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MenhHHKOB B.K. P2 · 12304 

CRMMeTpHH H aaKOHbi coxpaHeHH51 

Pacc~orpeHbi HenHHeHHbie 3BOllJOUHOHHbre ypasHeHH51, nopo*naeMble 

oneparopHbit-.1 cooTHOlileHHe"-1, o6o6warouHt:M H3secraoe rrpe.acrasneHHe JlaKca. 
B ornu~ae or npencrasneHH51 JlaKca rrpe.anaraeMoe orreparopHoe cooTHOrneHHe 
06ll8.ll88T HHBBpHBHTHOCTblO OTHOCH:T81IbHO lllHpOKOi.:f rpyrrTibl npeo6pa30B8HRfi. 

3TO IT0380llSI8T OIHt:CBTb BCe yp8BH8HH!rl, TIOpO.ii{ll88Mbi8 3THM COOTHOll18HHeM, 

H HBiiTH H€CKOllbKO 6eCKOH8'GHbJX Ceputf 38KOHOB COXp8H8HIHI, KOTOpbiM 

y.nosnersop51IDT pewemn1 3THX ypasHeHHti. YcraaosneHa CB'>l3b Me*LlY rrpen­

na>KeHHbiM cooTHOWeHHeM H npencrasneaueM JlaKca. Meron .aorrycKaeT 

o6o6rneHHe Ha cnyYiall npouasonbHoro qHcna rrpocrpaHCTBeHHbTX rrepeMeHHbiX. 

Pa6ora BbiiiOnHeHa B l1a6oparopnn reopernqeCKOR ¢H3HKH OYf.HYI. 

npenpHHT 06'be.O.HHeHHO!"O HHCTHTYTB SIJlepHbiX HCCneaOBBHHH • .Qy6Ha 1979 

P2 · 12304 
Mel'nikov V.K. 

Symmetries and Conservation La.ws 

Nonlinear evolution equations generated by the operator rela­

tion -which is an extension of the knovvn representation of P.La.x 
are considered. Unlike the La.x representation, the operator relation 
proposed is invariant with respect to a rather 'vide transformation 
group. This allows us to obtain all the equations generated by this 
relation and to establish several infinite series of conservation lavvs 
for solutions of these equations. A connection between O!lr relation 
and the Lax representation is found. The methorl sug~ested admits 
a generalization to the case of arbitrary number of space '\Tflriables. 

The investigation has been performed at the Laboratory 

of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1979 

B uacroa~ea padore peqL dy~er H~TH o HenHHeiHNX aBonDUHOH­
HHX ypaBHeHHHX, odna~D~HX onepaTOpHNM npe~CTaBneHHeM 

1b. 
lt -t [Jt-, L J = $(L-7), 

.(I) 

r~e L ,Jf H$- - Ko:wnneKCHNI napawerp. 
. IlpPI 3TOM 

oneparopw, a { 

oneparopu L , J/-H$ca.MH :woryr paUHOHanLHHM odpa3o:w 

3aBHC6Tb OT napa:YeTpa 7 • H xora ~na mHpoKoro Knacca 
oneparopoB L ypaBHeHHH, odnaAaD~He npe~cTaBneHHew (I), 

odna~DT raKze odYQHYM npeACTaBneHHeu naKca, 

'dL 
()t -r-[P, L] ~ 0 

(2) 

cy~eCTByeT pH~ llpHQHH, no KOTOpYM npe~CTaBneHHe (I) HBnHeTCH 

donee rrpe~nOQTHTenLHYM, uexenH rrpe~cTaBneHHe (2). Cpe~H HHx 

O~HOH Jlf3 BaXHelmHX HBnHeTCH HHBapHaHTHOCTb COOTHOmeHHH (I) 

OTHOCHTenbHO rpynnw (; npeodpa30BaHHR BH~a 

Jt _., J1- -r J ( L - ( ) , (f3 ~ 53 + [ j , L] CJ) 

r~e oneparop jt (; , ITO-BH~HROMJ, HMeHHO 3TOT ~KT HBnHeTCH 

npHQHHOR TOro, QTO ypaBHeHHH, Odna~aD~He npe~CTaBneHHeM (I), 

BO BCeX H3B6CTHHX cnyqaax HMeDT HeCKOnLKO deCKOHeQHHX cepHI 

3aKOHOB COXpaHeHHH, nanee, BO BCeX 3THX cnyqagx llOpOXAaeMYe 

oneparopou L ypaBHeHHH odpa3yDT 3aBHCH~ee or uenoqllfcneuaoro 

napa:werpa n ~ - { c~:welcTBo. Ilpa 3TOM n paBHO nopa,~;Ky nonDCa 

oneparopa .Jf B deCKOHeQHO y~neHHOR TOQKe 7 = 00 • MJi Cly,J;e:Y 

CQHTan, qro 11 = o , ecnH npH 1 ~ 0t1 oneparop .if- iDleer 

KOHeqHYII OTnHQHYI OT HYJtR npe,J;eJt, H rl = -f, eCJtH jt ~ () npH 

( ~ 0t1 , O,J;HaXO ..11- r 0 , Tor,~ta OKa3YBaeTCR, QTO B BeXOTOpOK 

CKYCne, XOTOpHII ll03Ze ClyAeT yToqueH, 3aKOHY COXpaHeHKS paCCMaT-
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p>rBaellL!X ypaBHeHHll He 38BlfC.RT OT n , 3TO T8Klle rOBOp.lfT B il0Jlb3Y 

