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TpyCKOB8 H.ct>. 
P2- 119!\8 

nepeCe4el!lll1 TepMOB B 3allll'le llBYX UellTpOB KBAHTQiiOlf 

MeXBIIHKI! H npe)lCT8BneHHI1 rpynn 0(2,2):> 0(2,2) ,0 (3,1) ® 0(3,1) 

B pa6oTe noEn3n.Ho, 'ITO peweHne e eBKnnnonoM upocTpaucrue 3Clria'-IH 

0 llBH;.t<eHHH 1-HlCTHUDI D none aeyX KynoHOBCKHX UeHTpOb 8KBliBEliiCHTIIO 

COeMeCTHO~IY peWCHI!IO B llCCB.,Oe!IKill!llOBOM npoCTpBHCTBe llBYX O;.tiiOliOIITpO

BWX KynoHODCJtliX aanaq H coornercrnyer np11 3TOM 380A4e reopltll n~·c~cTaB
neun<• rpynn 0(2,2)oo 0(2,2) , 0(3,1)"' 0(3.1), :!'(2,1) d)(2,1 ). B cnyqae lliiCKpeT

HOro cneKTp8 peU18HifSt, COOTBCTCTDyJOIUlfe nepeCeKBJOllHtMCfl TepMnM, np~-t

HBnne~aT npencrnH:IeltitHM c onHHaKOBbJMH aHaYeHttHMH oneparopoB Ka31tMHpa 
rpynnbl 0(2 ,2) ® 0(2 .2). Y cnoaue B3BHMHOCTI! an11 4>YHKUnr• Henpep~omnoro 
cneKTpa H peKyppeHTHble COOTHOWCHIISI ~1e>KilY llBYXUC!I!TpOBblMH III!Tel'pili!BMH 

11BnSIIOTCSI cnellCTBI!eM paCCMBTpHBAeMbiX B pa6oTe rpynQOBblX CBOliCTB 

perueHHfi. 38il84H ilBYX UeHTpOB. 

Pa6oTa awnonHeHa B na6opnropHH BhlqHcnurenbHOlf TeXHHKH 

II 8BTOM8TH38UHH OtlHt1. 

DpenpHHT 06beOI!HeHHoro HHCTI!TyTa 11nepHbiX uccnenoeaHuii, lly6na I 978 

Truskova N.F. P2 - 11988 

Crossing of the Potential Curves in the Two-Centre 
Problem in Quantum Mechanics o.nd Representations 
of 0(2,2)®0(2,2) ,0(3,1) ® 0(3,1) Groups 

It is shown tha,t solution in Euclidean space of the p1·oblem 
of particle motion in the field of two Coulomb centres is equivalent 
to the joint solution in pseudoeuclidean space of two one-
centre Coulomb problems and corresponds to the problem of repre
sentation theory for 0(2,2)s0(2,2),0(3,1) ® 0(3,1) , P(2.1) ® :1,(2,1) g•·oups. 
For discrete spectrum, the solutions corresponding to c•·ossing 
potential curves belong to representations with equal values of 
Casimir operators of 0(2,2) s0(2,2) group. The reciprocity condition 
for continuous spectrum functions and recurrent relations between 
two-centre integrals are the consequences of group propedies 
of the two-centre problem solutions considered. 

The investi12_ation has been performed at the Laboratory 

of Computing Techniques and Automation, JINR. 

Preprint of the Joint lnsti lute lor Nuclear Research. Dubna 1978 

BBEAEilHE 

PeweHHJI ypasHeHHJI lllpe.D.HHrepa c O.IJ.HHM u .D.BYMH 

I<YJIOHOBCI<HMH U.CHTpaMH npe.IJ,CTaBJIJIIOT C060H HaH6onee 

Ba}f(Hbie cnyqau pemeuuH: 3Toro ypasueHHJI. Co6cTBeHHhie 

lPYHI<U.HH O.IJ.HOU.CHTpOBOH I<YJIOHOBCI<OH 3a.IJ,a'lll JIBJIJIIOTCJI BOJ!· 

HOBbiMH <iJYHI<U.HJIMH uepeJIJITHBHCTCI<OrO BO.D.OPO.IJ.OllO.D.06Horo 

aroMa, a C06CTBCHHhlC <iJyHI<U.HH .IJ.BYXU.CHTpOBOH I<YJIOHOB" 

CI<OH 3a.IJ,a•;u - BOJIHOBbiMH <iJyHKU.HJIMH HepeJIJITHBHCTCKOH 

.D.ByXaTOMHOH MOJieKyJihl. 

