solution can provide a general solution of the initial sys
tem of difference equations, contains two unknown functions 
whose construction algorithm is difficult, but equations 
defining them were not obtained. Here functional equations 
on these functions were obtained by differentiating group 
equations of an Abelian group of continuous transformations 
generated by extension on continuous values of discrete pa
rameter of subgroups of even and odd iterations of initial 
equations. Solution of obtained equations can be one way 
of deriving general solutions of the Chew-Low equations in 
an explicit form. A method of solving the obtained equa
tions by expansion of incoming functions in a series in 
a vicinity of the stationary point is discussed. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
Co~munication of the Joint Institute for Nuclear Research. Dubna 1979 
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BBE,[IEHHE 

HccneAOBaHHR no npo6neMe, KOTopoH nocsR~eHa "' AaHHaR 
pa6oTa, BeAYTCR 6onee ABaA~aTH neT C TOrO MOMeHTa, KaK 4y 
1-1 noy nony4HnH ypasHeHHR / 1/, Ha3BaHHble HX HMeHeM. 3TH 
ypaBHeHHR npeACTaBnR~T C060H npOCTeHWHH npHMep HeTpHBHanb
HOH MOAenH, B KOTOPOH OAHOBpeMeHHO Y4HTbiBa~TCR TaKHe <!>YHAa
MeHTanbH~e Tpe60BaHHR AHCnepCHOHHOrO nOAXOAa, KaK aHanH
TH4HOCTb, YHHTapHOCTb H nepeKpeCTHaR CHMMeTpHR. 

KaK H3BeCTHO 151, nepexoA K HenHHeHHOH KpaeeoH 3aAa4e Ha 
MaTpH4H~e 3neMeHT~ S -MaTpH~~ 1-1 BBeAeHHe YHH$OpMH3Y~~eH 
nepeMeHHOH 

w = 1.. arcsin w 
17 

no3BOnReT ceecTH npo6neMy HaxomAeHHR ecex peweHHH ypasHe
HHH 4y-noy 1-1 HM nOA06H~X K peweHH~ cneAY~~eH CHCTeM~ He
nHHeHH~X pa3HOCTH~X ypasHeHHH BHAa / 5,8 ~ 

si (w) .si (1- w ) = l, 

1 S . (w+l) =-----
1 ~ A .. S .(w) 

j IJ J 

/1/ 

B Knacce MepOMOP<!>H~X AeHCTBHTenbH~X <!>YHK~HH KOMnneKCHOrO 
nepeMeHHoro w /Mbl He BblnHCblsaeM 3Aecb ycnOBHR noporoeoro 
noeeAeHHR"' noeeAeHHR B 6opHOBCKOM non~ce/. 3AeCb Si(w ) -
MaTpH4Hble 3neMeHTbl S -MaTPHllbl B COCTORHHRX i, Aij - 3ne
MeHTbl MaTpH~bl KpOCCHHr-CHMMeTpHH (n xn) CO CBOHCTBaMH A2= E , 
~Aij = l. 
J TaKHM o6pa3oM, cHcTeMa ypaeHeHHH /1/ npeAcTaenReT co6oH 
npHBneKaTenbHy~, HO BeCbMa TPYAHY~ HenHHeHHY~ 3aAa4y, 
peweHHe KOTOPOH, KaK 1-1 n~60H HenHHeHHOH CHCTeMbl, npeACTaB
nReT CaMOCTORTenbH~H HHTepec. 06~ee peWeHHe CHCTeM~ /1/ 
HaHAeHo noKa TonbKO AnR MaTPHll~ A /2x2/ 12- 41· 

B pa6oTe 1 5 1 6~n pa3BHT MeTOA nocTpoeHHR Knacca peweHHH 
/1/, RBnR~~HXCR pallHOHanbHbiMH <!>YHKllHRMH W /c B03MO>KHbiM 
ycnO>KHeHHeM HX nyTeM BBeAeHHR H3BeCTHOro 151 {3(w)H D(w)
npOH3BOna Si(w) ~ Si(w;f3(w)).D(w). 0AHaKo e 16 1 6blno noKa3aHo, 
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4TO 3H1M KJlaCCOM He I-1C4epnbJaatoTC.R ace peweHI-!.A, 1-1 6bl111-1 

nocTpOeH~ peweHI-l.A, .Aa11.RIO~I-!eC.A TpaHC~eHAeHTH~MI-1 MepOMOp¢H~MI-1 

¢YHK~I-1.AMI-1. 

