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6oron~6cKuil H.n. P2 - 12232 
CpaBHHTenbHbili aKanus ycToii'IHBOCTH OllHOMepHbiX u c<PepaqeCKH­

CHMMerpHt.J:HbiX COnHTOHOB CKBnHpHOrO nonst C C8M0ll8ACTB.8M J JIJ. 
p. 

nnsr 8HBnHTH98CKOrO HCCneOOB8HHSJ OHHBMHqeCKOH ycroAqHBOCTR COnHTD­

HOB HCITOITb30B8H BBpHBUHOHHbiH MeTOil, npelliTOJKeHbl KIT8CCbl npo6HbiX ijJyHK­

UHH, coxpaHSJIOWHX aapH.ll yenHHeHHhiX crycrKoB cKanHpHoro nang. AHanure:­

qecKoe paCCMOTpeHHe CBOi-tCTB CKanHpHbiX COnHTOHOB B MOOenH C CaMo­

lleliCTBHeM Jp. J p. llOITOITKeHO pe3yflbT8T8MH 'IHCITeHHOrO peWeKHll H8CTa­

UHOH8pHOJ! 381l8'1H Ka 38M. noKa3aHo, 'ITO B OTITH'IHe OT OllKOMepHoro 

Cfly'lall, B KOTOpOM COITHTOHbl YCTOli'IHBbl ripH BCeX lwl < 1, CtPepH'IeCKH-

CHMMeTpH'IHble COITHTOHbl HeyCTOli'IHBbl ripH BCeX lwl < 1, B TOM 'IHCITe 

B o6naCTH, rne H 8 <mQ 8• <llopMynupyercll sanaqa Ha co6CTBeHHbie 3Ha'leKHll 

llflli H8XOJKileHHH HHKpeMeHTOB KeyCTOli'IHBOCTH H8 ee ITHHei!HOJ! CT81lKH. 

Pa6oTa BbiiTOITHeHa B na6opaTOpHH Bbi'IHCITHTenbHOli TeXHHKH 

H 8BTOM8TH38UHH OH HH. 

nperrpHHT 06bellHHeHKOrO HHCTHTyTa llllepHbiX HCCITellOB8HHli, fly6Ha 1979 

Bogolubsky I.L. P2 - 12232 

Comparative lnvestig~tion of Stability of One-Dimensional 
and Spherically Symmetric Scalar Solitons under 
the Selfinteraction J JP. 

p. 

The variational method has been employed to investigate the 
dynamical stability of solitons of the complex scalar field with 
the selfinteraction J

11 
J 11 • The classes of probe function.s are 

proposed which conserve the charge of solitary scalar field lumps. 
The analytical consideration is completed by results of numerical 
solution by means of computer of nonstationary nonlinear partial 
differential equation. The spherically symmetric solitons in this 
model turn out to be unstable for all lw! < 1 unlike the on~imeYP­
sional ones, which are apparently stable for all lwl < t.It is im­
portant to note that the inequality H

8 
<mQ 

8 
proves not to be suffi­

cient condition for the dynamical soliton stability even in the case 
of the positively definite Hamiltonian density, The eigenvalue problem 
has been formulated to find the instability growth rate in the linear -
approximation in this model. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR, 

Preprint of the Joint Institute for Nuclear Research. Dubna 1979 

C)'mecTBoaanne coJIHTOHHhiX 'laCTH:Ueno.no6HbiX peweHHH WHpo­

xoro KJiacca peJIJITHBHCTCKH-HHBapHii.HTHbiX HCJIHHCHHbiX /PifH/ 
KJiaCCH'ICCKBX ypaBHCHHB TeOpHH llOJIJI C pa3JIH'IHhiMH BB.l{aMH He­

JIHHCHHOCTCH ll03BOJIJieT Ha,neRThCJI, 'ITO Ha 6a3e 3THX peweHHH 

MO*HO 6y,neT ITOCTPOHTh CB060,nHyiD OT paCXO.l{HMOCTCH KBaHTOBO­

ITOJICBYIO TeopHIO. Tpe6oBaHHe nepeHOpMHpyeMOCTH TeOpHH B TaKOM 

llO,l{XO.l{e CTaHOBBTCJI H3JIHWHHM, H ll03TOMY OCTaeTCJI 3Ha'IHTCJih­

Hblii llpOH3BOJI B Bhi60pe KOHKpCTHOrO BH,l{a HCJIHHCHHOro CaMo,neji­

CTBHJI llOJIJI. 0T6HpaJI MO,l{CJIH, B paMKaX KOTOphiX COJIHTOHhl JIBJIR­

IDTCJI ,nHHaMH'IeCKH ycTOH'IHBbiMH /Hnaqe roaopR, ycToA'IHBbiMH no 

JIJinynoay/ XOTJI 6h! B HeKOTOpoA 06JiaCTH napaMeTpOB, MO*HO 

3Ha'IHTCJihHO YMCHhWHTh 3TOT npOH3BOJI. 

B npocTeaweM cnyqae KoMnnexcnoro cxanRpnoro nonR c caMo-

.neiicTBHeM 5:'int = g I ¢1 4 
oKa3aJioc&, 'ITO 3apR*eHHhle TpexMepnhle 

(n = 3) c4JepH'ICCKH-CHMMCTpH'IHhle (ss) COJIHTOHhl ¢ (r, t) 

= Y (r,w) exp(-iwt) HeyCTOit'IHBhl npH BCeX lwl < 1 /l/ B O;JIH'IHe OT 
s --

O,l{HOMepHhiX (u = 1), ycToA'IHBhiX npe lw I > 1/v2. BhiRCHHnac& o6-

UlaJI ,l{OBOJihHO HenpHRTHaJI 3aKOHOMepHOCTh: nepexo,n OT fi= 1 K 

n .c 3 llpHBO.l{HT, KaK npaBHJIO, K CYUICCTBCHHOMy CY*CHHID 06JiaCTH 

YCTOH'IHBOCTH KaK CKaJIRpHhiX, TaK H CllHHOpHhiX 12/ COJIHTOHOB. 

