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Tol!Hh!C pewemut c KOHetiHOH: 3ncpntci': n ucnHHernn.Ix 
SU(2)xSU(2) H Sl:(2)xSU(l,l>KupnnhHb!X reopuHx 

PaccMarpnBalOTCSI HcnuHefiHJ,Je narpnurr·;onu peaJIU3D.UHif KO~.trraKTHoii 
(S~xSU2 ) H HeKOMIIaKTHOif (SU 2 -~SL1. 1 )KHpllnbHUX Clt~1MeTp11JJ. H.:w:teH 

60nbiUOH K118CC TOt.tJibiX pCWCHHii COOTBeTCTB}IOI..!JHX ypanHCHUi! lil!OHHOr'O 

Il01ISI B 3+1-~topHOM npOCTp8tiCTBE>-Dp8MCHU:, COUeptKilUIUli II0,1Knl1CC KUJie\.fH0-

9HepreTnYeCKHX peweHHf~. npC!IJ10/K8HH851 npolteDypa 00-C'lBOJlSieT, HQ OCl!One 

n106oro (KoHC'-IH03Heprerw-wcKoro) peweiiHH nonHoBoro ypaeHcmH1 =r = 0, 
IlOCTpOHTb COOTB8TCTBY!Oi.HeG ( KOH84H031ICprerl!'-leCK08) pelUGHIIC Kllp8.Hhlll IX 

II0118BLIX ypanHeHHfi. 

Pa6ora BhmonHeHa B !IaGoparopHit TeopentYecKoi1: ¢H3HKH Oll.HH. 

npenpHHT 06"beaHH8HHOf"O HHCTHTyTa >lll8]1J!b!X HCCneaoBaHnii, flyGHa !978 

Velchev C.I., Enikova M.M., Karloulwvsld V.I. P2 - 12020 

Exact Finite-energy Solutions in Nonlinear SU (2) x SU (2) 
and SU(2)xSU(l,l) Chiral ThGories 

Lagrangian realizations of the compact (SUo x SU?) and non­
compact (SU2 xSU1 1) chiral symmetries are consid~ered.- A large cla.:;s 
of exact solutionS to the corresponding pion field equations in 
3+ 1-dimensiona.l spa.ce-time is found. It contains a subclass of 
finite-energy solutions. Our procedure <'ll:o\vs, in pa.rticular, given 
any (finite-energy) solution of ti-le d'Ala.mbert \vare equation, ::::H = O, 
to construct a corresponding family of (fini~e-energy) solutions of 
the chiral field equations. 
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BBE/l,EHHE 

1 J 2 I 
KoHI.{CIII.{H11 a - Mo.r~eneii /naneiiHhlx H HCJIHHCHHbiX/ 1 • 1 B03HHK-

Jia B KOHI.{C II11TH.L\CC11ThiX rO.llOB B TCCHOH CB113H C pa3BHTHCM lj>HJHKH 

BhiCOKHX 3Hepraii. Ilocne pa60Thl renn- MaHHa H JleBH /:l/ ponh 

!! - MO.llCJICH B I}JH3HKC 3JICMCHTapHhiX 'laCTHI.{ 6h!na WHpOKO IIpH3HaHa, 

OHH 6binH HCIIOJib30BaHhl B Ka'ICCTBC TeopeTHKO- IIOJieBOH peaJIHJal{HH 

KHpanbHOii: anre6phl TOKOB H PCAC. 3Ha'lenue KHpanbHhlx Teope­

THKo-rroneBbiX Mo.ueneii, o.uHaKo, He Hc'leprrbiBanocb HX ycrrexoM 

B lj>CHOMCHOJIOrHH LJaCTHI.{. C CaMoro Ha'laJia OHH 1IpC.llCTaBJI11JIH HH­

Tepee H C TO'fKH 3pCHH11 MaTeMaTH'ICCKOH lj>HJHKH,H, KCTaTH, 3TOT 

aCIICKT rrpeo6na.uan B pa6oTaX CKHpMa / 2• t, s/, KOTOpbiH, K IIpHMepy, 

HCIIOJib30Ban B HHX MO.llHOC CCH'IaC IIOH11THC TOIIOJIOrH'IeCKOrO 

JapHJla. HHTepec K 3TOMY MaTeMaTH'ICCKOMy acneKTY KHpanbHhiX 

TeOpHH JaMeTHO B03pOC B IIOCJIC.llHHe rO.llhl. Cyll.ICCTBYCT TO'IKa 

3peHH11 /f>, ~I, 'ITO KHpanbHbiC IIOJI11 MOryT 6bJTb IIOJJC3Hh!MH IIpH 

ITOCTpoeHHH MO.llCJlH IIpOT11iKeHHbJX a.upoHOB. 

