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P2 - 12557 
necTOB A.6 . 

Q TeH30PHOM BOnHOBOM ypasHeHHH 
B ypaaHeHHe nHpaKa BXOA~T npocTeHwHe cnHHOPH~e npeA

CTaeneHHA C06CTBeHHOH rpynn~ nopeH~a . noKa3aHO, 4TO, HCnOnb-
3YR HH3WHe TeH30pH~e npeACTaeneHHA Co6CTBeHHOH rpynn~ flopeH 
~a, T8K*e B03MO*H0 nOCTPOHTb HeTpHBH8DbHOe penRTHBHCTCKOe 

BOnHOBOe ypaaHeHHe. noKa38HO, 4TO B 4HCnO ~enpep~BH~X rpynn 
TeH30PHOfO BOnHOBOrO ypaBHeHHR BXOAHT rpynna npeo6pa30B8HHH. 
~30MOP$HaR rpynne SU(2) . Ba~He~waR oco6eHHOCTb 3TO~ Tpexna
paMeTPH4ecKo~ rpynn~ 3aKn~4aeTCR B ee RBHOH CBR3H C OAHOPOA 
HOCTb~ npOCTp8HCTB8-speMeHH . 060CHOB8H8 KOppeKTHOCTb nOCTa

HOBKH 3aA84H 0 ABH*eHHH TeH30pHOH 48CTH~~ 80 BHeWHeM 3neKT

pOM8fHHTHOM none. PaccMOTpeHo ABH*eHHe 4aCTH~~ e OAHOPOAHOM 

M8fHHTHOM none. 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCK0~ ~H3HKH 

OH~H . 

npenpHKT 061tellHHeKKOr'O HKCTMTYT8 SUJ.epHbiX MCCnellOB8KHft • .£ly6H8 1979 

P2 - 12557 
Pestov A. B. 

On Tensor Wave Equation 

As is known, the Dirac equation contains the simplest 
spinor representations of the proper Lorentz group . It is 
shown that by using the lowest tensor representation of that 
group it is also possible to construct the nontrivial relati 
vistic wave equation. It is proved that continuous groups of 
the tensor wave equation include a transformation group iso
morphic to the SU(2) group; the essential property of this 
three-parameter group consists in its explicit relation to 
the homogeneity of space-time. The correct statement is jus
tified for the problem of motion of a tensor particle in an 
external electromagnetic field. The particle in the uniform 
magnetic field is considered. 

The inve stigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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BBe.lleHli're 

IlyeTl> H3BeCTHO, 'ITO HeKOTOprul 'laCT~a COCTOHT H3 ,llByx <lJep
MI!OHOB. Ilpe,lliiOJIOlEKM, 'ITO IIO,ll06HYD 'ISCTHilY MOXHO OIIHcaTl> He3a.Bl!

CHMOi BOJIHOBOi IPYI!KI:tHei B :::>awtaX Jiai'palmeBa qJopMaJIH3Ma. ,npyrm.m 
CJIOBaMH, pa3JIH1iHOI'O po,lla IIOT6HIGIMI:l B3aHMO,lleiCTBRII ,IVI$1 COCTa.B

JISIIOOtHX 'ISeTHilY <fJeiJMHOHOB H HarJISI,llHlie npe,lleTaBJie.HRII 06 HX ,llBH

XeHJm B npOCTpaHCTBe-BpeueHH HCKJID'laDTC$1 H3 paCCJAOTpeHHII. CTpyK
Typa eoeTaBHOi '!SeT~ ,ll0.1!3Ha HaiTH OTpaKeHBe TOJil>KO B BOJIHOBOM 

ypaBHeHIDI. .1f.7IJI IIOR:eHe.HRII BHCK838HHOi TO'IKit spe.HRII eoD11IeMCR: Ha 

npo6JJ:eMY emmOBOI'O Mal'HHTHOI'O MOMeHTa, KOTOprul B eBOe Bper.fl 

6Wia pemeHa 6e3 KaKHX-Jill60 npe,lliiOJIOzeHll£1 OTHOeHTeJil>HO MarFIHTHHX 

eBOieTB 3JieKTpoHa. YpaBHeHl1£e J(HpaKa aBTOMaTH'ieelG'I npHBO,llHT K 

BHBOJlY 0 eYIIIeeTBO:samm y MeKTpoHa emma H Mai'HHTHOI'O MOMeHTa. 

qT06H BHHCHBTl> TpaH~~OHHHe CBOieTBa BOJIHOBOi IPYI!K

~ H onpe,lleJIHTl> ee HBHHi BH.ll,.llOeTaTO'lHO HeiiOJil>30BaTl> npe,llCTaB

JieHHe 0 eoeTaBHOi -qaeT~e KaK 0 eHCTeMe H3 ,llByx emmoB I/2 B 

HeKOTOpoM ~HBHOM CIIJiiHOBOM npoeTpaHeTBe. TaKOe HeTOJIKOBaHHe 

eOCTaBHOii 'laeT~ He npoTHBOpe'DIT HCXO.llHOi IIOCWIKe, TaR KaK 

OHO HMeeT 'D!CTO KBaHTOBj'Il llplilpo.JlY. G./ry'lait lfnu<ClilpOBaHHOI'O emma 

eHeTeMH Helt1IIl'D!M H3 paeCMOTpeHHJI .KaK Tpm!liaJI:bHHI. HarJlll,llHO 3TO 

MOJWO IIpe,lleTaBHTl> KaK npet{eemm eiiHHOB • .llaJiee, npoH3Be,lleHl1£e ,llByx 

emmopoB TpeXMepHOI'O npoeTpaHCTBa IlpltBO,llHMO H pa3.1IaraeTCR: Ha 

eKaJVIp H BeKTop. TaKHM o6pa30M, 38.KOH npeo6pasoBaHHH BOJIHOBOi 
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~KURH no OTHOWeHRD R rpynne TpeXMepHHX Bp~eHKA B3B6CTeH. 