B ,nannoa pa6oTe Mhl H3Y'IHM ycToA'IHBocTh COJIHTOHHhiX pewe­

HHB B MO,l{CJIH ;'3/, TaK*e OllHChiBaiDUICH CaMo,neitCTBHe 'ICTBepTOH 

CTCilCHH no llOJIID, ,l{OBOJihHO CCTCCTBCHHOe C TO'IKH 3peHHJI 4JH3HKH. 

B § 1 Kpa TKO OllHCaHa MO,l{CJih /3/ H HCKOTOphle CBOHCTBa ee 

JIOKaJIH30BaHHhiX peweHHH llpH n = 1 H n = 3. B §2 npe.l{JIO*CH 

H HCllOJib30BaH Ha llPHMepe paCCMaTpHBaeMh!X ypaBHCHHH BapHa­

UBOHHhiH MCTO,l{ HCCJIC.l{OBaHHJI CKaJIRpHhiX 3ap.II*CHHhiX COJIHTOHOB 

na ycToii'I:HaocT&. B §3 H3JIO*eHa MeTo,nHxa 'IHcnennoro peweHHR 

uccne,nyeMoro HCJIHHeii:noro ypaaneHHR npH n= 1 H n= 3 .H peJyJI&­

TaTb! B3y'feUBjj YCTOH'IHBOCTB COJIHTOHHhiX peWCHHH Ha 3BM. 
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B §4 cl!>opMynapoaaHa Ja~aqa Ha co6cTBeHHble JHa'ieHB.R, peweHHe 

KOTOpOH II03BOJIBT HaRTH BHKpeMeHTbl HeyCTOH'IBBOCTB COJIBTOHOB 

B :noB MO~eJIB. 

§1. CAMO,l!ERCTBHE J
11

J 11 

H CBORCTBA CKAJIRPHMX COJIHTOHOB 

PaccMoTpeHHa.ll aaTopaMB 131 nnoTHOCTb narpaH)I{BaHa eCTb 

f1 2 1 4 f1 f'= a11 c~>*a cf>-m c/>*c/> + 2 g1 1c/>l +g
2

J
11

J • /1/ 

J = cf>*a ¢-cf>a cf>*. 
11 11 11 /2/ 

OrpaHB'IBMC.II s ~aHHoA pa6oTe aapaaHTOM c g 
1 

= 0, '1To6w 

B3Y'IBTb YCTOit'IBBOCTb COJIBTOHOB, IIOpO)I{~eHHbiX npe~JIO)KeHHbiM 
B 13/HOBWM THIIOM CaMO~eitCTBBJI "B 'IBCTOM BB~e". 

YpaBHeHBe ~JIJI IIOJI.II ¢ BMeeT IIPB ll= 1 BB~ 

¢ -¢ +m
2
cf>-g [4¢*(¢2 -¢ 2l-4d:J\¢'o -c/>~¢ 1 

tt XX 2 t X ' t t X X 

+ 2¢*cf>(¢ -¢ ) - 2¢ 2(¢* - c/>* )) = 0, 
tt XX tt XX /3/ 

a npa n= 3 ~JI.II ero HanucaHB.R ~ocTaTO'IHO rrpoHJBeCTH a /3/ 
JaMeHy /nony'iaJOllleec.R ypaaHeHHe o6oJHatiHM ( 3 

1 
l I 

a2 a2 
2 a a a 

--- -· ;\ = -- + -- -- --- ·• --· ax2 rr ar2 r ar ' ax ar /3 '; 

JloxaJIB30BaHHble peweHBJI ypa:BHeHBH /3/ H /3 r I CYllleCTBYIOT 

TOJibKO IIPH g <0. MacwTa6HbiM npeo6pa30BaHBeM x' = rnx, t'=mt' 
- -- 2 

cp=J-gz:jJ IIpBBe~eM/3/a/3r /KBB~y,r~e ffi=l, g
2
=-1. 

ConBTOHHoe peweHae a cnyqae n=1 e~HHCTBeHHo rrpa l!>axca­

poaaHHoi '": 

v'1-w 2 ----
Ys (x,t) = -~-- sech (xJ 1-w 2 ) exp (-iwt), lwl < 1 , /4/ 

a IIpH II= 3 ~aHHOH BeJIH'IHHe w COOTBeTCTByeT C'ieTHOe MHO· 

)l(eCTBO peweHHH 
03 

', KOTOpoe JaiiBilleM CJie~YIOlliHM o6pa30M: 

4 

2 ---
y s k (r, t) - \ .. !.=~'2-- A k(r v' 1-," 2 ) exp(-i,"t), 

( ) 8uJ 

r ~e Ak ( ~l -· (k-1)· y Jnoaoe peweHHe ypaaHeHH.R 

2 

lwl < 1. 

3 a 2 a c\ ct; A- A + A = 0, ·\~·c · --- ~ - -- , A(~l ~o npu I;., ""· 
s. ss a~ 2 ~ at; 

/5/ 

/6/ 

PeweHH.RM ypaBHeHH.R /6/ IIOCB.RllleHa 06IliHpHa.ll JIHTepaTypa 

/eM., HarrpHMep, /l, 41 /. 

Jap.R~ Q ii 0d 
0

X JIOKaJIH30BaHHbiX peweHHH /4/ H /5/ paBeH 

af' af' n 
G= r<-·--r:t> -----r:t>*ld x=-if(1+4¢*¢H¢¢*-¢*¢ )d x = 

a~ a¢* t t 
'+'t t 

= 2(d r y2(1 ~ 4y 2)d 0 x (m=l. g
2

=-1), /7/ 

n 
a ax :mepra.11 H f l{ d x, r~e 

of~ a0 2 2 2 2 
H = T oo = ¢ !:'..::.. + <P * _ _::_ - f = I¢ I + I v <PI + m I c/> I + 

t a¢ t a<P. t 

+ g [(¢*c/> -¢¢*)2 + £ (¢*c/> -¢¢* )2]. 
2 t t i=l Xj Xj 

/8/ 

llpe~cTaamul. none cjJ a BH~e ¢··a~- ib, nerxo y6e)l{~aeMcJI, 

'ITO ~JIJI JII06biX ¢ (x', t) IIpH BCeX II IIJIOTHOCTb raMHJibTOHBaHa 

H _: 0 rrpu g
2 

0, 'ITO .RBJI.ReTc.ll aecbMa npaanexaTeJibHbiM caoucT· 

BOM MO~eJIH, CTHMYJIHpOBaBiliHM ~eTaJibHOe H3y'ieHHe ee ~HHaMB· 

'IeCKHX CBOHCTB. 