I'pynnoable csoH:cTBa, cneKTP co6cTBeHHhiX 3Ha'leHHH 

u co6crseHHhle ¢YHKUHH 3a.IJ,a'IH c O.IJ.HIIM KynouoscKHM 

U.CHTpOM B HaCTOJIUICC speMJI H3Y'ICHbl OCHOBaTCJibHO. B 'laCT

HOCTH, H3BeCTHO, 'ITO peWeHHJI :HOB 3a.IJ,a'IH MO}f(HO llOCTa

BHTb B COOTBCTCTBHC onpe.IJ,eneHHblM npe.IJ,CTaBJICHHJIM rpynn 

0(4{1. 2 / ,0(3,1) 12 • 3 ~ , 0(4,2) 13 •41 . llpH 3TOM COCTOJIHHJI 

.D.HCI<pCTHOrO CllCKTra 3a.IJ,a'IH COOTBCTCTBYIOT npe.IJ,CTaBne

HHJIM rpynnbl 0(4)' 1.21, a COCTOJIHHJI HenpephlBHOrO 

cneKTpa - npe.D.CTasneHHJIM rpynnhl 0(3,1)1 2,3/ . PaccMoT

peuue rpynnhl 0(4,2) U03BOJIJICT OllHCblBaTb COCTOJIHHJI 

.D.HCKpCTHOrO H HenpephlBHOrO CllCKTpOB O.IJ,HOU.CHTpOBOH 3a· 

.IJ,a'IH B npe.IJ,enax YHHTapHbiX H ueyHHTapHbiX npe.IJ.CTaBJICHHH 

O.IJ,HOH rpynnbl/3/. 

Cne.IJ,cTBHeM rpynnosblx csoH:cTB peweuuH: 3a.IJ,a'IH c o.IJ,

HHM KYJIOHOBCKHM U.CHTpOM JIBJIReTCJI npe)K.IJ,e scero BblpO)K" 

.IJ,eHHOCTb 3Ha'leHHH 3HeprHH. flpH 3TOM onepaTOp, COOTBCT" 

CTBYIOUIHH 3Hepruu E, JIBJIJieTCJI c -qucnoM. Co6cTBeHHble 

3Ha'leHHJI 3Toro on epa Topa onpe.D.en:lnOTCJI 3Ha'leHHJIMH one-

paTopoo Ka3HMHpa paccMaTpHsaeMhlX rpynn. PeKyppeuT

Hble COOTHOWCHHJI Me)K.IJ,y HHTerpaJiaMH .IJ.HCKpeTHOrO CUCKT-
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pa/5,6/ 

pa/7,8/ 
H Me)I(,IJ.y HHTerpaJiaMH HenpepbiBHOrO cneKT

TaK)I(e .IIBJIJIIOTC.Il CJie,IJ.CTBHeM rpynnOBhiX CBOHCTB 

peweuuii :noii Ja,IJ.a'IH. 

B OT JIH'iHe OT O,IJ.HO:UeHTpOBOB 3a,IJ.a'ia C .IJ.BYM.Il KYJIO

HOBCKHMH ueurpaMu I Ja,IJ.a'ia .IJ.BYX ueurpos KBaHTosoii Me

XaHHKHI HCCJie,IJ.OBaHa ell{e HC,IJ.OCTaTO'iHO. fiOCJie pa3,IJ.eJieHH.Il 

nepeMCHHhiX B ypaBHCHHH lllpe,z:tHHrepa 

~ 1 a 2 a2 a2 zt z2 l ' .... E. '1'. \r)=[- --L(--+--+--)---- --- ll.(r) 11/ 
J J 2 ax2 ay2 az2 r1 r2 J 

