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CKa'IKOB H.E. P2 - 12152 
TpexMepHaH ~opMa KOBapHaHTHoro 3~eKTHBHoro raMHnbTOHHaHa 

B38HMOUeACTBHH UBYX ~epMHOHOB 

Pa6oTa IIOCBHll!eH8 B01IpOC8M OIIHC8HHH UHHBMHKH CHCTeMbl UBYX penH

THBHCTCKHX qaCTHU. UenbiD pa60Tbi HBnHeTCH pa3BHTHe TpexMepHoro 

KOB8pH8HTHOrO ~OpManH3M8, BHeWHe MBKCHManbHO 6nH3KOrO K annapaTy 

HepenHTHBHCTCKOA KBBHTOBOA MeXBHHKH. nnH IIOCTpOeHHH penHTHBHCTCKOrO 

raMHnbTOHHBHa B38HMOUeACTBHH UBYX ~epMHOHOB HCIIOnh3yiOTCH ~eAHMBHOB

CKHe MaTpH'IHhle 3neMeHTbl OUH06030HHOrO 06MeHa, KOTOphle nyTeM 1IpHMe

HeHHH reoMeTpHH Jlo6a'leBCKOrO npeo6pa30B8Hbl OT 'leTh!peXMepHOil K KOB8-

pH8HTHOA TpexMepaoA ~opMe, 8 OTnH'IHe OT npeo6pa30B8HHH ~onnH-80TXOil-

3eHa paCCMOTpeHHOe npeo6pa30B8HHe He CBH38HO C paano*eHHeM penHTH

BHCTCKHX Bb!pa*eHHA IIO CTeiieHHM v 2/c 2• C IIOMOWbiO paano*eHHH IIO YHH

TapHblM rrpellCTaaneHHHM rpynnhi llopeHua onpeAeneH BHil 3~~eKTHBHoro 
raMHnbTOHHaHa B penHTHBHCTCKOM KOH~HrypaUHOHHOM rrpencTaaneHHH. Hail

neHHhiA BHU raMHnbTOHH8H8 B38HMOileilCTBHH llBYX ~epMHOHOB 6ylleT Heo6-

XOUHM JlnH KOB8pH8HTHOrO OIIHCBHHH B p8MK8X KB83HIIOTeHUHanhHOrO IIOilXOil8 

NN- H NN-B3BHMOileAcTBHil, a TBKJKe 3neKTpoMar"HHTHhiX ~opM~aKTopoB 
lleATpOH8 H Me30HOB, 

Pa6oTa Bh!llOnHeHa B lla6opaTopHH TeopeTH'leCKoil ~H3HKH 011 fll1. 

Coo6WeHHe 06beUHHeHHOro HHCTHTyTa HJlepHbiX HCCneUOBSHHil, ny6Ha 1979 

Skachkov N.B. P2 - 12152 
Three Dimensional Form of Covariant Effective 
Hamiltonian of Two Fermion Interaction 

. Dynamics of a system of two relativistic particles is studied, 
The purpose is to develop the three-dimensional covariant 
formalism which in form is similar to that of the nonrelati-
vistic quantum mechanics. The relativistic Hamiltonian of two 
fermion interaction is constructed on the basis of Feynman matrix 
elerTEnts of the one-boson exchange which are transformed through 
the use of the Lobachevsky geometry, from the four- to three-di
mensional covariant form. In contrast to the Foldy-Wouthuysen re
presentation, the considered representation has nothing to do with the 
expansion in powers of v 2/c~ By using the expansion over unitary 
representation of the Lorentz group we define the effective Hamil
tonian in the relativistic configurational repr?sentation. The Hamil
tonian of two-fermion inter<'!.ction obtained will be used for the 
covariant description of NN-interactions, and deuteron and meson 
electromagnetic form factors. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubno 1979 

© 1979 06'6etlBH6HHbl/l BHCTilryT !lJ16pHb1JC HCCfl6tlOB8HBil /ly6H8 

§1. BBE,l(EHHB 

HacTOJIIQYIO pa6oTy MOlKHO paccMaTpHsaTb KaK pa3BBTBe pa-

6oT/1,2/ no TpexMepao:ii napaw:eTpB3aUBB pen.aTBBHCTCKBX "noTea

uaanoa" o,D.ao6o3o&aoro o6Meaa, npe,D.cTaan.aJOJQBX co6o10 MaTpaq

awe 3DeW:eBTW peDJITBBHCTCKO:ii aMnDBTY.D.W pacce.RBB.R .D.BYX ~ep
WHOBOB. TaKHe noTeBUBaDW O,II.BO~OTOHBOrO /O,II.BOMe30HBOrO HDB 

O,II.BOrDIOOBHOrO/ 06MeHa, B3.RTWe H HB3WeW npH6DJI)I(eHBB no CTe

neHJIM v2 /c 2 , WBpOKO BCnODb3YIOTCJI ,II.DJI onacaHB.R B3aBWO,D.e:ii

CTBBJI B TaKBX .D.BYX'IaCTB'IHWX CHCTeMaX, KaK n03HTpOHBii /3/ 

a qapwoaa:ii 141, a TaiOKe NN-151 B NN All -a3aBMO,D.e:iicTBHii. 

B pa6oTe 111 6wno noKa3aao, 'ITO ~eiiaMaHOBCKBe waTpB'IHWe 

3neweHTW O,II.B06030HHOrO o6MeHa Me>K.D.Y .D.BYW.R ~epWBOHaMB npe,D.

cTaan.aJOT co6o10 ae 'ITO aaoe, KaK Tpexwepaoe reoMeTpH'IeCKoe 

o6o6JQeHBe BMnyDbCBOrO npe,D.CTaaneHB.R WBpOKO B3BeCTHWX B .R,D.ep

HO:ii ~H3BKe pen.RTBBHCTCKBX noTeHUHaDOB O,II.H06030HHOrO o6w:eaa 

(08EP) *. 3TO o6o6JQeHBe 3KBHBaDeHTHO 3aMeHe 3BKDB,II.OBO:ii aena

'IBHW nonynepe,D.a'IB BMnynJ.ca ;< = Ci/2=(p-k)/2 jew. It! I aa ee 

aaanor a TpexMepaoM awnynJ.cHow npocTpaacTae llo6a'leBcKoro, 

peana3oaaaaow aa aepxae:ii none uaccoaoro ranep6onoB.D.a 
2 --2 2 1 P 
0 

- p = m • 1.1/ 
llonyqeaawe pen.aTHBBCTCKBe Tpexuepawe awpa>KeHB.R no ~opue 
6DB3KB JC HepeD.RTHBHCTCJCHM. fipB :noM TpexuepBWe CnBHOBWe 

CTPYKTypw pen.aTHBHCTCJCBX OBEP aue10T TOT >Ke BB.D., 'ITO a 

aepeD.RTHBHCTCJCHe CTpyKTypW, nOCTpOeHHWe C nOYOIQbiO a·WaTpHU. 

