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CTpeJlbl.IOB B.H. P2 - 12395 

0 peJlHT~B~CTCKO~ KBaHTOBO~ MeXaH~Ke CKaJlHPHOrO 
non~ 

Pa3B~BaeTC~ peJl~T~B~CTCKaH KBaHTOBaH MeXaH~Ka KOMnJleKC
HOrO CKaJl~PHOrO non~, B paMKaX KOTOpO~ ~BH~M o6pa30M B B~
pameH~~X All~ 3ap~Aa Q ~ ~MnyJlbCa pi nOJlH np~H~Ma~TC~ BO 
BH~MaH~e 4JleH~, Y4~T~Ba~~~e OTHOC~TeJlbHOCTb OAHOBpeMeHHOCT~ 

~ 3aB~C~~~e OT nJlOTHOCTe~ TOKa ~ 4-~MnyJlbCa COOTBeTCTBeHHO. 
nony4eHHble B ~MnyJlbCHOM npeACTaBJleH~~ <!>OPMYJlbl All~ Q ~ Pi 
cosnaAa~T c o6~e~asecTH~M~. BBOA~TCA pen~T~B~CTCK~~ onepaTop 
KOOPA~HaTbl ~1, KOTOpbl~ ~MeeT TaKO~ me B~A, KaK ~ B HepeJlAT~-
B~CTCKOM CJly4ae; nony4eHbl <!>OPMYJlbl All A dx 1/ d T ~ d2x 1/ d r. 
AaeTc~ pen~T~B~CTCKoe ~Hsap~aHTHoe onpeAeneH~e TpexMepHo~ 
0 -<!JyHKLI~~. 

Pa6oTa B~nOJlHeHa B na6opaTop~~ B~COK~X 3Hepr~~ OHRI-1. 

Coo6WeHHe 06benHHeHHOro HHCTHTyTa HnepHhlX HCCnenOBBHHA, ily6Ha 1979 

Strel 'tsov V.N. 

On the Relativistic Quantum Mechanics 
of Scalar Field 

P2 - 12395 

The rela~ivistic quantum mechanics of a complex field 
has been developed in the framework of which in an explicit 
form in the expressions for charge Q and momentum pi of 
the field there are considered the terms taking into account 
the relativity of simultaneity and depending on current 
density and four-momentum density, respectively. The expres
sions for Q and pi , obtained in the mome ntum space, coinci
de with the conventional ones. The relativistic position 
operator x1 is introduced that has the same form as for 
a non-relativistic approximation. The relativistic analogous 
of the Ehrenfest theorems are derived. The relativistic 

invariant definition is given for a three-dimensional 
a-function. 

The investigation has been performed at the Laboratory 
of High Energies, JINR. 
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1 . BBEAEHI-1E 

B nocneAHee speM~ np~ penHT~B~CTCKOM on~caH~~ npoT~meH
H~x C~CTeM ~Jl~ C~CTeM /COBOKynHOCTe~/ CO CnJlOWH~M pacnpe
AeJleH~eM MaTep~~ /cKameM, Maccbl,3apAAa ~ T.A./ see 4a~e 
CTaJl np~MeHATbC~ CJleAY~~~~ nOAXOA /eM., Hanp~Mep/11 ~ 1..1~
T~posaHHY~ TaM Jl~TepaTypy/. B C06CTBeHHO~ C~CTeMe OTC4eTa 
K0 ,rAe AaHHaH cosoKynHOCTb noKO~TCA, nonomeH~~ ee 3JleMeH
TOB 6epyTCA B OA~H ~ TOT me MOMeHT BpeMeH~, T.e. OAHOBpeMeH
HO. B C~Jly OTHOC~TeJlbHOCT~ OAHOBpeMeHHOCT~ C f04K~ 3peH~H 
J1~60~ HeC06CTBeHHO~ ~HePI..I~aJlbHO~ C~CTeM~ OTC4eTa K, rAe 
AaHHa~ COBOKynHOCTb ABHmeTCA, 3TO COOTBeTCTByeT pa3H~M 

MOMeHTaM speMeH~. B peaynbTaTe a K -c~cTeMe, cKameM, np~ 

B~4~CJleH~~ 3ap~Aa OTMe4eHHO~ COBOKynHOCT~ He06XOA~MO np~
H~MaTb BO BH~MaH~e AOnOJlH~TeJlbH~e 4JleH~, 3aB~CA~~e OT 
BeJ1~4~H~ nJlOTHOCT~ TOKa 3apHAa. 

