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3acraaenKo n.r. P2 - 12136 
Kam16pOBO'IHO-l!HDap_H8HTllblll 1'8MHnbTOIIH8II CITHIIOpHoii 

KBBHTOBOll 3neKTPOllllll8MIIKII 

PaccMarpHaaercH cmrnopnast :;ineKrpollHHaMHKa. Uenb po60Tb1 - llOKa­

aaTb l'pllllllCHTHyJO HHBllpllal!TIIOCTb ipyHKUHH narpaH:>KQ H 1'8MltnbTOHH811ll, 

nonyqaeMbllt nyTeM HCKn10•1e11H!I CKan!IpH011 H npo11onbHOil KOMnOHeHT BC!K­

rop-norenunona na Hcxon11oii ipyHKUHH narpaH:>:<a. HcKn10'1eH1ie nm11nnx 

KOMnOHel!T BC!KTop-nOTQHUllllllQ npOH3BOllHTC!I C noMOUlblO Kll8CCH'IC!CKHX 

ypaBHennll llBIO!(eHHlI, BblTC!KaIOUlHX H3 HCXOllHOii ipynKUIIII narpam,rn. 8 pe­

aynbTBTC! llOK831lHHOJI rpanneHTHOii IIIIBapnllHTIIOCTII peay,'lbTHpyrowero 

1'8!>.,llfnbTOHHllllll CHll!',,!QIOTCSI CBSl31lHHble C rpOllHC!HTIIOH HHDllpllllHTIIOCTblO 

noapa;KeHH!I npOTIID BblCK031lHHOl'O HllMH yrnep)K/lC!HHlI, '!TO 11enepenopM11po­

Dllllllblll 3llpstn B 3ITeKTPOll11HllMHKe MOlKeT npHHIIMllTb IIHWb HeKOTOpoe 

onpenenennoe 3da'!enHe (nnH llHCKpeTHblil na6op 3Ha'leHHil). 

Pa6oTa BblllOITHellll B na6oparopHH TeOpCTH'leCKOi\ ¢113HKH OHHH. 

Coo6wenne 06bennnennoro 1111CTHTyTa stnepnbrx HccnenoaanHri. lly6na 1979 

Zastnvenko L.G. P2 - 12136 
Gauge-Invariant Hamiltonian of the Spinor Quantum 
Electrodynamics 1 

The spinor electrodynamics is considered. The aim is to 
prove the gauge invariance of the Coulomb Hamiltonian, which is 
obtained through the exclusion of the longitudinal and s·calar 
components of the vector-potential. The exciusion is produced with 
the help of classical equations of motion, which follow from the 
initial Lagrangian. Our proof of the resulting Hamiltonian gauge­
invariance removes based on gauge invariance objections against 
our preceeding work, where we state the condition, which 
determines the admissible values of the nonrenormalized charge 
in quantum electrodynamics. 

,, 
I' 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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e 
_ §_J. BBE,4EHHE 

I. CnHHOpHa11 :meKTPO.llHHaMHKa onpe.nen11.eTC1l narpamKHaHOM 

f(A,IIJ)=½h (A)+fe(1¥)+ f1(A,1I1L 

1 2 
.fph(A) = - 4 (af-l Av -av Aµ) , 

i\ ( IJ' ) = - IJ' ( y /l aµ - m) IJ' • 

f 1 (A.~) =eA
11

J
11 

JI-' i'I' Yµ IJ' 

'l' 'I' *y 4, 

/l/ 

/2:/ 

/3/ 

/4/ 

/5/ 

3.lleCL H .nanee rpe'leCKHe BH.lleKCLl npo6eraroT 3Ha'leHBJI 1,2,3.4, a 

naTBHCKile ; 1,2,3; x 4 =it , A 4 =iA o •, J4 = iJo ; no .naa.JK.llw­

noe'iopJ110mHMcs BH.lleKcaM IlpOH3B~.llBTCJI CyMMHpOBaHBe.113 /1/-/5/ 
cne,IQ'IOT ypaeHeHHJI 3iinepa 

a a A ,. a a · A + eJ = o • vvµ µvv µ 

[ y (a- -i-eA } +ml'l' 
/l /l ·µ 

0 • 

-(a-/l +ieA
11

}iJl-yµ +mll' = O. 