* OBEP - One bozon exchage potentials. 
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TaxaM o6pa3oM, npe,ll.Jio:>KeHHOe B /1/ npeo6pa3oBaHae BblnOJIHJleT 

Ty )Ke pom., 'ITO H npeo6pa3oBaHae, cl>oJI.D.H· BoTxoii:3eHa /nepexo.D. 

K TpexMepHoMy onacaHHJO cnaHa/, HO B OTJIH'IHe OT nocne.D.Hero 

He CBJI3aHO C pa3JIO)KeHHeM 'IJieHOB B3aHMO,ll.eHCTBHJI B pJI,ll. no 

cTeneHJIM v 2 I c 2 • 

Heo6xo.D.HMO OTMeTHTb, 'ITO BIll npeo6pa3oBaHae MaTpH'IHbiX 

3JieMeHTOB peJIJITHBHCTCKOH aMnJIHTY.D.bl pacceJIHHJI K TpexMepHOH 

filopMe 6b1JIO ocyJ.QeCTBJieHO JIHWb ,ll.JIJI O,ll.HOH cneuaaJibHOH CHCTeMbl 

KOOp,ll.HHaT • CHCTeMbl UeHTpa HHepUHH .D.BYX filepMHOHOB • .QeJib 

HaCTOJIJ.Qeii: pa60Tbl • 0606IQHTb noJiy'leHHbiH B /1/ pe3yJI&TaT Ha 

npOH3BOJlbHYIO CHCTeMy KOOp,ll.HHaT, T.e. HaRTH TpexMepHyiO KO· 

BapHaHTHYIO filopMy 3~eKTHBHOrO raMHJlbTOHHaHa ,ll.JIJI CHCTeMbl 

.D.BYX filepMHOHOB. Taxoii: annapaT 6y.D.eT Heo6xo.D.HM .D.JIJI filopMyna

poBKH KOBapHaHTHOrO TpexMepHOrO KBa3HnOTeHUHaJibHOrO ypaB· 

HeHHJI ,ll.JIJI CHCTeMbl .D.BYX filepMHOHOB, aHaJIOrH'IHOrO TOMY, KOTOpOe 

6b1JIO noJiy'leHO B /7/ ,ll.JIJI .D.BYX CKaJIJlpHbiX 'laCTHU. 

IlnaH Hawero H3JIO)KeHHJI TaKoB. B §2 6Y.D.YT npaBe,ll.eHbl Heo6-

XO.D.HMble ,ll.JIJI ,ll.aJibHeii:wero onpe,ll.eJieHHJI HeKOTOpbiX BeJIH'IHH H3 

npocTpaHCTBa Jio6a'leBcxoro. B §3 paccMoTpeHbl cny'laH o6MeHa 

nceB,ll.ocxanJlpHbiM Me3oHoM* a BeKTOPHbiM 6o3oHoM. B §4 
6y,ll.eT Haii:,ll.eH BH,ll. 3~eKTHBHOrO raMHJlbTOHHaHa B3aHMO,ll.eHCTBHJI 

.D.BYX filepMHOHOB B peJIJITHBHCTCKOM KOHfilBrypaUHOHHOM npe,ll.CTaB· 

JieHHH B npOH3BOJibHOH CHCTeMe KOOp,ll.HHaT /B OTJIH'IHe OT /2/ 

r.D.e paccMoTpeH JIHWb cnyqaii: c.u.a./. 

§2. PEJIJITHBHCTCKAJI KHHEMATHKA 
CHCTEMM ,llBYX ci>EPMHOHOB 
H TEOMETPHJI JIOEA qEBCKOTO 

H3BecTuo, 'ITO Bee filopMyJibl pen.JITHBHCTcxoii: xaneMaTHKH, 

B TOM 'IHCJie H peJIJITHBHCTCKHH 3aKOH CJIO)I(eHBJI CKOpOCTeii:, MOryT 

6b1Tb nony'leHbl nyTeM 3aMenw 3BKJIH.D.OBoii: reoMeTpaa TpexMepuoro 

npocTpancTBa cxopocTeii: ua reoMeTpHJO Jio6a'leBcxoro !8,9 /. Tax, 

B cneuaaJibHOH TeOpHB OTHOCHTeJibHOCTH CKOpOCTb .D.BYX 'laCTBU, 

,llBB)I(YI.QHXCJI CO CKOpOCTJIMH V p H V-> k , 

* Cnyqaii: o6MeHa cxan.JipHbiM Me30HOM pa3o6pau B 17/ 
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VOTH. 

->2 -> 
_, _, vk-V2 vk _, _, ->2-. 
v -v -[1-(1- --) ]---- (v v - v . J 

p k c2 _, 2 p k k 
vk 

-------------------------
v2 

(1--_!_) 
c2 

. c1- vpvk) 

/2.1/ 

C reoMeTpH'IeCKOH TO'IKH 3peHHJI npe,ll.CTaBJIJieT C060H pa3HOCTb 

.D.BYX BeKTOpOB V p H Vk B npoCTpaHCTBe Jio6a'leBCKOrO J8·l2/. 