B C~epOH,IJ.aJibHOB CHCTeMe KOOp,IJ.HHaT OHa CBO,IJ.HTC.Il K Ha

XO)I(,IJ.CHHIO C06CTBeHHbiX 3Ha'ICHHB H orpaHH'iCHHbiX co6-

CTBCHHbiX ~YHKUHB CHCTeMbl ypaBHCHHii/ 9 ,1°/: 

2 
2 a 2 a R Ej 2 [(g -1)-- +2(---+-----(.; -1)+R(Z +Z )g+ a .;2 a.; 2 1 2 

+A
1
.-- ~:_] Ilj(g;R)=O, 

(--1 

2 
a2 a R Ej 2 

[ ( 1 - 7J 2 ) --- - 2 7J -- + ---- ( 1- 7J ) - R ( Z - Z ) g -
a1J2 a7J 2 1 2 

-A.--~-] E. (7J;R)=0, 
J 1 2 J -7] 

a 2 2 [-- + m ]W. (a) ,.Q, 
aa 2 J 

+ 1 ~ f < 00 • -1 :::; 7]:::; + 1' O::;;a::;;277, 

JI1/+1;R)J< oo, JTij(oo;R)J<oo, j2j(±l;R)J<oo. 

l2al 

1261 

I2BI 

3,IJ.eCb Zl , Z2- 3apJI,IJ.bl JI,IJ.ep; R- paCCTOJIHHe MC)I(.IJ.Y JI.IJ.· 

paMH; E j = E j (R) - 3HeprHJI CHCTCMhl; ,\ j = ,\ j (R) - KOH

craura pa3,llCJieHHJI. CucreMa e,IJ.HHHU: h =-'-"me= e ~~ 1. 

4 

PeWCHHJI CHCTCMbl 121 npH npOH3BOJibHhiX 3Ha'ieHHJIX 

R , Z 1 , Z 2 B HaCTOJIII{ee BpeMJI OOJIY'iCHhl TOJibKO 'IHC-

JICHHO C llOMOII{biO 3BM /9,10,11.121. 

BhlpO)I(.IJ.CHHOCTb 3Ha'ieuuii :mepruu B ,IJ.ByxaTOMHoii Mo

JieKyne lnepeceqeuue repMoB E i (R) npu HeKorophlx 3Ha

'ieHHJIX MC)I('hJI.IJ.epuoro paccroJIHiiJI R I H3Becrna ,IJ.asuo/13~ 
Cyll{CCTBOBaHHC B 3TOM cnyqae HCKOTOpOH ,IJ.OllOJIHHTeJibHOH 

CHMMeTpHH, CBJIJaHHOH C ",IJ.OllOJIHHTCJibHbiM" KOMMYTHpyiD

IUHM C 3Heprueii E onepaTOpOM KOHCTaHThl pa3,IJ.CJICHHJI ,\, 

06Cy)I(,IJ.aJIOCb MHOrHMH aBTOpaMH 
16

•9 • 14 - 161, O,IJ.HaKO 

COOTBCTCTBYIOII{aJI rpynna CHMMCTpHH, aHaJIOrH'iHaJI rpyn

ne 0(4) ,IJ.JIJI aroMa BO.IJ.Opo,IJ.a, uaii,IJ.eHa ue 6hlna. Qqe

BH,IJ.HaH )I(C HHBapHaHTHOCTb ypaBHCHHJI 111 OTHOCHTCJibHO 

BpaU{CHHH B DJIOCKOCTH Xy K KaKHM- JIH60 COOTHOWCHHJIM 

,IJ.JIJI 3HalfCHHH 3HeprHH HC npHBO,IJ.HT. 