B cnyqae II 1 ~n.11 conaToHa /4/ 

( 1-w2)1f2 ( 2 
Q s(w) = .. . w + 2) 

3uJ 3 

H s (w) = ~!_-::_!}) 'h 
w2--

Hs(w) 

Qs (w) 
2 = F 1 (w). 

w + 2 

3w 

/9/ 

/10/ 

/11/ 
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llpa n ~ 3 noxana3oBaHHbiX peweHaii ,aa.na ¢('x, t)'" e-iwt A<w)x 

x R£ (r)Y; (0, ¢) C OTJili'IHbiM OT HYJI.II . £ He CYIQeCTByeT /no­

BB,ll.liMOMY, 3TO CBOHCTBO .IIBJI.IIeTCJI o6IQBM ,li.JIJI HeJiaHeHHbiX CKaJI.IIp­

HbiX MO,ll.eJieii/. ,IJ;JIJI SS - COJlliTOHOB (P -, 0), liMeiOIQBX (k-1) y3eJI, 

npe,ncTaaaM pe3yJibTaTbl /3/ a y,no6HoM .nn.11 .nanbHeiiwero au.ne: 

Q~k) (w) = J (k)rr( ! __ + ~ 1-w2- ), 

wyl-w2 w
3 

H (k) (w) = J (k)
17

( 1 + 3yl-w:__) 
s --- 2 ' 

v'1-w2 w 

(k) <X) 2 2 
r.u.e J ~ { Ak(<f).f d.f. 

0TMeTa<J., 'ITO OTHOWeHae 
(k) 

H 8 (w) 3 _ 2w2 
----- = w ---- = F 3 (w) 

Q(k)(w) 2-w2 
s 

/12/ 

/13/ 

/14/ 

He 3aBliCliT OT HOMepa k, T.e. 'IHCJia Y3JIOB COJIHTOHHOro peWeHHJI. 

cl>yHxuaa F 1 (w) a F 3 (c,,) a3o6paJKeHbl Ha puc. 1. llocne 

no.11aneHH.II pa6oTbl /11 .u.o HaCTO.IIIQero apeMeHa pacnpocTpaHeHo 

MHeHae, 'ITO npa H 8< Q 8 /H
8
<mQ

8 
npa m~ 1/ HMeeT MecTo 

HJ 
Qs 

(A) 

O.'IJ 0.9 I. 
Puc. 1. 3aeucuMoc•r. o• ~ac•o•r.r w o•HoflleHUJI 3Hepzuu coAUIIOHa 
K ezo 3ap.II(Jy H8 /Q 8 npu n=l u n=3· 

6 

YCTOH'IHBOCTb COJiliT-OHOB. llepBbiH npOTliBOpe'laiQBii 3TOMY yTaepJK· 

,neHlllO npaMep 06Hapy:lKeH B pa6oTe /2/ ,li.JIJI CJiy'laJI CnliHOpHbiX 

COJiliTOHOB, HO B paCCMOTpeHHOH B /2; TeOpliH 6biJIO B03MO:lKHbiM 

pa3BHTlle HeyCTOH'IHBOCTll no CliHryJI.IIpHOH MO,ne B CHJIY HeorpaHa­

'leHHOCTll nJIOTHOCTll raMliJibTOHHaHa CHli3Y npa (r.{7 tf;) 2 • oo • 

B ,ll.aHHOH MO,neJIH, r,ne }{ .:. 0, MO:lKHO a priori Ha,ne.IITbCJI, 'ITO 

,nn.11 Tex w, npa KOTOpblx H8 < Q 8 , conaTOHbl 6y,nyT ycTOH'IliBbiMH. 

B cny'lae nl H8 iG 8 =36J/2 npa w->0 a H/Q
8
:::t-(1-w)/3 npa 

"' _, 1; npa acex leu I -~ 1 BblnonHeHo ycnoaae l~ I I Q5 I < 1. llpa 

n~ 3 Hs 1 Q H::.. 3w; 2 , xor.na (w->O),.nanee c yaeJIH'IeHHeM w aeJIH'IHHa 

J~, Qs MOHOTOHHO B03pacTaeT, OCTaBa.IICb MeHbWe e,nHHHUbl ,no 

w 1= 0,79; npa 1'uJ>cu 1 HMeeM H/Q
8

>1; Hs/Q8 .nocTaraeT 

MaKCHMyMa npa w 2 = 0, 90, T. e. npa TOH JKe 'laC TOTe, npH KOTOpOH 

H (k)(w) a Q (k) (w) aMeiOT MliHHMyM. 

llo,npo6HOMY aHaJIHTH'IeCKOMY ll 'lliCJieHHOMY ll3y'leHlllO ycTOH­

'IliBOCTll COJiliTOHOB B paCCMaTpliBaeMOH MO,nena DOCBJIIQeHbl § §2- 4 
HaCTOJIIQeH pa60Tbl. llpa 3TOM ,li.OCTaTO'IHO paCCMOTpeTb 3Ha'leHliJI 

w · 0, T .K. CBOHCTBa yCTOH'IliBOCTll COJIHTOHOB npa w = w 0 ll 

<u - w 0 O,li.HHaKOBbl. 