Ilpe.unpHHHMaJIHCb HeO.llHOKpaTHbJC IIOIIhiTKH HaRTH KOHC'{H0-

3HepreTH'fCCKHC peweHHH B KHpaHbHhiX TeopHHX. B JHa<JHTeJJbHoii 

'laCTH 3THX pa6oT, H3 C006paiKCHHH CTa6HJibHOCTH, paCCMaTpHBa­

JIOCb 2+1- MCpHOC 1IpOCTpaHCTBO-BpCM11, HJJH, 'ITO TO iKC CaMoe, 

IlpOCTpaHCTBO-BpeMH C'IHTaJJOCb 3+1-MepHhiM, O.llHaKO IIOCTpOCHHbJe 

peWCHH11 6h!J1H BOpTeKCHOrO THIIa, .llJ111 KOTOphiX O.llHO H3 IIpOCTpaH-
'8 G I 

CTBeHHbiX H3MepeHHH 11BJI11JIOCb HeCyll.ICCTBCHHhiM I '~ 1 • 3.UCCb Mhl 

He 6y.ueM paccMaTpHBaTb 2+1- MepHhiH CilY'IaH, XOT11 OH TOiKC HHTepe-
I . 

CCH B HCKOTOphiX OTHOWCHH11X /CM., HaiipHMCp/ lO; /. 

4T06hl o6ecne'IHTb CTa6HJlbHOCTb pemeHH11 B 3+1 IIpOCTpaH­

CTBCHHO- BpCMCHHbiX H3MepeHH11X , B /ll / 6h!Jla IIPC.llJIOiKCHa MO.llH­

lj>HKal{H11 narpaHiKHaHa H .llCHCTBH11, H TaKHM o6pa30M 6h!JIH IIOJIY'IC­

Hhl HeKOTOphle TO'fHhiC peWeHH11 C KOHC'IHOH 3HCprHeii MO.llHij>Hl{Hpo-
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BaHHbiX llOJieBbiX ypaBHeHHH. C ,llpyroH CTOpOHbl, HeCKOJibKO yTBep)l(­

,lleHHH 0 HeCyi.QeCTBOBaHHH KOHe'iH03HepreTH'ieCKHX peWeHHH, OCHO­

BaHHbiX Ha BapHaUHOHHbiX paCCMOTpeHHHX, fibiJIH c!lJopMyJIHpOBaHbl 

B /J zj r,lle MO)I(HO TaK)I(e HaRTH KpHTH'ieCKHe JaMe'iaHHH ITO llOBO.llY 
, v 8 9 jl 

peweHHH, llOJiy'ieHHbiX B ' ' . 

B HaCTOHI.QeH pafioTe HJy'iaiOTCH KHpaJibHble MO,lleJIH ,llJIH llHOHOB 

C KOMllaKTHOH (SU 2 x SU 2 ) H HeKOMllaKTHOH (SU 
2 

v SU 1, I) KHpaJib­

HbiMH rpynnaMH. B nepBOM paJ,lleJie llpHBe,lleHbl OCHOBHbie COOTHO­

WeHHH HeJIHHeHHbiX peaJIHJaUHH 3THX CHMMeTpHH B ofiOJHa'ieHHHX 

Baii:H6epra1 131. 

B cne,llyiOI.QHX paJ,llenax, npeHe6peraH Tpe6oBaHHeM cTa6Hnb­

HOCTH IHallOMHHM, 'iTO TOJibKO HeMHOrHe 'iaCTHUbl B npHpO,lle CTa­

fiHJibHbl H 'iTO BpeMH )I(HJHH llHOHa, B 'iaCTHOCTH, 2,603· 10 -H C ,llJIH 

• -16 o I 
7T . H 0,828 ·10 C ,llJIH 7T , Mbl OCyi.QeCTBJIHeM llOHCK MaKCH-

MaJibHO WHpOKOrO KJiacca TO'iHbiX p,eweHHH llOJieBbiX ypaBHeHHH. 

IlpH 3TOM HCllOJibJyeTCH MeTO,ll, OllHCaHHbiH B / 1 l,' JaKJIIO'iaiOI.QHHCH 

B BapHaUHH KOHCTaHT HHTerpHpOBaHHH llJIOCKO- BOJIHOBbiX peweHHH. 

11X Mbl npHBO,llHM BO BTOpOM paJ,lleJie. IlonyqaeM 6oraTbiH llO,llKJiaCC 

TO'iHbiX peweHHH C KOHe'iHOH 3HeprHeH, KOTOpble KOHCTpyHpyiOTCH 

H o6cy)l(,llaiOTCH B TpeTbeM paJ,lleJie. 