TOrO 1 'ITO O<lCyll,D;aeYJie 3UKOHLI COXpaHeH.lfJI CBSI3aHLI C lfHBaplfaHTHOCTbl:l 

COOTHOUieH lUI (I) OIHOCHTeJibHO rpynnu npeo<lpa30BaH.lfll (J), 

§I, CBSI3b li8XAY npe~cTaBJI8HHHMH (I) H (2) 

HMaeTca CJIY'Iall, xor,ll;a H3 cyll!eC:rBOBaHHJI npe.~~;cTaBJieHHJI (I) 

cne,eye:r CYIIi8CTBOBaP.Ha npe,.u;cTasJieHIU! (2). 3:ro cJiy'lall, Kor ;ta onepa:rop 

0 He 3aBHClfT OT naplWeTpa 7 
ITpe.-;noJIOllHl.l CHa'laJia, 'ITO orrepa:ropij L a .JI- ne 3aBHCJIT or 

napaMeTpa f . Tor.~ta a CHJIY (I) orrepaTop !J3{L-() Taue He 3a­

BHCHT OT 7 , fiOJIOXM:U 

n 

13 = "I:o Bm f ¥1-~ 
Tor,ll;a Hueeu 

J.lo p ,.U /1 
+ I' 2:: _L'22!­

fl=f po:-1. ( 7 - 7)A )P 

53(L-YJ) = 2.. Bm L ~ ~-m _ 
I Yl1=o { 

n 
n n- m +! 

:fo Bm 7 + 
Po P,.u Aup{l..-?u) 

+ 2: 2:. ( )f 
;-t"i p=i 7- 7~ 

fio PA ;3~ f 

2: ~ (/-7,.u)p-t 
~=1. f=1 

IIOCltOJIUy J3{L-7) Be 31UHCHT OT f , TO H3 paseHCTBa (I.I) 
CJie,ver, uo 

Bo = f3 i = - B ==o. - n 

(I. I) 

!a.11ee, HS paseacTBa (I.I) CJie,ver, qTo rrpH JlllOOll. ~ =- i, . .. , _//" 
Hl488K 

;!'d,M = ll',f!"-i = · · · = ;)'i = o, 

r.e. ~= 0 • TaKXK o0pa30l4 1 B 3TOll. CJiyqae npe~CT8BJI8HHe (I) B 

~eiCTBKT8JIJ.BOCTK IDI88T BK~ (2), 

4 

!IyCTb :renepb _J 3aBHCHT paUlfOH8JlbHO OT 1 , !IOJIOJ:Hl! 

Jl- == .,;- A 11-m flo P,.u d..,up 
L. m ~ -t- ~ 'Z ( ·)P 

m=o { ,fl=1 p=1 7-?,u 
!aJiee, noJIOZHl! · 

n Ln-m /Ao P,.u 

p = ,f A m -t- Ei t! d. J' f ( L - 7 ~ r PJ 

r~e onepaTop (L -1JA)-P SIBJIJieTCSI oopaTHbW K onepaTopy(L-(,.u)p. 
EcJIH nepehH or rrpocTpanc:rsa ~. Ha KoTopou onpe~eJieH onepaTop /_, 

K no,~~;xo.li;IIII!H:U o<lpa3o:u su<lpaHHo.uy rro~npocTpaHcrsy H o C H , ro 

onepaTOp (!~ -7)-()- f ll0ll8T <li>ITb KOppeKTHO onpe,ll;eJieH, ]) CHJIY pa­

BeHCTBa 

Jf == p -t- j(L- f) 
r~e 

n-i n-m-i 
rJ-rn-k-:t I< 

( L g=-L.AmL 
m=o K=o 

-t-

JAo P,u p -pi-K-i 

+ }i ti o~.J'f ~,(7-/~") (L-("t" 
H3 COOTHOM8HHJI (I) CJia;tyeT paB8HCTBO 

~f -r [ ~ L.] = Q ( L - (), 
npHl!eM onepatop q = $ -{ j 1 L} H, oqesH,II;ao, 3aBHCHT pa­

ltHOBaJIJ.Bo OT na}8K~Tpa ~ , B CHJiy Clta38HBOfO BIID!e 10188K Q = 0, 
r.e. 