lihiJIO 3aMClfCHO, lfTO ypaBHCHHC l2al COBOa,IJ.aCT C ypaB

HCHHCM ,IJ.JIJI pa,IJ.HaJibHOH ~yHKUHH BO,IJ.OpO,IJ.ODO,IJ.06Horo a TOM a 

C 3apJI,IJ.OM (Z 1 1 Z 2 ) B c~epOH,IJ.aJibHOB CHCTeMe KOOp,IJ.HHaT, 

a ypasueuue 1261 - c ypasueuueM ,IJ.JIJI yrnosoii ~YHKUHH 
BO,IJ.OpO,IJ.OllO,IJ.06Horo aToMa C 3apJI,IJ.OM (Z 1 --Z 2 ) B C~epou
,IJ.aJibHOH CHCTCMC KOOp,IJ.HHaT /9,17/. llpu COBOa,IJ.eHHH 3Hep

rHH CHCTCMhl E j (R) C 3HeprHJIMH BO,IJ.OpO,IJ.ODO,IJ.06HhiX a TO

MOB C 3apJI,IJ.aMH (Z 1 + Z 2 ) H (Z 1 -Z 2 ) peweHHJI 3a,IJ.alfH 121 
MOryT Bhlpa)l(aTbCJI qepe3 peweHHJI .IJ.BYX O,IJ.HOUCHTpOBhiX 

3a,IJ.aq1 18/. 

B CBJI3H c 3THM Ka3aJ10Cb 6bl ecrecTBeHHhiM B Ka'ieCT

Be rpynnhl cnMMerpuu Ja,IJ.a'in 121 paccMorpeTb rpynny, 

JIBJIJIIOIUYIOCJI npJIMhiM npOH3BC,IJ.CHHCM .IJ.BYX rpynn 0(4) , 
COOTBt:TCTBYIOII{HX .IJ.BYM BO,IJ.OpO,IJ.ODO,IJ.06HhiM aTOMaM C 3a· 

PJI.IJ.aMu (Z 1 + Z 2 ) u (Z 1 -Z 2 ). O,IJ.HaKo, KaK 6blno noKaJaHo 

B pa6oTe I 191, paCCMOTpCHHC COOTBCTCTBYIOII{CrO npe,IJ.CTaB

JICHHJI B rpynne 0(4) ® 0(4) npHBO,IJ.HT JIHWb K BCCbMa Orpa

HHlfCHHOMy KJiaccy pCWCHHH 3a,IJ.alfH 121, a HMCHHO~K pewe

HHJIM, npe,IJ.CTaBJIJIIOII{HM co6oii TOJibKO 'iaCTb BCCX 3JICMCH" 

rapHhiX peweuuii 3Toii Ja,IJ.a'IH. Bee *e JJieMeHTapHhle 

peWCHHJI 3a,IJ.alfH 121 MO)I(HO ODHChiBaTb C DOMOII{biO 6a3HCOB 

HeKaHOHHlfCCKHX npe,IJ.CTaBJICHHB rpynnhl 0 (4) ® 0(2,2/ 19
( 

B ,IJ.auuoii pa6ore peweHHJI 3a,IJ.a'IH .IJ.BYX ueurpoB KBaH

rosoii MCXaHHKH paccMaTpHBaiOTCJI KaK 6a3HCbl HeKaHOHH" 

'ICCKHX npe,IJ.CTaBJICHHH rpynn 0 (2,2) ® 0(2,2), 0(3,1) ®0(3,1), 
9'(2.1) ® P(2,1) ,0(4,2) ® 0(4,2). lloxa3aHo, 'ITO ypasueuu.11 
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/2a/ H /26/ coorra~aiOT TaiOKe c ypaoueHHJIMH ~m1 pa
~uanLHoii H yrJIOBOH tlJyHI<~HH "I<OMIIJiei<CHLIX aTOMOB", T .e. 
"a TOMOB", BOJIHOBLie tlJyHI<~HH I<OTOpLIX JIBJIJIIOTCJI peWeHHJI
MH ypaBHeHHJI lllpe~HHrepa B HeeBI<JIH~OBOM I<OMIIJiei<CHOM 
npocTpaHCTBe B CHCTeMe I<oop~uuaT runep6onou~a opame
HHJI. 3TH BOJIHOBLie tilYHI<~HH npu E . < 0 peanHJYIOT co6oii 

