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lllo6oww11 e . n . P2 - 12268 
HeopTOrOHanbH~e BHyTpeHHHe COCTOAHHA B $OpManH3Me 
BTOpH4HOrO KBaHTOBaHHA 

nony4eH~ KOMMyTai.IHOHH~e COOTHOWeHHA AnA onepaTopoB PO*AeHHR 
H YHH4TO*eHHR 4aCTHII C HeOpTOroHanbH~MH BHyTpeHHHMH COCTOAHHAMH. 
noKa3aHO, 4TO annapaT BTOpH4HOrO KBaHTOBaHHA aBTOMaTH4eCKH npHBOAHT 
K eAHHOMy OOHCaHHC CBOHCTB TO*AeCTBeHH~X H HeTO*AeCTBeHH~X 4aCTHI.I, 
BKnC4a~eMy Henpep~BH~H OOAXOA OT pa3nH4aCwHXCA BHyTpeHHHX COCTOAHHH 
K OAHHaKOB~M. 

Pa6oTa e~nonHeHa B na6opaTOPHH B~COKHX 3HeprHH OH~H. 

Coo6IUeHHB 06bBI1HHeHHoro HHcraryra SlllepHbiX accnenoeaHall, Lly6Ha 1979 

Lyuboshitz V.L. P2 - 12268 
Nonorthogonal Internal States in the Second 
Quantization rormalism 

The commutation relations for creation and destruction 
operators of the particles with nonorthogonal internal states 
obtained. It is shown that the second quantization formalism 
leads to a united description of identical and nonidentical 
particle properties. It contains a continuous transition from 
different particles to identical ones. 

The investigation has been performed at the Laboratory 
of High Energies, JINR. 
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B pa6oTaX /1·4/, pe3yJibTaTbl KOTOphiX o6o6IUCHhl B MOHOrpa

$HH 151, ROCTpOeHa TeOpH.II paCCCJIHBJI 'laCTBU C HCOpTOrOHaJibHhiMB 

BHYTPCHHBMH COCTOJIHBJIMB, BCCJIC~OBaHa 06IUaB CTpyKTypa BOJI

HOBOH $yHKUBB ~JIJI CBCTCMhl ~BYX 'laCTBU B ROKa3aHO, 'ITO, 

BOnpeKB Tpa~BUBOHHhiM npe~CTaBJICHBJIM, B paMKaX KBaHTOBOH 

MCXaHBKB CYIUCCTByeT HenpephiBHhiH nepexo~ MC*~Y CBOHCTBaMH 

TO*~CCTBCHHhiX B HCTO*~CCTBCHHhiX qacTBU, npB'ICM pOJib Henpe

phiBHOrO napaMeTpa 6JIB30CTB MBKpO'IaCTHU BrpaeT CKaJI.IIpHOe 

RpOB3BC~CHHe BX BHyTpeHHBX COCTOJIHBH. 3TO, B 'laCTHOCTB, no

CJIY*BJIO OCHOBOH ~JIJI pa3pa60TKB HOBOrO RO~XO~a K peweHBIO 

napa~oKca ru66ca, napa~oKca 3iiHwTeiiHa u ~pyrux napa~oKCOB 

pa3pb1BHOCTB 15·8/. 

B HaCTOBIUeii 3aMCTKe Mhl paCCMOTpBM CBOHCTBa qacTBU C He

opToroHaJibHhiMB BHYTPCHHBMB COCTOJIHBJIMB C TO'IKB 3pCHHJI $op

MaJIH3Ma BTOpH'IHOrO KBaHTOBaHHB /eM., HanpHMep, 19/ /. 

KaK H3BecTHo, 6o30HHhle onepaTophl po*~eHHJI H YHH'ITo*eHBB 

qacTHU y~OBJICTBOpBIOT KOMMyTaUHOHHhiM COOTHOWCHBJIM: 

~ + ~+ 

a ~, a ___,. ~a -.a -..=o o-•->· 
mk n k nk mk nm k k 

/1/ 

a ___,., a --+ - a _, a nk' = 
0, 

mk nk nk 

a $epMHOHHhiC - aHTHKOMMyTaUHOHHhiM COOTHOWCHHJIM 

~ 1 ~ 1 
a ~,a ___,. +a .• a .~.=o a ....... 

mk nk nk mk nm k k 

~ ~ /2/ 
a .... a ·• +a -• a mk~' = o. 

mk nk nk 
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~t 

3~eCb On - CHMBOn KpoHeKepa, a -> - OIIepaTop pOJK~eHHJI 
m nk __, ~ 

qaCTHUbl C BHyTpeHHHM COCTOJIHHeM [An> H BMIIYllbCOM k , am-k'-

orrepaTop YHH'ITOJKeHHJI qacTBUbl c BHyTpeHHHM cocToJIHHeM I Am::-. 