S3=[J}L]. (!.2) 
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!IoJiaraa CHOBa 
n 

.13=l: 
m=o 

Bm f n-m 

H cpaBHHBaH c (I.2), noJiyllae:w 
m-i 

Po P ,u 

+ 2:: 2:: 
.)J=t p=i 

B.=o' npH 101.ee:w 

!3/'f 
(7- 7,u)P 

m > o 

Bm-=- L [Am-1<-1.
1 
L] L K 

K=o 
H, aaxoueu, npH JimOux 

Hwee:w p_..-p + { 

p = i 1 '''I f,.tt H Jl=:i, .. ·,/'o 

;J~f = k~ [oL/',f-tK-t,L}(i-;~J-1< 
Orcm.-a cJie.aver, llTO npH rn == O,I, ••• > n -1 cnpase.J;JIHBo pa-

BeHCTBO 
' 

[Am
1
L] = BmL- Bm-H, (I.J) 

a npH JimOwx 

paBeHCTBO 
p==i)'"lf/< H _f{ = 1. 1 ••• 

1 
;-< 0 cnpase,JtJIHBo 

[J.JAp,L] j3JAp(L-(_aJ -fJA~f+{, 
npHt~e:w (3 )-( p = 0 npH p > f _p • TaJtHM oOpaao:w, swreJtam111ee 113 

COOTHOmeHHR (I) 3B04mUHOHHOe ypasHeHHe HWeer BH,Jt 

() ~ ~0 
'at -r [ An , L ] =- B n L - }! f3 ~ 1. 

ec4H n ,.,... o , a npH n = -1 oee:w 

'(}L .Mo -
'Ot -t- I:! j3~! - 0. 

§2. IlocrpoeuHe oneparopos A m u B m 

llu 
oneparop 

H4Jimcrpauax cJtaaaauoro sw•e pacc:worpHM cJiyt~al, Jtor~ 

L neer BH.J; 

6 

L = J\~(l<o+i) ( d l<o+f + ~ uKlK) Ko >, 0 

K.= 0 

r~e ,~ - oneparop ~H~epeuuHpoaaHHH no npocrpaucrseuuoH nepe-

Meuliolt X , J\ 
0 

- ~HaronaJibHaH :MaTpHUa nopH,JUta ~o c OTJIHilHbiMI:I 

or uy,iH ~HarouaJibHblloll:l aJieMeHTaMH A 1 , . . . A 'l. E ( 
) 0 ) 

y~oBJiersopHD~HMH nepaseHCTBY 
Ko+ £ I Ko+ i 

"7, r ~"~· npv. 'z.. f "z-' ' 

H, HaKOHeu, u/( == UK(x)-t) - KBa~parHble :warpHUbl nopMKa ~. 

npHileM y MaTpHUH U-Ko npe~noJiaraDTCH paBHHMH HYJID aJieMeHTbl, 

CTOHJIIHe ua rJI&BHolt ~HaroHaJIH. IIIH onHmeM celtqac see nap111 oneparopos 

jf H qj, ,1V1 H KOTOpbiX COOTHOIBeH He (I) 3KBHBaJie!ITHO HeJIHHeBHOMY 3BOJID­

UHOIIHOMY ypaBH eHJ.UJ BH~a 

~==j(u_,U: U,(n)) , 
(2.I) 

ue u = ( Lt o 
1 

U 1 , · · · , U.. t< J 
1 

f == ( f 0 , f 1 , · .. , } K • ) , 

a wrpHxawH oOoaHalleHo ~~epeuuHposauHe no X • Oxaausaerca, ll ro 

aro ~:~weer wecro, Kor~a oneparopw ,.//- H'£> 3aBHCIIT noJIHHOWHaJibHO or 

napawerpa 

Jt 

f rt , r .e. 

::: '2;:. Am 1J n-m 
rn "o ( 

n 

jj ~ ~o Bm f n-m 

IlpH 3TOM B CHJIY 

A, H 8, 
(3~ Will :wose:w npe.J;noJiarar», llTO nopR.J;KH oneparopos 

He npeBOCXO.J;aT K 0 • llocraraerca aro C4e,J;ym~HM 

oOpaao:w. 

Pacc:worpH:w ypasHeHHe 
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~F -f- [U F] =[fl F] I 

dZ I 

(2 .2) 

r,lle 

U= 
0 r= 

o . E 

(s Ai;;-: ~'·\ (2.3) U 0 Ut.--·U~<o 

!IOJIODW ,llaJiee 

F -==8Ge-! 
) 

r,~;e 

E £ 

G= )Ao )!It 
~ ' ' . . . . . 

( s J\ o) K o () /11 ) K o. 

a A = 1\ eXf'(i 2~<11) 
!<. ° K -ti J 

Tor,lla ypaBHeRHe (2.2) npiwet BH.ll 

E 
- -}11 

' w • ~ 

l<o 

··()1\f(Jko 
k=i, .. , K. 

(J G- [ - -r VC.J = 1:.t. I 
S[I\,G]) 

ue 

v ~ e-i u e 
Q. 