B pa6oTax 171 6~11a a~Aai-!HyTa 1-!Ae.A noMcKa peweHM~ /1/, 
11e~a~MX Ha MHaapMaHTH~X MHOroo6pa3M.AX pa3MepHOCTM N ~ n-1. 
Ha OCHOae reOMeTpl-14eCKO~ 1-!HTepnpeTa~MM ypaaHeHM~ /1/ M pa3-
aMTOrO a l B! MeTOAa 110Ka11bHOrO a OKpeCTHOCTM HenOAaM~HO~ 
T04KM nocTpOeHM.A TaKI-!X MHaapMaHTH~X nOAnPOCTpaHCTa 6~110 

nOKa3aHO / 8 / , 4TO MHO~eCTaO peweHI-1~ ypaaHeHM~ 4y-noy 1 11e

~a~MX a MHaapMaHTH~X nOAnpOCTpaHCTaax, MC4epn~aaeTC.A M3-
aeCTH~MM / 5/ peweHM.AMM, He Aato~MMI-1 npaaM11bHoro noaeAeHM.A 

a 6opHOaCKOM n01110ce. 
8 MTOre 6~11 CAe11aH a~aOA / g/ , 4TO $M3M4eCKM MHTepeCH~e 

peweHM.A ypaaHeHM~ 4y-noy c MaTpM~e~ A/3x3/ M /4x4/ coAep

~aTC.A T011bKO a o6~eM peweHMM ypaaHeHM~ /1/, 3aaMC.R~eM OT 

Tpex, COOTaeTCTaeHHO 4eT~pex npOM3a011bH~X nepMOAM4eCKMX 

¢YHK~MM. ~ ; 10 _ 13; 
Aa11bHeMwl-!e MHTepecH~e MCC11eAoaaHM.A 6~111-1 Hanpaa11eH~ 

Ha nOCTpOeHMe 110Ka11bHOrO a OKpeCTHOCTI-1 HenOAaM~HO~ T04KM 

peweHM.A cl-!cTeM~ /1/ c MaTpM~e~ A /3x3/, 3aBMC.A~ero OT Tpex 

npOM3a011bHbiX nep!-!OAI-14eCKMX ¢YHK~M~. 8 OCHOaOn011arato~e~ pa-

60Te 3TOrO ~MK11a 1 11 1 noKa3aHO, 4TO a OKpeCTHOCTI-1 HenOAaM~HO~ 
T04KI-1 a n110CKOCTM npoeKTMaHbiX KOOPAI-!HaT x(w) M y(w) /.Aa-

11.AIO~MXC.A AP06Ho-11MHe~HbiMM ¢YHK~M.AMM oT si IS i , i ~ i 
j - $MKCMpOBaHO/ MO~HO nOCTpOMTb a6e11eay OAHOnapaMeTpM-

4eCKYIO rpynny Henpep~BH~X npeo6pa30DaHM~, CB.A3aHHyiO C MC

XOAHbiMM pa3HOCTHbiMI-1 ypaaHeHM.AMM. Al-1¢¢epeH~MposaHMe rpynno

s~x ypasHeHM~ no napaMeTpy a Hy11e AaeT AM¢¢epeH~Ma11bHOe ypas

HeHI-!e BMAa 

~ - Q(x~ 
dx - p (x , y) ' 