H~me M~ np~MeH~M yKa3aHH~~ noAXOA K cny4a~ peJlHT~B~cT
CKO~ KBaHTOBO~ MeXaH~K~. B Ka4eCTBe nepBOrO wara 6yAeT 
paCCMOTpeHO CB060AHOe KOMnJleKCHOe /nceBAO/ CKaJlHPHOe 
none. np~ 3TOM ~CKJ1~4~TeJlbHO All~ Harll~AHOCT~ B HaW~X B~4~C
JleH~~X M~ orpaH~4~MC~ CJly4aeM /1+1/ - npOCTpaHCTBa, nOCKOJlb
Ky o6o6~eH~e yKa3aHH~X B~4~CJleH~~ Ha /1+3/-npOCTpaHCTBO OC0-
6oro TPYAa He npeACTasnHeT. Bee KOMnOHeHT~ 4-seKTopos 
s~6paH~ Ae~cTB~TeJlbH~M~. MeTp~Ka onpeAeJlHeTcH /KOHTpasap~aHT
H~M/ TeHaopoM M~HKOBCKoro, B3~T~M c o6paTH~M 3HaKoM: 

g ik = 0 np~ ifk, goo=-gaa,. 1. 

rAe i, k =0, 1, 2, 3 ~ a =1, 2, 3. no3TOMY 

ao=ao, aa=-aa, 

a cKan~pHoe npo~3BeAeH~e 
i -+-+ 

ab = a . b = a 0 b 0
- ab. 

I 

np~ 3TOM 6yAeT ~CnOJlb30BaHa C~CTeMa eA~H~LI 

C=t=l. 
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2. 3APR.Ll non,q 

PaeeMOTp~M s~pa~eH~e AnR 4-aeKTopa nnOTHOeT~ TOKa sepoRT
HOeT~ 

* * a¢ a¢ 
J = i(¢ ----- - ---- -¢) 

k axk axk /1/ 

KOMnneKeHoro /neeBAO/ eKanRpHoro nonR ¢.on~e~sa~~ero 6ee
en~HOB~e 4aeT~4~. Een~. KaK o6~4Ho, M~ AOMHO~~M 3To a~pa
~eH~e Ha 3neKTP~4eeK~~ aapRA e.To nony4eHHY~ a peaynbTaTe 
Ben~4~HY 

* 
j = ie(¢-a_¢:._- _a_¢:._¢) 
k axk axk 

MOmHO TpaKTOBaTb KaK 4-aeKTOp nnOTHOeT~ 
TOKa. On~paReb Ha /1'/, B ene4HanbHO~~ 
nonHero aapRAa nonR Q 6yAeM HMeTb 

k 
Q= fj dVk = 

/1 'I 

3neKTPH4eeKoro 
K -e~eTeMe AnR 

* a¢ a¢ *a¢ a¢ 
= ie[ f(¢---- ---¢)dV - f(¢---- ---¢)dV ], 

. a'~? a'~? 0 ax 1 ax1 1 

/2/ 

rAe dVk - 4-seKTop 3neMeHTa o6beMa. 
3Aeeb Ba~HO nOA4epKHYTb, 4TO B~pa~eHHe /2/ TaKme onpe

AenReT eo6o~ · eKanRpHOe npOH3BeAeHHe (¢,¢), KOTOpoe 04eBHA
HO, OTnH4aeTeR OT 06~enpHHRTOrO B~pameHHR /eM., HanpH
Mep,~/ I npHeyTeTBHeM OTMe4eHHoro s~we BTOporo 4neHa 
B npaso~ 4aeT~,Y4HT~Ba~~ero HeOAHOBpeMeHHOeTb, 

npOH3BeAeM Aanee pa36HeHHe BOnHOBO~ $yHK4HH Ha nono~H-
+ -TenbHO- 11 OTPH4aTenbH0-4aeTOTHble 4aeTI1 (¢ = cp +¢ ) 11 nepe~-

AeM K 11MnynbeHOMy npeAeTaBneHH~ Ha OeHOBe 113BeeTH~X B~pa
meHI1~ /eM. HanpHMep,-!.3/ I, KOTOPble B 4aeTHOM eny4ae OAHOro 
npoeTpaHeTBeHHOrO 113MepeHHR 11Me~T BI1A: 

~ nepeXOA K yKa3aHHO~ eHeTeMe OT K0 -el1eTeMbl OnHebiBaeTeR 
ene4HanbH~MI1 npeo6paaoaaHI1RMI1 nopeH4a. 

4 

+ 1 dk 1 +·k + 
cp-(x) = -- r----==-- e-1 X¢- (k1), 

(2rr )'h y'2 k0 
/3/ 

1 
± 1. 1 dk ±ikx * ± 1 $ (x )= ----- r ----- e ¢ (k ) . 