B peJIJITBBHCTCKOii: Teopaa, r.D.e 3Hepra.JI 'laCTHUbl Po Bblpa)l(aeT· 

CJI qepe3 aMnyn&c p no filopMyne /1.1/, TpexcxopocTb onpe,ll.e· 

JIJieTCJI COOTHOWeHHeM V p = P /p O • 

Ha noBepxHOCTH I 1.1/ MO)I(HO BBO.D.HTb pa3JIH'IHble cacTeMbl 

KOOp,ll.HHaT. Mbl Bbl6epeM B Ka'leCTBe KOOp,ll.HHaT B npocTpaHCTBe 

Jlo6a'leBCKOrO ,ll.eKapTOBbl KOOp,ll.HHaTbl BeKTOpa p Ha ranepnnoc· 

KOCTH Po =0, Ha KOTOPYIO OT06pa)l(aeTCJI ranep60JIOH,ll. npH npoeKTH· 

poBaHBH 83 TO'IKH (oo, tf}. TaKHM o6pa30M, MO,ll.eJibiO BMnyJibCHOrO 

ijpOCTpaHCTBa Jio6a'leBCKOrO Tenepb 6y,ll.eT CJIY)KBTb BCe TpeXMep· 

HOe p · npOCTpaHCTBO C MeTpHKOH * 

----:) --~ 2 
2 ->2 (Pdp) i k 

ds = dp - ------"' g ik (p)dp dp 
m2+P2 

H 3JieMeHTOM 06'beMa 

3 -· d p 
3-> 

d p 
d n = --------- = -------

P -~--

y'1+p2/m2 m-1p 0 

B HepeJIJITBBHCTCKOM npe,ll.ene (C->oo) KPHBH3Ha ranep6onoa,ll.a 

CTpeMHTCJI K HYJIIO H npOCTpaHCTBO Jio6a'leBCKOrO nepeXO,ll.HT B o6bl'l" 

HOe DJIOCKOe TpeXMepHOe 3BKJIH,ll.OBO npOCTpaHCTBO HMDyJibCOB. 

.on 3-> d 2 d->2 r - -Ilpa 3TOM uu P _, d p , s _, p • pynnoa .D.BB)I(eHHB npocTpau· 

CTBa Jio6a'leBcxoro, peana3oBanuoro ua ranep6onou,ll.e /1.1/, JIB· 

JIJleTCJI rpynna Jlopeuua. qacTo nopeuueBcxae npeo6pa3oBr..aaJI 

LA k /"6ycTb1"/ **, Taxae, 'ITO LAk ·(m, 0) = (k~,k), 

* B ,ll.aJI&Heii:weM, r.D.e 3TO ue Tpe6yeTCJI, ,ll.JIJI uarJIJI.D.HOCTB MW 

6y,ll.eM HCnOJib30BaTb CBCTeMy e,ll.BHBU ll = C = 1. 

** -1 3neMeHTW MaTpBUbl L A k 

4·BeKTOpa CKOpOCTB 'laCTBUbl 

3aBBCJIT JIBWb OT KOMnOHeHT 

;fk=kll/m. 
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-1 
L,\k P "' p(-)k = K p,k 

-+ 
k 

= p - -(p 0 
m 

- pi_ ___ ), 
m + k o 

/2.2/ 

-+k 
-1 Poko- P 2 _. _. 2 

(L p)o "'(p(-)k)o = ~o = -------- = ym +(p(-)k) ' 
Ak p,k m 

/2.3/ 

B Hepe11JITHBHCTCKOM npe,11.e11e rrepeXO,!l.JIT B npeo6pa30BaHHJI TpaHC-

11JIUHH B nnocxoM 3BK11H,!l.OBOM npocTpaHCTBe p (-) I{ _, p - K' . 
B c~epH'Iecxax xoop,!l.HHaTax 

~ ~ --+ -+;1-->1. Po= m ch x P , p = m n P sh x P, n P = p, p , 

k 0 =mchxk' k =m~kshxk' ~k=k/\k\ 
12.4/ 

paBeHCTBO 12.31 IIpHHHMaeT BH,!l. TeopeMbl: 0 KOCHHyce C1JO:lKHOrO 

yrna B TpHrOHOMeTpHH Jlo6a'leBCKOrO /8·12/: 

r
. ____ _ 

(p(-)k)~ -> -> J1 + ------ = chx chx - shx shx n n . - p k p kpk chx pk 
12.5/ 

BeKTop Kp,k = p(-)k MO:lKeT paccMaTpHBaTbCJI KaK penJITBBBCT

cxoe reoMeTpB'IecKoe o6o6IUeHae sexTopa nepe,!l.a'IH BMnynbca ... ... 
p - k B JIBJJJieTCJI pa3HOCTbiO ,!l.BYX BeKTOp08 8 HMIIY11bCHOM IIPOCT-

paHCTBe Jlo6a'leBCKOrO. ~eiCT8BTe1JbHO, BCII01Jb3YJI onpe,!l.eneHHe 

3- CKOpOCTH pe1JJITH8BCTCKOB 'laCTHUbl: V k = k /k O' V p = p/ PO 83 

12.21, nerxo noKa3aTb, 'ITO 

VOTII. 

-> 
~ p,k 

~0 
p,k 

p(-)lt' 
(P(-)k)0 

r,!l.e 3HaK (-) 03Ha'laeT onepaUHIO 8W'IHTaHHJI BeKTOp08 8 IIpOCT

paHCTBe Jlo6a'leBCKOrO /13/. C IIOMOIUbiO 12.21 H 12.31 JJerKO npo

BepHTb, 'ITO KBa,!l.paT 4-8eKTOpa nepe,!l.a'IH HMIIY11bCa 8bl:pa:lKaeTCJI 

qepe3 8eKTop 8 = p(-)k cne,!l.yroiUHM o6pa3oM 1131: 

t = (p-k)2=2m2 -2Pk= 2m2-2my'm2 +(p{-Yk)2. 12.61 

6 

B IIpOCTpaHCTBe CKOpOCTeB, KOTOpoe HB1JHeTCH IIPOCTpaHCTBOM 

Jlo6a'leBcxoro 18·12/, Ba:lKHYIO ponb arpaeT noHXTHe rronycxopo-

CTH 'laCTHUbl:, rrpe,!1.1IO:lKeHHOe B /14/. B Jl! 6b1:11H onpe,!l.eneHbl: aHa1JO

rH'IHbl:e IIO CMbi:C11Y Be1JH'IHHbl:: II011YHMIIY11bC 'laCTHUbl: 

17 = (77°,; ) = m(ch(x /2), ~ sh(x I 2)), p p p p p p 

-> p 
0

r = liil 

a rronynepe,!l.a'la K.', xoTopax BBO,!l.HTCH cne,!l.yiOIUHM o6pa3oM: 

X~ ~o + m 
K = m ch (--) = m v' -------

0 2 2m 
~ =mchx~; 