1. KOMIIAKTHA.Jl H HEKOMIIAKTHA.Jl KHPAHbHOCTb 

06oJHa'iHM qepeJ V 11 (x) a 
H Aall(x) BeKTOpHble H aKCHaJib-

HO-BeKTOpHble TOKH, Y.llOBJleTBOpJIIOI.QHe O,llHOBpeMeHHbiM KOMMyTa­

UHOHHbiM COOTHOWeHHHM KHpaJibHOH anre6pbl TOKOB: 

[ v~ (x)' v~ (x ')]8(xo- x~) if bV0 (x)8
4
(x-x') 

a c c 

[V~ (x), A~ (x')] 8(x0 X~) if b A 0 (x)8
4
(x-x') 

a c c 

[A0c(x), At (x').o(x 0 - x~) ry if b V 0 (x) 8
4 

(x- x ') . 
a c c 

11.11 

J,lleCb 1] = ± 1, H llpH 3TOM TJ ~ + 1 H TJ = -1 COOTBeTCTBYIOT TaK 

HaJbiBaeMbiM KOMllaKTHOH H HeKOMllaKTHOH KHpaJJbHOCTJIM/l :YXopOWO 

HJBeCTHO, 'iTO, HanpHMep, JHaK llHOH-HYKJlOHHbiX ,llJlHH pacceJIHHH 

COrJiacyeTCH C KOMllaKTHOH KHpaJibHOCTbiO, T .e. KHpaJibHOH 

(SU2 x SU 2 ) -rpynnoii IHeKoMnaKTHaH KHpanbHaH rpynna Q • O,llHa-
.ll 

4 

/{) "' v KO, paCCMaTpHBaJiaCb B . . KaK ,llOllyCTHMaH C ~HJH'ieCKOH TO'iKH 

JpeHHHI. J,lleCb HaC He HHTepecyeT $eHOMeHOJIOrHH 'iaCTHU, H HaM 

Ka)l(eTCH ecTeCTBeHHbiM paccMa TpHBa Tb KaK KOMllaKTHyiO, TaK 

H HeKOMllaKTHyiO KHpaJibHYIO rpynny Ha paBHbiX OCHOBaHHHX. 0TMe­

THM TaK)I(e 'iTO Mhl orpaHH'iHBaeM paCCMOTpeHHe paMKaMH KJiaC­

CH'ieCKOH TeOpHH llOJIH H npeHe6peraeM, B 'iaCTHOCTH, BCeMH 

npo6neMaMH onepaTopHoro YMHO)I(eHHH. 

B HaCTOHI.QeH pafioTe Mbl HaXO,llHM KJiaCCH'ieCKHe peweHHH B He­

JIHHeHHblX JiarpaH)I(eBhiX peaJIHJaUHHX KHpaJihHOH CHMMeTpHH. Bbi­

llHWeM ypaBHeHHH, peweHHH KOTOpbiX fiy,lleM HCKaTb. JlarpaH)I(HaH 

fiHOHHOrO llOJll! .,;. (77] , i7
2 • 77

3
1 HMeeT BH,ll 

~) ~· ! g . 2 
) j a ·.f'· j, 
' ( ILTi (j iT • 

r,lle MeTpH'ieCKHH TeHJOp 

• 2 2 
gab(rr) = dl( 77 )oab + dz(rr ) 77 a 77 b • 

d I (rr 2) 
F2 

7T 

~ 0 
717T~+f~ 

d 2(rr 2) 
_ F2"' + 4ff' _ 4 77 2 f, 2 

7T 
(ry 77 2 + f 2) 2 

11.21 

11.31 

11.41 

3.lleCh F i7 .~ 95 M:JB - KOHCTaHTa pacna,lla nHoHa, a f(rr 2 ) - npoHJ­
ry 

BOJlbHaH $yHKUHH iT-. OTBe'iaiOI.QaH TOMY HJIH HHOMY Bbi6opy napa-

MeTpHJaUHH B KpHBOM HJOCITHHOBOM npOCTpaHCTBe. 

r,lle 

YpasueHHH noJJH MoryT 6b1Tb JanHcaHbi B $opMe 

a 
:.__1 .7 I a ·1 _h ·11' ' 

I 
( u ( rr 

)!' fl 
- 0, 

1 r'l<> i!g (ig 
I · a _ _ g an 1 -"-~· 1 --~ _ -~ ) 

he· 2 ()77 h rl77r (iTT n 

11.51 

11.61 

- CHMBOJI KpHcTo$$enH, cooTBeTCTBYIOI.QHH MeTpHKe I 1.31, I 1.41. 
MO)I(HO BhipaJHTh ero qepeJ $yHKUHH Bali.H6epra f\rr

2
): 

l .a 7J"2ff'( .a. "') 2f' _.1 ~ 4ft a II 71 
1 

~ ----- rrhi) , rr o1 -----, o - ----TT TTbTT .• • 
"' '1" 2 >· f 2 ' ' ' f- 2rr2f' be f-2rr2f' L 

reoMeTpH'ieCKaH HHTepnpeTaUHH HeJIHHeHHbiX peaJJHJaUHH KOMllaKT-
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HOH KHpaJibHOH rpyrrrrbl UIHpOKO o6cy)I(.D.aJiaCb B JIHTepaType /eM., 

HarrpHMep, /J?-ZO/ /. 