06paTBMCSI K rpynne Jlope~. CBMO)zyaJI:bli!ll aHTBCBMMeTpli'IJIH! TeH

aop BTOporo paHra ( C&«>,IIYM:bHHI 6BBeKTop) npeo6paayeTCSI npz 

noBopoTax npocTpaHCTBeHHHX ocel KaR TpeXMepHHit BeKTop. Ec;m 
,ItOnOJIHJitT:b ero 'l6T1ipeXMepHHM CKaliiipoM, TO nOJIY'DIM, B006me I'OBOp!I, 

TOJI:bKO n OJIOBBHY BOJIHOBOI <fJYHKURH. ,lleiCTBBTeJI:bHO, He06XO,ItHMHM 

Tpe6oBaHHIIM y .noBJieTBopR:eT ell!e 4-BeRTop. TaiOIM o6paaoM, peMTH

BBCTcKaH BOJIHOBaff <fJYH~ '!aCTKQH BOC:bMHKOMDOH6HTHa H CO~epXMT 

B ce Oe CKanHp 1 4-BeKTO p H CaYO~yanbHHA 0HBeKTO p . DonHOBOe 

ypaBHeHBe HaBBaHO TeHSOpHHM nOTOMY, 'iTO BCe COCTaBJUIJJitl!e BOJIHO

BOI ~~ ~CSI TeHaopaMH. CooTBeTCTBymmyD '!acT~ 6~eM 

HaaHBaT:b T6H30pHOI '!aCTKUe!. 

I. TeHaopHoe BOJIHoBOe ypaaHeHHe 

BoJmoBoe ypaBHeHBe ~OJimlo npe.n;CTaBJIRT:b co6ol mmeihlyJJ 

.D:H@JepeHin!aJI:bHytl CBR3:b MeZJIY KOMIIOH6HTaMH CRaJIRpa l}J , CaMO-

.IJ;YaJI:bHOI'O 6IrneRTOpa ~ fA-V H 4-BeKTOpa ~fA' 1 OCYDI8CTBJIS!6UYD 

c nOMOIII:bD on epatopa 01-4- ;;!! 0 I ox.~-'- • Tpe6oBaHBe peJIIITH-

BHCTCKOI BHBapHaHTHOCTH H yc.nOBHe CBMO)zya/Il>HOCTH no~ T6H-

30p!i Y, , ~ fL , ~ p. v c.ne.It,VDiteii cHcTeMe ypaBHeHKA: 

Q (5"" I = .!I!S. ~ 
/6" fr ' 

Op. +v - Ov ~~- i E.fJ-vcip oci..PJ3= ~c t/Jvf!,(I) 

o <5" + 6'fL - o fL y; ::a T- tf' ~) 

r.ne E J-~-Vci p - a HTHCIDoUeTpli'IJIH! e~ nce:e,noTensop c 

c0123 = i . H!meKCH no,IUU!MEWTCSI H onycKSil'l'CSI c noMOIIIl>ll 

MeTpH'l8CKOI'O T6H30pa 9~"= 9~V ( 900 =-i, gH=z 922 =9 33 =--1 ). 
BOJIHOBYD ~~ T8H30pHOI 'laCTKU!i ~06HO SanHCHBaT» B BH,IJ;e 
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Lfl' = ( y; I tf f l- I 'f ~V) I 
C O'l8BH,ll;Hblli!l1: 3aKOHID.1H CJ!OliU3HHff H YMHOJKeHIDI Ha 'lHC.iiO. 

J13 BToporo ypaBHeHHR: CHCTeMbl CJie;nyeT , 'iTO 

~ :f~v =i tff-v, 
r.n;e </JJLv"" f /2EfLVd..J'> tpd.fl - OHBeKTop JJYa7I:bHHH fJLV • 

(2) 

CooTHomeHHe (2) BHpaXaeT yc.noBHe CaMOJJYaJibHOCTH OHBeKTopa . 

IIo.IJ;'iepKHeM, 'ITO TeHaopHo e BOJIHo Boe ypaaHeHHe He :mmapRaHT

HO OTHOCRTeJI:bHO llpoCTplli!CTBeHHOH :mmepcHH. ,lleHCTBHTeJlbHO, C~ID

JJYa7Ibmrli OirneKTOp o6paayeT reoMeTpR'leCKYIO B8Jlli'l:m!Y C TpeMfi KOU

noHeHTaMH OTHOCHTeJlbHO C06CTB8HHOH rpynnH JlopeJIUa H He MOJKeT npe

o6pa30BHBaTbCR no npe,n;CTaBJieHHID nOJIHOH rpynnH JlopeHua, KOTOpaR 

BKnro'!aeT llpoCTpaHCTBBHHOe OTp~elrne. 

B paMKaX BOJIHOBOI'O ypaaHeHHR CRMRp H CBMO)zyaJI:bHHit 6BBeRTop 

COCTaBJUU:l'l' 6.ItHHYJ> BeJilfllHHY, :HMeiJIIY!l, Itai< H BeRTOp, 'l6THpe KOMDO

HeHTH. 3ta BenHqHHa H 4-BeKTOp BXO~HT B ypaBHBHHe CKWK8Tp.KtjH0 1 

no~OOHO TOYY KaK CllHHOpU nepBoro H Btoporo po~a BllHCHBaDTCH B 

ypaBHeHHe ~paxa B cnHHOpHOY npe~craBneHHH. IToarowy_lpaBHeHHH (I) 
noanonHDT HCKJIDtiHTb qerwpe IPYHKI..\HH. ~cunqHB ~ , 'f fJ...; nony-

qaeY 

.1, m2c2 ,11 
D -r JJ- = -p- 'f fL ' 

OTey.n;a B.H.IJ;HO, 'ITO m - MaCCa qaCTiil..\1>1. 