§2. BAPHAr(HOHHblil MBTOA HCCJIB,40BAHH.R 
YCTOJlqHBOCTH 3AP JI)J(BHHb/X CKAJI.RPHblX 

COJIHTOHOB 

)J,n.11 peweHa.ll aonpoca o .u.aHaMH'IecxoA ycTOH'IHBOCTa pac­

CMa TpaaaeMbiX COJiliTOHOB nonbiTaeMCJI YCTaHOBHTb, ,li.OCTHraeTCJI 

Jill Ha COJiliTOHHbiX peweHli.IIX YCJIOBHbiH MHHliMYM cjlyHKUliOHaJia 

3Hepraa H ~ (}{ dnx npa cjlaxcapoaaHHoi aena'laHe 3ap.11,na Q 

H,ne.11 npaMeH.IIeMoro a ,naHHOM pa3,llene MeTo.na 6blna ccjlopMy­

napoaaHa a peana3oaaHa a pa6oTe ~; ,li.JI.II accne.noaaHa.ll ycToi­

'IHBOCTH cnaHOpHbiX COJiliTOHOB, JIBJIJIIOIQHXCJI peWeHaeM ypaBHeHHJI 

,IJ;ilpaxa /T .e. nepaoro nop.11,nxa no apeMeHa/. Tax xax H3y'laeMoe 

B HaCTOJIIQeH pa6oTe CKaJI.IIpHoe none no,n'lliH.IIeTCJI HenaHeHHOMY 

ypaaHeHBIO KneiiHa- rop,ll.oHa /T .e. BToporo nop.11,nxa no apeMeHa/, 

He06XO,li.BMO HeCKOJibKO BB,li.OB3MeHliTb TeXHHKY, HO 06IQaJI ll,ll.e.ll 

MeTO,lla ocTaeTc.ll npeJKHeH. A aMeHHo, paccMaTpaaaeM npo6Hble 

cjlyHKUllll /Ilcl>/, MaJIO OTKJIOHJIIOIQBeCJI B nO,li.XO,li.JIIQeH MeTpliKe OT 

COJIHTOHHOrO peweHliJI ll, KpOMe TOrO, liMeiOIQBe 3ap.11,11. TaKOH JKe, 

KaK y paccMaTpaaaeMoro COJiliTOHa /B ,naHHOM CJiy'lae y,li.06HOH 

7 



.I:BJIJieTCJI MeTpHKa C p = max I¢(X,t)- cpg{X,t)l +max lacp(X,t)/ at- a¢
8 

(X,t)/ ati ). 
X X 

Ecna, paccMaTpasaJI HexoTopoe no.IJ;MHO)f(eCTBo llel», y.IJ;osneTso-

PJIIOIQee TaKHM Tpe6oBaHBJIM, y,IJ;aeTCJI llOKaJaTb, 'ITO COJIHTOHHOe 

peweHBe npa ,IJ;aHHOM JHa'leHBB napaMeTpa He o6ecne'IBBaeT ycnos­

Horo MHHHMyMa /npH COXpaHJIIOIQeMCJI JapJI.IJ;e/ ljlyHKUHOHaJiy 3Hep­

rHH H, JHa'IHT, 3TOT coJIHTOH HeycTOB'IHB. B HaCTOJIIQe:ii: pa6oTe 

6y.IJ;eM npBMeHJITb ,IJ;Ba KJiaCca flel», pO.IJ;CTBeHHbiX HCllOJib30BaHHbiM 

B /2/, 

A. llpeo6pa306QHUJI COAUIIIOHHOU noAeeou tPYHKIIUU, 

o6o6111a10111Ue .wacwaa6Hoe 

CoaepwHM nepexo,IJ; oT coJIHTOHHoro peweHBJI 

..~-. ( -iwt '+'s X, t) = Y
8 

(x, cv)e 

K npo6HOB ljlyHKUHH 

¢P (x, t; a)= y s (ax, w)e-iw 't 

/15/ 

/16/ 

r.IJ;e a = 1 + 8a, loal « 1. w '= 1 + 8w, IBwl « 1. ocu = 8w(8a), npH'IeM 

llOTpe6yeM, 'IT06bl Q[q)
8 

(X,t)J = Q (cp p(x,t; a )j. 0TCIO.IJ;a C y'leTOM 

ljlopMyJibl /7/ nonyqaeM uJ '= u1a11, r.IJ;e n- paJMepHOCTb npocTpaH-

CTBa. 

,D;anee Haxo.IJ;HM, acnonbJYJI noneaoe ypaaHeHHe B ljlopMyJibl /8/ 
B /16/: 

, 2 -n 2 ) n 1 2 4 ) 2 ) 2 )] n H[¢ ] = w a (y (X,w d x + -- ([Sw y (x,w - (1-w y (x,w d X + p s a s s 

+-1- (y 2(x,w)dnx+w' 2a-n 4(y 4 (x,w)d\ = 
an s s /17/ 

H [ 2 n -1 -n -1 ] 2 n -1 P(w,a)= w (a +a )+a -a I
1

(w,n)+w (a +a )I
2
(w,n), 

I 1(w,n) = (Y;(x,w)dnx, I 2(w, n) = 4 (y'!,(x, w) d nx. /18/ 

HeTpy.IJ;HO Ha:ii:Ta: 

8 

} 

·~ 

I ( 2)112 I 2 I 2)312; 4 
1 uJ, 1) = (1- w 1 2w , 2(w, 1) c. (1 - ''' 3w , /19/ 

I(~) (w, 3) = TT J (k) ( 1- w 2 )- 112 /2w 2 , I (:) (w ,3) = TT J (k) (1 -w 2 ) 112 / w 4, 

J (k) = fA 2k(f)f 2df. 
0 

/20/ 

Knacc ncz, /16/ MO)f(HO cyiQeCTBeHHO pacwHpHTb, paccMaTpH-

aaJI 

¢ (x,t;a,k)=ak/2 y (ax,w)e-iw't 
p s 

B 3TOM 6onee o6IQeM cnyqae HJ ycnoBHJI Q[¢
8
]=Q[¢p] 

XO.IJ;HM 

, n- k 
cu ~ f(w, a, k) =eva 

(()2 +2(1-w2) 

<v2 + 2(1 - '"2 )a k 

a c y'leToM /22/ nonyqaeM: 

Hp = [(w' 2+ 1)ak-n -a2+k-n (1- u>2)]11(w, n) + 

+[w'2a2k-n+ 2w2a 2+k-n]I2(w, n) 

/21/ 

Ha-

/22/ 

/23/ 

JlerKO HaBTH ,IJ;aJiee, KaK H3MeHJieTCJI BeJIB'IHHa Hp npH MaJiblX 

aapHaUHJIX aa, T.e. nocTpOHTb ljlyHKUHIO \Hw(a)- Hp(w, a) -Hs (uJ), 

Onpe.IJ;eJIJIJI /\Hw(a) npH pa3JIH'IHbiX k. Haii.IJ;eM JHa'leHHJI w, npB 

KOTOpbiX ljlyHKUHJI t\H w (a) XOT Jl 6bl npH O.IJ;HOM k He HMeeT 

B TO'IKe a= 1 JIOKaJibHOrO MHHHMyMa, a, CJie.IJ;OBaTeJibHO, COJIHTOHbl 

HeyCTOB'IHBbl. 