)l.aJibUie 6y.n.yT HCI10Jlb30BaHbl CJie.D.YlOI.l.IHe Bbipa)l(eHHH: 

yJl 
a 

AJl 
a 

F 2 
___ TT_ f TTb aJlTT~ 
ryrr2+f2 aLr ' 

F2 
---"- [raP. rr - r'WP. "

2 
)rr J 

2 2 a a 
TfTT + f 

/1.8/ 

.II.JlJI BeKTOpHOrO H aKCHaJibHO·BeKTOpHOrO TOKa. 06a OHH COXpaHJI· 

IOTCJI: 

a A P. ~· o J1 a , 
a vP. ~ o J1 a . /1.9/ 

Mbi 6y.n.eM o6o3Ha'!aTb qepe3 

v 3 
Q - f V" (x) d x, a a 

A 3 
Q a = J A~ (x) d x /1.10/ 

COOTBeTCTBYIOI.l.IHe 3apJI.D.b1. 0TMeTHM TaK)I(e, 'ITO ITJIOTHOCTb 3Hep­

rHH 

a f' . a 
}( c• --- c) Q TT - f' 

a(a rra) 
() 

/1.11/ 

MO)I(eT 6b1Tb 3aiTHCaHa B BH.D.e 

1 a TT 2 2 1 dTT 2 2 2 2 }(=
2

d
1
[(-) +(Vrr)]+-d

2
[(-) +(Vrr)]. 

axo 8 axo 
/1.12/ 

2. IIJIOCKO- BOJIHOBblE PEDIEHH.R 

B He.n.asHeB: pa6oTe/ZI/ KoynMeH Hawen rrnocKo-aonHOBble pe­

weHHJI Hea6eneBOH KaJIH6poBOqHOH TeOpHH ITOJIJI /6e3 HCTO'!HHKOB/ 

B rrpOCTpaHCTBe MHHKOBCKOrO. B 3TOM paJ.D.eJie Mbl pewaeM aHa­

JIOrH'!HYIO rrpo6neMy .D.JIJI KHpaJibHOH TeOpHH ITOJIJI. C 3TOH l{eJiblO 

OTblCKHBaeM peweHHJI ypaaHeHHJI I 1. 5/ BH.D.a 

TTa = rra(r), T = p X, /2.1/ 

6 

r.n.e p - 4-BeKTOp, .D.JIJI KOTOporo p
2 

= S f 0. YpaBHeHHJI ITOJIJI 

/1,5/ TOr.n.a CBO.D.JITCJI K CJie.D.YlOI.l.leH CHCTeMe 06blKHOBeHHbiX .D.HtP" 

tllepeHl{HaJibHblX ypaBHeHHH: 

d2 rra , a drrb diT" 
-- + ll ----

dr2 w dr dr 
0, /2.2/ 

H 3TO KaK pa3 ypaBHeHHJI reO.D.e3H'!eCKHX B KpHBOM H30CI1HHOBOM 

rrpocTpaHCTBe. Bse.n.eM ctllepHqecKHe KOOP.D.HHaTbl rr(x), O(x) , <,'>(x), 

CBHJaHHbie C .D.eKapTOBbiMH KOOp.D.HHa TaMH TTa (x) COOTHOUieHHeM 

TTJ rr sinO cos¢, 

TT2 TT Sin (} Sin cp , 

TT 3 
= TT COS(} • /2.3/ 

PewaJI 3TH ypaaHeHHH a .D.H«PtllepeHl{HaJibHOH reoMeTpHH, rronyqaeM 

cne.n.yiDI.l.lee ceMeiicTao reo.n.e3H'!eCKHX s cnyqae 'I 1 1: 

1 2 2 2 2 [ 2 2 2 -1 2 . 2 -1 1/2 
;f(rr) =yF"C2-C3 F"C2 cos (F" C2 (r+C 1))+C3 sm (F"C2(r+C1.))l x 

X sin [ F~1 c z(r + cl ) ] . 