(2rr)Vz v2-k0 /4/ 

.L\nR 3Toro noAeTaB~M /3/ ~ /4/ B /2/ ~ npo~HTerp~pyeM no 
KOH$~rypa4~0HHOMY npOeTpaHeTBy, np~HRB BO BH~MaH~e, 4TO 
a eny4ae /1+1/-npoeTpaHeTsa 

dV 
0 

= dx 1 , dV 1 =- dx 0 
• /51 

HeTPYAHO noKa3aTb, 4TO npH 3TOM enaraeM~e, eoAeP*a~He npo~a
BeAeHHR $yHK4H~ ¢± OAHHaKOBO~ 4aeTOTHOeT~, KaK o6~4HO, 
He 6YAYT AaBaTb BKnaAa B B~pameHHe AnR Q.BMeeTe e TeM 
He06XOAHMO o6paTHTb BHHMaHHe Ha eneAY~~ee. npH ~enonb30Ba

H~H B paMKaX penRTHBHeTeKO~ TeOpH~, eKa~eM, H3BeeTHOrO 
paBeHeTBa 

ra6Z· - ;)dX' = 1. !6! 

RBnR~~eroeR $aKTH4eeKHM OnpeAeneHHeM o-$yHK4HH, Heo6xo
A~Ma ~3BeeTHaR OeTOpOmHOeTb, 3TO eBR3aHO, B 4aeTHOeTH, 
e TeM, 4TO B penRT~B~eTeKOM eny4ae 3neMeHT 06beMa d; yme 
He RBnReTeR HHBapHaHTHO~ Ben~4HHO~, a npeAeTaBnReT eo6o~ 
BpeMeHHY~ KOMnOHeHTY di a dVo 4-BeKTOpa dVi. no3TOMy, 4T06~ 
YAOBneTBOPHTb Tpe6osaH~~ penRTI1BI1eTeKo~ 11HBapl1aHTHOeTI1, 
B /6/ BMeeTO di eneAyeT BOenonb30BaTbeR HHBapHaHTH~M o6\eMOM 

i dV = dV i u , 171 

rAe ui- 4-eKopoeTb, 11 11HBapHaHTHO~ 8-$yHK411e~. Bonpoe~ 
BBeAeHI1R 11 HenOnb30BaHI1R yKa3aHHO~ $yHK41111 AeTanbHO o6ey*
Aa~TeR B npl1no~eHHI1 A. 3Aeeb ~e M~ npHBeAeM ABe He06XOA11-
Mble $OpMyn~, eOOTBeTeTBY~~I1e /A. 7/ 11 /A.8/, KOTOpble /e 
y4eTOM aaMeHbl u 

0 
.... k 0 I a eny4ae I 1 + 1 I npoeTp.aHeTBa 11Me~T B11A 

o(k 1 _ k 1·) = -~- (-~~~ ei(k-k')x 
2rr k 0 

!8! 
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1 

r -~ r Ck 
1 

)8 Ck 
1 

- k 1 '> = r Ck 1 '>. 
ko 191 

3aMeTHM, 4TO no CBOe~ $OpMe, CKameM, B~pameHHe 181 HaXOAHT
C~ B onpeAeneHHOM COOTBeTCTBHH C $OpMynaMH 131 H 141. 
C y4eToM 181 H 191, HanpHMep, An~ cneAY~~ero HHTerpana: 

*+ aq;,-
Q = ie fdV ¢ - ----

12 0 axo , 

nony4HM 

Q . r dk1 dk1, * + 1 - 1 d 1 . , 
12 = 18 ----;;-;- ¢ (k )(-ik 0 

') ¢ (k 1 ') ---- r --~- e 1(k -k)x = 
2k 2n k 0 

= ~- r dk 
1 

dk 
1 

, ¢ + (k 
1 

) "'- (k 1 )8 (k 1,-k 1) = 
2 

= -~ r dk 1 ko ¢ + (k 1)¢- (k 1) . 
2 

npH B~4HcneHHH BToporo cnaraeMoro e 121 cneAYeT Y4HTWBaTb, 
4TO cornacHo HaweMy onpeAeneHH~ 3neMeHTa npocTpaHCTBeHHoro 
o6beMa dVf 0 >(dV(o), 0. o. O)* , a no3TOMy 

k1 
· dV =- {3 dV = - - - - dV 

1 o k o 0 1101 

B pe3ynbTaTe An~ nonHoro 3ap~Aa Q e HMnynbCHOM npocT
paHcTee nony4HM cneAY~~ee H3BeCTHoe e~pameHHe: 

1 1 *+ - *- + Q = e fdk ---(¢ ¢ -¢ ¢ ). 
ko 1111 

*3AeCb H Aanee eepXHHH HHAeKC B CK06Kax YKa3~BaeT Ha 
C06CTBeHHY~ CHCTeMy OTC4eTa K0 • 