/6/ 

/1/ 

/8/ 

3-



H3 /7/, /8/, B qacTHOCTH, BblTexaeT 3aKOH coxpaHeHHJI 3apJ1Aa 

aµJµ=o. /9/ 

1.1. JlarpaH)KHaH /2/ He 3aBHCHT OT a AO/ a t , n03TOMy 

KBaHTOBaHHe paccMaTpHBaeMOB MOAeJIH no KaHOHHqecKOMY peuenTy 

( "µ = a f / a Aµ,µ=0,l,2,3)HeBo3MO)KHO. B 3TOM cnyqae nonaraeTCJI 

HCKJIJOqHTb H3 narpaH)KHaHa JIHWHIOIO <PYHKUHIO (Ao ) C noMOIUblO 

ypaBHeHHB ABH)KeHHJI /6/. 

1.2. HMeHHO no 3TOMY nyTH Mbl H noiiAeM /B OTJIHqHe, HanpH· 

Mep, OT KHHrH BeHueJIJl/1/ /§17//. Ha 3TOM nyTH HaH6onee 

JICHO npOJIBJIJleTCJI yxa3aHHOe B 3arJiaBHH pa60Tbl, CBOHCTBO pe • 

3YJibTHPYIOIUero raMHJibTOHHaHa. ero KaJIH6poeoqHaJI HHBapHaHT· 

HOCTb. 

. 1.3. ~eiicTBHTeJibHO, <PYHKUHJI JlarpaH)Ka /l/ · /5/ He MeHJleT· 

CJI npH xanH6poaoqHoM npeo6pa3oBaHHH 

·A ➔ N =A + µ µ µ 
aA 
axµ 

q, ➔ IP'=IPeieA, 

f (A, IP)= f (A', IP'). 

·1 ~3.1. Pe3yJibTHPYIOIUHii: raMHJibTOHHaH /35/ 

<PYHI<llHB Aµ H IJ1 , a OT nonyqeHHblX H3 HHX no 

/27 I H /31/, /3la/ <PYHKllHB At! u 7/ • 
J · tr 

IlpH npeo6pa30BaHHH /10/, /ll/ <PYHKllHH A j 
(pOpMyJiaM /27 / H /31/, /3la/ He MeHHIOTCJI. 

/10/ 

/ll/ 

/12/ 

3aBHCHT He OT 

npaaHJiaM /15/, 

, 1/ cornacHo 

, 1.4. TaKHM o6pa30M, raMHJibTOHHaH /35/. ~eiiCTBHTeJJbHO, 

He MeHJleTCJI npH KaJJH6poaoqHblX npeo6pa3oBaHHJIX /10/, /ll/. 