2 2 2 -1 2 2 -1 -1 I 2 
sinO = [ FTTC2cos (FTT C2(r + CJ )) + c3 sin (FTT C2(r + CJ ))] X 

l 
-l -1 

x F"C 2 sinC 4 cos(F" C 2 (r+C 1 ))-C3 cosC4 sin(F" C 2(2+C 1))], 

¢ = Cs, 
/2.4/ 

HJIH, B HaUieH 

3.n.ecb C 1 , .•• Cc, 

3a.n.aqe, rrnocKo- sonHOBble peweHHJI BH.D.a /2.1 I. 
Bel.l.leCTBeHHble KOHCTaHTbl HHTerpHpOBaHHJI. 

B cnyqae HeKoMrraKTHOH KHpanbHOCTH, 'I = -1 , aHanorH'!HblM o6-

paJOM ITOJiy'!aeTCJI CJie.D.YlOI.l.lee ceMeHCTBO ITJIOCKO- BOJIHOBblX pewe­

HHH: 

1 2 . 2 2 2 2 2 2 -1 2 2 -1 -l/ 2 
;f(rr )=>'FrrC 2 +C 3 [F"C2 ch (Frr C 2 (r+C1 )) +C3 sh (Frr C2 (r+C 1))] x 

x sh[ F~ 1 
C2 (r+C 1)], /2.5/ 
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2 2 2 -1 2 2 -1 -1 2 
Sine= [~7Czch (FIT Cz(r+CI)) + c,sh (F77 Cz(r+CI))l . X 

x [F77 C 2 sinC 4 ch(F;
1c2 (r+C 1))- C 3 cosC 4 sh(F;

1c2 (r+C 1))), 

¢ = C5. 

JlerKO BH,LieTh, 'ITO CeMeHCTBO peweHHH /2.5/ MO)I(eT 6biTb ITOJiyqe­

HO H3 /2.4/ JaMeHOH Bell.leC fBeHHOH KOHCTaHTbl C, 'l.HCTO MHHMOH -- ~ 

KOHCTaHTOH i C~ - C 2\ I} • 

He IIpHBO,LIX 3.LICCh ,LieTaJibHhiX Bhl'l.HCJieHHH, OTMeTHM, lJ.TO 

CHCTeMa .LIH¢$epeHUHaJibHhiX ypaBHeHHH /2.2/ 06Jia,LiaeT CJICAY!OIJ.IeH 

CHCTeMOH HYJICBhlX HHTerpaJIOB: 

H 

d ( 2) ( 2 • 3 3 • 2) 177 7777 -7777 - C 3 sin C 5 = J 1 , 

d ( 2) ( 3 .J I • 3) 177 7777 -7777 C3 cosCs ""J2 , 

d( 2)(1-2 2-l) 177 7777 -7777 J3 0 /2.6/ 

d 1 (77 2 )[ f (77 
2

) rr I - 2 f'(77 2
) (77rr) 77 

1] = _,./ F; C~ - C~3 sin C 
4 

cos C 
5 

= K 1 , 

d
1 

(77 2)[ f(77 2
);

2 
- 2f'(77 2)(77;) 77 2] =-yF

77
2C;- C~ sinC 

4 
sinC 

5 
= K

2
, 

d1 (77 2)[ rc77 2); 3 - 2 r'(77 2) (77rr) 77 
31 1 F 2C 2 - C 2 cosC v 77 2 3 4 - K 3. 

/2.7/ 
IlXTh H3 HHX HCJaBHCHMbi; 

WeHHeM [ • K = 0. -­

IlpH Bhi6ope f(77 2
) "\ F 2 

Tl 

BCe WeCTh HHTerpaJIOB CBJI3aHbl COOTHO· 

-77 2 /2.4/ IIpHHHMaeT BHA 

77 [ 2 2 -I 2 -2 2 -I I I 2 
F

77 
cos (F

77 
C

2
(r+C

1
)) + C

3
C

2 
sin (F

77 
C

2
(r+C

1
))] 

77 sine 
-1 -1 -1 

F77 sinC 4 cos[F77 C 2(r+C 1 )l-C2 C 3 cosC4 sin[F77 C 2(r+C1)1, 

¢ cs. /2.8/ 

8 

1 

~ 

IlJIOTHOCTb 3HeprHH 

•) ') ·) 