pewa.A KOTOpoe B OKpeCTHOCTM HenOABM~HO~ T04KM X =Y = Q, as

TOpbl 112 •131 n011Y4M11M CeMe~CTBO peweHM~ MCXOAHO~ CMCTeMbl 
s BMAe PRAa Y=f(x,c(w)) no cTeneH.AM x M c(w) (c(-w)=c(w), 
c(w+l)=-c(w). 0AHaKo YAa110Cb n011Y4MTb nepBble HecK011bKO 411eHos 
pa3110~eHM.A, M .ABHOrO Bblpa~eHM.A nOKa H-e Cy~eCTByeT. 0AHO M3 

npen.ATCTBM~ Ha 3TOM nyTM COCTOI-!T B TOM, 4TO a11r0pMTM n011y-
4eHM.A ¢yHK~M~ P(x,y) M Q(x,y) AOa011bHO c11o~eH M TPYAOeMOK, 

a ypasHeHI-!.A, KOTOp~e MX OnpeAe11.AIOT, He n011y4eH~. HM~e, I-!C

n011b3Y.A pe3y11bTaT~ pa60T~1 11( 6yAeT no11y4eHa CMCTeMa ABYX 

¢YHK~MOHa11bH~X ypasHeHM~ Ha ¢YHK~MM p M Q, 4TO cy~eCTaeHHO 
ynpo~aeT no11y4eHMe P M Q s BMAe P.RAa no cTeneH.AM x M Y. 
a CaMM ypaaHeHM.A MOryT C11Y~MTb OTnpaBHO~ T04KO~ A11.A Aa11b

He~WMX non~TOK n011Y4MTb peweHMe MCXOAH~X pa3HOCTH~X ypas

HeHM~ a 3aMKHYTOM BMAe. 
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2. ¢YHKl(HOHAnbHbiE YPABHEHHR AnR P (x,y) H Q (x,y) 

YpasHeHI-!.A /1/ B TO~ ¢0pMe, B KOTOPOH OHM o6cy~AaiOTC.A 
a
1 111

, MMetoT BMA IA11.A MaTpM~~ A 4y-noy /3x3/ M A/1. 1// 

rAe x -w) = - x w , y -w = y w , x '= f (x ,y) ~ ( ( ) ( ) ( ) 

Y'=g(x,y) ' x ' =X(W+l), y'=y(W+l), /2/ 

s 1.s1 Cl+aX+by)(l-ax'+by')=l, s 1(-w)=s 1(w). 13/ 

nepeXOA OT ypaaHeHMH /1/ K /2/ M /3/ ocy~eCTB11.AeTC.R C11eAyiO
~MMI-1 3aMeHaMI-1: 

Si(w)= s 1 (w)./ ~) +s2(w).(i + 1/J (w)77i, 
I 1 

rAe ( 1 , 77 i- co6cTseHH~e seKTopa MaTPI-14~ A 

(i=Aij(j, 77!=-Aijl1j• 

a npoeKTI-!BH~e KOOPAI-1HaTW X(W) 1-1 y(w) eCTb 

x(w) = 1/J(w) , y(w) = s2tw) . 
~ s 1 w) 

¢yHK~I-11-1 f 1-1 g B /2/ eCTb OTHOWeHI-!e ABYX n0111-1HOMOB 2-oH CTe
X 1-1 y C OAI-!HaKOa~M 3HaMeHaTe11eM 1-1 B OKpeCTHOCTI-1 

npeACTaBJl.AIOTC.A CXOA.R~I-1MI-1C.R CTeneHH~MI-1 P.RAaMI-1 BI-!Aa 

neHI-1 no 

X =Y = 0 

f(x,y)=X+ }: fnmxnym, 
n+m~2 • · 

g(x,y)=-Y+ I g xnym 
n+m~2 n,m 

¢yHK~I-11-1 f 1-1 g 1-!MeiOT OAH03Ha4Hble o6paTHble ¢YHK~I-1H, .ABHbiH 
BHA KOTOpblX cpa3y C11eAyeT 1-13 /2/: 

-1 
f (x,y)=-f(-x,y), 

g-1 (x,y) =g(-x,y). 