1.5. Pe3yJJbTaT HaCTOJIIUei pa6on.i: - ~0ICa3aTeJibCTBO l(aJJH6po· 

Boquoi BHBapHaHTHOCTB AaHHoro ult/ raMBJJbTOHBaHa CDBHOPHOB 

3JJeICTpO~HHaMBI<H - cymecTBeH DOTOMY; qTo B pa6oTe / 2/ HaMH 

4 

noxa3aHO, qTo paCCMOTpeHHe cnHHOpuoii 3JieKTPOAHHaMHKH MeTo­

AOM /1/ c ueo6XOAHMOCTblO npHBOAHT x OAHOMY HJIH HeCKOJibKHM 

3HaqeHHJIM HenepeHOPMHpoaauuoii KOHCTaHTbl CBJl3H e: paCCMOT· 

peHHe CDHHOpuoii 3JI8KTPOAHHaMHKH MeTOAOM /1/ npH npOH3BOJib• 

HO B3JITOM 3HaqeHHH HenepeHOpMHPOBaHHOH KOHCTaHTbl CBJl3H npH­

BOAHT. B006IUe rOBOPJI, I( (pH3HqecKH 6eCCMblCJI8HHOMY pe3yJibTaTy 

/6eCKOHeqHaJI Macca (pOTOHa/. HaCTOJIIUaJI pa6oTa CHHMaeT B03pa· 

)KeHHJI npOTHB pe3yJibTaTa /2/ CBJl3aHHble C rpaAHeHTHOH HH· 
' BapHaHTHOCTblO • 

I I 
1.6. HMeHHO, pa6oTa 12; 0~CHOBaua Ha paCCMOTpeHHH KBaA· 

paTHqno pacxoAJ1IUeiicJ1 qacTH o6paTHoro onepaTopa pacnpocTpa· 

HeHHJI. (pOTOHa. HMeHHO YCJIOBHeM OTCYTCTBHJI 3TOB qacTH onpe • 

AeJJJIIOTCJl·AonycTHMble 3HaqeHHJI HenepeHopMHpoBaHHOB KOHCTaH­

Tbl e. Me)KAY TeM pacnpocTpaHeHO MHeHHe, qTo 3Ta qacTL AOJI)K• 

Ha Hcqe3aTb B CHJIY xanH6poaoqHoii HHBapHaHTH0CTH. H3 BHAa 

/35/ KaJJH6poooqHo·HHBapHaHTHOrO raMHJibTOHHaHa, OAHaKo, CJie• 

AYeT, qTO B HH3WeM DOPJIAKe - e 2 KBaApaTHqHo-pacxoAJIIUaJICJI 

nonpaexa K onepaTopy pacnpocTpaHeHHJI qioToHa He Hcqe3aeT. 

1.7. YnOMJIHYTblH B·blwe pe3yJibTaT B CDHHOpHOH 3JJeKTPOAHHa­

MHKe CBJl3aH C TeM, qTo B 3TOB MOAeJIH 3anpemeH qJJeH nepeHop­

MHPOBKH Macc!Li (pOTOHa. AHaJJorHqHblB pe3yJJbTaT HMeeT MeCTO H B 

APYrHX eapHaHTax 3JieKTPOAHHaMHKH H B MOAeJJH" JIHra· MHJIJICa, 

DOCKOJJbKY B 3THX MOAeJJJIX TO)Ke 3anpemeHa nepeHOpMHpOBKa MaCCbI 

(pOTOHa. /3TOT pe3yJJbTaT HMeeT MeCTO H B MOAeJIH C JJarpaH)KHa· 

HOM 

0 1 a¢ 2 1 2 2 4 
.t. =--(--) --m cp -gcp ' 

2 ax 2 
eCJIH cqHTaTI, napKMeTp m He 3aBHCJ1IUHM OT napaMeTpa 06pe3a• 

HHJI ec e ➔ "° )/. 

1.8. IlonyqeHHOe HaMH nocne HCl(JIIOqeHHJI DPOAOJibHOH H cxa· 

JIJIPHOH COCTaBJJJIIOIUHX 3JJeKTpOMarHHTHoro DOJJJI BWpll)KeHHe ra· 

MHJJ.TOHBaHa /35/ cosna~aeT c npBBe~eHHWM a §17 KHHrH BeH· 

neJJg/1/ .• OTMeTBM, qTo AaHHWH a /1/ BblBO~ raMHJJI.TOHHaHa /35/ 

COAep)KHT ~e(pe1<T: OH HrHopupyeT IlpHCYTCTBHe B pa3JJO)KeHHH 

/15/ nocJieAHero qneHa _l_A 00. B HaweM BblBOAe 3TOT Ae(peKT 

ycTpaHeH. vV" 

·5 



1.9. B qiopMaJJH3Me KOHeqHoro o6'heMa nepHOJJ,HqHOCTH qiyHK· 

llB.11 · JlarpaIDKa /19/, paCCMaTpHBaeMa.11 KaK 4JYHKUHJI nepeMeHHOH 

Aoo /CM; /15//, He HMeeT 3KCTpeMyMa: 

aL(A, ) = - e· l f'l'x(x,t)'l'(x,t)dx <0. 
a Aoo . v v . • -

Tax KaK aL / aAoo =0, TO ypal3HeHHe 3enepa 

d a L aL 
-- = --

d t a i\ 00 a Aoo 
JJ.aeT npoTHBop~qee: 

_l - f'I' ( x , t) 'I' (x , t ) d X = 0 . 
yV 

1. 9 .1 •. OT :noro npoTHBopeqe.11 MLI yxoJJ,HM cneJJ,yJOIUHM cnoco • 

6oM: MLI cqeTaeM 4JYHKUHIO A oo(t) 3aJJ,aHHOH 4JYHKUHeii BpeMeHH 

a He BKJJIOqaeM ee B qeCJJO o~o6iueHHLIX KOOpp;eHaT, no KOTOPLIM 

npOH3BOJJ.HTCJI BapbHpOBaHHe iipe BLIBOJJ,e ypaBHeHeii3enepa. B JJ,aJJb· 

HeiiweM npeo6pa3oBaHeeM /31a/ yJJ,aeTc.11 ycTpaHHTh A 00 (t) H3 

4JYHKUHH JlarpamKa. . 