B RMIIYJI:&CHOM npocTpaHCTBe BOJIHOBOe ypaaHeirne nao6p~eTCSI 

O.IJ;HOPO.IJ;HOH JI:IIH8ID-!OH CHCTeMOH 

p r; tf;(J"(p) =l me f (p), 

PJ-1- tfv(p)-pv ff-4-(p)-i Ef-vcip pcJ.tj;fi(p) = imc tfvfL (p), (3) 

pr;tfr;J-1-(P)-p~ tf(p)=imc lf;f(p), 
HeTpll:BHaJI:&HaR COBM8CTHOCTb KOTOpoii BHp~eTCSI COOTHOl!leHHeM 

p 2 = m 2 C 2• J1CG.n8.D;OBffilli8 CHCT8M!l ( 3) Ha'iH8M C .IJ;Byx B~-
HHX TOJK,D;eCTB, KOTOplie CJI8JJYIOT :113 yc.nomm C8MOJJYa7I:&HOCT:I1 ( 2). 
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l.\OiK!fO TIO!ta3aT:b, '!TO 

i E. fLVd. (5" tf 1Jf3 = 0 ~ rvrL + s e tfol fi + S! ~fill. 
( 4) 

TOll\nCCTBO 

F- ~()H~ = - .i ~ ~-'- Fa. pH + H fi() c v()- Z Ov d..} rv() 

crrpane.r.vnm o Mfi JD06b!X 6HBeKTopoB Fr1..p , H d..fi CJic.uonaTeJI:h-

1!0 , 

L fL()Nva- + Nfio-L"() =! s: L c1.p Na.p, 
(5) 

r.ne L d...f3 , Ncip - cru.to.u.yaJI.hH!le 6HBeKTopu . ' 
Pac cMOTpl1M oTo6pruKci rne L : Lf"Cp)- L L.Jf(p) = t.f" (p), 

BOJIHOBOll tPYJ!KLUU1 na ce6JI , 3a,llaBaCMOC caMO.IJYaJI.hHbiM 6HB81\TOpOi·A 

LcJ.p (p): 
t'cp) = t L d...f3(p) </JrJ..fiCp), 

tf ;vcp>=}LfL ~p)~va{P)- f Lv ~p) fr-dp)-Lf4v(p) lf(p),c 6 ) 

lf1' (p) = - L 1'- l)(p) lf() Cp), 
~ \1 

r .ue L~rr(p)= Lf-lv(p)9 6
, • llpHHHMM BO BHHMamre ( 4 ), 

HCTPY.llHO y6e,uHT.hCfi, 'ITO f fV (p}- CaMO.IJYaJI.bHbliii 6HBC !\TOp, 

.lierKo aaMeTHTb, '!TO JIHHefum e npe66pa3oBaHHe ( 6 ) rrpHBO.uHMO. O.uuo 

113 ,uByx IDIBapHaHTHbiX IJO,UrrpOCTpaHCTB o6pa3YJOT CI<aJI.Hp H CaMO.IJYaJib

HbiH 6HBeKTOp, KOTOplie H 3,!\CCb BHCTYIJa.!OT Kal\ C,uHHOe UeJIOe, 

ECJIH o6o3Ha'lHTb qepe3 N orrep aTop, 3a,IJ;aBaet.nlli caMO.IJYMbHHM 

6HBei<TopoM Nrip(f) , TO, cor;racuo ( 5), ( 6 ), HMeeT MC CTO cooT

HOllleime 

LN +NL = -(L,N), ( 7) 

r.ue 

(L,N) - f/2 L rip(p) Nd.}Cp). 
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C yqeToM (2 ), ( 4 ), (6 ) rro.nyqaer,f 

Ptrtf;(f) =f L Vfrp) { P~ <f..,cp)-Pv ffCp)- i E f411cipPcitfp(p)J, 

Pt4- tf;:cp)- p" r;rp) -i cfLvt~.p[f<f'~:: L fv(p)[pcr tf~r(p)} + 

+} Lv acp){ p~rrf4-(f)- Pr- tfcr(p)- i c ()14a.p pa.f"(p)} -

-! L~ ~p>[p~ tfvCp)-p" r~cp) -i. E.(fvcif' pr~..cfp(p)} 
7 

cr,tJ' t!J' " f T ~f,(p)-PI'- T rp) =- -Lf (f) { p<T tftn~(p)- pv fCp)j. 

TaKHM o6pa3mA, B npocTpaiiCTBe perneimti BoJiuonoro ypanuei!llfi .n;eiiicT

nyeT rpYJliTa rrpeo6pa30BaHHiii. ~To6u ycTauonHTb cTpyKTYIJY sToiii 

rpyrriJH H peWHTb CHCTCMY (3) 1 DH6epeM P HMITYJibCHOU ITpoCTpaHC'l'BC 

JIO.KaJibHbiH OpTOHOptAHpoBaHHWll da3HC f }4. ('p), llepX1-!HJ1, JiaTHHCIGIM 

:mr.n;e.Kc HyMepyeT BeKTopu 6aa:aca 11 rrpo6eraeT 3Ha'!eHHJI 0,1,2 ,3, 
OpT f~(p) HarrpaBHM no PI'- , 

0 

f/4-(p) =PI'-/mc. 
(8 ) 

ITo orrpe.n;eJieHHIO 6a3HCa 

9f-v f i (p) fJ( \ = gU 
fl- \1 PJ I ( 9) 

YCJIOBHe !IOJIHOTH 6a3nca 

K fJ 
91<j f f!(p) v(p)""' 9f"· ( IO) 

llpHBCJ(CM 81118 BaiK!!Oe COOTHOIII8Hl1C 

E fVd.f> + ~ft ~·(p) r:(p) f; (p) =c c Lj KS (II) 

KOTOpoe TaKXe liOTpe6yeTCJI, 
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06osHa<rnM 'lepes t;t Cp) 6nBeKTOpl:l 

Kj fK tj fK tj K.t f'-' (p) = f. (p) )p)- " (p) fL Cp). 
M '!Opes z~'l Cp) = - Zf."'v ( p) caMO.IJYa.JI:&HI:le 6:11B8 KTOPI:l 

Kj Kj • f~Kj 
Zfv Cp)= ffv Cp)-L flvCp). 

i\ai< noKasaHo , 6nBeKTOPI:l Z ~~ Cp) sa,uaiOT onepaTopl:l Z Kj = - Z;K. , 
~eHCTB~~e B rrpocTpaHCTBe p erueHHH BOHHOBODO ypaBH8HHH . M3 (9) 

-( IT) CJie.nyeT , 'ITO onepaTop l:l ZKJ mrneilHo 3aBMCIDill>! : 

I 

Z 12 ~iZo3, Z 23 = i Zot, Z 3t==- i Zo2.. 

TIOJIOJKMM , KaK 0 6 ll'lHO, 

Z
1 

== Zz3 , Z 2 = Z 31 , Z3 = Z12. 

iloCJie rpOM03,I(KHX Bl:l'l!HCJ!8HRH npHXO,I\IDA I\ CTPYI\TypHb!M COOTHOlli8IDI.ffM 

,JJ,JI.ff orrepaTopoB Za. , a. = T , 2 , 3 1 

4 zb + Zo Za. = -2 8 a.b I 

Za. Zb =-8a.t:.- Ea.bc Zc, 
( I2 ) 

r~e Eobc - e,I\MHH'lHI:lM aHTHcnMMe TpR'lHI:li1 TeHsop TpeT:&ero paHra. 