PaCCMOTPHM MHO~eCTBO BCeX HTepa~HH npeo6pa30BaHH.A /2/; 

(k) ( ) ~ ( ) n m X =Fx,y;k=X+ ~ f kxy, 
n+m>-.2 n,m 

/4/ 

/51 

(k) ( • ) ( )k ~ ( ) n m 
/6/ 

y = G X, y, k = -1 y + ~ g n m k X Y . 
n+m>-. 2 ' 

¢yHK~HH F 1-1 G 3aAaiOTC.A HTepa4H.AMH 
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F(x,y;k) = f(F(x,y; k-1), G(x,y;k-1)). 
171 

G(x ,y; k) = g(F (x ,y; k-1), G(x,y; k-1)), 

rAe 

F (x , y ; 0) = x , G ( x , y ; 0) = y . !8! 

nerKO y6eA~TbC~, 4TO 3TO MHOmeCTBO o6pa3yeT 6eCKOHe4HY~ 
a6eneey rpynny co cneAY~~~M saKOHOM YMHOmeH~~ / 11 1 : 

(n) ( (m) (m) ) (m) ( (n) (n) ) (m+n) ( ) X X , y = X X , y = X X,y , 
/9/ 

y(n) (X (m), y (m) ) = y(m)(x (n), y(n) ) = y<m+n) (X, y ). 

~cnonb30BaH~e rpynnos~x ypasHeH~A /9/ np~ n=1 ~cooT-
HOWeH~A /6/ AaeT pa3HOCTH~e ypaBHeH~~ Ha K03$$~~~eHT~ 
f n,m (k) ~ gn,m(k), aHan~3 KOTOp~x noKa3biBaeT 1 11 ~ 4TO f n,m 
~ gn,m ecTb non~HOMbl no k ~ (-1)k.PaccMoTpeH~e noArpynnbl 4eTHbiX 
~Tepa~~A AaeT OCHOBaH~e C4~TaT~11/ 4TO $OpMy!l~ /6/ ~ rpyn
nOBble ypasHeH~~ /9/ cnpaeeAn~Bbl H~ TOnbKO np~ ~enbiX k, 
HO ~ np~ scex k =2r. TorAa A~$$epeH~~posaH~e ypasHeH~A /9/ 
np~ n = 2r ~ m=2P no m=2f AaeT ypasHeH~e 

rAe 

dy _ Q(x,y.l. 
dX- P(x,y) 

(2P) 
Q(x,y) = dy (x,y) I 

d (2 P) p = 0 
P(x,y)= 

/10/ 

I P=O . 

$yHK~~~ Q ~ P nonyYa~Tc~ s 1111 A~$$epeH~~posaH~eM P~AOB 
!6! no napaMeTpy, np~4eM f n m ~ gn AOnmHbl 6b1Tb npeABap~-
Ten bHO no!ly4eHbl B KamAOM no'p~AKe noCn+m) peweH~eM COOT BeT
CTBY~~~X pa3HOCTHbiX ypasHeH~A. H~me Mbl AaA~M BbiBOA npOCTbiX 
$YHK~~OHa!lbHbiX ypasHeH~A Ha $YHK~~~ p ~ Q, He np~6era~ 

K nocTpoeH~~ ~BHoro B~Aa $YHK~~A F(x,y;2u) ~ G(x,y;2u) ~3 

/6/ (k=2u). 
PaccMOTp~M $YHK~~~ 

x<2u)= F(x,y ;2u), / 2u) = G(x,y;2u), 

~sn~~~~ec~ pacw~peH~eM /6/ np~ k=2r Ha Henpep~BH~e 3Ha-
4eH~~ r -+ u. OH~ np~ scex ~enbiX u cosnaAa~T c onpeAeneH~eM 
/6/ ~ nOA4~H~~TC~ eCTeCTBeHHOMY rpaH~4HOMY YCilOB~~ 

F ( X , y ; 0)= X , G ( X , y ; 0 ) = y . /11/ 

6 
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He4eTHbiM cTeneH~M B /6/ MOmHo conocTaB~Tb $YHK~~~ F(x,y;2u+l) 
~ G(x,y; 2u+1), KOTOPble B cooTBeTCTB~~ c rpynnOBbiM~ ypasHe-
H~~M~ /9/ np~ n= 1 ~ m= 2u onpeAen~M cneAY~~~M o6pa30M: 

F(x,y; 2u+1) = f(F(x, y; 2u), G(x,y; 2u)), 

/12/ 
G(x,y;2u+1) = g(F(x,y;2u), G(x,y;2u)). 