Ao 
0 At 

1\ = I 
0 

J\ K o 

I 

(2.4) 

II 

(2.5) 

!IpH 3TOM B CHJ!Y (2,3) li ,(2,4) HMeeM 
l<'o 

V = L VK '( K-Ko 

K=O ) 

r.lle 

VK = K 0 + 1 

A-Ko V 
K 

a 

"'• u, ... u, \ 
V>=\ UK 

U~<--- Ut< 
k -

UK Ut<--- UK 

/\K 
I 

YpaBHeHHe (2.5) HMeeT ¢DpMaJibll08 pemeRHe BH,lla 

"' 00 "'"' 

G- ~ Z. Gm ) -m 

""" m=c 

(2.6) 

r,lle Go - npOH3BOJlbHall ,llHarOHd.JlbHall Watpi!Ua C He 3CI.Bl!C!H\l1MI1 OT X 

li napawerpa ) ,llHarOJtaJibHHMH 3JleMeHTaMH c£ I • . • ) c ( k:o-r !) 'Z.o } 

a npH rn > o MatpHUH G m Y.JtOBJietBopllllt peKyppeHTHOMY cootnome-

RHil·BH.Jta 

[A,Gm]- [ V, Gm-1] 'lGm-i = 0. 
- dX 

"' 
!I pH 3TOM 3JieMeHTY MatpHU c m mt60 6yJJ;yT paBHbl IIY Jill, JIH60 6y J!JT 

KBa3HO,llHOpOAHbiMH nOJIHHOYaMH panra I~ OT 3JieMeHTOB MatpHUbl \1 
H ee npoH3BO.lHbiX no :c go (m- 1.)-ro nopii,JJ;Ita. C yqetoM paBeHCTBa 

(2.6) noJIODM renep• npa n1 > o 
m K o "'"' _ ""f' t K-mK 0 

Gm - L. ~n1 k ) 
I<= 0 

A 

r,~;e G mK He ~BHCIIT OT ) , !IOJIO:J:HM, ,JtaJiee, Go:: Go ' a 

npH m :> o nono:&HM 
m 

Gm = L c_)-(I(Ko-ri))l-111 
Jl=j'm 

9 

[ m-r l<oj 
~m = i . 

I Ko-+-



TorAa aetpy~o yae~HT»ca, qto :uatpHuw ~m npH f. ~ m ~ K o 

Y~OBH8TBOpRmT COOTHOIII8HHm 
l<o '\ 

[ G ] L: [ V ' 7 - () G: ..,_ ' -;\ m - )'I,V"m-l<o+_}(-:l d:l: -OJ 1 ;<= Ko-m+1. ' (2.7) 

a llpH m > K 0 - COOTHOW8HHD 

[A G J ~ [ V {' J 1G-m-i (2.7; 
, m - L )<',lJ-n1-k'0+j(-1 - -d:t.-=0. 

)-( = 0 
Otcm~a CJie,llyeT, qto rflopuan»HI:IR pa.n; 

00 

G ~ I Gm S -m 
rn = o 

y.n;oBneTBopaet ypasaeHHm (2.5). 

ITonoxHM tenep» npH m >-- c 
"' C,, = e Gm e-1. 

B CHJIY paB8HCTBa (2.4) KMeeM 
Ko 

r =I:F 5~<. I'm mJ< 
K=-l<o 

r,.;e fmK OT 5 He 3aBHCnT, ,;, , 'it:C, llOJIOU:U 
rt1+ l<o 

1 
L Fl, I~- 1'1 

- )-l=o 
- m + Ko ,. r 

L )<' )J.- I' 
).( = m- 1< 0 · 

Im 
l:CJII1 l< 0 ~m~Ko 

ecJ111 m ;7 l<o 

C llOKOII!»m 

ll,lol rm 
PJ.B8HCTB (2.7) H (2.7') ,~;py,D;HO yOe~nca, qTo WaTpK-

llpK - 1< 0 ~ 111~ 0 YAOBJ!eTBl- 1 ·"•l:I COOTH01118HHD 

[f. Fm]=o, . ' 
(2.8) 
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1 

1 

a npH m > 0 - COOTHOW8H11D 

[ r f. ] [ r P. ] [U F: J 'dFm-1<..-t (2.9) 1 1 , m + lo, m-1<0 -i - 1 m-1<0-f- 'dx. =OJ 

rJJ;e Ma.TpHtta fo paBHa 3HaqeHHil llpH s = 0 Ma.TpHII,Iol r , onpe,~te-
neHHOI C llO:UOII!»m paBeHCTBa. (2 .J), a I;, = ( {- {

0
) s- (Kat- 1). 

ITonyt~eHHWI trutH:u o0pa3o:u rflop:uan»awll PBA 
00 

f ~ 2 Fm ) -m 
m=- 1< 0 

y,.;oanetaopaet ypaBH&HHil (2.2). 

llycu. tenep» £: , )A..; - watpJII{a nopa.JU(a 'l 
0 

, oOpa30BaHaaa 

3H8:U8Hta.KH Ma.TpHII,Iol rm , C~BIIIH14H Ha nepeceqeHHH CTpOK C HO-

uepa:u11 )'- "l. 0 + 1 

• •• ,(V+i)'Z-o 

, • • • , (,M + {) ~0 11 CTOJIO~OB C HO:Uepa:UH Y Z o +- i 

)l) v = o,r, •.. , Ko • c ll0)(0.l:oll 3THX :uatpH~ 
onpe,~~;eJIHI4 onepatopw K 

0 

Am = ~ r rY1 I 0 K d I< (2.!0) 
K=o 

1 

A~= 
K K-1 

-(Ko+L)( Ko ') Ko-K c 'dK-11-![, ~ l<o+( 
j\

0 
"?::. 0 fmKt<.-rl:UKL. rn,.,..K./1.0 . 
K=O ' K=i )(=o 

Hetpy.~~;Ho yOe.~~;Knca, qto npK - 1< 
0 
~ m :;, - 1. 