H HMIIynbCOM k'; rrpH 3TOM no~ I An · H I Am • IIOHHMaiOTCJI nH6o 

opToroHanbHble ~pyr ~pyry (mIn), nH6o o~BHaKOBble BHyTpeHHHe 

COCTOJIHHJI (m 0
' n). <l>opMynbl /1/ B /2/ HHBapBaHTHbl OTHOCHTenbHO 

~BpaKOBCKHX IIpeo6pa30BaHHH, T.e. CIIpaBe~nHBbl B IIpOH3BOllbHOM 

rrpe~cTaBneHHH. 

B COOTBeTCTBHB C 06IUBMH IlpHHUHIIaMH KBaHTOBOH TeopHH 

6a3BCHble cocToJIHHJI IAn> MoryT o6be~HHJITbCJI B rrpoH3BOnbHble 

cyrreprro3HUHH /ecnH TaKoe o6be~BHeHHe He JarrpemeHo ~orronHH

TenbHbiMB rrpaBHnaMH cyrrepoT6opa/. llyCTb IC> =I <AniC> I An>, 
n 

ID>=I<Am ID>IAm>, rrpH'IeM BHyTpeHHHe COCTOJIHHJI IG> H ID· , 
m 

Boo6me roBopJI, HeopToroHanbHbl ~pyr ~pyry: 

<C!D'· =I< A IC>*<A ID>. 
I n n n /3/ 

JICHO, 'ITO OIIepaTOpbl pOJK~eHBJI· H YHH'ITOJKeHHJI cyrrepii03HUBH 

I C> H I D> 6y~yT HMeTb BH~ 
~ + ~+ 

a __,=I a __,<A [C>, 
Ck n nk n 

~ + ~ + 
a __, =I a __,<A !D>, 

Dk m mk m 

a ... =I a __,<A tc>*, ~ __,=I a -.<A ID>* 
Ck n nk n Dk m mk m 

/4/ 

* HarrpHMep, orrepaTopbl poJK~eHBJI H yHH'ITOJKeHHJI ~onroJKHByme
ro B KOpOTKOJKHBymero HeHTpanbHbiX K-Me30HOB CBJI3_!1.Hbl C COOT

BeTCTBYIOmHMH orrepaTopaMH ~nJI COCTOJIHHH K 0 H K° COOTHO-
WeHHJIMH:_ 

~+ ~+ 

(1 + t)aKo- (1- t )aKo 

a: + = -- ------ ----
KL 

v2(1 + It I 2) 

(1 + t*)~K~-(1- t*)~Ko 
aKL 

v 2(1 + It! 
2
) 

r~e t - rrapaMeTp HapyweHHJI 

(<K !K >=-~-Ret S L ---
1 + It I 2 

4 

~+ ~ + 
(1 + t) a o + ( 1- t)a o 

K K ~+ 

aKs 

v 2(1 + It! 
2
) 

(1 + t*) ~Ko+ ( 1-t*) ~ Ko 

a Ks 

y2(1 + [t[ 2
) 

CP-HBBapBaHTHOCTH 

) 
J 

1 

HCIIOllb3YJI /1-4/, Mbl cpa3y IlpHXO~HM K KOMMyTaUHOHHbiM 

H aHTHKOMMyTaUHOHHbiM COOTHOWeHHJIM ~nJI 'laCTHU C HeOpToro

HanbHbiMH BHyTpeHHBMH COCTOJIHBJIMH: 