6 

3. 3HEPrHR H HMnYnbC nonR 

PaCCMOTpHM TeH30p 3HeprHH HMnynbca KOMnneKCHOrO CKan~p
HOrO non~ 

* * aq;, aq;, aq;, aq;, 
T = (--~- ---- + ---- ---,...)- g . f., 

ik ax 1 ax k ax k ax 1 1k 
1121 

rAe narpaHmHaH f_ HMeeT BHA 

* * aq;, !_¢:_ _ _ m2 ¢¢· f. . . 
= a~T ax~ 

1131 

B 4aCTHOCTH, An~ nnoTHOCTH H noToKa 3HeprHH 6yAeM HMeTb 

* * aq;, j!j_ + m 2 ¢ ¢ , Too=..,--- . e 
axr ax 

1141 

. * * 
Toa = - (-i!_cf>._. _i!_cf>__ -t ~:k_- _i!_cf>._) 

axo axa axa ax0 ' 

1151 

a 4-HMnynbc non~ Pi 6yAeT onpeAen~TbC~ e~pameHHeM 

pi = f Tik dVk. 1161 

B cne~HanbHOM cny4ae 11+11-npocTpaHCTBa An~ 3HeprHH non~, 
B 4aCTHOCTH, Ha~AeM 

* * * * 
0 aq;, ach aq;, ii¢ 2 * 1 ;J¢ ad> aq;, ad> a , 

P = f(---- · ---- + ---- · ----- + m ¢ ¢ )dx + f(--- · -- + --- · _..:_)dx , I 16 I 
axo ax0 ax 1 ax 1 axo ax1 ax 1 axo 

3AeCb M~ XOTHM o6paTHTb BHHMaHHe Ha cneAY~~ee. 803bMeM 
BTOpO~ 4neH B~pameHH~ 121, AeneHHOro Ha 3aP~A e, H noAeHcT
eye'! nOA HHTerpanOM onepaTOPOM ial axo Ha if:> H -i alax o. 
Ha ¢ . nocne HHTerpHpoeaHH~ no 4aCT~M cnaraeM~x, 
COAepma~HX BTOPble npOH3BOAH~e, nonara~, 4TO if:> H ee npOH3-
BOAHble o6pa~a~Tc~ e Hynb Ha rpaHH~ax HHTerpHpoeaHH~, nony-
4HM eTopoH 4neH e~pameHH~ 116'1. AHanorH4H~M o6pa30M 
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AeAcTB~H yKaaaHH~M~ onepaTopaM~ noA ~HTerpanoM s r1 e psoM 
4neHe /2/, ~cnonb3YH ypasHeH~e KneAHa-ropAOHa 

a2 <P __ - rn2 ¢ ----- -
axka x k 

0 
/17/ 

~ nposoAH ~HTerp~posaH~e no 4acTHM, nony4~M neps~A 4neH 
/16'/ /CM , np~nomeH~e 6/. 

TaK~M o6paaoM, MO*HO cKaaaTb, 4To AeAcTsyH onepaTopoM 

. a (~* . a l p = 1 ---,-- p = - 1 ---
0 axo 0 axo /18/ 

Ha 4-TOK nnOTHOCT~ BepOHTHOCT~ jk B $OpMyne AnH 8epORT
HOCT~ /2~ M~ nony4~n~ 3Hepr~~ nonH P~ no3TOMy 8en~4~HY 
/14/ cneAYeT Ha3~8aTb onepaTopoM 3Hepr~~. AHanor~4Hoe 
YT8epmAeH~e, KaK ne~Ko npo8ep~Tb, 6yAeT cnpa8eAn~8o ~ AnH 
onepaTo pa ~Mnynbca p

1 
- ia/ ax 1. 

Cne AyeT TaK*e OTMeT~Tb, 4TO 8en~4~Ha jk , 04e8~AHO, MO*eT 
6~Tb no~y4eHa 8 peaynbTaTe AeAcT8~H onepaTopa 5k Ha 
CKanHp cPcP· 

nepexoA K ~MnynbCHOMy npeAcTa8neH~~ nerKo n po 8eC TM, 
8ocnonb308a8wMcb peaynbTaTaMM n.2. noAcTa8MM AnH 3To ro 
paano*eHMH /3/ ~ /4/ 8 8~pameHMe AnH nnOTHOCTM 3 HeprMM
MMnynbca /14/ ~ /15/ M npo8eAeM MHTerpMpo8aHMe no KOH~Mry
pa~~OHHOMY npocTpaHCT8y, B peaynbTaTe npMAeM K M38eCTHoA 
$OpMyne 

i dk 
1 

i *+ - *- + 
P = r ---k < <P <P _._ <P <P ). 

ko /19/ 

4. OnEPATOP KOOP.QI1HATbl 

4. 1. On~paHcb Ha $OpMyny /2/ AnH nonHoA 8epoRTHOCTM 
W= Q/ e, onpeAenMM CPeAHee 3Ha4eHMe npocTpaHCT8eHHOA KOOPAM
HaT~ c noMO~b~ cneAY~~ero 8~pameHMH: 

8 

J 
·) 

- 1 1 . k 
x = ( x 1 dV k = 

* * . 1 * a¢ a¢ 1 * a¢ a¢ 
= 1 [ ( x (¢ - --- - ----¢)dV + ( x (¢ --- - - ----¢) dV ]. 