0 

_. _, X~ _, m _. 
K = n~ m sh(---) = ~ ,t------; .f\ ~~shx~-

2 2(~ 0 +m) 

12.11 

12.81 

CooTHOWeHHe 12.61 B TepMHHax sexTopa nonynepe,!l.a'IH HMIIY11bCa 

J: npHHHMaeT "a6C01JIOTHbi:B" BH,!l. 

t = (k- p)2 =-4K'2, 12.91 

I -> -> 7 Tax xaK B HepenxTHBHCTCKOM npe,11.ene xor ,11.a 17 P ... 17 P 3 = p 2 

a K ->K
3 

= (R-P)/2 I OHO nepexo,!l.HT B HepenJITHBHCTCKoe cooTHo

weHae 

2 ->2 -->->2 -->2 
t=(k-p) =-4K -+-(k-p) =-4K 3• 12.101 

He MeHxJI csoei ~opMhl: I eM. o6cy:lK,!l.eHBe B Ill I. HanoMHHM 

Tenepb HeKOTOpbl:e II01JO:lKeHBX KHHeMaTHKH CBCTeMbl: ,!1.8YX peJJJI

THBBCTCKHX 'laCTBU * . Bel> CHCTeMbl: ,!l.BYX ~epMHOH08 B Ue1JOM 3aBH

CXT OT 80CbMB rrepeMeHHbi:X: II01JHOB MaCChi CHCTeMbl: M H ee 
cit /15/ 

II01JHOrO HMIIY11bCa J : 

M2= pflp 
fl 

P =(P1+P2)f.L; 
f.L 

f=P1+P2 • 12.111 

II01JHOrO C06CTBeHHOrO MOMeHTa J CBCTeMW H ero npoeKUBH, TaK:lKe 

op6HTa1JbHOrO MOMeHTa f B CYMMapHOrO CIIHHa S, KOTOpbl:e 06bi:'IHO 

3a,!l.aiOTCX B C.U.B. llepeXO,!l. OT C.U.B. K rrpOB3B01JbHOH CHCTeMe Ko-

* Mw 6y,11.eM paccMaTpasan. cnyqaa ~epMHOHOB c paBHWMH 

MaccaMH: m 1 = m 2 = m. 
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op,ll.HHaT ocyi.QeCTBJIJleTcJI nyTeM nepexo,11.a K xoaapHaHTHO onpe,11.e

JieHHOMY 3-BeKTopy- HMITYJILCa 'laCTHUbl B C.U.H. / 151 /eM. TaK

)I(e /16, 171 1 

~ 
p1 

-1 
(LAp p 1) 

0 

p 1 _1 (p o _ --~P~L) . 
M 1 Po+M 

/2.12/ 

TpexBeKTOp ~ 1 COBITa,ll.aeT C npOCTpaHCTBeHHO~ KOMITOHeHTO~ 4-
BeKTOpa 

)fl. (~ p 
1

, rnA p 
-1 fl. 

(LAp P 1 ) ' 

npHHa,ll.Jie)l(ai.Qero rHnep6oJIOH.Il.Y I 1.1/. B cooTBeTCTBHH c o6o3-

Ha'leHHeM /2.2/ 3-BeKTOp f.: p , mAp MO)I(HO npe,ll.CTaBHTL B BH,Il.e 
.... 1 ~ ~ 

HeJBKJIH.Il.OBOH pa3HOCTH .ll.BYX aexTopoa p H mAp 

0 _, 
p s ·----) -# 

P
1

.mAp = P 1 (-)rnA p, /2.13/ 

npHHa,ll.Jie)l(ai.QHX O.ll.HOMY rHnep6oJIOH.Il.Y I 1.1/ 118 '. Kaa,11.pa T 3- aexTo
+2 

pa nepe,11.a'1H HMnynLca H3 npocTpaHCTBa Jiofiaqeacxoro ~ P k 
~ 1' 1 

= (~ 1 (-) k 1) 2 
JIBJIJleTCJI JIOpeHUeBCKHM HHBapHaHTOM. )l,e~CTBHTeJIL-

HO, C HCITOJIL30BaHHeM /2.3/ MO)I(HO 3aiTHCaTL 

_,2 

~pl'kl 
- [; 1 (-) k 1 J 2 = ~~! . k lfl. ) 2 

m2 

fl. 

- m2 

/2.14/ 

(~p 1 ,mAp) .(~k 1 ,mAp)f1. 2 _, ~ 2 
2 (-; (-)~ h,L\

0 
o 

m -m = '-'pl'mAp k 1'mAp p1,k1 

0 

r,ll.e qepe3 K op ok Mbl 6y,ll.eM o603Ha'laTL pa3HOCTL /B npocT-
1' 1 

paHCTBe flo6a~eBCKOro/ .ll.BYX KOBapHaHTHO onpe,ll.eJieHHbiX HM-

nynLcoa PcH k1 -qacTHU a c.u.u. OTMeTHM, 'ITO cornacuo onpe

,ll.eJieHHIO /2.12/-/2.13/ Kp
1
,m,\p=-K p

2
,mAp ,Tax 'ITO 

0 0 0 

~o Q =-~o o =-lip ,mAm(-)~k m,\m!=io o. 
p1,K1 p2,k2 2 J 2' J p,k /2.15/ 

B TepMHHaX COOTBeTCTBYIOllleH nonynepe,ll.a'IH HMITYJILCa 6y,11.eM 

HMeTL 

8 

:· ~I<' o d~· C-)A 1 
1 {1

1 
, k 

1 
p 1, rnA p k 1, rnA p 

\' --- -- m ~ 

~ ) OJ 
2[m +-(~~ AoiL\ ,mAp 

p l'm J 1 

m 
- ~ ·V ------c; ) OJ - !\o 9 ( (A o 
- P ,1<1 2 m + L' o k 

1 p 1, 1 

~ 0"' 
=-K ,-K· 

2 

B JTHX o6oJHa'leHHJIX Bblpa)l(eHHe .ll.JIJI HHBapHaHTHoro nponaraTopa 

npHHHMaeT "a6COJllOTHbl~" BH,Il.: 

[ 
2 21 -1 2 0, 2 -1 

fl. - (p 1 ;- k 1 ) ~ (fl. + 4 K J ' 