J1 _ !c;cp~ "!5-l 
2 ~ 

/2.9/ 

BCeX peweHHH /2.4/, /2.5/ IIOCTOXHHa H, CJie):IOBaTeJibHO, orpaHH­

lJ.CHa BeJ):Ie B IIpOCTpaHCTBe·speMCHH, O,LIHaKO HX ITOJIHaX 3HCprHX 

6eCKOHe'!Ha. IlJIOCKHe BOJIHhl ITOJie3Hhl B JIHHeHHhiX TeOpHXX, r,Lie H3 

HHX MO)I(HO o6pa30Bh!BaTb cynepiT03HUHR H CTpOHTh JII06oe ,Lipyroe 

peWeHHe, B lJ.aCTIIOCTR peWeHHX C KOHe'IHOH 3HCprHeH. 3):1eCb Mhl 

HMeeM ,LieJIO C HCJIHHCHHOH TCOpHCH IIOJIX H He JHaCM, 'l.CM JaMe­

HXCTCX 3TOT IIpHHUHIT cyrrepii03HUHH. 0):1HaKO B CJIC.LIYIOIUCM pa3,LICJie 

Mhl ITOKa)l(eM, lJ.TO BCC- TaKH MO)I(HO HCIIOJib30Ba Tb IIJIOCKO • BOJIHOBble 

peWCHHX /2.4/, /2.5/ ):IJIX IIOCTpOCHHX peweHHH C KOHC'l.HOH 3Hep­

rHeH. 

3. PElllEHHJI C KOHEtJHOH 3HEPFHEH 

IlpC)f(,Lie BCero ITOITpo6yeM paCWHpHTb HaCKOJibKO B03M0)1(H0 

CeMCllcTBO peWCHHH, ITOJIY'ICHHblX BO BTOpOM pa3,LICJIC. C.LICJiaeM 

3TO C IIOMOIUhiO MCTO,Lia BapHaUHH IIOCTOXHHbiX, IIpC,LIJIO)I(CHHOrO 
itt' 

B HC,LiaBHeH pa6oTe ' . BMCCTO pX+ C I .C z• .. C , B /2.4/ H /2.5/ 
IIO,LICTaBJIXCM HCKOTOphle cPYHKUHH r(X) ,~ 2 (x), ,., s".;(X). 06oJ· 

Ha'l.HM 

A I ~"z 21 -1 I t zf -1 ~ )11-1;2/ I (x) c F" s
2

(x)cos Fr. [,
2

(x)r(x) -t _
3

(x)sin Fr. .;-}xlr(x 3.1 

H HaiTHWCM 

1 2 2 2 2 1 I 2 -1 
-f(77) =A(x)[F77 ,f2 (x) -,f3 (x)] sin[F 77 ,f 2(x)r(x)], 
77 

-I 
sine= A(x)!F77 ,f2 (x) sin,f4 (x) cos[ F77 ,f2 (x )r(x)] 

[ 
-1 t 3 ( x) cos.; 4 ( x) sin F 

77 
t 2 ( x) r ( x)) I , 

¢ = t 5 (x) . 
/3.2/ 

MO)I(HO IIOKaJaTb HeiiOCpC,LICTBCHHO, npHHHMaX BO BHHMaHHe /2.2/, 
'ITO ecnH cPYHKUHH r , .;:

2
, ... .; c. Y.LIOBJieTsopxiDT ypasHeHHXM 
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or = 0, 

D~n = 0, 

a ra 11~ 
f1 n 

0, a ~ a 11~ = o, 
f1 m n 

m, n 2, ... 5. 

13.31 

13.41 

13.51 

TO llHOHHble TIOJUI, TIOCTpoeHHble TipH TIOMO~H 13.21, y~OBJieTBOp.ll· 
JOT ypaaHeHH.IIM non.11 I 1. 81. )l.anhwe HeTpy ~Ho HanHca Tb, c yqe­

TOM 12.21, CJie~yiO~ee Bb!pa)l(eHHe ~Jl.ll TIJIOTHOCTH 3HeprHH 11.121 
B TepMHHaX r H ,;': 

1 2 ar 2 2 
2~2(x)[(-) + (Vr) ] + 

aXo 
J1 

4 a~ 
~ [(d + TT2d )5!.!!_.!!.!!_ + TT2d ~~]~-n + 

n=2 1 2 dr a~ 1 dr a~ ax ax 
n 0 0 

4 
+ ~ l(d1 + 7T2 d ) .!!.!!_ 5!.!!_ + 7T 2d j_Q_ .zQ_] a~m a~n + 

m,n=? 2 a~ma~n 2a~ma~n r1Xo r7Xo 

a~ 2 
+ dl 7T 2sin2 0( ax;) . 13.61 

K HecqacTbiO, Mbt He 3HaeM o6~eii: npol.le~ypbi peweHH.II BOJIHOBbiX 

ypaBHeHHH 13.31 H 13.41 npH HaJIH'IHH CB.II3eH 13.51. Mbl MO)I(eM 

TOJlbKO noJiy'laTb HeKOTOpble CeMeHCTBa TO'IHbiX peweHHH. fipo-

CTeHWHMH H3 HHX .IIBJI.IIIOTC.II: 

~2 .. • = ~ 
5 

= const , 

13.71 
or (x) 0 

H 

~ = TJ (kx) 
n n 

k
2 

= 0. 