pa.BeHCTBO 

Am= A~ o, 

a np11 m = o HJ4ee:u 

l<o 

Ao =A:= '2:: Cl< 

cnpaBe,D;JIKBo 

(2 .II) 

K ::o 

ue C I< = d i a J ( C I<'Z. ·t-1. , . . . , C (I<+ o z.) , f< =- o, 1, ... , K o • 

nanee, C llO:UO~»m pa.BeHCTB (2.8) H (2.9) HetpyJJ;Ho yOe~HT»CB, liTO 

llpH nl :> 0 CllpaBe~JIHBO COOTHOmeH He 
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Am- A;l == L Am-Ko-i.- A:1-Ko-1 L (2.12) 

U3 3TOrO COOTHOWeHl!.R npH 0.$ m s Ko B Clll!IY (2.II) CJie,llyeT paBeHCT-

l<'o 
* "' . 1\-YY\ Am= Am= L..(K 1'- --t o(m, 

BO 

(2.IJ) 
K=O 

r .ne one par op d.. m HMeer no ps,noK m- 1.. • HaKoHeu, c noMOTI\bD 

cooTHoweHJ/l.R (2.12) Herpy,nHo yde,nlllTbCH, 4TO oneparopu Am lll 

Bm= AY11-A:npH m >,.- l<o y,noBJieTBOpli~T COOTHOWeHI'lD 

[Am
1
L]:; BmL-Bm-t~<o+i, 

aHaJIOri!4IIOMY (I,J), 

§J. BuBo,n ypaBHeHnlt (2.I) l'l 3aKoHu coxpaHeHJ/l.R 

IToJIOll:lllM renepi> 

Jt = Jln K 
} 

n ,. A 1 n-111 

= ~o X-t(Ko+!lln { 

Y1 

9'3 = !J3n,li = ~ (A).{-t(l<.+i)Yl1- A:-t(K.+L)m) 7n-m 
1 

1'11 =0 

r,ne 0~){~k0 Jil Y\ >,.Q , Tor,na B Cl'l!IY (2.I2) l'l (2.IJ) COOTHOtne-

HHe (I) dy,neT 3KBJ/lBaJieHTHO paBeHCTBY 

'dL A * 'dt::: K+(Ko-t!)(n-H.)- AK+(K 0 -H)(n+i) 
(J .I) 

B JieBolt H npaBolt qacrsx aroro paBeHCTBa cro.RT oneparopY o,nHoro H 

roro xe nop.R,nKa K0 • ITplllpaBHHBaH uex.ny codol K03~lllUHeHTY 3TJ/lX 

onepaTOpOB, MY nOJIY4HM CHCTeMy 

CHJIY paBeHCTB (2.IO) oneparopy 

ypaBHeHHB BJ/l~ (2.I). naJiee, B 

A m H A ~ HM81lT Blll.ll 

Am::: Fm,ot<
0
dl<o + 

A 

Am 1 

A* ::: /1-(Ko+!) F, J\ Koti \ Ko 
m o m

1
oK 0 o (} 

A -If 

+ Am 

12 

"' 
r.ne A rn 

A It-

If A...., - oneparopy nopll,li;Ka K 0 - i . CJie,noBaTeJII>Ho, 

O,llHO ll3 ypaBHeHillt CJ/lCT8MY (2 ,I) UMeeT BJ/l,D; 

[ 
K0 +i f 1 

U.Ko::: A 0 ) H-t(K.H)(Y1·H),OI<.o 1 

4TO HaXO,IlllTC.R B ITOJIHOM COOTBeTCTBI'lJ/l CO c,neJiaHHYM paHee npe,nTIOJIO­

X8HI'leM o paBeHCTBe HYJID ,D;HaroHaJII>HYX aJieMeHTOB MaTPlllUY UKo 

IToJIOlll'lM renepi> npH m > K., + i 

m 1. (' ( ) [t11-tK 0 ] I m = "2: --;;::! ,) p 1\ G-;« 
1 

( Ko+i) ;U - WI 1 ,.M rn = K 0 +i • 
fi=_,.u.., 

anpH m: 2, ... , Ko+f. no!IOXHM 

m i 

Im = z ~sf(!\ Gu (1<.-t!),M- m) t- s/) (Go VK0-111-ti). 
jA=2. }J. / I 

IIycTb, ,naJiee , 

Tm'L= 
~ lm 

'l.-=i --· (Ko-+i)~o ) ) ) ) 

(3.2) -ClC'Z.-
r.ne c'l. - ,lll'larOHa!lbHYe 3JieM8HTY MaTplllUY G . ITycTb, HuKoHeu, 