MHomecTBO $YHK~~A F, G ~ F, G , oYeB~AHO, nOA4~H~eTc~ cne
AY~~~M rpynnOBbiM ypasHeH~~M, cosnaAa~~~M c /9/ np~ scex 
~e!lbiX u: 

1. F(F(x,y;2v), G(x,y;2v);2u)= F(x,y;2tl+2v), 

2 • G (F ( x, y ; 2 v) , G ( x , y; 2 v) ; 2u) = G(x ,y ; 2u + 2 v) , 

3. F (F ( x ,y; 2v+1), G(x,y; 2v+1 );2u)= F (x,y; 2U+2V+1), 

4. G(F (x,y;2V+ 1), G (x, y; 2v+1);2u) =0 (x,y; 2u+2V+1), /13/ 

5. F(F( x ,y; 2v), G( x, y; 2 v); 2U+1)=F( x, y; 2U+2V+1), 

6. G(F(x,y ;2v), G(x,y; 2v);2U+1) =G(x,y ;2u+2V+1), 

7. F (F (x,y; 2v+1 ). a (x,y; 2v-t1); 2u+1)= F (x,y; 2u+2v-t2), 

8. G(F(x,y;2v+1), G(x,y;2V+1);2u+1) = G(x,y;2u+2V+2). 

.l1~$$epeH~~PY~ I 13. 5/~/ 13.6/ no 2v, np~ v = 0 nony4~M c yye
TOM /11/ 

F (x,y;2u+1).Q(x,y)-+ F (x,y;2u+1).P(x,y) = F
2 

(x,y;2utl), 
X Y U /14/ 

G (x,y;2u+1).Q(x,y)+G (x,y;2u+1).P(x,y)=G
2 

(x,y;2u+1), 
X y U 

rAe 

Q (x,y) = dF.J.lLy~ 2 v_L_ I 
d2v v=O 

/15/ 
P(x,y) = _!G(x,y;2v)_

1 d2v v=O · 

C APYroA CTOPOH~, A~$$epeH~~py~ /13.3/ ~ /13.4/ no 2u np~ 
U=0, nOilY4~M 

F
2

v (x,y; 2v + 1) = Q( F(x,y; 2 V-+ 1), G (x,y; 2V+ 1)), 
/16/ 

G 2 v ( x ,y; 2v +1) = P (F (x,y; 2V+ 1), G (x,y; 2V+ 1)). 
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3aMeHRR 8 1161 V 
nony4J-~M np~-1 u=O 
H P(x,y): 

Ha U H nOACTa8J1RR pe3yJ1bTaT 8 1141, 
C Y4eTOM 1121 ypa8HeHJ-~e Ha ~YHK~I-11-1 Q~,y) 

Q (f(x,y ), g(x,y ))= fx (x,y) Q (x,y) + f Y (x,y) P (x,y), 

P(f(x,y), g(x,y )) = g (x,y). Q (x,y) + g (x,y) P (x,y). 
X y 

1171 

nerxo nOJ1Y41-1Tb, HCnOJ1b3yR 151 H 161, 4TO 

F( x,y; -2u)=- F(-x ,y; 2u), 

G (x,y; -2u)=G (-x ,y; 2u). 
1181 

YpaaHeHHR 113.11 H 113.21 npH u=-v 
HMeiOT BHA 

C Y4eTOM 1111 H 1181 

-F(-F(x,y;2u), G(x,y; 2u); 2u)=x, 

G(-F(x,y; 2u), G(x,y; 2u); 2u )=y. 
1191 

/.lH~<)>epeH~HPYR 1191 no 2u 
nony4HM C80HCT8a ~YHK~HH 

np~-1 u =0 
Q H P: 