T.e. OTJIH'IaeTCJI OT 3a,ll.aHHOrO 

/B C.U.H. CHCTeMbl .ll.BYX 'laCTHU 

B HMITYJILCHOM npe,ll.CTaBJieHHH 
4 -)> ---) 

k1 =-k2 = k ; P1 =-P_,2 = P
0

/ 

ITOTeHUHaJia lOKaBbl JIHWL 
u u ~ 

He3BKJIH,Il.OBOH npHpO,Il.OH BeJIH'IHHLI K • 

§3. TPEXMEPHAJI KOBAPHAHTHA.JI ct>OPMA 
ct>EHHMAHOBCKHX MATPHilHb/X 3JIEMEHTOB 

O,l{H01i030HHOFO OliMEHA 

B HaCTOJlllleM paJ,Il.eJie MaTpH'IHble JJieMeHTbl peJIJITHBHCTCKO~ 
aMITJlHTY.Il.bl O,ll.H06030HHOrO OfiMeHa Me)l(,ll.y .ll.BYMJI cllepMHOHaMH 

6y,11.yT npeo6pa30BaHbl OT CTaH,IJ.apTHO~ 'leTblpexMepHOH cPOPMbl 

K KOBapHaHTHOH TpexMepHOH. 

MaTpH'IHbl~ JJieMeHT penHTHBHCTcxoii aMnJIHTY.Il.bl pacceHHHJI, 

OTBe'lalOlllH~ o6MeHy nceB,Il.OCKaJIJlpHbiM Me 30HOM Me)l(,ll.Y .ll.BYMJI 
~ _, _, 
..,epMHOHaMH C _, HMI!YJILCaMH p 1 , p 2 H ITOJIJlpH3aUHJIMH a 1 , a 2 ,11.0 

pacceHHHJI H k 1, k 2 ; ai , a; cooTaeTCTBeHHO nocne pacceHHHJI, 

HMeeT BH,Il.: 

-) ---) (2) -) , -) , 
<p1al 'p2a2 \Tps \klal' k2a2> = 

-a1 _, ai _, _a2 _, a2 _, 
u (p1)y5u (k1)·U (p2)y5u (k2) /3.1/ 

= g 2------------------------
fl. 2 - (P 1 - k 1 ) 2 

Bxo,ll.JllllHH B /3.1/ 6HCDHHOP u (P 1) 

CDHHOP B CHCTeMe ITOKOJI DO cPOpMyJie 

MO)I(HO Bblpa3HTL qepe3 fiB· 
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u a (Il 
1
) = S(p 

1
) ua (0) = S CJ>) S -l ( 9') S (p 

1
)u a (0) . /3.2/ 

MaTpHUW S( 9') H S(p 1) OTBe'{aiOT 'IHCTWM npeo6pa30BaHHJIM Jlo-

peaua H 3&BHCJIT OT COOTBeTCTBYIOIUHX DODyCKOpOCTeii 

p + M 
S(P} = y'--0 --(1 + 

2M 

-+ -+ 
aP ) ... -+ 

(/)---' a=y y. 
J o + M ·o /3.3/ 

l.IHCTO nopeauescxae npeo6pa30B&HH.II A(P) ae o6pa3yiOT rpynnw. 

Hx npoH3BeAeaae ae ecTJ., soo6JUe rosop.11, 'IHCTO nopeauescxoe 

npeo6pa30B&HHe Ha pe3yDhTHPYIOIUHB BeKTOp, a COAep>KHT eJUe 

saraeposcxoe spaJUeHHe V (A p, k ), onpeAeneaaoe paseHCTBOM 

-1 -1 1 0 lh -1 
S (P)·S(k)=S(AP ·k)( 0 1 ) 0 ~ IV (AP,k)l. 

B COOTBeTCTBHH C 3THM clJopMyny /3.2/ MO>KHO npeACT&BHTh B BRAe 

a -+ lh -1 a 
u (p

1
)= S(P) · S(~ , ). ~ ·IV (Ap. p )lu (0) 

p ,m"p . 1 
/3.4/ 

H COOTBeTCTBeHHO 

_al -+ ai -+ _al lh -1 
u (p 1)y"u (k )=U (0)~ IV (A, ,p )lx 

... 1 "9' 1 
/3.5/ 

-1 -1 (f'llhl -1 al. 
xS (~p1,mAp).S (9')y5S(P}·S(~k1,mAp).v V (AAp'kl)lu (0). 

Baraeposexae spaJUeHH.II ~lh IV- 1(AAp•P)I B /3.5/ oeyJUeCTBD.IIIOT 

•:nepee&AKY" enHHOBWX HHAeKCOB a l H a~ 1191 e HMDynheOB p H 
k ~ .. -+ 1 

1 aa eywwapawii awnyn~oe :r ~ p 1 + p 2 /eM. o6cy)I(AeHHe B /11/. 

B eany 3&BHCHMOeTH waTpauw S(P) oT ({ oaa nepecT&BHMa c 

y 5 -MaTpaueB:, B pe3ynJ.TaTe qero ww aweew 

_a1 -+ + ai -+ _al lh -1 
u (p 1)y5 u (k 1)= u (0)~ IV (AAp'p 1 )1 x 

/3.6/, 
0 (f'l lh -1 I (f'l~ -1 al 

xy ·S(~o k)~ IV (A~ .~ mACI)).LJIV (AA ,k1)1u (0), 
5 Pt• 1 k

1
,mAp pl, J p 

rAe AODODHHTeDJ.H&JI clJyHKUHJI 

~lhiV-l(Akl,mAp '~pl'mAfl 

10 

' ] 

·) 
~1 

nepeXOAHT B clJarypHpYJOJUYIO B napaMeTpH3aUHH &MDDHTYAW B C .u.H./1/ 

lh -1 '1/ 
clJyaxuaro '£ IV (A k ,p)l· .IJ,anee, cneAy.ll pe3yn~oTaTaM pa6oTw' , 

BWpa>KeHHe All.ll aMDDHTYAW /3.1/ nepenHIDeM B BHAe 

-+ -+ (2) -+ -+ 
<p 1a 1 ;p2 a 2 1Tp8 lk 1a1.; k2a~>= 

(/'llh+ -1 (f'llh+ -1 
= I1Ja

1
a

1
piV (AAp'P 1 )1·1Ja

2
a

2
piV (AAp'P2 )1x 

X <p-+ . p-+ IT (2) 1-+k , . -+k , 
la tP' 2a2p PS 111 1' 2 17 2 > x 

-~ -lh ~ -1 
x 9),, {V (A~ .~ A )1.~, ,IV (A~ .~ A )x 

a{1P krAP P 1' o a2 112P k 2'A p P2• P 

(/'1-~ -1 (/'1 -lh -1 /3 7/ 
X ;J), ,lV (A, ,k )I·.LJ, ,{V (A, ,k )I, . 