0 

S"Tm'T- oO 

= L (-i)s l 5 

S=o 'dxs s UK 
r .ne u_ ~ s l =- 'd s u ~<- , a 3HaK 

'd xs " 

J Tm-z-
1 ~ (S) 

(} U... K 

Ha,n Y:arpHueB 

rpaacnoHHpoBaHHe. Tor~ cnpaBe,D;JIHBO paBeHCTBO 

~Tm'l.­

du~<-
1 Jf'rn-i I<Ko 

' 
K 0 +i 'de?-

u.. K 03Ha4aer 

C ITOMO.hD 3TOrO paB~HCTBa H COOTHOM8HHI (2.8) H (2,9) ~OKa3YBaeT­
CJI CYII!eCTBOBaHHe ITO!IHHOwa X 111 rz. n ){ or 3!le¥earos warpen UK 

) 

H HX npOH3BO~HWX no X ~OCTaT04HO BWCOKOrO DOpa~, TaKoro, qro 

~a amOoro pemeHHJI CHCTeUH (J.I) CITpaB8AnHBO paBeHCTBO 

d 
'dt Tm t - d X -"dx. wrrz..,Y'II(.,· (J.J) 
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IT pH aTOM cor nacHo onpe~eneHHil nommoMhl T111 '!:- or tl H X HBHO 

He 3aBHCHT, B TO apeMH KaK nom!HOMI:l X m" ., u 3aDliC!lT HBHO OT n 11 1<. • 
' 

JleBaH 'laCTb paneHCTBa (3.3) Oy~eT 3aBl1CeTb OT 11 11 ){.. TOJILKO 

OOC!le OO~CTaH OBKI1 B Hee pemeHHSI CI1CTeH!>I (3 .I). TaKHM o0pa30M1 eC!ll1 

peweHl1e cHcreMN (J.I) cyUlecrayer npu !lllOhlx X E (- oo, oo) H t ~/to , 
a npH X~± 00 CTpeMHTCSI ~OCTaTO'IHO 01iC\'pO K HY!ID, TO onpe~e!leHU 

Be!li'I'IHHI:l 
00 

L11"' = j T11~'V olx. 
-oo 

li COr!laCHO paaeHCTBY (3.3) OHH He 3aBHCSIT OT t 
B aaK!lll'leH~e 3Toro naparpa~ HeoOxo~HMO orMeTHTh, 'ITO ace 

OOYUleHHI:le 3~eCb ~eTaJIH ~OKa3aTe!lbCTB MOfYT 0b1Tb BOCCTUHOB!leHI:l no 

paOore Ill . 

§4. C!ly'laA paUHOHa!lbHOR 3aBHCHMOCTl1 OT napaMerpa ? 
PaccworpHu renepb cnyt~aA, KarAa oneparopliJ4 HjB, axo~HU~He B 

COOTHOWeHHe (I), 3aBHCSIT paUHOHa!lbHO OT napaMerpa ( • C 3TOA 

uenbll nonoxHM 
n n-m )-<o P}'( cL)'If 

Jf == 2.: Am ~ -t ~ L:'. ) p 1 

m=o 1 fl=i p=1 ( t l)A 
n JJo P_u f3?P 

$= L Bm Yfn-m + Z: t (Y)-~,u)P' 
m=O ! )l=t p=t l { 

r,~~;e dfie 11 f>JA p - oneparopw nop~Ka. /< 0 • Tor)Ul 143 coor-

ao•eaaa (I) cAe~eT, 'ITO 

I) B 0 ::: 0 l 

2) np• m = o,I, ••• , n -1 CnpaB8AJBIO paBeHCTBO 

[Am, L] ~ Bm L - B m+i , 

14 

J) BliT8Kall~ee 143 COOTHOWeH14SI (I) 3BOAilU140HHOe ypaBH8HI4e 

HMeer Bl4,11; /lo 

'1L +[A L] == BnL -2:'.;.3;«!, 
'l t n' ,u=t 

4) onepaTOpli cA.)-( f H j3 )If YAOBA8TBOPIIIlT COOTHOIIeH141l 

[d_,up I L] = j3,#f ( L- (_MJ- j3~, p+1.) 

npH'lew j3 )' f = 0 npH f :? f _;.< • • 

Ilono•HM Tenepb 

~ ~ 

B n1 = A m - A m , (3 ~ p = d. .J'f r - d!? 