C Y4eTOM 1151 H 1111, 

Q ( -x, y) = Q (x,y) , 

P ( -x,y) = -P(x,y). 1201 

PeweHHe nOJ1y4eHH~X ~YHK~HOHaJlbH~X ypa8HeHHH 1171 Ha 0CH08e 
MeTOA08, He C8R3aHH~X C paanomeHHeM ~YHK~HH P H Q 8 PRA 
8 OKpeCTHOCTH HenOA8HmHOH T04KH X=Y=0, npeACTa8J1ReT ca
MOCTORTeJlbHYIO 3aAa4y. 

HHme Mbl paccMOTPHM 8 Ka4eCT8e npHMepa npo~eAYPY Haxom
AeHHR peweHHH P H Q ypa8HeHHH I 17 I c ~YHK~HRMH f 1-1 g 
AJlR MaTpH~~ Al1. 11 1-13 1 121 8 8HAe PRA08 no X H y 8 OKpecT
HOCTH X = y =0. 

~YHK~HH f H g HMeiOT 8HA 

f(x,y) = 
X+ 3x 2 + .?__ xy- ..§. y 2 

4 4 
1+4x 13 1 1 =x-x2- 5 xy- ~ 2 

+-4 Y+-x2- X 5 2 2 4y + ... , 
2 2 y-4y 

5 2 2 
-y+2x

2
+2xy- 4 Y -y+2x2 + 6xy+2y + ... · 

g(l$:,y) = 13 1 2 1 X - _Q, Y 
2 1+4X+4Y+2X -2 y 4 

8 

npeACTaBHM Q(x ,y) H P (x ,y) B BHAe PRAOB no nOJlHHOMaM AaH
HOH CTeneHH OAHOPOAHOCTH, YAOBJleTBOpRIO~HM CBO~CT8aM 1201: 

Q(x,y.)= f' Q
11

(x ,y) , P (x,y)= I P
11

(x ,y ). 
n= 1 n=1 ' 1211 

PewaR CHCTeMy I 17 I B KamAOM nopRAKe no n, Mbl nony4HM 
an re6paH 4eCKyiO CHCTeMy ypa BHeHH~ Ha K03~~H~HeHTbl Q 11(X,y) 
H P 11(x,y). noACTaHOBKa 1211 B 117/ AaeT, 4TO paanomeHHe B 
1211 Ha4HHaeTCR C n = 2. npH n = 2 CHCTeMa TOmAeCTBeHHO YAOB
neTBOpReTCR, a npH n = 3 nony4aeTcR anre6paH4eCKaR cHcTeMa 
ypaaHeHH~ Ha K03<I><I>H~HeHTbl Q 2 , P2 · , P 3 H Q 3 • onpeAellRIO~aR 
HX C T04HOCTbiO AO 06~er0 MHOmHTeJlR, KaK H HCXOAH~e ypaa
HeHHR 1171. Aanee CHTya4HR noaTopReTCR: npH KamAOM n = 2m 
CHCTeMa 1171 TOmAeCTBeHHO YAOBJleTBOpReTCR BKJlaAOM B AaHH~~ 
nopRAOK paHee HaHAeHHbiX Qi H Pi C i ~ 2m -1 , a npH n = 2m + 1 
peweHHe CHCTeMbl AaeT 

Q 2m • p2m • ~m+ 1' p2m+1 · 
CHcTeMa 1171 a nopRAKe ~n+1) HMeeT BHA : 