/20/ 
axo axo 0 ax 1 ax1 1 

EcnM M~ CH08a 8ocnonbayeMcH peaynbTaTaMM n. 2 AnH nepe
XOAa K MMnynbCHOMy npeAcTa8neH~~. To nocne HecnomH~x 8~4Mc
neHMA HaAAeM 

- 1 elk 
1 * + 1 a¢- *- 1 

x = r ----<<P -- ---- - <P 
ko i ak 1 

a¢ + 
----) 
ak 1 • /21/ 

HeTPYAHO 8MAeTb, 4TO nocneAHee 8~pameHMe MomeT 6~Tb nony-
4eHO Ha 0CH08e $OpMyn~ /11/ AnH nOnHO~ 8epORTHOCTM ~ 8 
MMnynbCHOM npOCTpaHCT8e, ecnM 8 Ka4eCT8e onepaTopa KOOPAM
HaT~ Mcnonb308aTb 8en~4MHY 

){1 "' _!_ _} 
ak 1 /22/ 

04e8MAHO, 4TO AaHH~A onepaTOp TOmAeCT8eHeH o6~4HOMy 
HepenHTM8MCTCKOMy onepaTopy KOOPAMHaTbl, HO OTn~4aeTCH OT 
penHTM8MCTCKoro onepaTopa, 88eAeHHOro Hb~TOHOM M BMrHepoM 14~ 
MomeT 6~Tb, 3AeCb cneAyeT OTMeTMTb, 4To onepaTop /22/ 
AeACT8yeT MMeHHO Ha $YHK~~M nonH, HO He Ha 3neMeHT~ MH8a
pMaHTHOro o6be Ma dv " ctk / k 0 • 

4TO KacaeTCH C06CT8eHHOA 80nH080A $YHK~~~ onepaTopa 
KOOPAMHaTbl, TO 8 KOOPAMHaTHOM npeACTa8neHMM 3TO 6yAeT 
penHTM8MCTCKaH 0 -$yHK~~H 

o( x 1- X 1 ' ) - _!_ r -~-~ e i (X - X 
1

) k 
277 k 0 1231 

B ~MnynbcHpM npeACTa8neHMM co6cT8eHHaR 80nHo8aH $YHK~MH 
onepaTopa x1, KaK M 8 HepenHTM8MCTCKOM cny4ae, 6yAeT npeA
CTa8nHTb co6o~ nnocKy~ 80nHy 

¢(k 1) , --~1-- exp (ikx) . 
2 7T !4 /24/ 

.QeACT8~TenbHO, nOACTa8nRR /24/ 8 $OpMyny /21/ 
TOM /23/ HaAAeM 

- 1 
AnH X , c Y4e-
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X1 = X 1) __ J ~: e i(x-x ')k = X1S(X1 _ X 1'}. 
277 k0 

/25/ 

4.2. B~4~cn~M Tenepb pen~T~B~CTCK~-Koeap~aHTHY~ een~4~-
- 1 -1 HY dx / dr, On~CbiBa~utY~ ~3MeHeH~e X B 3aB~C~MOCT~ OT co6-

CTBeHHOrO epeMeH~T /BAOnb AaHHOrO 3neMeHTa M~pOBOH Tpy6K~/. 
C y4eToM Toro, 4TO e~6op 3neMeHTa o6beMa IAn~H~/ cooTeeT
CTByeT HOpManbHOMY Ce4eH~~ M~pOBOH Tpy6K~ /nonce~/, B 4aCT
HOCT~, 6yAeM ~MeTb 

-1 2 2; 
dx . 0 1 * a ¢ a q> 1 - --- = 1 [ u f x (¢ - ---- - -----¢} dx + 
dr axo2 ax o2 

+ u 1 r<¢2!P.._ _ El¢}dx o+ u1x1 r<¢E!!P.._ _ E-~~ ¢}dxol. /26/ 
ax1 ax1 ax12 ax12 

noACTaB~B B nepB~H ~ TpeT~H ~HTerpan~ 3Ha4eH~~ BTOp~x 

npo~3BOAH~x ~3 ypaeHeH~~ KneHHa-ropAOHa /17/ ~ npoeeA~ 
~HTerp~poeaH~~ no 4aCT~M, nony4~M, 4TO 

dx1 
0 1 1 1 i 1 --- = u f J dV 0 + u fJ dV 1 = u ( J dVi . 