~+ ~+ 

aDk aCk' - TJa ck''aDk-= 

~ ~+ ~+ ~ 

II(a __,a__,,-TJa __,,a __,)<D[A ><A [C>=<DIC>o__,__,,, /5/ 
n m mk nk nk mk m n kk 

a ., a ... , - TJ a __,,a __, = 0, 
161 Dk Ck Ck Dk 

r~e TJ rrpHHHMaeT 3Ha'leHHe (+1) B cnyqae 6o30HOB H (-1) -

B cnyqae c1JepMHOHOB. llo~qepKBeM, 'ITO KOMMyTaUHOHHble H aHTH

KOMMyTaUHOHHble COOTHOWeHHJI /5/ CO~epJKaT HerrpepbiBHbiH rrapa

MeTp<D\C>,,KpaHHHe 3Ha'leHHJI KOTOporo /1 H 0/ COOTBeTC'fBYIOT 

TOJK~eCTBeHHbiM H HeTOJK~eCTBeHHbiM 'laCTHUaM. 

KaK 06bi'IHO, 0603Ha'IHM CHMBOllOM IO> BaKyyMHOe COCTOJIHHe. 

H3 /5/ H /6/ Herrocpe~cTBeHHO cne~yeT paBeHCTBo 

-- ~ ~ + ~ + 
<OI aL--> aL __,_a -.,a __,,10>= 

2k2 1 k 1 C k 1 Dk2 /7/ 

= <L 11C><L 21D> a__, __,, a__, __,, + TJ <L !D> <L IC>a__, __,,a ... ,..., 
k 1k 1 k2k2 1 2 k1k2 k2k1 

C yqeToM /6/ nerKo orrpe~enBTb CTPYKTYPY BonHOBOH cilYHKUHH 

~BYX 'laCTHU C H D C HeopTOrOHallbHbiMH BHyTpeHHBMH COCTOJI

HHJIMH. llpe~rronoJKHM, 'ITO BonHoBaJI pYHKUBJI qacTHUbl C /B HM

rrynhCHOM rrp~~CTaBneHHH/ eCTb cp 1 (k), a BOllHOBaJI c1JyHKUHJI 'laC

THUbl D - ¢
2

(k): IIPH 3TOM <¢
1

1¢ 
2
> = 0. <CID> /O.llo orrpe~ene

HHIO, BOllHOBaJI c1JyHKUBJI paCCMaTpHBaeMOrO ~BYX'IaCTH'IHOrO CO

CTOJIHHJI paBHa aMIIllHTy~e BepOJITHOCTH ero perHCTpaUHB ~BYMJI 

O~HO'IaCTH'IHbiMH ~eTeKTOpaMB, cllHKCBPYIOmBMH COCTOJIHHJI IC> B 

ID >.Cne~oBaTenhHO, 
--> --> 

'l' CD(k 1' k2' L 1'L2) = <<1>21<1> ?• 
r~e 

I 
~+ ~ + I ~ ~ ') ') ~ + ~ + I <1> 1>=a0 --~.aD--~. 0>= -f' * ¢ (k ¢ (k a __,,a__,, 0>, 

'~-'1 'f' 2 k • k • 1 1 2 Ck 1 Dk 2 1 2 

5 



~+ ~ + I 
\<1> > = a .... a .... 0>. 

2 L 1k 1 L 2k 2 
/8/ 

0TCIO,Ila 
__,. ~ ;. ;. ,.. "" ,.. ""+ 

'P(k 1 ,k 2,L 1,L 2)= l l ¢ 1(k~)¢ 2 (k;)<O\a .... aL k-> ac+_., a
0

k .... , \0>. 
->, ->, L2k2 1 1 k1 2 
k 1 k 2 

/9/ 

llpuMeH.II.II /7 I, uaxo,llHM 

-> -> 
'~'co(k1,k2,L1,L2) =<L1\C><L2\D>¢1(k1)¢2(k2) + 

-> -> 
+ 77<L1\D> <L 2\C>¢ 1(k2)¢2(k 1). /10/ 

ci>OpMyna /10/ COBna,llaeT C COOTBeTCTBYIOIQBMH Bblpa)KeHB.IIMH, 

nony'leHHbiMH B l4,5/ Ha OCHOBe npHHUHna HHTeP4JepeHUHB KBaHTO

BO-MeXaHH'IeCKHX aMnJlHTY.Il BepO.IITHOCTH. Mbl BH,IlBM, 'ITO BOJl

HOBa.ll cllYHKUH.II .llBYX'IaCTH'IHOrO COCTO.IIHH.II CHMMeTpH'IHa HJ1B aHTB-
·> --> 