Ilycn, AaAee, Bn-tL = B"' L -[A," 
1 
L] , a npH m :> o 

nono•o 

(4.I) 

(4.2) 

JJo P~m (m-!)! m-p 

o(rn = L. ~ Cm-p>~(,J-t)! {).( o(~p ) c
4 

J) 
)A=! p-i . 
).(o P#m (m-i)l 111-/'J d..'~-

d..~ : L 2: ( m- jJ)! ( p - t ) ! ~ )A )' P 1 
_,«:.{ p=t l 

r ,~;e p )A m = 111 ; Yl ( p .,« , 111 ) • 

(4.I) npHMer 814.11: 

TorAa 3BO~IIUHOHHoe ypaaaeaHe 

~L ~ ~ it ::. A n+t- A 11+i - cJ.i + cJ...f (4.4) 

a 143 COOTH0118HHI ( 4.2) CA8Af8T, liTO npH AIIOOM m ;> 0 

cnpaB8AAHBO paB8HCTBO 

L d.m- cimti 
-If L ~ 

o(""' - olm+-t. · (4.5) .... 
OnpeAenHM Tenepb OecEoHequy~nocAeAOBaTeA•aocT• MaTPKU ~m , 

m > 0 , CA8Afll~ll o0pa30M. Ilycr. r m u v - MaTpHIUI OOpiAEa '2 0 
A 1/ 

oOpaaoaaHHiie aAeweHTaMH MaTPHUii Pm , CTOI~MH Ha nepecelleHHK 

CTpOK C HOM8paMH )A 'to+! , • • •, (.J-1 + /.) 't 0 H CTOJIO"OB C HOM8paMR • 
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v "Za -r f. , . . . 1 s.__v + 1.) "l- o 1 fl1 ¥ = 01 i , · · · , I< • . IIpeK.J;e acero onpe,D;e-

JIIW lla.Tpli!J:Ui Fm Ol< .lVIII 1(:: 0,1, ••• , l<o TaK, 'l.TOc5!i IU.teJio 
) 

M6CTO paB6HCTBO 

oL 111 

A 

Iii MaTPii!Uii F'm Kt<o 
) 

Y6CTO paBeHCTBO 

Ko 

= L.' fYI1 o 1< d K 
) 

1<=0 

np111 K"' O,I, ••• , Ko TaK, 'l.TOd!i HM6J!O 

1< I< K-1 

-/1- = x-C~<o+l)( "~d K.-Kp +~ U 2:,JK-)(-1f )/\K.-H 
olm 1\ 0 L. n1

1
KK 0 L, K tn 1KK 0 0 . 

K=O k•i N=O 

"' 
HeTPV.ltHO BH.lteTD, 'l.TO 3THMH Tpec5oaaHHRMH YaTPHIUi Fm o K 

~ ) 

111 F m 1 I< k' o npH K = 0, I, ••• , I< 0 onpe.l(eJII!IlTCJI O.l(H03!Ja'l.H9_. 

Ilplil 3T014 B CHRy paB6HCTBa (4.5) Oc5a CllOCOc5a AallT ,l(JIJI MaTpHU!i f'm OK 
I 0 

O,l(HO H TO J:6 3Ha'l.6HH6. ~aJiee, llOJlOXHM 

"' Ko .;o. 

~ 
~K 

:: f.:"' r U=O!. Dm,)A ~m,f{KJ 1 / ' 
K=O A 

H onpe.JJ;eJIHM nocJie,l(osa TeJihHO MaTpHIUI Pm, ~I< npH 

.'<" ' J 

~ = 1 , ••• , 
K0 H K= O,I, ••• , !< 0 H3 YCJIOBHII " 

A "' A Ko+i r 1\l<o+! 

D = /\ D - F:, U-1 I< ;\ L + 1'>1+! )H,K. 0 ,(4.6) m L1 a m fl-1. m,F 1 0 O I 
IF" ' A 

HeTpy,B;HO BH.Ii6Th, 'l.TO 3THM Tpec5oaaHHeM MaTpHIUI f' m 
1 

fl K onpe,IieJII!IlT· 

Cll O,IiH03Ha'l.HO. naJJee,H3 paae~TBa (4.5) CJie,B;yeT, 'l.TO llOJly'l.aeMHe Ta• 

KHM oc5pa30M 3Ha'l.eHHJIMaTpHu rm Kl<o npH f<: O,I, ••• , l<o 
I 

COBn~aiJT C llOJIY'l.6HHYMH paHee 3Ha'l.6HHIIMH. neiCTBHT6J!bHO, COrJiaCHO 

paBeHCTBY ( 4.6) npH I<:: I, ••• , K o IWeeM 

"" K-t 
'1 K _/ =. D + ""' d K-1(-t 0 0\.rn m,K L. 

A r. I A Ko+ L L _· 
m, J.( K 0 ~ 

K-£ 

-~ 
)p:o 

a np11 K = l<o + i 

H=o 

~ Ko+£ '1 K-lol-1. r /\ 
() rm+t ~ l<o o 

I 

16 

-d ko+i d..m 
K0 -l ""' 

+ "2: d Ko- >< F' ' 1\ Ke-d L 
. - ml ){ k'.g o _ ") D m, i<o 

U=O 
l<o-! 'l K.-l( ..... , Ko+ i. 