or(x) = 0, ~a11 r=0, 13.81 

r~e r1 - npoHJBOJibHble <PYHKJ.lHH HX apryMeHTa k x . B cnyqae 
Jl 

13.7 I nnoTHOCTb 3HeprHH npHHHMaeT npocToii: BH~ 

2 2 ° 11=!.~[(~) +<Vd~l, 
2 2 a x 0 

13.91 

TaK )l(e KaK H TeH30p TIJIOTHOCTH 3HeprBH" HMTIYJibCa: 

10 

I 

I 

i 

I 

I 
j. 

l 
J 

·r 1 "~~ · · · A. 1 -· - s a ul T - 'I d, rd r • 
i"' 2 2 I' I' (tv " 

13.101 

0Ka3biBaeTC.II, O~HaKO, 'ITO y)l(e Ha6opa 13.71 ~OCTaTO'IHO, 
'IT06bi HaTIHCaTb o6WHpHOe ceMeHCTBO TO'IHbiX peweHHH C KOHeq­

HOH 3HeprHeH ypaBHeHHll TIOJlll 11.51. qT06bl TIOKaJaTb 3TO, Ha­

TIOMHHM, 'ITO eCJIH 

a = a (x) . f3 {3 (~) 13.111 

JII06ble <iJyHKJ.lBH TipOCTpaHCTBeHHblX nepeMeHHbiX, TO Cy~eC T-

ByeT e~HHCTBeHHOe peWeHHe r(x
0

.x) ypaBHeHHll 13.31, y~OBJieT-
BOpliiO~ee Ha'!aJibHblM yCJIOBHliM 

T (0, X) '' a (X) , !!!_ <o. x) ~ fJ(x) . 
axo 

0HO HMeeT BH~ 

a x0 " 21r ... ... 
r(x

0
,x) =-a [-f Ja(x+x0n)sinf1df1dA) + 

Xo 4TT 0 0 

Xo TT 21T _. _. 
+ -f J {3(x+ x

0
n) sinf1df1dA. 

4rr 0 0 

r~e n (sinf1 cos.\, sinfl sin.\, COSfl) . UonHa.ll 3HeprH.II 

p _ !.1;2 [l( CJr_)2 + (Vr)2\d3x 
o 22· rix 

0 

13.121 

13.13/ 

13.14/ 

COXpaH.IIeTCll, T .e. paBH.IIeTC.II B npOH3BOJlbHbiH MOMeHT BpeMeHH x 0 

CBOeMy 3Ha'leHHIO npH x
0 

=• 0: 

12 2_, ..,2 3 
P

0 
2~2 J[f1 (x) .. (Va(x)) ]d x. /3.15/ 

Cne~oaa TeJibHO, Ka)I(~OMY Bbl6opy <PYHKJlHH a (x) H {3 (x) , ~JI.II 
KOTOpbiX HHTerpaJI 13.151 CXO~HTCll, COOTBeTCTByeT CeMeHCTBO 

llOJieBbiX peweHHH C KOHe'IHOH 3HeprHeH, ~aaaeMbiX ypaBHeHHeM 

13.2/, B KOTOpOM /;n c const H r (X) paBHO CBOeMy Bblpa)l(eHHIO 

/3.131. 
Ha MHoroo6paJHH HaWBX peweHBH 13.2/, 13.7 I aeKTOpHbiB 

B aKCHaJibHO·BeKTOpHbiB TOKH npBHHMaiOT BB~ 

11 11 

Aa(x) ~Karl r(x) J a1'r (x), 
a 

v1' (x) 
a 

/3.161 
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r.ue J a H K a orrpe.ueneHbi qepeJ /2.6/ H /2.7/. CooTBeTCTByiO­

~e JapM,!lbl: 

\ ,- (} T :J 
Q ~J 1 ..,---dx 

" a rJ Xo 

~ '!- 3 
Q- = K r -'-·- d x . 

a a. r] XO 
/3.17/ 

KpoMe JToro, cy~ecTBYIOT .uae BOJMO~HOCTH onpe.uenHTh co-
11 6 ° 2 ., ·>1 I 

xpaHMIO~HeCM TOIIOnOrHl.feCKHe TOKH i. ''·'' ~, ~· 1 
• flepBaM HJ HHX: 

/~ (x) 
N fLU(J<J ') ~a') A b ') A c 
It Eahcfi,Ti (p;-r f!J 77 /3.18/ 

r.ue ~a rr"/rr. qTo6w onpe.uenHTb .upyro~ TorronorHl.feCKH~ TOK, 

OTMeTHM, l.J.TO MO)KHO paCCMaTpHBaTb TeOpHIO /1.2/, /1.3/, /1.4/ 

KaK TeopHIO l.feTwpex none~ a(x) 