OrrepaTophl Sa.= i/2 ~ y~oBJieTBOPfflOT cooTHorueHHHM MOMeHTa 

Sa.S~o- S~o Sa.- L ca.be Se. (I3) 

TaroiM o6pasoM, ncKoMM rpynna cHMMeTpiD1 H30Moi$Ia rpynrre S U()). 
'JTy rpynrry 6y~eM Ha3b!BaT:b rpynrro:ii BHY'I?peHHero C!IIDia, R, COOT

B8TCTBeHHO, B8KTOpHiill orrepaTop s = ( St, Sl, s,)- BHYTP8HimM 

CIIHHOM, L 
Pa3JIODM ff Cp) , f}Lv(p) rro 6as11cy ffCp) 

tf p. cp) = a" (p) f; Cp) , lfp.,.Ap) = CLKJ (p)f; (p) f~Cp).< r4) 

8 

AMIJJH!TY~ aKj(p) B CKJIY ( 2 ), (9 )-(JI) -, no~tHlU'JTCfi YCJIOBJ'I!Ir.l 

·s , 
a"j(p)~-ajdp), ia~ej(p)=1/2E..KJisa'(pJ.. (I5) 

Tio,ncTaBJLfm ( I 4) n ( 3 ) H YtUI'fl:lBM ( 8 ) , ( I5) , nony'l!aCM 

Qo(p)=i~(p), QKfp)=iaKo(p),npH K = I, ~ , 3 . 
TioTpe6ycu, 'l!T061:l BOHHOBM <!JyHKL(Hfi l.fi (p) 6H.JIU C00CTB8HHOti lDYIIK

L(Hei1: TpeT:&ei1: rrpoeKL(HH BuyTpeirnero cllillra • .3 pcsyJI:&TaTe npnxo~.l 

K COOTHOlli8IDI.ffM 

( + . + a1 p)=-LQ2.(p), ao Cp)~-a3 (p). 

CJre~oBaTeJI:&Ho , o6utee peUieHHe ypanHeHIDi ( 3) MOiKHO npe.I\C'l.'aBHTb n 
nH,IJ;e 

,f 1 A ~ h A A .l 
-rfL(p) =a (p) fL(p) + b (p) 9~CP), 

I I I~ .A z). A 12. 
lfLvCp)=-Q Cp) f-vCp)-b (p)Z~v (p), 

· 'f~(p) =-i b.A(p), 

r~e .>. = + 1 , eCJIH co6cTBeHHoe 3Ha'leHHe S ~ paBHO I/2 
R A = - i , eCJIH co6cTBeHHoe sHa'leHHe S .3 panHo - I/2; 

A fi . f2. .A o 3 A Z3 z31 
hpJp)= fL(p)-LA f(p), qfL(p)=ffLCp)+).f1Jp), ZfLv(p)==ZflvCp)-i). f-Jp). 
BeKTOpl:l ~ ti Cp) ' r-1. Cp) ' O'l8BMHO' H30TPOllHI:l. 

~ ~ . . 
I 

2. I'!?y!!IlOBa.ff CTpyKTypa BOJIHOBODO ypaB118HIDl 

JlarpaHJKHaH T8H30pHOro BOHHOBOro ypaBHeiDI.ff, mmapHaf!THblii 

OTHOCHTe.JI:&HO Ka.JIH6poBO'lHODO rrpeo6pasoBaHHH l.f{x)~ exp[iw] 1ftz). 
H8Jl:&3Sl IIOCTpoHT:& H3 KOMIIOHeHT TOH:&KO BOJIHOBOH <!JYHKUHH l...fiCX.), 
TaK ~ f fl. V f fLV:i 0 . 1JepTa 0603Ha'laeT KOMilJ18KCHOe COrrpmKe

HHe. Heo6XO~ H83aBHCHMO BBeCTH BOJIHOBYJO <!JYH.KUIDO 

cp = ( ~, lff-, lfP-v), 
r~e ff-LV - aHTHCaMO.IJYa.JI:&HI:lH 6:11BeKTop, TO 8CT:& TaKOH. '!TO 

f fW ·=- L lfttV. (I6) 
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DoJmoBalf cpyxi~ 4> no;ntmH!ieTCil cHcTem ypamteHlfit. 

cr rm: tD () tfo- = r • , 
of 'fv- Ov 1{1/L + i E. j-l-Vd} Oa..'fp = iflfvf, 
ocr 'f6'J-L- ofL 'f = -we lf ~' (17) 

coBMecTHo:ii c yCJioBHeM .nyaJibllOCTH ( I6). 
YpaBHeHWI (I) , ( I 7) MOI"JT 6HTb IIOJIY'leHll BapHar.tHOHHo:ii rrpo

u e.nypo:ii H3 Jia.rpruumrura 

~o = f f4. Of-L <f + lf; 14-v of lfv + <f f./A~ tf + tf JLV ofL tflv + 

+ ;c ( flf+ lpfltpfl + f "ft-t" lf1-w)+ K. c. (IS ) 

JiarpaHlitllaH ( I8 ) rumapHa.HTeH OTHOCHTeJibHO I'JI068JibHOI'O npeo6pa3oBa

lllffi 

Lj-fcx)- z ~x), cpCx)-- z//Z/2 <Pcx), 0 9) 

r,ne Z - KOMIJJieKCHoe 'illCJIO, !Ipe.ncTa.Bl.leHHe ( I 9) MOliiHO 0606lllHTb 

ua CJIY'laM JIOKaJibHRX rrpeo6pa.soBrum~. IIOJiaraH 

Lie _i.C'] z -exp Few+ 1rc o , 6y,n:eM Cl.{JI(T8.Tb uU , s IPYHK-
r.w;IMH TOl.{.KH X , 3anHCHBaH 

"'-Ycx)- expU~ wcx)+fc OCr-)] o/cx), 

cp (x)- exp{; ~ wCx)- :(c Sex>] cp( x). C2D) 