ad' 1 "P 1 ~~2 "P 2 

rAe OeTaBWHBe.ll nocne BWAeneHHJI BHrHepOBCKHX BpaJUeHHB MaT
pH'IHWB 3neweaT* 

< ~ · ..... ·1 <2) 1..... ' '· ..... ,, 
pl,alp ,p2a2p TPS klat,k2a2>= 

0 0 

(il
1 

K' ) , · (il
2 

K' ) , 
2 alpo 1 a2p.a - 4g ________________ __g 

(;7 1 ~) al a2 

£ 
112 +4~2 

at -+ -+)/: 
=~* (a1K"'a2 

/3.8/ 

HMeeT "a6coDIOTHWii" BHA /cw. /14/ I H 3aBHeHT nHIDh OT OAHOro 
0 

sexTopa nonynepeAa'IH HMnyn~oea K... 3To o6cTO.IITenJ.cTBO 6yAeT 

cyJUeeTBeHHO AD.II nocTpoeHH.II B cneAYIOJUeM naparpaclJe H3 /3.8/ 
DOK&llhHOrO B peDJITHBHeTeKOM KOHclJHrypaUHOHHOM npeAeT&BDeHHH 

KBa3HDOTeHUHana B npoH3BOllhHOB CHeTewe KOOPAHH&T. 

06p&THMCJI yeneph K CDY'IaiO 06MeHa BeKTOpHWM 6030HOM 

c Maecoii 11· CooTBeTeTBYJOJUHB M&TpH'IHWii :JneweaT aweeT DBA 

e a - ABYXKOMDOHeHTHWe *u a (0) = y'ffil~;, , ~; ), rAe 
naynHeBeKHe eDHHOphl /eM. /l/ /. 
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_, -· ( 2) -· _, 
<p 1a 1 ;p2 a 2 IT V lk 1 a~; k2 a~ > 

u a 1 (P )y u a~ (I{ ) . u a~ (p ) y ll u a~ (It ) 
2 1 ll 1 2 2 = g ------------------------------

13.91 

ll 2- (p - k ) 2 
1 1 

llocne nocne,ll,oBaTenbHblX npeo6pa3oBaHKil 13.21 H 13.41, npa

MeHeHHJI paBeHCTBa 

u 
S-l(:J')y S(P) (AA:J')IJ..YF 

ll 
13.101 

H nonyqeHHoii B · 11 <lJopMynbl I W ll (i\) - BeKTop penJITHBHCT-

CKOrO CllHHa llayna-ll106aHCKOro-liiHpOKOBa / 1S, 191 , I - e,II,HHH'iHaJI 

4x4 MaTpaual 

-1 Yo ll ll 
S (i'lk ,,j} )·y ·S(I'l.k, )=----{I.I'J.k ,(i)+2y5 W V~.k ',u)! 

,rnA~ 11 ,ml\ 0 m ,m/\J ,m/\ J 

13.111 

nonyqaeM aHanorH'iHOe 13.6/ COOTHOWeHHe 

-a _, a' _, F 
1h -1 

u 1(p )y u 1(k )=(A, ) .9) {V (A, )!x 
1 IL 1 "p ll a 1 a 1p "P• P 

+alp o o 
X~ . { 2(i'l , ) K 0 -l 4W (i'l , )(~ ;)!~ , x 13.121 

p
1
,m"PF 11 p 1,m"P 1 a 

1 

G' liz - 1 G'
1h - 1 

X 1: " , { v (A l'l. ,i'l \ ) ! . :I; ' ' I v (A\ 'k 1 )!. 
a 1 a 1p kt,Ap p1,m"p a1pa1 "p 

,D.anee, cne,11,yJI 111, B pe3yn~oTaTe no,ll,cTaHOBKH 13.121 B 13.91 
nonyqaeM ,11,nJI 13.91 TO >Ke caMoe Bblpa>KeHHe 13.7/, r,11,e ocTaB

waiicJI nocne Bbl,ll,eneHHJI BHrHepoBCKHX BpameHHH MaTpH'iHblH 3ne

MeHT T ~) HMeeT BH,II, 
0 0 0 

2 (_, _,)(_, _,) _, _, ) _, 
(2) '; 2 4m 2 4 a 1 K a 2 K -4(a1a 2 K 

T lK, tl ) = - g ------- - g ------------
v p,mA p V 2 <; 2 V 2 '; 2 

1J. + 4K p. +4K 

2 8~oi'l0p,mA:J' i(;1+(;2)[Sp,mA:J'x;] 
- g --------- ----------- -

v 2 0 
rn IJ.2+ 4K'2 

12 

I 

)) 
I 

• 

0 2 0 2 0 0 _,.<; 4 
(i'lp,mA ~ ·(K o) + 2tl p,mA'(K o) '(p K)- m 

- g 2 _§ __ ----
vrn2 

ll 2 + 4;2 

0 0 

2 8 
- gV-2 

((; 1 &' p,mA p)(~1 ;)(; 2 &' p,mA p )(; 2 ;) 
----------------o--------~---- 13.131 

rn p.2 + 4K'2 

llpH BblBO,II,e 13.131 Mbl BOCTIOllb30BanHCb COOTHOWeHHJIMH 

a ( GJ o 1J. ( (iJ) o f3 ( o ( o P. o ( ) o 0 I Ap. J)(p1)a·Af3 J (p2) = p1)p.· p2) =m(p2- p1); 3.141 

a(i) 0 ll (J\ f3o 0 IJ.o 
Ap. (;r )( p 1 )a . A {3( J I W 2 (p 2) = (p 1) p. • W 2 (p 2 ) 

0 _, 0, _, 0 _, _, 13.151 
= (P)o(a2 P) = (i'l p,mAp) ·<a21'l. p,mA~; 