Ha puc. 2 TO'IKaMH Ha nnocxocTH (,,,,k) o6oJHa'leHbl JHa'leHHJI 

u> , k, npH KOTOpblX, KaK llOKaJaJIH paC'IeTbl, .IJ;JIJI SS-COJIHTOHOB 

(n .c 3) ljlyHKUHJI i\H (a) HMeeT MaKCHMYM B TO'IKe a= 1. B pe­
w 

3YJibTaTe 3THM CllOC060M y,IJ;aeTCJI llOKaJaTb HeyCTOB'IHBOCTb SS -

COJIHTOHOB npH w 
2 

::: 0,90 < w < 1. 

B O.IJ;HOMepHOM (II= 1) cnyqae KJiacc ncz, /21/ He ll03BOJIJieT 

06Hapy)f(HTb HH O.IJ;HOB TO'IKH HeyCTOB'IHBOCTH COJIHTOHOB. 
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6J 
1. 

0.95' 

+ 
+ 
+ 
+ 
+ 

Puc. 2. AHaAU3 MemoooM, onucaHH&IM e nyHKme A, npu 3Ha'leHUJJX 
(w, k), OIIIMe'leHHbiX KpeCIIIUKQMU, nOKQ3bi6Qelll HeyCIIIOU'IUBOCIIIb SS­

COJIUIIIOHOB. 

E. Bap&upoeaHue no napaMempy coAumoHa - 11acmome w 

B pa6oTe 2, npHMCHJICMbiB B 3TOM nyHKTe Knacc Tiel> n03BO­

JIHJI paCWHpHTb nonyqaeMyiO anaJIHTH'IeCKB /MeTO,II.OM, 6JIH3KBM 

K H3JIO)I(eHHOMY B nyHKTe A/ o6naCTb HCYCTOB'IHBOCTH no 'laC­

TOTC uJ COJIHTOHOB npB 11~ 1. Jiy,ll.eM paCCMaTpBBaTb 6JIH3KHe 

K COJIBTOHY cp ,(';, t, (u) -- Y (~,!d)exp(-i(dt) Tiel> BH,II.a 
s s 

Q (,,_,) 
_ _, ') --+ ') • " ) ,, , s ¢ (x, t; w co y (x, w exp(-lw t , w = (,) · ------ /24/ 

p s Q s(,,) ') 

npH w '=uJ +Ow, \ow\« \(il[• JlerKO BB,II.eTb, 'ITO Q[¢p] = Q(¢ J. 
Bbi'IBCJIHM H [¢ (X, t, <u ')]: 

p 

HP = (w " 2 + w ' 2)1
1 
(w ', n) + (w " 2+ w' ~I 2 (w ', n) /25/ 

/Bblpa)l(eHHJI ,II.JIJI I 
1 
(w, n) B I 

2 
(w, n) eM. B n.A/. CpaBHHBaJI pe-

H8~ H[,P 8 (X, t, wll. nocTpOBM liJYHKUBIO 3YJibTaT C BeJIB'IHHOB 

L\H w (L\w) = HP- H 8 npu L\w<<w. Onpe,11.enuM Te 3Ha'leHBJI w, npu 

KOTOpbiX 3Ta liJyHKUBJI He ,II.OCTBraeT JIOKaJibHOrO MBHBMyMa npB 

L\w = 0, - 3TO 6y,11.yT 'laCTOTbl, COOTBeTCTBYIOlUBe HeyCTOB'IBBbiM 

COJIBTOHaM. 
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OnucanHbiM cnoco6oM Y.D.aeTcJI uaiiTB Y3Kyro o6nacTb ueycToii­

'IBBocTB SS -conBTOHOB B6JIB3B w = 0,91 WBpBHOB nop.II,II.Ka 0,01. 
TaKBM o6pa30M, .D.nJI uccne,ll.oaauuJI ycTOB'IBBOCTB paccMaTpuaae­

MbiX COJIBTOHOB npB n = 3 cnoco6 Ji OKa3aJICJI Menee 3cllc)eKTBBHbiM, 

He)l(enu cnoco6 A. 

TipB n = 1 "BaphBPOBaHBeM no 'laCTOTe" He y,ll.aJIOCh uaihB HB 

O,II.HOB TO'IKB HeyCTOB'IBBOCTB. 

HTaK, BCCJie,II.OBaHBe BapBaUBOHHbiM MeTO,II.OM OCTaBJIJieT OT­

KpbiTbiM Bonpoc 06 YCTOB'IBBOCTB COJIBTOBOB ,ll.aHHOB MO,II.eJIB B WB­

pOKOB o6naCTB napaMeTpa w. 