2 5 2 aQ2n aQ2n ( ) 1. 4xQ 2 +5yP2 -(2x +-
2 

y )---12xy--= R2 1 (x,y)-R 2 +r-x,y, 
n n a X a y n+ n 

aP ar 
2. -12yQ 2 -12xP2 +(2i2+.Q_y

2)~+12xy-~=S2 1 (x,y)tS2 + 1 (-x,y). 
11 11 2 ax ay n+ n /221 

- aQ2n 2 2) aQ2n ) { ) 3. -4Q
2 1

+nyQ
2 

+5xP
2 

-5xy-a --4(x +Y -- = R2 1(x,y +R 2 1~-x,y, n+ n n X a y n+ 11+ 

ap aP 
4. 4P -8xQ

2 
-8yP

2 
+5xy~ +4(x2+Y2 )~ll = S 2 1(x,y)-S 2 +r-x,y), 

2n+ 1 n n a X a y n+ n '1 

rAe R2nt-fx,y) H S 2n+ 1 (x,y) ecT b OAHOPOAHble nonHHOMbl nopRAKa 
(2n+1) npH paanomeHHH <I>YHK~H~ 

2n-1 2n-1 2n-1 
R (x,y) = f x ~ Q m (x,y) + fy ~ P (x,y)- ~ Q m(f(x,y ). g(x,y )), 

m=2 m=2 m m=2 
1231 

2n-1 2n - 1 2n - 1 
S(x,Y)= g x ~2 Q m(x,y)+gy !2Pm(x,y)- m~2p m(f(x,y), g(x,y)) 

a PRA BHAa 1211. TaK KaK <!>YHK~HH R H S 3a8HCRT OT paHee 
onpeAeneHHbiX Qm H Pm c m :>: 2n-1, TO paanomeHHe Hx a PRA 
Ha4HHaeTCR C 4JleHOB (2n+1) CTeneHH. 

PeweHHe cHcTeM~ 1221 c y4eToM 1231 npH n = 1 IT.e. c 
HYJleBOH npaBOH 4aCTbiO B 12211 AaeT pe3yJ1bTaT, ecTeCTBeHHO, 
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coena,qal0ll111i1 c 1 121 : 

Q 2 = -X 2- ~ y 2 

3 2 P
2

=-6xy , p3 =4x -xy 

B 3aKJll04eHI1e aeTop Bblpa>KaeT 6naro,qapHOCTb B.A.MelJ1epR
KOBY 3a none3 Hble o6cy>K,qeHI1R. 

ni1TEPATYPA 

1. Chew G.F., Low F .E. Phys.Rev., 1956, 101, p.1570. 
2. Wanders G. Nuovo Cimento, 1962, 23 , p . 816. 
3. Rotheluther T. Zs.Phys., 1964, 177, p.287. 
4. Mell1ePRKOB B.A. *3T~, 1966, 52, c.648. 
5. Mell1ePRKOB B.A. 0~~~. P-2369, ~y6Ha, 1965 . 
6. *ypaenee B.~., MelJ1epRKOB B.A., Pep11x K.B. ~~. 1968, 

10 ·, c. 168. 
7. MelJ1epRKOB B.A., Pep11x K.B. 0~~~. P2-4356, P2-4377, 

~y6Ha, 1969. 
8. Meshcheryakov V.A., Re rikh K.V. Ann. of Phys., 1970, 

59,p.408; TM~, 1970, 3, c.78. 
9. Pep11x K.B. AeTope~epaT KaH.Q11,QaTcKoi1 ,QI-!ccepTa~l-111. 

0~~~. 2-5451, ~y6Ha, 1970. 
10. MelJ1epRKOB B.A. 0~~~. P2-5906, ~y6Ha, 1971. 
11. MelJ1epRKOB B.A. 0~~~. P2-7047, ~y6Ha, 1973. 
12. rep,QT B.n.' MelJ1epRKOB B.A. 0~~~. P2-7976, ~y6Ha, 

1974. 
13. rep,QT B.n., MelJ1epRKOB B.A. TM~. 1975, 24, c. 155. 

10 

PyKOnl-lcb nocTyn11na e 113.QaTeJlbCK11i1 OT.Qen 
3 aerycTa 1979 ro,qa. 