§2. HCKJIIOlJEHHE IIPO,l{OJibHOR H CKAJIB.PHOH 
KOMIIOHEHT BEJ(TOP.· IIOT_EHUHAJIA 

2. ):{JJ?I KBaHTOBaHHJI .paccMaTpHBaeMOH, MOJJ,eJJH BBeJJ,eM 06bJq­

HLIM o6pa30M. o6'beM nepHOJJ,HqHOCTH V • ' 

V: -L/2 < x < L /2, i . ' . 
i =1,2 ,3 . 

TorJJ,a 6yJJ,eT: 

'l'(x, t) 

➔➔ 

l a i kx 
~ I. 'l'k (t) e . 
,JV k 

. . 1 . ikx oµ4 . . 
Aµ(x,t) =-·-I. · Aµk (t) e +·-=-Aoo(t) 1, 

,Jv k~O yV 
rJJ,e CYMMHPOBaHHe npOBOJJ,HTC.11 no 3HaqeHHJIM k, 

k =2~(n 1 ,n 2 ;n 3 )/L, 

3JJ.eCh n 
1 

, n 
2 

, n 
3 

• uenble qecna. 
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/13/ 

/14/ 

/15/ 

/16/ 

if 
:,J 

·~ 
I 
i 

l 

J 

IlyCTb TaK)Ke 

1 ikx 
J µ ( X , t) = - I,. J µk ( t) e 

y'V k 

2.1. B qiopMyJJax /10/, /11/ CJJeJJ,yeT npHHJITb: 

1 ikx 
A(x,t) = --I. Ak(t)e 

yV k 

/17/ 

/18/ 

TorJJ,a qiopMyJJbl /10/ npeMyT BHJJ.: 

➔ ➔ ➔ ➔ 

A k(t) ➔ Ak(t) = Ak (t) + i,tAk (t). /lOa/ 

A kO ( t) ➔ A k.O _( t) = A kO ( t) - A k ( t ) • /106/ 

IlocneJJ,Heii qneH B qiopMyne /lOa/ ecqe3aeT npe k =O e oTneqee 

OT nocneJJ,Hero qJJeHa qJOpMyJJbl /106/. HMeHHO n03TOMY B /15/, 
He BXOJJ..11 B npOTHBOpeqee C rpaJJ,HeHTHOH HHBapeaHTHOCTblO, MO)KHO 

He yqHTLIBaTb BKJJaJJ, OT A jO ( t) npe. j = 1 ,2 ,3 , HO He06XOJJ.HMO 

yqecTb BKJJaJJ. OT A oo< t). 

rJJ,e 

2.2. IlOJJ.CTaBHB /15/, /17/ e/1/, nonyqeM 

• 3 
L(A,'I')= ffdx=L (A)+L (A)+L (A,'l')+L (A,'1')+ 

phl _Ph2 11 12 

+ L ('I'), /19/ 
e 

L (A)=~.!_ I. [k2 A (t)A (t)-k A (t) k A (t)] , 
phl 2 k s 

1
- s j,k j,-k s s,k j j,-k 

• • "/19a/ 

Lph2 (A)=.!..._1 [A.k+ik. A0 k(t)] [A._k(t)-ik. A 0 .,.(t)]. 
2 J ,kjO J • J • J • J •""' 

Lu(A~'l')=+e I.. A.k(t)J._k. (t); 
k#O,J J, J, 

L (A,'I') =-e I. A (t) J
0 

(t)-e A
00

(t)J
0
-
0
(t), 

12 kifO O,k ,-k _ 

. 3 . 
T..., ( 'I') = I f ( 'I') d X • 

e e 

/196/ 

/19B/ 

/19r/ 

/19JJ./ 

7 



BapbHpy,i nonyqeHHOe Bbipa)KeHHe no A j,k (t),A O,k (t), iµ H iµ, nony-
qHM ypaBHeHHJI 3.iinepa: 

a 2 2 . 
-(-2- +k )A k(t)+k k.A.k (t)-1k A

0
k(t)+eJ

0
k(t)=0, at s, s J J. s , . 