Jla.rpa.HJKE:a.H 2f_ 0 B 06IIIeM CJIY'lae He 6y,n:eT mmapHaHTeH OTHOCHTeJibHO 

npeo6pa30Bamtll (20), MH:BapHaHTHOCTb M:>lKHO BOCCTaHOBHT:b, 3a.MeHHB 

BC~ rpa.rr;HeHT Ott Ta.K HaaHBaeMOH KOBapHa.HTHOH npoRaBo~oH 

n = '). - ~J/ - _i B " - ~ - .i...!;..JI t _j_B YJL- ufi 1i c fL tic f-L, ~,.. = ufL he fL 1ic 14-, 

npl'Il.{eM onepaTop VJL .neHcTByeT Ha. 1....Jfcx) , a rrpoHsBO~WI 
.1 /-(- Ha. c[J(.x) , MHBa.pRaHTHllil: Jiai'pa.HJKHaH MOJKHO npe,ILCTaBHTb 

,I, 

j 
) 

» :BHJJ;e 

i£ = :io - ;,~ Jlfl J; -t1 BfL J; 
' (2I) 

r.ne J; . ]~ - coxpaWIICII!HeCJI TOKH: 

1: =i. [ f ffl + 'f +JL + <fcrlfJ-Lcr+ 'ff)ff-L~}+K. c., (22 ) 

J; = { tf \ffl- - 'f q;JL + ~~ lffL6'- 'fer Cffld + K.C .. (23) 

06pa.THMCJI K cpH3l'ItreCKOMy CMHCJIY I<OHCTaHT C.Bfi3H e H q 
lfuCJIO e CJie.nyeT OTO.lK,Il;eCTBHTb C 3JieKTpJiltreCIOOII 3apii,ILOM, .IJ:efiCT

BHTeJibHO, COCTa.BHM ypa.BHelrnH BTOporo IIOPff.ILKa ~ BOJIHOBOM 

qzy-u~ 1-fT B rrpHcyTCTBJI!H BHeliiHIDC noJie~ Jlf- , B~ . DoJIHo-

ooe ypa.BHeHHe llpH HaJIHl.{JI(H BHeliiHIDC CIU! IIOJIYtraeTCJI 3a.MeHOM B ypaB

HeHI<Il'I ~ CB060,IJ;HOM tra.CTHUH rpa.rr;HeHTa 0 f Ha KOBa.pJila.HTHYJO 

11p0Jil3BO.IJ;Hyl0 

"~.1, = me '-f 
v j(J' ii ' 

Vf Y-'v- Vv y;J-L- i E fVci.f> V'd~f> = ~c ~v~, 

vcr 'f Cf"J4- - vf l/J = 7f '+ /-(- . 
HcRJIIOtraH f , <./J jL\1 · , nOJiytraeM 

(21!) 

()' m..i.2 .t, ie . ~ ()' !lr · ~ .1.~ (V V'fJ+ fi2 );f-L =ncCFwr+LFfLO')'f +tfc\H~ta-+LHf-LCJ')'t', (25) 

r.ne 

Ff-1-V = 0 f./1\1 -o,dlfL, H fV = ofL Bv - Ov BfL. 
Ilpo,n:eJia.B TO lKe Ca.MOe C ~ jL , IIOJIY'la.eM C ytreTOM ( 4) 



rr m2c2 ,,, ie F ,,,f-tv _1 H ,f,f-l-1' 
(\1 \76 +v) 1 =znc f-1-V 1 + 2k f'v 'f' , 

( cr m 
2
c 

2 
) .I, i e ( F "' 6 , 1, 6 ) V V6 + V I f-t\J = hc ~LCS T v- FvcY T ~ + 

!i(H ,J,() -H '1' 6
) -~ C F · - "'-+lie fl.CSlv 'llO"'lJL fie fLv-LffLII)/ 

-(c-CHFv-iHfLv) -f, 

r.n;e ffL = gcsv ~VJL • 3arooueM, HarrpuMep, ypaBHeHIIe (25) 
B TpexMepuoil BeRTopHotr rpopMe B OTCYTCTBJoiJoi BHeiiiHero rroJIJI BJ-1--
floJiarM, 

X =- i lfo , f = ( t.fi, lfz, f3 ), 
HMeeM: 

{-C itift:+e.llo)~c2(p- fJi) 2+m2c'~] X= elic(E-iH) · f, (26) 

i -Uiift+E.Ilo/+c2(p- f1/+ln 2c'~J f = -e1ic(E-iJ1Jx.-etttE-iHJxrJ~27) 
Bl:lpaJKelOOI (26), (27) OTJIH'J:aJOTCII OT peJIJITHBHCTCROro 0606ll(eHIDI 
ypaBHeHIDI illpe~repa ~eHaMM, co.n;e~ BeRTop~ aJieRTpWJ:ecRO
ro H MarHIITHoro rrO.Jieil • .ILo6aBo'll!He ~effil oTpa.JKa.IOT o6wrnyro crm
HOByro CTPYRTYPY TeHsopHOH qacTRUU. Y~eM rrorryTHo HepeJIJITH
BHCTcrolli rrpe.n;eJI BOJIHOBOro yp8BHBJIM.fi(8 t'- = 0) . ; 

. ax t (- e- 2 n iefi H- ;rr th at =2m P - c .II) X - e JJo t +. 2 me · 't', 

i~ af=..Lcp--~JI-)2·"- en ;;,_i.ffi.[Flx ·"J-ill Fix. 
'tJf 2m c I JJo't' 2mc 'f 2mc • 

flpo.n;OJDKa.FI, paccMOTpHM OT06paJKeiDie rrapbl 'Lf/ , cp Ha 
ce6.fl 'l..f'"' 2. U cp, <P' = U 'Lf' , sa,naBaeMoe BeRTOPHI:lM rrO.JieM 

ufl- : 
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lf' = LL rr tf() 1 
t./J'=Urrtf(), 

t~==urrf~"-6"-U/"-f, lf ' = U rr tk (f - Uu. tf 1"- p. ,~ ' 

tf~v= U,._ fv-Uvff-1--i.E.p.vd.pUci.~~ 
' dJ ,/, • d 

'ffLv=U" rrUvrp.ttE~vd.~U ~~ 

ECJIH BeRTop U f y.n;oBJieTBOP.f!eT ypaBHeHIDO 

ov uf'l- = o, 

TO 

~6 t/J; = uf-l- c v()f()~-L- 'V~ lf) ' 

'Vfl.lf~- 'Vv lf~- i.E. fLVd.~ \/d.. t/J'P = Uv('Vrrt.f(fl"' -Vf lf)

- ul-'-( Vcslf()\1 -'Vv lf) +i E ~vd.j3 Uci ( Vo- tprrf>- VP lf) , 

(28 ) 

. 'V6 tf ;fi- -Vp. tf '= Urr( 'V~fiL -'V~-Llfcs+ i E6JUJ3 Vo.<fp) -UJ-1- Vcf'\f()'. 