HblM narpaH~HaHOM 

ii" 3 (x) , a = 1,2,3,co cao6o.u-

s: !_a 17 a r/,
177 a-+ 

2 ,li 

H CBMJbiO 

(J2 ') •1 ,,- n-- - v,2 
. " 

:La ail
1
'a 

2 II 
/3.19/ 

/3.20/ 

flonM B .IlBYX .OpMynHpOBKaX TeopHH CBMJaHbl IIOCpe,!lCTBOM Bbl­

pa)KeHH~ 

<110 (X) ""a(x) = Frrf(rr 2 )[rpr 2 
1 r2(rr 2)]-l/

2
, 

a a 2 ~ 2 -1/2 
<I> (X) ~ 1T (X) = Frr TT a [ Tj TT + f ~ ( rr ) ] • 

Tor.ua 

. '" ( ) J2 X 
fll'ou a. {) v _ /) 

N , • , <11 ,J <I> a <11 ' ti cp 
2 af)yO !' {J IT 

/3.21/ 

/3.22/ 

TO)Ke MBnMCTCM COXpaHMIO~HMCM TOIIOnorHl.feCKHM TOKOM. flOCTOMH­

Hble Nl H N 
2 

onpe.uenMIOT HOpMHpOBKY. 

HeTPY.IlHO noKaJaTh, l.fTO peweHHM /3.2/, /3.7/ o6na.ua10T Hyne­

BblMH TOIIOnorHl.feCKHMH JapM,!laMH 

Q 1 = Jjf(x) d
3
x = 0, Q 2 = fjz(x) ct

3
x = 0. /3.23/ 

Mw JaKaHl.fHBaeM JTOT paJ.uen cneJlYIOIUHM npHMepoM. Bw6e­

peM Hal.fanhHble .uaHHble Ja.ual.fH KowH /3.12/: 

12 

t 

r (x) 0, ('3 (x) 
1 

lo 
0 :::; r 5 1 
1 < r /3.24/ 

)J,nM C.epH'ieCKH CHMMeTpHl.J.HblX Hal.fanbHblX ycnOBH~ peweHHe /3.13/ 

Ja,!la'l:H KowH npHHHMaeT BH.Il 

r (x
0

, x) 
(! Xo I . 2 ry 

dx [ -2 j a(v' xo + r- + 2x r()d(] + 
-1 0 -

Xo I • ? ·J " 
+ 2- j t-Hv x~ + r- ~ 2x0 rt,)d(. 

-I 

/3.25/ 

B 'l:acTHOCTH, B cnyqae /3.24/ HMeeM 

xo 0 ::0 r ::: 1 - x
0 

, 

r (x0 . x) = J 1 ? 
- [ 1 - (x

0 
- r) -] 1 - x

0 
:::_ r :::_ 1 + X () , 

4r 

0 1 + X() r /3.26/ 

llpH yCnOBHH, 'iTO 0:_ x 0 ~_1.H 

0 0 < r < x -1 - - 0 

r (x
0

, x) ={ 1 2 
-[ 1- (x - r) l x

0 
- 1 ::0 r 2_ X() + 1 

2r o 

0 x0 + 1 ~ r /3.27/ 

B nocne.uy10~He MOMeHTbi x0 :.: 1. Tio.ucTaBnMM /3.26/,/3.27 I B 

/3.2/, rronyqaeM MBHOe awpa)KeHHe .unM KHpanhHblX none~. lix non­

Hble 3HeprHM H HMnynhC HMeiOT JHa'l:eHHM 

2 TT 2 p - ·- /: p = 0 
0 3 "'z n • 

/3.28/ 

B TO BpCMM KaK ,!lnM BeKTOpHbiX H aKCHanbHO-BeKTOpHbiX JapR,!lOB 

nony'l:aeTCJl 

\1 
Qa 43rr Ja 

A 
Qa 4;- Ka /3.29/ 
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r;J,e J H K onpe;J,enCHhl nocpe;J.CTBOM /2.6/ H /2.7/. B 'laC THO-a a 
CTH, KaK cne;J,CTBHC TOro, 'iTO J 3 ~ 0, 3TO pCWCHHC, a TaK>KC Ka>K· 

)J,OC H3 peWCHHH /3.2/ H /3.7/, o6na;J,aeT HynCBhiM rronHhiM 3nCKT· 

pH'iCCKHM 3apJI;J.OM. 

ABTophl rrpH3HaTenLHhl rrpo¢. M.T.To;J.opoBy 3a rrone3Hhle o6-

cy>K;J.CHHJI H E .A.MBaHoBy 3a o6cy>K;J.CHHe pyKOIIHCH. 
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