. /20/ 
2 • 

k 8 A 0,k(t)- ik8 A s,k(t) =e J 0,k(t), /21/ 

[ y µ (aµ - ie Aµ ) + m ] 'I1 = 0 /22a/ 

Yµ (aµ+ieAµ)ip Yµ -m'I1 =0. /226/ 

2.3. YpaBHeHHe /21/ npH k =0 AaeT npOTHBopeqHe, H6o 
npaBaH qaeTb ero npH k=O nonO)KHTenLHa 

(Joo Ct) =___!__-f'I1*(x,t)'I1(x,t)d 3 x >0), 
. yV ·.· 

a neBaH qaeTb npH k = 0 Heqe3aeT. 

2.3.1. /C ypaBHeHHeM /20/ aHanorHqHoro npoTHBopeqHJI He 

B03HHKaeT: H3 Hawero Bbl6opa AjO = 0 H qJOpMyn /19a/, /19B/ 
eneAyeT, qTo B /20/ k ,/, 0 /. 

2.4. 'lTo6bl YBTH OT :noro npoTHBOpeqH.11, Mbl He 6yAeM eqH­

TaTb qlyHKUHIO Aoo(t) B /19r/ BapHaUHOHHbIM napaMeTpOM H 6y­

AeM HeKaTb MHHHMYM AeiieTBHJI TOnbKO no nepeMeHHblM Aµ. k , 
k f O • 

BeneAeTBHe 3Toro ypaBHeHHJI 3.iinepa y Hae 6YAYT OTnHqaTb­
eg OT ypaBHeHHB MaKeBenna: BMeeTo /6/ y Hae 6yAeT 

- . - 1 . 
a a A -a a A. +e[J (x,t)--J 

0
(t)] =o, 

V V µ µ V V µ yV µ, /6a/ 

rAe 

- 1 "k Aµ (x,t) = -- I Aµk (t)e 1 x 
yV k,/,O ' ·. 

JlcHo, qTo KOHKpeTHblH Bb16op 4>YHKUHH A
O 

0( t ) 
BnHJieT Ha qJH3HqeeKHe non.11 E H ii: ' 

HHKaK He 

E = -F - gradA0 , 

I1 = rot A . /23/ 

8 

,j 

2.5. liTaK, B ypaBHeHHJIX /21/ eneAyeT npHH.IITb k '=IO. TorAa 
HaXOAHM H3 /21/ 

A 0 k(t)=[eJ0 'k(t)+ik A k(t)]/k 2 , 
' ' s s, k,k 0. /24/ 

Ilom:TaBHB 3TOT pe3ynbTaT B qiopMynhl /19B/, /196/, nonyqHM 

L = -e2l 
12 k,SO 

Jo }t) 1o _/t) 
k2 

-ie I 
k,SO 

k A /t)_ J .. (t)-eA (t)J
0
o<t), s s, . O -k 00 

k
2 

/25/ 

r_.. h2=L I [Atrk(t)+iek J 0 k(t)/k{2] [Atr_k(t)-iek J
0

_k(t)/k 2 ]. 
P 2 k,SO s, s , s, s , 

3Aeeb 

tr 
A k (t) =A k(t) -

s' s' 

raK qTo 

Atr (t)k =0. 
s,k s 

k 8 k j 
2 k 

/26/ 

A.k (t), 
J' 

k ,/, 0, /27/ 

/28/ 

2.5.1. Il03TOMy qJOpMyny /26/ MO)KHO nepenHeaTb B BHAe 

1 . tr · tr tfZ 
Lph2 = -2 I A J. k (t) AJ- -k (t) + - I 

' ' 2 k,/,0 
JO,k (t) JO,-k(t) 