CHMMeTpH'IHa OTHOCHTeJlbHO nOJlHOB nepecTaHOBKH k 1 : k 2 , 

L 1 ', L 2 . B TO )Ke apeM.II oRa, aoo6IQe roaop.11, He o6na,llaeT onpe

)leJleHHOB CHMMeTpHeii OTHOCHTeJlbHO nepecTaHOBKH O,llHHX TOJlbKO 

"BHeWHHX KBaHTOBbiX" 'IHCeJl k
4

1 
H k 

2
. 0,1lHaKO nerKO BH,IleTI:, 'IT? 

CHMMeTpH.II BJ1H aHTBCBMMeTpH.II OTHOCHTeJlbHO nepecTaHOBKH k l '; k2 

HapywaeTC.II TeM MeH&We, '!:eM 6J1H)Ke ,llpyr K ,llpyry COCTO.IIHH.II 

\L 
1

" H [L
2 

~·. clluKcupyeMble npu6opaMB, unu ucxo,llHble BHyTpeHHBe 

COCTO.IIHH.II [C~ H [0'. ~eiiCTBHTeJlbHO, 

-+ -+ --+ -+ 

M' = 'I' c D (k 1' k2' L 1 ,L 2) ·- 11 'I' c D (k 2 ,k 1 ' L 1'L 2) = /11/ 

-+ -+ -+ -+ 

= (¢ l(k1 )¢2 (k,2)- 11¢2 (k 1) ¢ l(k2 )) (<L l[C> <L2\ D>- <L 1[D><L2[ C >). 

Ecnu [L
1
> .... [L

2
' unu \C> .... [n·,To i\'1' •0. T.e. HMeeT MecTo He

npepbiBHblii nepeXO,Il K BOJ1HOBOB cllYHKUHB TO)K,IleCTBeHHbiX 'laCTBU 

'I'··¢ 1 (k 1)¢ i; 2) ± ¢1 (k2 )¢2(k 1). 

TaKHM o6pa30M, annapaT BTOpH'IHoro KBaHTOBaHH.II aaToMaTu

qecKH npHBO,IlBT K e,llHHOMy OnBCaHHIO CBOHCTB TO)K,IleCTBeHHbiX 

H HeTO)K,IleCTBeHHbiX 'laCTHU, BKJliO'IaiOIQeMy HenpepbiBHbiB nepeXO,Il 

OT pa3J1H'IaiOIQHXC.II BHyTpeHHHX COCTO.IIHHB K O,llBHaKOBbiM. 

6 

B Ka'l:ecTBe unniDcTpauuu Haii,lleM .llB«<lcclepeuuuan&HYIO aepo.IIT

HOCTb TOrO, 'ITO 'laCTHUbl, KOTOpbiM OTBe'l:aeT BOJlHOBa.ll cllYHKUB.II 

/10/, 6y,llyT 06Hapy)KeHbl B npOCTpaHCTBeHHbiX TO'IKaX x'
1 

H x'
2

• 

~Jl.ll 3TOrO Hy)KHO nepeiiTH B KOOp,llHHaTHOe npe,llCTaBJleHBe, B3.11Tb 

a Ka'leCTBe IL 1 H IL 
2 

· 6a3BCHble cocTO.IIHH.II [Am· H [An H npo

cyMMHpoaaTb \'Pen 12 no seeM B03MO)KHbiM 3Ha'leHH.IIM auyT

pe,uuux KBaHTOBbiX '!:Been. B HTore nonyqaeM: 

-+---) -+-+ 2 
W(x1, x2) = ; ~ ['I' co<xl, x2, Am' An)\ = 

/12/ 
-+---)>2 -+-+2 2 ;.;. -+-+ 

=[u(x1,x2)\ +l[u(x2 ,x 1)\ +211\<C\D>\ Re[u(x1 ,x 2)u*(x 2,x 1)], 

r,lle 

--+ --+ -+ -+ --+ -+ -+ -+ -+ -+ 3-+ 
u(x l'x 2) = ¢1 (x1) ¢2(x 2), u(x 2'x 1) = ¢1 (x2)¢2(x 1) ({ ¢1 (x)¢2(x)d x). 