Bm:mmeM BOJIHoBoe ypaBHeHHe WI.fi <f> 

A 6to = me. tf 
L.l ,. 6" T ' 

. o.. j3 me · 
llf lfv -llv lfJL + L E p-vo..p ~ P = T tfvJL, 

6 me tD 
11 lf (ff-1.- .1 JA- f = T T ~ • 

(29) 

BH.n;HM, qTo rrpH 8 ~ = 0 , ROr.n;a 'VJL = Ll JL- , 'Lf-" ~ U <P 
6y.n;eT peweHKeM ypaBHel:Ildt (24). TaR JKe rroRasUBaeTC.fi, qTo ¢'=Uo/ 
6yJJ.eT pemeiDieM ypaBHelilUt (29). TaRHM o6pasoM, BOJIHOBoe ypaBHeHIIe 
WI.fi TBH30pHO~ qacTHUU BO BHemHeM aJieRTpoMarHHTHOM ITOJIB HHBapHaHT

HO OTHOCHTeJibHO BBelJ,eHHOro rrpeo6pa30BaiOOI. 
113 YCTaHOBJIBHHOH CHMMeTplili HeMe,WieHHO CJIB.IJYeT ypaBHeHJoie 

Herrpepb!BHOCTH: 

o~-'-V~=O, (30) 

13 



r,ne Vfl- = UIJ"V CTfJ- • TCH30p V f.l-\1 COCTaBJieH H3 'VI8HOB, KB~-
paTH'IIIHX no ltQ!,ffiOH8HTill.1 BOJIHOBOH clJyHm~UU 1.fl' 

Vf-1-v= 9Ji-v(f t- CJ'f1"~ 15) + ;p/-1- tfv + fv~fJ-+ +tLtJlf~+ 
+ Zf t 1-1-v + f 1-1-" ~ - i. E f-1-Vdfi fci.fP. 

l1o.no6nuil TeHaop CYll1eCTnyeT, KOHe'!Ho, H .IJ;JIII <P . TeHaop VJ-Lv 
JIHTepccen H car.1 no ce6c, TaR rtaK Ha perneHIDDC ypaBHeimfl (24) 

~ _3_1 cr 
0 VJ-L<J = lie B V,wr. (3I) 

CooTHoweHne ( 3I) HecKOJII:.KO npoRcHReT POJ!I:. BeKTopHoro nOJIR B 1-'
J epHCI:ICR , O)\HaKO, rt ypaBHCffi!Io ( 30) , na rmToporo CJie.nyeT, '!TO 

lUI'l'erpaTI llO Tpexr,mpHOii, I!pOCTpaHCTBeHHO-ITO,n06HOH nonepXHOCTH JT: 

In = f VIL d Qfl-
~ 

He 3aBHCHT OT noBepXHOCT¥! r( • IlarrpaBJ.IM BCitTOp UfL 
OCH nper·.leHH JI BH6epeM B Ka'!CCTBe r¥InepnoBepXHOCTH 1[ 
rrocTI:. t=const. YIHTerpaJI 

LCt) = j Vood 3:r. 

no 

3 -ITJIOC-

He 3aBHcnT oT BpcueHH. DeJin'illHa I ( t) CYll1CCTBeHHo nOJIOml:TeJII:.

na, noCKOJII:.KY 

Voo = f t + L ( fK y;K + foK lfoK). 
K=O 

MTaK, ,li.JlR TeHaopHoro DOJIHonoro ypaBHeHWI a~a'la o .nBIDKeimH "lac

TIDU:l BO BHeliiHeM 3JieKTpOMarffi!TIIOM nOJie ITOCTaBJieHa KOppeKTHO. 

3a.KaH'lliDM 11a 3TOM o6cYJK,neHHe TeMLI sJieKTp:wrccKoro aapH.na, nepeii-

.neM K BOI!pOCY 0 KOHCTill!Te CJ, • 
ECJIH TpaKTOBSTL T8HSOpHYJ> 'IISC'l'B:QY KaR CliC'l'8yY liS ,nByx CIIB

HOB I/2, TO SICHO, liTO XOTSI 6H O,!Om liS CIIBHOB ~OJmeH H8C'l'B 8JI8R

TPB"l8Cmrlt Sapii,It. TaR KaR CIIBHH Bpalllam'CSI, TO r.I)ZHO CRa38T:L, 

liTO BTOpol SSpii,It ~ BOSHl!RaeT B pesyJJL'l'S'l'e ,nBltleHl!Sl 8JI8RTpll'lleC

ROro sa~a B CIIBHOBOM IlpoCTpaHCTBe. 
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OTc!O,ll;a CJie.nyeT, 'ITO KOHCTaHTa cBR3H noJIR 814- - IIBJieHHe cyry6o 

KBill!TOBOe,H IT03TO~~ B IIpHHUHne He ,nonycKaeT KJiaCCH'!eCKOH HH

TepnpeTa.rnrn:. Kart H cmrn , BTopoii aapH.n zc'!eaaeT npH rrepexo.ne K 

npe.neJIY n ..... 0 
n UeJIOM yr<a'KElM, '!TO npeo6pa30BillillR -

Ce: Lfl- Ce lf":s LV; <P -Ce<P ""<P, 
C . l lJ- c yJ= ¢. <P- c cp = lf' 

fl.· T ~ ' ~ 
3GlJl:aJOT onepauHH coiip.f{liteHHR aapH.noB. PacnOJiarM DHJla.JKeuwrr:m (22), 
(23)

1 
HeTpruro y6e,nHTI:.CR, '!TO npeo6pa30Bruute ( e MeHReT 3HaK 

y TOKa J fL , OCTaBJIRR BeKTOp J~ HeH3MeHHbiU, a OT06pa.>:teHHe (~ 
,neftCTByeT B o6paTHOM IlOpH.nKe. 