0 ·'{30 0 p.O -10 IJ. 
A~ (:f) (p 2) a . A'{3 ( P) W 1 (p t ) = (p 2 ) . W t (p 1) =(A o P 2) . W 1 (0) = 

ll p1 ll 

= -(~•) 0 (; 1 ~) = -(i'l p,mA:J')o. ((.; 1 &' p,mA:J>); 13.161 

ll ao {3(i) o P.o o) 
A a (:f) W 1 (p 1). All (J) W 2{3(p 2) = W 1 (p 1). W 2p. (p 2 = 

_, 

(A -1 m a 2 rn 2 (_, _, ) 1 (_, ~ (-• o~ I I 
= - (p ) W (P ) ) · --- = - -- a a - -- a p J a p J 3 .1 7 

2 1 1 2 4 1 .2 2 1 2 

0 0 

H TeM <iJaKTOM, 'ITO ,11,nJI BeKTopoB Kp
1
,mAp=P' 1 H &'P A p=P 2 IJIB

nJIIOIUHXCJI KOBapHaHTHO onpe,ll,eneHHblMH BeKTOpaMH H~YllbCOB nep

BOH H BTopoii qacTHUbl B c.u;.H. 12.131 I BwnonHJieTCJI cooTHOWeHHe 

-~ =-K - p l'mA p 
2

,mA 

0 _, 

=P=i'lp,mA:f 

Bwpa>KeHHe 13.131 oTnaqaeTcJI OT aHanorH'iHOro, nony'ieHHoro B 

C.D;.H. B 111, llHWb 3aMeHOB BeKTOpa HMTiynJ.ca 'iaCTBUbl B C.D;.B. 

p Ha ero KOBapaaHTHOe o6o6meHHe - BeKTOp -J = il'p,mAp 12.131. 
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§4. 34X;PEKTHBHMH r AMHJlh TOHHAH 
B3AHM0,4EHCTBH.Jl B PEJI.JITHBHCTCKOM 
KOHri>HFYP Al(HOHHOM liP E,4CT ABJIEHHH 

B pa6oTe /13/6blno npe,llnmtceHo nepexo.ll K KOHrPHrypauHoHHOMY 

npe,llCTaBneHHlO ocyiUeCTBilJITb C llOMOIUblO rPYHKUHB, o6pa3yJOIUHX 

nonHyro cHcTeMy B npocTpaHCTBe Jlo6aqescxoro, T.e. Ha nosepx

HOCTH Maccosoro rHnep6onoH,Ila /1.1/. TaxHe rPYHKUHH 6LinH nony

'leHbl Ha OCHOBe pa60Tbl/20/B /21/ H HMeJOT /B 0603Ha1.feHHJIX /13/j 

BH,Il 

(i'l p,k)
11 

nil -1-irrn _, __, 2 __, __, 
~l'l k ,7)=[-----------] , n 11 =(l,n), n =1. r=rn. /4.1/ 

p, m 

cl>yHKUHH /4.1/ peanH3YJOT OCHOBHYJO cepHJO yHHTapHblX HenpHBO" 

.IUfMblX npe,llcTasneHHB rpynnbl JlopeHua xax rpynnbl ,llBH:lKeHHB 

npOCTpaHCTBa Jlo6a'leBCKOrO H OTBel.faJOT cne,llyJOIUHM C06CTBeH· 

HblM 3Ha1.feHHJIM onepaTopa KaJHMHpa rpynnbl JlopeHua C =-!_M M
11

v 
Jl 4 f1V 

/M ~,p _E__- p _jJ __ - reHepaTopbl S0/3.1//: 
. f1V 11 ap v ap 

v 11 

~ __, __, 1 2-+ __, 
CJI{"(i'lp,k ,r) =(-+r ){"(t'lp k,r). 

m2 ' 
/4.2/ 

~ -+ -+ -+ -+ -+ -+-+ i -+r-+ 
B HepenJITHBHCTCKOM npe,llene l'l ,k =P(-)k_, q=p-k;{"(t'l,r)_,e q • 

rpynnOBOB napaMeTp f B 113k>blnO npe,llnO>KeHO paCCMaTpHBaTb 

KaK penllTHBHCTCKOe 0606IUeHBe MO.IlYilJI OTHOCBTenbHOB KOOp,llBHaTbl. 

llpH 3TOM, ecnu Mbl 6y.lleM cornacHo n; cosepwaTb npeo6pa3osa

HHe Bblpa>KeHHB /3.8/ B /3.13/ K onpe,lleneHBOMY TaKHM o6pa30M 

"pen.IITBBBCTCKOMY KOHrPBrypaUBOHHOMY npe,llCTaBneHHlO" C rPYHK" 

UB.IIMB ~tlt'l t'l r), TO "penJITBBBCTCKall KOOp,llBHaTa" r 
pl'm.>.p• k,m.>.p 

6y.lleT conp.II>KeHa seiCTOPY nepe,lla'IB B
0 

npocTpaHCTBe Jlo6aqeocxo-

/ 
,.. __, 

ro /2.14/, /2.15 ti..t'l t'l = ti.. o o , MO.IlYilb ICOTOporo eCTb 
p,m.>.p • k,m.>. p p, k 

0 

penJITBBBCTCICBB HHBapaaHT li 0 ok I= inv.MO.IlYilb >Ke "penJITBBBCT-p, 
CKOB OTHOCHTenLHOB KOOp,llBHaTbl" r TO>Ke eCTb BHBapHaHT, no-

CICOilbKY OH cornaCHO /4.2/ HyMepyeT C06CTBeHHble 3Ha'leHHJI 

uHsapaauTHoro onepaTopa KaJHMHpa rpynnbl Jlopeaua. Kax no

ICaJaHo s n I, npu nopeauescxux npeo6pa3osauu.11x L "pen.IITBBHCT-

14 

CKa.Jl OTHOCHTenbBa.Jl ICOOP.IlBBaTa" r npeTepnesaeT ilHWb BpaiUeHHe 
/BHrHepOBCICHB llOBOpOT/ 

-+ ---+ -1 -1 
(r ') i = [ (L r) '] i = R i i l V (L , P ) l (r) i . /4.3/ 

llocne npeo6paJoBaHH.ll 

d (3)! 0 0 

v (2) 
PS, V 

-+ 1 p ,k ~ -+ .!; !; 
(r) = -- { ------- . {"(t'l o o , r). V PS V (i'l o o ; p ), 