Benu'IHHa W(x1 ,x2 ) HenpepbiBHO 3aBBCHT oT cTeneHH ueopToro-

Han&uocTH BHyTpeHHHX COCTO.IIHHB <C\ D> B Y.llOBJleTBOp.lleT yc-

JlOBHIO HOpMBpOBKH 

1 . , -> 3-> 3. * --
2 

{ W(x1,x2)d x 1 d x 2 ~ 1. 

PaccMoTpHM noae,lleHue W(X' 1.x2) 

u = u (x 1.x 2). Tor,lla, cornacuo /11/, 

··• • 2 2 
W(x, x) ~ 2\ul (1 t 11\<C\D·\ ). 

npu X' 1 • X' 2 . 06o3Ha'IHM 

/13/ 

Bepo.IITHOCTb perucTpauuu .llBYX 6o30HOB B Manoii npocTpau

CTBeHHOii o6nacTH A V paaua 

P = .L W(i. i)(l1 V) 2 ~ lui 
2
( 1 +- I<CI D>\

2 
)(11 V) 

2 
. 

2 
/14/ 

B npe,llene \C> ·->\D> aepo.IITHOCTb perucTpauuu .llBYX 6o3oHoB ' 

y,llaauaaeTC.II no cpaaueuu10 co cnyqaeM HeTO)K,IleCTBeHHbiX qacTBU, 

a B cnyqae "qacTB'IHO pa3J1H'IHb1X" COCTOJIHHB (0<\<C\D>\<1) npu

HBMaeT npOMe)KyTO'IHble 3Ha'leHH.II. 

* Ko3cllcllHUHeHT 1/2 CB.II3aH C TeM, 'ITO npB HHTerpHpOBaHHH no 

clla30BOMY 06'beMy .llBYX'IaCTH'IHOB CBCTeMbl O,llHB B Te )Ke C06b1TH.II 

y'IBTbiBaiOTC.II ,llBa)K,Ilbl. 
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EcnH pe'-IL H,neT o 4JepMHOHax, TO 

/15/ 

II pH I C ' ... I D', BepoBTHOCTL perHcTpau;HH HenpepbiBHO cTpeMHTCJI 

K HYJIJO /npHHUHn IIaynH/. IIo,n'-lepxHeM, '-ITO B HameM paccMoTpeHHH 

,naHHbiH JanpeT BbiCTynaeT He KaK a6COJI10THbiH; npH JI1060M OT

cTynneHHH BeJIH'-IHHbl I <,q D>l OT e,nHHHD;bl P ' 0. 

ABTop npHJHaTeneH M.H.Ilo.nropeu;KOMY Ja HHTepec K pa6oTe 

H u;eHHble coBeTLI, a TaK>Ke E.H.BanyeBy, B.H.OrHeBeu;xoMy H 

M.H.illHpoxoBy Ja noneJHble JaMel.J:aHHJI. 

JIHTEPATYPA 

1. Jl106owull B.Jl. OH.JIH, P2-4631, ,f1y6Ha, 1969. 
2. J1106owull B.Jl., HobzopeijKUil M.H. )J(3Tcfl, 1971, 60, c.9. 
3. J1106owut~ B.Jl., Hobzopet~Kuil M.H. OH.JIH, P2-6116, ,!1y6Ha, 

1971. 
4. Jl106owull B.Jl., Hobzopet~Kuil M.H. OH.JIH, P2- 5809, ,!1y6Ha, 

1971. 
5. reA&,Pep JI.M., Jli060WUll B.Jl., HobzopeijKUil M.H. HapaboKC 

ru66ca U llfOJICbeCIIf6eHHOC111b ttaCIIIUij 6 1(6QHIIf060U MeXaHUKe. 
"HayKa", M., 1975. 

6. J1106owu11 B.Jl., HobzopeijKUil M.H. ,aAH CCCP, 1970, 194, 
c.547. 

7. J1106owull B.Jl. ,!1AH CCCP, 1970, 195, c.63. 
8. J1106owu11 B.Jl., Hobzopet~Kuil M.H. Ycflll, 1971, 105, c.353. 
9. JlunKUH r. K6aHIII06a.R MeXaHUKa. "Mup", M., 1977. 

8 

PyKonuc& nocmynuAa 6 U3bameA&cKuil ombeA 
23 ¢e6paA.R 1979 zoba. 