d r 
/26' I 

B TOM cny4ae, KDrAa 4-cKopocTb ui nocTO~HHa~ BHYTP~ 3neMeH
Ta o6beMa, nocneAHee e~pameH~e MOmHo $OpManbHO nepen~caTb 
B B~Ae 

p 1 uidV. = _1_ fj 1uidV . = _1_ f61idV. . /26' 'I 
I ffi I ill I 

. i i 4 eik rAe J =mJ - aHanor -ToKa nnoTHOCT~ Mace~, a - aHanor 
o6~4HOrO K~HeT~4eCKOrO TeH30pa, ~n~ 

-1 
dx 1i 

m ---- = f e dV. . I 2 7 I 
dr 1 

10 

nocneAHee e~pameH~e 6yAeT coenaAaTb c $DpMynoH An~ P! ecnH 

-a¢__= imu 0 ¢. 
axo /28/ 

T.e. B TOM cny4ae, KOrAa ¢ ~Bn~eTC~ C06CTBeHHOH $YHK~HeH 
onepaTopa 3Hepr~~. 

An~ BTOPOH npo~3BOAHOH d2X 1/ dr 2 nony4HM 

d
2x 1 

dui 1 o 2 a 2; a¢ a; a¢ 
------ = ---- f J dV. + 2(u } f(---- --- ---- --)dV • 

dr2 dr I axe ax1 axt axo O /29/ 

3AeCb TaK me $OpManbHO nepB~H 4neH B npaBOH 4aCTH MOmeT 
6~Tb 3an~caH e B~Ae 

_1:_fjtwidV. =-1-(flidV. 
m 1 m · 1 • /30/ 

. "k 
rAe W

1
- 4-ycKopeH~e, f

1 
- TeH3op MOIJtHOCTH-cHn~. HanoMHHM, 

4TO Knacc~4ecKoe e~pameH~e An~ pen~T~B~CTCKOH c~n~ Fi 4epe3 
TeHaop f ik ~MeeT B~A F i = Jfi'tlV k . 0AHaKo e cny4ae BTopoH 
npo~3BDAHOH ~3-3a Han~4~~ BToporo 4neHa e /29/ Henb3~ 
nony4~Tb aHanora KnaccH4ecKoro ypaeHeHH~ ABHmeHH~ An~ x1. 

TorAa KaK B nepBOM cny4ae B KaKOM-TO CM~Cne MOmHO rOBOPHTb 
0 "pen~THB~CTCKOH TeopeMe 3peH$ecTa 11 • 

5. 3AKJ1104EHHE 

B~we npH pen~THB~CTCKOM OnHCaHHH KOMnneKCHOrO CKan~pHO
ro non~ Mbl HCXOAHnH H3 BblpameHHH An~ 3ap~Aa H 4-HMnynbCa 
non~, KOTOPble OTnH4anHCb OT COOTBeTCTBY~llt~X o6~4HO 
HCnOnb3yeM~X B~pameHHH TeM, 4TO B H~X 4neHbl, Y4HT~Ba~utHe 
OTHOCHTenbHOCTb DAHOBpeMeHHOCTH, He paBH~ Hyn~. YKa3aHHOe 
OTnH4He HC4e3nO, DAHaKO, nocne nepeXOAa K HMnynbCHOMy 
npeACTaeneHH~, 4TO 06b~CH~eTC~ HCnDnb30BaHHeM BBeAeHHOH 
pen~THBHCTCKH-HHBapHaHTHOH TpexMepHOH 8-$yHK~HH. 6~no 
noKa3aHO, 4TO B paMKaX pa3BHTOrO nDAXDAa pen~THBHCTCKHH 
onepaTop KOOPAHHaT~ xl HMeeT TOT me BHA. 4TO H B Hepen~
THBHCTCKOM cny4ae. npH .3TOM ero C06CTBeHH~e $YHK~HH B KO
DPAHHaTHOM H HMnynbCHOM npOcTpaHCTBe CYTb OTMe4eHHa~ HHBapH
aHTHa~ 8-$yHK~H~ ~ nnOCKa~ BOnHa COOTBeTCTBeHHO. 6~nH 
nony4eH~ TaKme KOBapHaHTH~e $OpMyn~ An~ nepBOH H BTOpOH 
npOH3BOAH~X no/c06CTBeHHOMy/ BpeMeHH OT cpeAHeH KOOPAHHaT~ 
Xl /aHanorH H3BeCTH~X Hepen~T~BHCTCKHX TeopeM 3peH$eCTa/. 

11 



nPHJlOJKEHHE A 

H H e a p ~ a H T H o e o n p e A e n e H ~ e 
3-M e p H 0 H 8 -$ Y H K 1.1 ~ ~ B /1+3/-n p 0 C T p a H-
C T 8 e. 