:Z (j f»Hi. HKo l~o 
)(~0 ) 

"' ' 
r ,lie r-:1 I: ko - ilOJ1Y'l.6HH!ie c llOYO!Ilbll paaaHC TBa ( 4. 6) 3HatieHHII 

liaTpHJ.I r,.,) >I ::0 ' ).( = 0 'I •• ' t I< a • 0TCil,Iia c yt,teTOM paaeHCTBa 

(4.5) CJ16,l!;V6T paBeHCTBO 

a,~+ C.ll= 0) (4.7) 
r.D;e 

_ A- (Ko+L) { ~ 
0.,111- 0 '-' 

~ =0 

' k'.-11 ... , .... ) 1-
() (FmlliK.-fm,~-<1<., 

Ko K-i '\ K H I. ( A 1 

t z: UK 2: () - - PyYI,)olt(. F~ 1 Kt<o)~' 
!<.=t ll=o 

(J :: A - ( Koti) ( d D 
flm /\o m 1 1<o 

A ' l<o-t L 

r,.,lt<.~<o/\o L + 

Ko .A 

+ L IAK Dm,K + F' ;\ K0 +t) d. m +I. 1 l<o 1< 0 o - m+1 • 
K=o 

B cHny roro, 'l.TO nops,uu onepaTopoa a, H 

Ko' paB9HCTBO (4.7) B03MOZHO TOJI.XO npH 

im H9 npeBOCXO~BT 
Ovm = t_ = 0 • CJte.~toaa-

'" A 

T9JIIoHO, ll0JIY'l.9HHY8 pa3HIIKH CllOCOc5B.loiH 3Ha'l9HHB MaTpHit F' m , K K 
0 

COBUaM.DT npH K = O,I, ••• , Ko ' a 
l<o A 

Z:ut<Dm,K 
K~o 

"' Ko-t- £ 
+ p m 

1 
l<o l<o ;1 o L "' d Dm,l<o = 

(4.8) 

A 

r,.,1+L, K ,_· A KoH 
• "0 0 + 

At<.-d 
1\o d..m+i · 

C DOMO~D paB8BCTB (4.6) B (4.8) H8Tpy~HO yOe~r•ca,qro DOJIJ'l.8BHY9 
"" 

Ta.JtHM 00pa30M lla.TpHQY F' m npH UOOM m > 0 Y~OBJI9TBOpaiiT COOT-

H0.9HJIII 
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Lr:, r~,+i] + [C, r ... ] [ U, F~] 
~ 

J Fn, = 0 
·")X 

r.l{e MaTpHUbl r: , ro H v Te :a:e CaMLie, qTO H B paaeHCTBe 

(2.9). nanee, cornacao paaeacraaM (4.3) H (4.6) nonyqaeM, qro 

3ReMeHTW MaTpHU rn, BWpa:a:a~TCR RHHeAHO qepe3 K03¢¢HUHeHTW 

one paT OpOB r::J._)-1 p H npOH3BO~HI>Ie 3TH X K03¢¢HUHeHTOB no :::C 

COOTBeTCTBYD~ero nopR.J{Ka, 

( 4,9) 

ilOCMOTpldM Tenepb, KaK Oy~T MeHRTbCH CO BpeMeHeM onpe.l{eneH­

HHe c noMOlllU paaeacraa (3.2) aenHqHHH Tm-z. , ecnH a HHX no,l{cTa­

BHTb Tenepb KaKOe-HH6y.l{b pemeHHe ypaBHeHHH (4,4), ilOBTOpHB noqTH 

~ocnoaao paccyx~eHHH §5 H3 paOorw III, nonyqaeM, qro a paccMaTpH­

aaeMOM HaMH renepb cnyqae cnpaae~nHao paaeacrao 

J d A 

ra t T m '~- =- rcJ x. ( X 111 '~- , Y1 l{ + X ,11 ~ ) (4.10) 

r~e aenHqHHH Xm'l- nx re xe caMLie, qro H a paaeacrae (3,3), a 
"' J 

aenHqHHH )(n1 ~ nonyqaDTCH aHanor~HUM o6pa30M C nOMO~b~ COOT-

HOineHHH (4.9). IIpH noM aenHqHHH Xm~ Oy~T 3aBHCeTb nHaeHao 

OT K03¢¢HUHeHTOB onepaTOpOB cJ._ )'If H HX npOH3BO.l{HhiX no X 

~OCTaToqao BhiCOKOrO llOpH~Ka. TaKHM 06pa30M, CHCTeMa ypaBHeHHH 

(4,1) H (4,2) 06Ra,l{aeT HeCKORbKidMH 6eCKOHeqHHMH cepHHMH 3aKOHOB 

coxpaaeaHH BH~a ( 4.10). 

B 3aKn~qeHHe Heo6XO~HMO OTMeTHTb, qro C nOMOIJlb~ COOTHOineHHR 

(I) MOryT 6HTb nonyqeHH HeRHHeHHHe 3BOR~UHOHHI>Ie ypaBHeHHH C 

npoH3BORbHHM qHcnoK npocrpaHcraeaawx nepeMeHHI>IX x"' (x!, ... , xatJ, 
oOna~aDIJlHe HeCKORbKHMH 6eCKOHeqHH)LH cepHRKH 3aKOHOB COXpaHeHHS, 

IIo~poOHOKY paccKorpeHH~ 3Toro cnyqas nocas~eaa paOora 12~ H 

ll03TOMY 3~eCb HeT HeoOXO~HltOCTH OCTaHaBRHBaTbCR Ha 3TOM llO~pOOHee, 
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