k2 

3aMeTHM TaK)Ke, qTo H3 /27/ H /19a/ eneAyeT 

L = - .!_ I k2 A tr ( t ) A tr ( t) . 
phl 2 .k,SO sk · s,-k 

2.6. ,l:{anee, npoH3BeAeM 3aMeHy nepeMeHHhlX 
-

-ieA (A) 
'!l(x,t)=e · ¢(x,t), 

rAe 

__ A(A) _i .. I kj A. (t) -/V k,S o J ,k e ikx 
k2 

TorAa nony'IHM 

/29/ 

/30/ 

/31/ 

/32/ 

9 



L ( 'I' ) = L ( ¢ ) + e f d 3x J (x-) a A (A) 
e e /l fl 

2-
= L e(¢-)-e k¼o Js,-k(t) k 8 A j,k (t}k-j /k 

• 2 
+ie~ Jo J.t) k.A. k{t)/k k;lo • J J, 

/uenHqBHa Le onpe,I1,eneHa cl>opMynaMB /3/ u /19.D./ /. 

/33/ 

2.7. Co6Hpas qneHLI /30/.,, /29/, /25/,_ /19u/ a- /33/, nonyquM 

pe 3 y nLTBPYIOUU'IO cl>YHI<UBIO JlarpamKa: 

L =Ltr +I:.' +LQ+Le(cf;) +L" 

r.D.e 

tr 1 · tr · tr 2 tr tr 
L = 2 k10[As,k(t)As,-i£t)-k As,k(t)As,-k(t)T, 

L (¢) =-Jdxef,(y a -m)¢ 
e µ. fl 

tr . - tr 
L' = e I A k( t l J k( t) = te f d x ¢ y A ¢ • 

kiO s • s ,- s s 

e 2 Jo k (t) Jo -k€t} 
[, --- 2. . . 

Q- 2 k;,'O k2 

L" =-eA O,O(t)JO,O (t). 

2.7.1. IlpOH3Be,IJ,eM ellle 3aMeHY nepeMeHHOH: 

t A (r) 
¢ ( x , t1 = 7J ( x , t) exp [ -ie f dr 0

~ l . 
..;v 

Tor.D.a nonyquM, oqeBB.l(HO, 

L (¢)=L {11}-L". 
e: e 

2.7.2. TaI<BM o6pa3-0M, BMeeM 

10 

/34/ 

. /34a/ 

/346/ 

/34B/ 

/34r/ 

/34.D./ 

/3Ia/ 

/34e/ 

,f 

L =Ltr +Le(71)+L'+LQ. /34')1(/ 

3Ta cl>YHI<UH.11 JlarpaH')l(a JIBnJieTC.11 Heoco6eHHOH B TOM CMLICne, 

'ITO HR O.l(BH B3 onpe.l(eneHHLIX eIO I<aHOHBqecI<H CODp.ll')l(eHHLIX 

BMDYilLCOB He 06pa1UaeTC.ll B HynL. 

2.8. Ilo3TOMY raMBilLTOHHaH .l(Il.11 cl>YHI<UHB JlarpaH')l(a /34')1(/ 
Haxo.l(HTC.11 no 1<aHOHHqecKoMy peuenTy: 

H = Htr +H {7J) -L' ..:.L 
e Q /35/ 

r.l(e 

H tr = ..!,_ 2 [ 17 tr ( t) 17 tr ( t) + k 2 A tr ( t) A tr ( t) ] , /35a/ 
2 k#O sk s,-k s,k s,-k 

He(TJ) = fdx7J*(x) (-i; V +f3m)7J(x) 

tr 
3.l(eCL 17 s,k - HMDynLC, I<aHOHHqecI<H conp.ll')l(eHHLIH A trk 

s, 

tr · tr 
17 s,k = A s,-k• 

➔ ➔ 

• f3 = y 4 a = iy4 y 

/356/ 

/35B/ 

2.8.1. Ilo.l(qepI<HeM, qTo WYHI<UHH 17 ~r.k , A:: k , k ~0 , 
J k(t) , T/ , 1/* B cl>opMynax /35/, /34/ OCTaIOTC.11 HeB3MeHHLIMH 

s, 
npB rpa.l(HeHTHOM npeo6pa30BaHHB /10/, /ll/ /cM. /31/, /3la//. 

2.8.2. IlO3TOMY raMHnLTOHBaH /35/ .IIBn.lleTC.11 xanu6pouoqHo· 

HHBapuaHTHLIM. 
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