Onpe,neJieHHall B nepBoM paa.neJie rpyrrna mryrpeHHero cTIHHa 

CJIYiKHT Taroite rpynnoil BJlYTpeHHefi CHMMeTpHH Teii30pHoro BOJIHOBOro 

ypaBHellliR. JlarpaiDKHilll ( 21) l!HBapHaHTeH OTHOCHTeJII:.HO rJI06aJI:bHOrO 

npeo6paaoBaHWI 

~(x) - exp [ f lc f · w] l.Jfc:r.), 
qJ(x)-exp[ffcf.Jt.(J] cpcx), 

(32) 

r,ne W - rrpoH3BOJI:bHbiH IlOCTORHH!lH BeltTOp, a KO~ffiOHei!Tll BeKTOpa 

'i: = ( L. 1 , 2._2 , ,£.3) cyTb onepaTopH, y,noBJieTBOpillOlUI1e cooT

HomeHll:SIM (I2 ). OnepaTopu La. , (Q=-1,2,3) aa,naJOTCR TaKoii JKe 

KOHCTpy.IW;l1eft, '!TO H onepaTOpll Z a.. , TOJI:bKO ,neifCTBYJOT OHM Ha 

BOJIHOBYJO clJYHKUIDO B Koop,I\IDiaTHOM rrpocTpaHcTBe. I!eT IIJr.i\nll nepel1l!cH

BaTb COOTBeTCTBYJO!llHe cpopMyJ\ll. D CJIY'!ae He06XO,nHMOCTl1 - npoue.nypa 

I!pOCTa. JlOKaJI:blillM opTaM f~(p) CTi.aBIDI! D COOTBeTCTBHe ITOCTORI!-

1-!ble, He SaBHCSIIIIHe OT X , opT!l e fL , HanpaBJieHHble no OCRM ,ne-

KapTOBIDC KOop,nmiaT . X , tj , . Z , t . ,llaJILllle nee COBep-

rnaeTCR aarvteHOH f~ (p) I~a e~ H ljf(p) Ha 1.J-'"(X)_:_ Co-

npllJ:eHHWe onepatopw L. a. onpe,lleJieHH ua cp(x) n ?.J!'(z) 
l1 y,noBJieTBOPfiiOT Tel.1 Jite COOTHOllleHJVIM CTPYKTypll, '!TO U L a... 

D TOM, 'ITO JiarpaHI.GiaH (21) ID!BapHaJITeH OTHOCHTeJILIIO npeo6-

pa30BariWI (32 ),rrpome Bcero y6e,nHToCSI c noMOmoro TO~ecTB 

IS 



tf()( L lfo-) ==- (L tf(j) cpo 
f ( L tf) + f tf~11 

( L lfflv) == - (L ~)if- f (L <ff!v) tjJJ-~ 

r.11e L - onep aTop , 3a,na.mrn:tt cooTHo llleHWIMH ( 6) • 3amnueM :(Pa.BHeHRH 

(24) , (29) CliMBO.'IUqe c .KM B BH,D;e D o/• ~ o/, D"¢ ""if CJ? • CJze

,nyeT TB.K:S:e liMen B BII.IlY, tll'O D X..a.- Ea. D == 0 rJr;'~' - L..,. ])~ = 0 
' a. a ' a = I , 2 , 3. 

ECJJH C'lliTaT:o UJ !IJYHKitHeR n pocTpaHCTBeHHO-B peMeHHhiX Koop,nHtiaT, 

TO narpaHm laH , V.HBaPJiaHTHHR OTHOCI!l'e~:OHO ROKanbHOr O npeo6pa30Ba-

HH.R 

Ljf(x)- exp [ f £ f · wc:x.) ] 1-fl"cx), 
p (:r.)- exp [ f fc f "" · UJ<x)J cp ex.), 

rro.'IY'!aeTCfi 3aMeHo:i1: B Jiarpam<ImHe 'i orrepaTopon V f-1- , !:J.~ 
Ha 1\0BapllaHTJThle ITpOll3BO,nHbl8 

D _n _l.JL '·W- *- j__9,_ __ .:t:_ 
Df.L =[}.!-'-- 2 fie E • WJL ~ = v f-4- 2. i'lc L.. f.L ' 

-r.n;e W)-4- - noJie itiira - l.l¥IJIJica, Taram o6pa30M , BHyTpemrnii CllllH 

T8H30pHO}i qacTI~ CJ!J".tiiliT MCTO'IHHK0!.1 IIOJI.ff HHra - MWIJICa. 

:JaKoB coxpaHeHRH BIIyTpeHHero crnrna rJiyeloKo cM3aH co • 
~ 

CDOllCTBaMIT rrpocTpaiiCTBa - Bp8M8IDI, KaK OT1,!8'1a1IOC:01 BeKTOpl:l € f-1-' 

' 

TIOC'l.'OH!Iill:l , TO ecT:o Y.IIOBJieTBOJlfiiOT ypaBHemno (28 ). B TIJIOCKOM 

JipOCTpa.HCTBe-DpeMeHl'! 3TO ypaBHeHRe RIA88T qeTHpe, RRHe~HO He3aBRCR

l!HX pelll8HlHI 1 3a KOTOpHe l'l 6HRR DbidpaHI:l OIJTH efo , B RCKPJiBJieH

HOM ITpOCl' pa.HCTBe-BpeMeHH ypa.BH8HR8 U.JW'; 11=0 , B006Uie roBOpS!, He 

HMeeT peUieHHll , lJ 3TOll l!8CTe npR,Il8TCll llOCTaBRTb TOqKy, TB.K KaK 

BCliKaH IIOIIHTKa !.!CCJI8,1lOBaTb OClHapylltRBlliYilCS! CB.R3b IIOJIS! .HHra- l!.l1JIJICa 

C rpa.BRTfl.Ul'IOHHbiM IIOJi eM yBeJia 6H HUC CJIRlllKOlol ,ll.aJI8KO B 06JiaCTb 

06Uiell TeOpHR Ol'HOCHl'81I bHOCTH, 

OnepaTopu :La. 06Jia,U8.10T Bar.;J!llf.! CBOiiCTBOJ.I - OlUl KOMMYTHpYJOT 

c orrcpaTopaun c.u:wrra, 

X.a PtL ~ r lt >--=a.. (33) 
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r eHep a Tophl ;rynmr Jioperma M d..fl 8CT8CTB81ll!O 3a,I\UT:O Ita.K rrpou3-