§3. fJHCJIEHHOE HCCJIE,aOBAHHE 

YCTORfJHBOCTH COJIHTOHOB HA 3BM 

A. MemoouKa 'IUCAeHHozo 3KcnepuMeH•a 

.l(JIJI 'IBCJieHHOrO peWeHBJI ypaBHeHBJI (3 r) BBe,ll.eM liJyHKUBIO 

u = cp r, npe,ncTaBBM U B </> B BB,II.e U =A--t- iB , cp = a+ ib, Tal< 'ITO 

A~- ar , B ·• br. B BTore /3r I nepenuweTcJI B su.ne cucTeMbl 

2 2 2 2 
Att(l + 4b ) - B tt · 4ab = Arr (1 + 4b ) - Brr· 4ab -A+SA(bt-br)-

-SB(atb t-arbr), 

2 2 2 2 
-Au · 4ab + B u(1+4a) = Brr (1 + 4a ) - Arr·4ab- B+SB(at -a rl-

- SA(atbt- ar br)· /26/ 

cl>opMaJibHO pewag 3TY CBCTeMy OTHOCBTeJihHO A tt B B tt , 
nony'IBM ax Bblpa)l(euue 'lepe 3 A rr , Brr , A , B, a r , b r , a t , 

bt , a, b. Ha ,II.BCKpeTHOi pa3HOCTHOi CeTKe ypaBHeHBJI /261 
annpOKCBMBpyeM CBMMeTpB'IHOB pa3HOCTHOii: CXeMOii: BTOporo nopJI,II.­

Ka no r B t c nepecqeTOM. Ha nepaoM no.lllllare npoB3BO.D.Hble 

a 1 B b t 6epyTCJI "Ha3a,n", T. e. C TO'IHOCThiO O(r),a Ha BTOpOM -

a 1 B b t y)l(e Bbi'IBCJIJIIOTCJI C BCnOJih30BaHBeM pe3yJihTaTOB nepaoro 

no.lllllara CBMMeTpB'IHbiM o6pa30M C Tpe6yewoi TO'IHOCThiO 0 (r 2) • 

Y CJIOBBJI YCTOi'IBBOCTB ,II.JIJI JIBHeinoro ypaBH.eHBJI, nonyqaJOIUe-

rocg B3 /26/ B npe,nene ¢ --+ 0, ecTh r < h I r - war pa3nocTnoA 
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CeTKH no BpeMeHH, h - no KOOp,D.HHaTel; HeJIHHeHHble 'IJieHbi, B006-

IQe rosopx, MoryT yxy,IJ.WHTb ycnoBHe HeycTOH'IHBOCTH. ,LJ;n11 ,IJ.aHHoro 

ypaBHeHHJI aHaJIHTH'lecxH HJY'IHTb ycToii'IHBOCTb paJHOCTHOii cxeMbl 

B HeJIHHeHHOM CJiyqae JaTpy,D.HHTeJibHO, H npaKTH'leCKH war r no.n;-

6HpaeTCJI B npouecce 'IHCJieHHbiX JKCnepHMeHTOB B ICOHICpeTHbiX 

pac'leTHbiX sapHaHTax. 

KoHTpOJib Ja TO'IHOCTbJO pac'leToB npoBO.D.HJicll: 11 nyTeM cpas­

HeHHJI pac'leTOB o.n;Horo H Toro :lKe aapHaHTa npH paJJIH'IHbiX warax 

T H h l6b1JIO .D;OCTHrHyTO COBna.D;eHHe pe3yJibTaTOB C TO'IHOCTbiO 

-10-
4 

H BbiWe npH yMeHbWeHHH r H h B.D;BOel H 21 no COXpaHeHHIO 

HHTerpaJIOB .D.BH:lKeHHJI loHH COXpaHJIJIHCh C eiQe 60JibWeH TO'IHOCTbiO, 

He:lKeJIH noJieBaJI clJyHKUHJII. 

KpoMe TOrO, B CHJIY Ba:lKHOCTH pOJIH 'IHCJieHHOrO HCCJie.D;OBaHH.ll 

ycTOH'IHBOCTH B :noii MO.D.eJIH npoBo.D.HJIHCb ,IJ.onoJIHHTeJihHO pac'leTbi 

ypaBHeHHJI l3r I no ,D.pyroii MeTO.D;HKe, cyiQeCTBeHHO OTJIH'laJOIQeiic.ll 

OT BblweonacaHHOH. llpH JTOM ypaBHeHHe 13 r I pewaJIOCh 'IHCJieHHO 

B nepBoHa'laJihHOM, Henpeo6pa3oBaHHOM BH.D;e rrpH r 0 ' r < r max ; 

B o6nacTH 0 < r< r onepaTop ;\,. JaMeHJIJIC.liHa 3d 2 /ar 21a pac-o rr 
'leTaX 6biJIO Bb16paHO r

0 
~ 0,3 I; "CWHBKa" peweHHH B 3THX .D;BYX 

o6JiaCTJIX npOBO,IJ.HJiaCh ecTeCTBeHHbiM o6pa30M Ha Ka:lK.D;OM ware 

no BpeMeHH. HHTerpaJibl .D.BB:lKeHH.ll coxpaH.liJIHCb c TO'IHOCThiO, 

HeCKOJlhKO MeHbWeH, 'leM B nepBOM MeTO.D;e, HO BCe :lKe .D;OCTaTO'IHO 

Bblcoxoii I,..,I0-
4
1. Pe3yJihTaTbl JBOJIJOUHH ss -coJIHTOHOB so ape­

MeHH Ha Ha'laJibHOM 3Tane, noJiy'leHHble .D;BYM.ll MeTO.D;aMB, Ka'leCT­

BeHHO B KOJIB'IeCTBeHHO COBna.D;aiOT, npBBO.D;.ll K O.D;BHaKOBbiM BhiBO.D;aM 

OTHOCBTeJihHO YCTOH'IHBOCTB COJIHTOHOB, C.D;eJiaHHbiM Ha OCHOBaHHH 

paC'IeTOB no .D.BYM pa3JIB'IHbiM MeTO.D;BKaM. 

B 'IBCJieHHbiX pac'leTax npH n ·o 1 He npHXO.D;HTC.ll npeo.n;one­

BaTh Bbi'IHCJIHTeJihHble Tpy.D;HOCTH, CBJI3aHHble C CyiQeCTBOBaHHeM 
n-1 cJ 

'IJieHa ~~1;·~- Jr- . B ocTaJihHOM 'IHCJieHHble JxcnepHMeHTbl nposo-

.D.HJIHCb no BbiWeOnHCaHHOH CXeMe. 