KaK ~3eecTHO, e TpexMepHOM cny4ae 8 -$yHKI.l~H onpeAenHeT
cH Ha ocHoee cneAY~~ero paeeHCT~a: 

Jdit8(i) = 1. /A. 1/ 

rAe dit- 3neMeHT npocTpaHCTBeHHoro o6oeMa. Hcnonb3YH 
npeACTaeneH~e 8-<PyHKI..l~~. c noMO~b~ KpaTHoro ~HTerpana 
<Pypbe 

...... 
-> 1 -> ikx 

8 ( x) = ---- J dk e 
(211) 3 /A.2/ 

nepen~weM /A. 1/ e B~Ae 

...... 
-> 1 -> ikx f dx --- - r dk e = 1. 

(211 )3 
/A.3/ 

MeHHH nopHAOK ~HTerp~poeaH~H, npeACTaB~M /A.3/ e <PopMe 

fdk8(k) = 1, /A.4/ 

rAe 

... ... 
-> 1 -> ikx 

8(k) = ---- r dxe 
(211)

3 /A.S/ 

0AHaKo 3AeCb eamHo nOA4epKHYTb cneAY~~ee. B~n~caHH~e 
B~We B~pameH~H /A.1/-/A.5/ He MOryT 6~Tb npHMO ~CnOnb30Ba
H~ B paMKaX penHT~B~CTCKOH Teop~~, nOCKOnbKY OH~ He YAOBneT
BOPH~T Tpe6oeaH~~ nopeHI.l-~HBap~aHTHOCT~. 3TO, B 4aCTHOCT~, 
CBH3aHO C TeM, 4TO B penHT~B~CTCKOM cny4ae 3neMeHT npocT
paHCTBeHHOrO 06beMa dx(dk) HBnHeTCH epeMeHHOH KOMnOHeHTOH 
4- eeKTOpa dVi (dv i ). no3TOMY OTMe4e~Hble BblpameH~H AOnmHbl 
npeo6pa30B~BaTbCH np~ nepeXOAe OT OAHOH C~CTeM~ OTC4eTa 
K APYrOH. 

Tpe6oeaH~~ nopeHI.l-~Heap~aHTHOCT~ MOmHo YAOBneTeop~Tb, 
ecn~ B OTMe4eHHbiX BblpameH~HX BMeCTO dV

0
(dv0 ) nonb30BaTbCH 

3neMeHTOM ~HBap~aHTHOrO 06beMa 

12 

dV = dV ui i 
(dv = dv. u ). 

I /A.6/ 

KpoMe Toro, e BblpameH~Hx /A.2/, /A.3/ ~ /A.Sj 3KcnoHeHTY 
Heo6xoA~Mo AOMHom~Tb Ha een~4~HY exp (-ik 0 X0

) • TaK~M 
o6pa30M, BMeCTO /A.5/ ~ /A.4/, Hanp~Mep, 6yAeM ~MeTb cneAy~
~~e penHT~B~CTCK~-~HBap~aHTH~e B~pameH~H: 

8(~) = --~-- r _<!~- e i k x *X 
3 (211) u o 

/A.7/ 

dk .... r --- 8(k) = 1. 
uo 

/A.8/ 

rAe M~ y4n~, 4TO dX' = dV
0

= u
0
dV(dk .... = u

0
dv) • 

CneAyeT nOA4epKHYTb, 4TO e HepenHT~B~CTCKOM npeAene 
/KOrAa U 0 -+ 1/ /A.]/~ /A.8/, AeHCTB~TenbHO, nepeXOAHT B 
o6bi4Hble ~3BeCTHble BblpameH~H. YKa3aHHbiH nepeXOA o6ecne4~eaeT
CH TaKme cne1.1~anbH~M Bbl6opoM eeKTopoe xi . · 

nPHJlOJKEHHE 6 

n p ~ M e H e H ~ e o n e p a T o p a 3 H ¥ p r ~ ~ 

noAeHCTeyeM onepaTopoM ia/ ax o (-ia/ ax0
) Ha ¢(¢) e e~pa-

meH~~ /2/ AnH eepOHTHOCT~ W= Q/ e. B pe3ynbTaTe nony4~M 

1 a¢ a,p a¢ a¢ 1 * a 2¢ a 2; 
-- {(--- ---- + ---- · - - - )dV - --f(¢---- + - - - cf)dV 
2 axo axo axo axo 0 2 axo2 axo2 ° 

* * * /6. 1 I 
1 a¢ a¢ a¢ a¢ 1 * a 2¢ a 2¢ 

- --{(---·--- + --- ----)dV + -- f(¢ - --- ---- +--- ----)dV . 
2 axo ax 1 ax1 axo 1 2 ax 1ax0 ax lax0 1 