BO.I\Illi8 Jirr/ 2 
OT tp , lffL , <ff"V B,UOJI:O COOTD8TCTBYJOOliDC D8It

TOp OB Krur.mrnr a . I1p11 nor.~ ,JJ,JIR P f-l , M d.. .J3 rroJIY'laeM CTP,YI<TYPHI:le 

COOTHO!li8JIWI aJirc6pli .fur rpynrru IlyaHRB.pe • KaK BWICHHJIOC:&, orre

paTOpll L.. a. He KOMMY'l'J!PYDT c reHepaTopm.m Mttfl· Ta.ROBO rJia.BHoe npE 
IIHTCTBHe Ha nyTJ! K pememm TipHHJ.ti'[IIHaJI:OHO Bam:!Oit Sa.zta'D! 0 ,!OlDeiDDt 

T8H30PHOA ~ac~ B U8HTPaJI:&HOY IIOHe. CoOTHOmeHHit (33), O~a.RO, 
ORaSaJIOC:& ~OCTSTO~O ~ pemeHHH BOrrpoca 0 ,!OlHEeHHH ~aCTHUU B O.U

HOpo~OM MarHHTHOM nOHe, 

3 . 1!aCTHUa B Mar :rnTHOi'.l IIOJie 

Ypa BHeirne )J,Jifi DOHJIODOii ipyH!CI.ij1l1 1.fl' , OllllCb!BaiOC\8H CTau;IIOHap

HUe COCTOIDIWI T.J:aCTID..\h[ B ITOCTO.liHHOM JAar HWl'HOM TIOJie , 3affiill!Gr.l B TpCX

MepHOH B8KTOPHOH <lJop Me 
-+ ....,...-+ z. 

E tj; -ficdivlf +ie.ll·'f ""mel-, 
- ..- ..... 2 ,/, tX-ncdivf +ie.ff·t.Jl= tnc -r, 

E f+~crot f-ie[Jix Cf]+ tic 9wd;t.-iei X =-mc
2 f. <3,1) 

E."lf-tcwt if +ie[.lxlf]+1ic9wdt-ie.Jff=-mc2 ~, 
r.ue f = C'f1?-'f2. 7 'f3)=Clf'23, lf3t, lf~2); 3- c rw.rm:p X 
H 3 - B8 ltTOp ~ Ollp8.I\8JI8HI:l BWI!e, 

CooTBeTCTBeHHo H npeo6pa3oBaHlie ( 6) rrpe.ncTaBHM B mr.ue 

~' ... {lf "IP'=--l+ -L[xifJ, 

x'==-l·f f'- [x-[lxf1, (35) 

r.ue 

.... _ ( L) l - L H ) L31 , 12 • 

J1CKJIJO'lliB H3 (34) 1./J H ~ Ilpl'I,UeM K ypaBH8HMM BTOporo 

nopil.IIRB. ,JJ,JIR orrpe.neJieHRfl X , ' If : 
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Ax =ieficH·f 

__.. _, - _.,. 
A lJ; = - i ek { H,X. + H x ~ J, (36) 

rJ(e Fi = totlf - BCKTO:p MBTilliTHOI'O HOJUI, 

;\ 2. 2 'I 2 2. :l d) 2-- d ... . n. = E - m c + ~ c Ll - 2 ielicC ·9ta -eV/:11)-ielic iv.Jl. 

Pa3JIOJiOOI! BCKTOpbl lp , q; ITO WfK1IH'l8CROJ,'\Y 6a3Hc/3/ 

- 1-- - drl-1- ,/,o- ,/,-1=.-
~ = tp+- e+J + lf 0 to + lf-1e:.1, lf =I etJ+'t' eo +-r E'-1. 

Tpenro rrpo~uuuo BHYTPCHHero emma S 3 :; - iJ.2 L3 sD,JJ;a.n;IDA 

BC KTO})Ol:l e 0 , TO e CTI> ITOJIO};Q1M B ( 35) .f. == e 0 • Tor,na 

:peweiDie ypaBiremm S ~ l.ff = 1!21f' 8CTI> 
- .j,+J .... ,/,o- . ,J,O + :: I e +1 + 't' eo , X = (.. ..,... ' 

f 
+1- o-'f e +1 + 1{1 eo "'~ -i. f~ 

ITp8,1:(110Jiarar;-+ 'IT? ~mpo,nHo8 r.JariDITH08 noJI8 HarrpaBJieHo n,nOJII> 

OCR 2 ' H ~ :Ji eo. BeitTOPHbiH ITOT8Hl.UiaJI Bbl6ep8M TBKIDII: 

.- :lf..Y(-- .... ) Jl ~ VI e+t - e_, . 
llo,n;CTBBHB 3TH Bblf8.lit8HRff B ( 3G) , flOJIY'llJJ.~ CJI8,IJY10ll\!18 ypaDH8HRff ~ 
onp8,n;e;remm ljJ + , X 
{ E2 -m2c"+h 2c2Ll + 2iefic Ji ':J fx -eJLz·i} X =etc Jli-, 

{ E2-m2c" rt/c2.6 + 2ielic Ji!:Jfx -e2Jt. 2 
Y2

} o/+1 =-eficJi f+: <
37

) 

l{OMITOHeHT!:I l.f+i , 'f HaxOJ(ffTCff C ITOMOli(I>IO (34). :fpaBH8HRff (37) 
BCTp81.!8JIRCI> B JIRT8paType • J10:3TOlilJ' BI:I!U1ill8U cpasy COOTHOW8HU8 , 

onpe,neJUIJ00\88 3H8prmo TeHSOpHOH 'lBCTlfiijl 
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E. 2 -= .n ::c -1 +2 Cii c.. JL n +r:/ c2 

z ' 

r.n;e n = I,2,3, .•• , n - KMDYJII>C ~aCTRUH B,I(OJII> H . fi 
YpoBHR 3HeprHR, COOTB8TCTB~e C06CTB8HHOMY SHa~eHHD - I/2, 
6ylJYT Ta.KHMH xe. ECT8CTBeHHidl pesynTaT, eCJm ~eCTI>, 'Tl'O BHYT

peHHR1t cmm: CJI.Y7EliT BCTO'IHKROM nOJIII futra - MwiJJ:ca. 
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