B. Pe3yAutalll&l -.ucAeHH&IX pac-.emoa 

llpH 0=3 HCCJie,IJ.OBaJiaCh YCTOH'IBBOCTh TOJihKO nepBoro, 6e3-

Y3JIOBOro COJIBTOHHOrO peWeBHJI 151, KOTopoe Ja,IJ.aBaJIOCh KaK Ha­

qaJihHble ,IJ.aHHble npa peweHHB HecTaUHOHapHoro ypaBHeHBll l3r/. 

l.J:HCJieHHble JKCnepBMeHTbl nO,D.TBep)I(.IJ.aJOT DOJiy'leHHbiH aHaJlltTH-

12 

'leCICH B §2 clJaKT HeyCTOH'IHBOCTH COJIHTOHOB npB w > w
2 

..:-0,90 

H noKa3biBaJOT, 'ITO HeyCTOH'IHBOCTh npa w > w 
2 

npBBO,IJ.HT K 6biCT­

poMy pacnJibiBaHHIO COJIHTOHa I.D.HCCHnaTBBHaJI MO,IJ.a HeyCTOH'IHBO­

CTBI. Uoxo:lKall xapTBHa paJBHTBJI HeycToi'IHBOCTB coxpaHJieTCJI 

KaK npH 

w1 = 0,79 

W (~ 0,79 < w < w 2 = 0,9(), TaK H npH yMeHhWeHHH w OT 

.D.O JHa'leHHH nopJI.IJ.Ka w = 0.5. 

Y.D.06HO onHCbiBaTh pa3BBTHe HeyCTOB'IHBOCTH, BCnOJihJYll Be-

JIH'IHHY z (t) o~ ¢ (r. t)f . Ka'leCTBeHHO noBe.D.eHHe clJYHKUBB z (t) 
r= 0 

npe,D.c.TaBJieHO Ha puc. 3 npB paJJIH'IHbiX uJ. 0TMeTBM, 'ITO npa 

BCeX w Ba'laJihHbiB 3Tan 3BOJIJOUBH COJIHTOBa - .D.OBOJlhHO 6biCTpoe 

11 61•(12 

* 2~ W=O.~ 

··~ OJ2 

02~g.f 
0 2 " 

Puc. 3. Buo Kpua&rx z(t) 
COAUIIIOHa npu pa3,1U'IHbiX (u. 

Ha HQ'IQAbHOU ClllaOUU 360A10IIUU 

IJa BpeMll '\t -0,51 yMeHhWeHBe Z(t) BnJIOTb .D.O JIOKaJihHOrO 

MHHHMyMa Z min • JaTeM CJie.n;yeT Y'laCTOK pocTa. )J;OCTHraeMbiH 

.n;anee npH ru > w 3 -::. 0,3 JIOKaJihHbiH MaKCHMYM Z max < z(O) ; 

B ,IJ.aJibHeiweM npOHCXO,IJ.BT yMeHhWeHBe Z(t). HeCKOJlhKO HHall 

ICapTHHa Ha6JIJO.D.aeTCJI npa (u <w
3 

:.: 0,3. /eM. puc. 3/. 3aBHCH-

MOCTh t\zOTH. =(z(O)- Zmin )/Z(O) OT 'laCTOTbl cu npe,D.CTaBJieHa Ba 

puc. 4. Ha OCHOBaHHH npHBe,IJ.eHHbiX ,IJ.aHBbiX MO:lKHO C,IJ.eJiaTh BbiBO.D., 

'ITO 6e 3Y3JIOBble SS- COJIHTO!Ibl B MO,IJ.eJIH / 3 / JIBJIJIIOTCJI HeyCTOH'IB-

BbiMH npH BCeX 'laCTOTaX uJ '· 1. 

CJie,IJ.yeT OTMeTHTb, O,IJ.HaKO, 'ITO npH MeHhWBX no MO.D.YJIJO 

'lacToTax, w < u> b l11.oBOJihHO ycnoBHO MO:lKHO npHHJITh (dtJ =0,4 I, 
paJpyweHHe COJIHTOHa npOHCXOlJ,BT .D.OBOJlbHO Me,IJ.JieHHO B BJJiy'lae-

MaJI Ha 6eCKOHe'IHOCTb Ja BpeMJI t'..t- 10 3Hepra• BeCJ.Ma Mana. 
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A~ 
~ 

0.'1 

0.2 

o~~~----------~~-
i UJ 

Puc. 4. 3aeucUMOCIII> 1\z OTH. (w) npu n~ 3 /pe3yAI>IIIa1111>1 ttUCAeH­
HI>IX pacttemoe/. 

BoJMOlKHO, 'ITO coJJHTOHW npH w <- u) 3 JJelKaT e6JJB3H noxaJJLHbiX 

MHHHMYMOB cl!YHKI.lHOHaJJa 3HeprHH H npH fiOCTOJIHHOM Japx.ne Q. 

Pac'leTw npH n ~~ 1 noxaJaJJH, 'ITO o.nHoMepHhle conHTOHhl /4/ 
JIBJJliiOTCJI .D.HHaMH'IeCKH YCTOfi'IHBbiMH. 

§4. 3A,4A qA HA COECTBEHHb/E 3HA qEHH.R 
,4Jl.R HCCJIE,l{OBAHH.R YCToRqHBOCTH 
PACCMATPHBAEMb/X COJIHTOHOB 

llpe.ncTaenJieTcJI ealKHhiM npoeecTH .neTaJJLHOe Hccne.noeaHHe 

Ha'laJJbHOB CTa.D.HH HeyCTOH'IHBOCTH, T.e. HaXOlK.D.eHHe ee HHKpeMeH­

TOB H BH.D.a cl!YHKI.lHB, COOTBeTCTBYIOII.lHX B03MYII.leHHJIM, paCTYII.lHM 

Ha JJHHeBHOB CTa.D.HH ee pa3BHTHJI. 