(217>3 <K o 0 > p, k • p ,k 
p,k 0 /4.4/ 

0 
(2) -+ 0 

r,lle V (t'l ~. k ; p) 
/3.8/, /3.13/: 

onpe,llenJieTCJI, TalC >Ke KaK H a~~o~nnHTY.Ila 

< __, . -+ I T (2) I k , . k , ' -
p1,alp ,p2a2p PS,V 1a1' 2a2.>-

+ a 1P + a 2P (2) ~ "> a'l a; 
= e e v <l'l o ~ : p) e e . p, 

Mbl HaXO,IlHM ,llJIJI Bblpa>KeHHB /3.8/ H /3.13/ npe,llCTaBneBHJI 

4m2 g 2 __, __, __, 1 ) peJI. (__,) 
(2) __, ~~ __, \7 ) (a \7 )( 1- ---- V !OK r ' 

Vpg(r)=--2-- 2 (al pa3H. 2 pa3H. 2ch(rma) 

4m -11 /4.5/ 

(2) __, 2 2 pe.rr. __, 
V v (r) =- 4g vm V tOK (r) -

2 2m 2 __, __, __, __, __, __, __, 2 
- 4g V4~2-=-;2 l<a 1 \7pa3H. )(a 2\7 pa3H.) - (a 1 a2 )( \7 pa3H. ), l X 

X (1- _1 __ )VpeJI.(;)+g2Po(;+;)[L\ x_, ] peJI. 
2ch(rm a) IOK VIil 1 2 p,m..\ Vpa3H •. v tOK (r)-

-+ .... -+ -+ -+ 3} 
Sg~ {(l'lOp,mAr (Ho+m)+2(i'lop,mA(i'lp,m.>.p; Vpa3H)-2m vpeJI') 
-- • • !OK\r + 
m 
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8 2 2 gv 2m ,.-rlo _..._..--+ ......................... 

+ -2- 2 2 [(al tip rnA m )(a 1V ).(a2ti p mA J (a2 v )] x 
m 4m _ 11 • J pa3H. • p pa3H. 

x [ 1 - ____ 1 __ ] V pe JI. 
ch(rm a) !OK (r), /4.6/ 

r~e onepaTop V ~a3H. CBJI3aH c onepaTopoM HMnyn~>ca P /JIBHhlii 

BH~ npuoe~eH B 12 I I 
--+ ....... --+ --+ --+ --+ 

P .f (p, r) = p ,f( p, r) /4.7/ 

-> -> 

tl>opMynoii V pa3H. = i P H JIBnJieTCJI 

nor oM on epa Topa - V =- i Jr : 
KOHe'IHO·pa3HOCTHhiM aua-

-> ipr ve 
-->--> 

-> ipr 
= pe 

OnepaTop H 0 ,- a 
~ · a 2· ti 

H
0 

= 2mch(-k -) + __!_ sh(.!_ -~-) __ __!!_:_'!:___em ar 
ar r m ar 2 mr 

. /4.8/ 

HrpaeT ponh CB060~HOrO raMHnhTOHHaHa B KBa3HllOTeHUHanhHOM 

ypaBHeHHH H onpe~enJieTCJI C llOMOIUhlO "penJITHBHCTCKHX nnOCKHX 

BOnH ,f(K, r)" /4.1/ COOTHOWeHHeM 

Ho .;<& ~ ;) = 2ti o .;<&: ;) · /4.9/ 

qepe3 V ~~JI·(r) o6o3Ha'leH uaii~eHHhlii B 1131 penJITHBHCTCKHH auanor 

noTeuuuana IDKaBhl 

peJi. (r) 
V !OK 

1

1 ch rm a 

·:_ :~:: 
41Tr sh rm 11 

2 2 ll2-2m2 
ll < 4m , a= arccos------

2m2 ' 
npu 

npu · ll2> 4m 2, b = Arch 1!_=~= 
2m2 

/4.10/ 

KOTOphiH B HaWeM cnyqae JIBnJieTCJI penJITHBHCTCKH-HHBapHaHTHOH 

oenH'IHHOH. 

16 

3AKJIJO f.JEHHE 

B uacToJimeii pa6oTe uaii~euo KooapuaHTHoe o6o6meuue ua 

Cny'laH npOH3BOnhHOH CHCTeMbl KOOP.l\HHaT nony'leHHhiX pa

Hee /1. 2/ ,B C.U.H. Bblpa)l(eHHH ~nJI raMHnhTOHHaHa B3aHMO~eHCTBHJI 
~oyx tl>epMuouoo B npu6nH)I(eHHH o~uo6o3oHuoro o6Meua. Bu~ TaKo

ro penHTHBHCTCKoro "noTeuuuana" o~uo6o30HHoro o6MeHa (OBEP) 

ycTaHooneu 6e3 o6pameHHJI K pa3no)l(eHHIO no CTeneHJIM v 2 I c 2 

una npeue6pe)l(eHHJI 34>tl>eKTaMH 3ana3~hiBaHHJL Tiony'leHHhle B HM

nynhCHOM npe~CTaBneHHH Bhlpa)l(eHHJI HMeiOT BH~ TpexMepHOrO 

0606ll{eHHJI Ha reOMeTpHIO Jlofia'leBCKOrO HepenJITHBHCTCKHX 3BKnH· 

~OBhiX Bhlpa)l(eHHii. CTpyKTypa KooapuaHTHhlx OBEP He H3MeHJieTcJI 

llO CpaBHeHHIO C Haii~eHHhiMH B /1/ ~nJI C.U.H. Bhlpa)l(eHHJIMB, 'ITO 

~ocTuraeTCJI 6naro~apH nepexo~y K KooapuaHTHO onpe~eneHHOMY 

BeKTOpy BMnynbca 'laCTHUhl B C.U.H. /2.12/, BBe~eHHOMY BnepBhle 

B /l 5I.Pa3BHTbiH 3~eCh ti>opManH3M 6y~eT He06XO~HM ~nJI KOBapBaHT

HOrO OllBCaHHJI ti>opMti>aKTOpOB ~eiiTpOHa H Me30HOB, npe~CTaBnJIJO· 

IUHX C060H CHCTeMy, COCTaBneHHYJO H3 ~BYX ti>epMHOHOB. 

ABTOP 6naro~apeu B. r. Ka~hiWeBCKOMY. A.B.Cu,nopooy 

u H.JI.Conoouooy Ja none3Hhle o6cy~eHHJI. 
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