~3AeCb epeMeHH~e KOMnOHeHT~ BeKTOpOB ; B~6paH~ cnel.l~anb
HO TaK, 4TO B K0 -c~cTeMe xo(o) =0. 
*~3aMeT~M, 4TO 8(~ no B~AY 6yAeT COBnaAaTb $aKT~4eCK~ 

C nonom~TenbH0-4aCTOTHOH 4aCTb~ nepecTaHOB04HOH $YHKI.l~~ 
nayn~-~OpAaHa. 
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~cnonbay~ ypaeHeH~e Kne~Ha-ropAOHa 1171 ~ ~HTerp~py~ 4eT
eepT~~ 4neH B 16.1/ no 4aCT~M C y4eTOM TOrO, 4TO B pac
CMaTp~BaeMOM 4aCTHOM cny4ae dV 1 =-dX~ HaAAeM 

a * a"' 1 * a 2"' a~ 2 * f __ cf!. _ __ r_ctV - -- f(¢ --~ + - - T¢ - 2m ¢ ¢ )dV 
0 ax0 axo 0 2 ax 1 ax 1 

a¢ a¢ a¢ a¢ * a¢ a¢ x o= OQ 

16.21 
- ~----·---- + ---·---)dV +(¢----- ----¢) o _ _ 

00
• axo ax 1 ax1 axo l ax1 ax 1 X -

nocne ~HTerp~poeaH~~ no 4acT~M eo BTopoM 4neHe 16.21 c y4e
TOM paeeHcTea d~=dx 1 ~ oT6pac~eaH~~ nocneAHero cnaraeMoro 
np~AeM K cneAY~~eMy e~pa~eH~~= .. 

* * * * a¢ a¢ a¢ a¢ 2 * a¢ a¢ a¢ a¢ 
f(---- ---- + ---- ---- + m ¢¢)dV - f(----·--- + ----1·---) dV1, /6.3/ axo axo ax1 ax1 0 ax0 ax1 ax ax 

KOTOpoe, 04eB~AHO, TO~AeCTBeHHO ¢opMyne 116'~ OnpeAen~~e~ 
co6o~ 3Hepr~~ non~ P0 

• 

nP~flOlKEH~E B 

C 0 6 C T B e H H ~ e 
H M n y n b c a 

¢ y H K ~ ~ ~ o n e p a T e p a 

PaccMOTp~M e paMKax 11+11-npocTpaHCTBa e~pa~eH~e An~ 
~Mnynbca P 1 non~, KOTOpoe B KOOPA~HaTHOM npeACTaBneH~~ 
~MeeT B~A 

* a¢ a¢ 
---- + ----

1 * 
p =- J(-a_~_ 

ax 1 axo ax0 

* * 

_a_~-) dV 
0 

+ 

ax1 

+ { (_a_cf__ . ~j__ ~ ~j__ . _a_~_- m2 ¢ <f>)dV 1 
axo axo ax1 ax 1 

IB. 1 I 

Ecn~ np~ 3TOM ¢ npeACTaen~eT co6o~ co6cTBeHHY~ ¢YHK~~~ 
onepaTopa ~Mnynbca 

1 
<f>(x) = ------ exp(ikx), 

217 '!:! 
IB.21 

TO nepB~~ ~ BTOpO~ 4neH~ IB.11 3an~WyTC~ COOTBeTCTBeHHO 
B B~Ae 

14 

P/1) ~ {-<k ok 1ko' + ko 2)o(k 1'- k 1), 

p 1 _!_(k0k0'k 1 _,_ k1\ 1•_ m2k 1)o(k 1'-k 1), 
(2) 2 

IB.31 

rAe ~CnOnb30BaHa penRT~B~CTCK~-~HBap~aHTHaR 0 -¢yHK~~R 181. 
CKnaA~BaR yKa3aHH~e 4neH~, nony4~M 

P 
1 ~ k 

1 'o (k L - k 
1

) = k 1 o (k 1 - k 1 ' ). I B . 4 I 

B paMKax ~MnynbcHoro npeACTaeneH~R cornacHO 1191 6yAeM 
~MeTb 

* P 1 ~ r -~-\ 1 c ¢. ¢ 
ko 

- cb-¢ ~ ). IB.51 

np~ 3TOM co6cTBeHH~e ¢YHK~~~ onepaTopa ~Mnynbca 6YAYT 
npeACTa8nRTb C060D penRT~8~CTCK~-~H8ap~aHTH~e o-¢yHK~~~. 
noAcTa8nRR ~x s IB.51 ~ npo80AR ~HTerp~po8aH~e cornacHo 
19/ CH08a np~AeM K IB.41. 
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