BoJMymeHHoe coJJHTOHHoe peweHHe e JJHHeHHOM npH6JJHlKeHHH 

npH npOH3BOJibHOM II JafiHWeM B BH.D.e 

--> -• -i(ut --> -iwt-iflt * --> -iwt+ ifl*t 
¢(x, t)= y

8
(x)e + 71(x)e + x(x)e /27/ 

BBO.II.JI U ~ 7]- )(, V-7] + )( , fiOJJy'laeM HeJJHHeBHYIO OTHOCHTeJJbHO 

KOMUJJeKCHOrO !! = flr + ifli Ja.D.a'ly Ha C06CTBeHHble 3Ha'leHHJI: 

2 1 0 0 Av Du 0 u 
l n < ) " 2 u < ) + < l J < l =0. 

r.ne 0 1 .1'\u 0 0 Dv v /28/ 
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Av 
w (1 + 8y~) 
------

1 + 4y; 

2 , Au=w(1+8Y
8

), 

2 
Du ~ V + 

8 2 2 2 2 2) Y
8
V Y

8
V +8w Y

8 
-8(VY

8
) -4(V Y

8
)Y8 -(1-w 

------~-------------------------------

1 + 4y; i29/ 

Dv = V2 + 24w2y;- (1- w2). 

PeweHHe Ja.D.a'IH /28/, /29/ fi03BOJIHT HaBTH BHKpeMeHT paJ­

BHTBJI HeyCTOB'IBBOCTB fli KaK cl!YHKl{BIO napaMeTpa w. 

§5. OECY)J(,4EHHE PE3YJlbTATOB 

HTaK, npoae.neHHhlii aHaJJBJ Mo.nena, npe.nnolKeHHoii a pa6oTe 131, 

noxaJhiBaeT, 'ITO o.nHoMepHble coJJBTOHhl ycTOB'IBBhl npH ecex 

i,,,i < 1, a TpexMepHble SS -coJJHTOHbl - HeyCTOB'IHBhl. 

llony'leHHhlii npH n 1 peJyJJLTaT npe.ncTaan.lleT eme O.II.HH 

npHMep OTMe'leHHOro 8 /2/ COBfiaJJ:eHHll 06JJaCTeH YCTOH'IHBOCTH 

CKaJJllpHbiX H CllHHOpHbiX COJIHTOHOB B MOJJ:eJJJIX C OJJ:}fHaKOBbiM BH­

JJ:OM CaMOJJ:eHCTBJfll /B JJ:aHHOM CJJyqae CaMO.IJ.eHCTBHe THUa "TOK x 

'TOK" CKaJJllpHOrO H CfiHHOpHOrO fiOJJeH/. )l;eiiCTBHTeJJbHO, H 8 pac­

CMOTpeHHOH MOJJ:eJJB, H B MaCCHBHOH MOJJ:eJJH TBppHHra OJl:HO­

MepHhle conHTOHhl ycTOH'IBBhl npa scex iw; < 1. 

llOJJy'leHHa.ll npH n~ 3 HeyCTOB'IBBOCTb 6e3y3JJOBbiX SS-COJJB-

TOHHbiX peweHBB ll03BOJJ.IIeT C.D.eJJaTb BalKHbiH BbiBO.D.: JJ:alKe B cny­

qae fiOJJOlKBTeJJbHO onpe.neneHHOH fiJJOTHOCTH raMBJibTOHBaHa, KOr.D.a 

paJBBTBe CHHrynllpHOB MO.IJ.bl HeyCTOH'IHBOCTB COJJBTOHOB Bpli.IJ. 

JIB B03MOlKHO /B 'IHCJJeHHbiX 3KCnepBMeHTaX He Ha6mo.naeTCJij, 

ycnosHe H~ <- Q s He .IIBJJ.IIeTCJI JJ:OCTaTO'IHhiM ycnosaeM ycToii'IB­

socTB JapJilKeHHbiX COJJBTOHOB. )l;eJJO B TOM, 'ITO npB fiOJJy'leHBH 

KPHTepBJI H8 < Qs cpaBHBBaiOTCJI 3HeprHJI conBTOHa c 3Hepraeii 

BOJJHOBOrO naKeTa llJJOCKBX BOJJH TOrO lKe 3ap.11.1J.a, 'ITO H COJJHTOHbl, 

B npeJJ:eJJe, Kor.na MO.D.YJJH BX 'laCTOT CTpeMJITCJI K 1 /B pa3MepHbiX 

nepeMeHHLIX leu! • m /. BLinonHeHHe HepaseHCTBa H
8 
< Q

8 
eme 

He 03HaqaeT, 'ITO H3JJy'leHHe BOJJH MeHbWeii 'laCTOTbl B npouecce 

3BOJIIOl{BB 3a.D.aHHOrO npB t c" 0 

'leCKB HeBblrO.D.HbiM. 

COJJBTOHa JIBJJJieTC.II 3HepreTH-

1~. 



llo-BH,II,HMOMY, B paMKaX MO,II,CJleH, CO,IJ,epJKamHX pa3/IU'4H020 

muna caMo,IJ,eiicTBHe 'ICTBepToii: cTeneHR no nomo /a ~ int I, 
HeyCTOH'IHBOCTb Kai< CJ<anxpHbiX, TaK H CnHHOpHbiX /2.' COJlHTOHOB, 

o6pa30BaHHbiX O,II,HHM noneM, JIBJlJICTCK o6meii 3aKOHOMepHOCTb10; 

nOJTOMY, nc MHCHHIO aBTOpa, onpaB,IJ,aHHbiM JIBJlJICTCJI paCCMOTpe­

HHC 6onee WHpOKOrO KJlaCC& narpaHJKHaHOB CaMO,II,CHCTBHJI. 

AaTop 6naro,11,apHT npo~eccopoa E.ll.JKH,IJ,Koaa H B.r.MaxaHb­

KOBa 3a HHTepec, npOHBJICHHbiR K pa6oTe, E.C.reTMaHOBa HH.B..Ma­

xaJI,IJ,HaHH 3a none 3Hble o6cyJK,IJ,eHH.R B B. E. rpHWHHa Ja yqacTHe 

B 'IHCJieHHbiX pac'leTaX ,II,JIJI O,II,HOMCpHOrO CJiy'laJI. 
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