. J 
CIIC~HaJILHLIH 6a3HC rpyiiiiLI 0(2,2), KOTOpaJI JIBJIJieTCJI 
I<oMnneKCHLIM pacwupeuueM rpynnbl 0(4). PaccMoTpeuue 
6a3HCa B rpynne 0(2,2) ® 0(2,2), JIBJIJIIOmeiiCJI KOMIIJieKCHLIM 
pacwupeHHeM rpyiiiiLI 0(4) ® 0(4), npHBO~HT I< peweHHIO 
Ja~aqu /2/. OnepaTOpLI KaJHMHpa B rpynnax 0(2,2) HMe
IOT no cpaoneHHIO c onepaTopaMH KaJHMHpa B rpynnax 
0(4) 6onee WHpOI<HH cneKTp 3Ha'leHHH /20/, II03TOMY npH 
E j <0 oce peweHHJI Ja~aqu /2/ peanHJYIOT co6oii cneuuanL
HLie 6a3HCLI BLipo:>K~eHHLIX Hei<aHOHH'IeCI<HX npe~CTaBJieHHH 
rpynnLI 0(2,2) ® 0(2,2). PeweHHJI, cooTBeTCTBYJOmue nepece
I<aiOmHMCJI TepMaM, IIpHHa~Jie*aT npe~CTaBJieHHJIM C O~H
Hai<OBLIMH 3Ha'leHHJIMH onepaTopoo KaJHMHpa rpynnLI 
0(2,2) ® 0(2,2). Bo3MO*HOCTL nepeceqeHHJI TepMoB, HMeJO
mux paBHLie 3Ha'leHHJI m /TepMOB O~HHaKOBOH CHMMeTpHH/, 
ecTeCTBeHHLIM o6pa3oM cne~yeT H3 ~auuoro rpynnoooro 
paCCMOTpeHHJI. k2 

B cnyqae cnnowuoro cnei<Tpa (E . = -- > 0) paccMoTpe-
J 2 

HHe I<oMnnei<CHLIX· oeJIH'IHH f = \/ -2 E j npuoo~HT K I<OMII-
JieKCHLIM onepaTopaM a i ' A i B rpynnax 0(2,2). 3To, 
B CBOIO O'iepe~L, IIpHBO~HT I< paCCMOTpeHHIO rpyiiiiLI 
0(3,1) ® 0(3,1), a Tai<*e K ycnoBHIO oJaHMHOCTH ~JIJI ~oyx
ueHTpOBLIX tlJyHK~HH CIIJIOWHOrO CIIeKTpa, auanorH'IHOMy 
npu Z 1 I Z 2 ycnooHIO oJaHMHOCTH ~JIJI tilYHK~Hii ~HCKpeT
uoro cneKTpa l 181 . Ecnu Z 1 = Z 2 , TO nonyqeuuoe ycnooue 
BJaHMHOCTH nepexo~HT B ycnooue, npu KOTopoM <Pa.Ja 
paCCeJIHHJI Ha KOHe'IHOM ~HIIOJie paBHa HYJIIO. 

k2 
Ilpu E.=--- =0 

J 2 
peweHHJI 3a~a'IH ~BYX ~eHTpOB MO*HO 

OIIHCLIBaTL C IIOMOmhiO rrpe~CTaBJieHHH rpyiiiiLI 5'(2,1)® ~1(2,1), 

BMeCTO 6a3HCOB B rpynnax 0(2,2)® 0(2,2) H 0(3,1) ® 0(3,1) 
MO*HO paCCMaTpHBaTL TaK*e 6a3HC B rpynrre 0(4,2) ~0(4,2) 
H IIOJIY'IHTL COOTBeTCTBHe Me*~Y npe~CTaBJieHHJIMH :noii 
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rpynrrw u peweHHJIMH 3a~aqu /2/ I<ai< B cnyqae uerrpepwo
uoro, Tai< u B cnyqae ~uci<peTuoro crrei<Tpoo. 

Bo ocex 3THX paccMoTpeHHJIX orrepaTopw, cooTBeTcT
oyiOmue 3Hepruu E j , JIBJIJIIOTCJI c -qucnaMH u I<OMMyTu
pyiOT co oceMH reuepaTopawu paccMaTpuoaeMWX B pa6oTe 
rpynrr. Co6cToeuuwe 3Ha'leHHJI 3THX orrepaTopoo swpa.a
IOTCJI qepe3 3Ha'leHHJI orrepaTopoo Ka3HMHpa yrroMuHaewwx 
rpynn. B 3TOM cMwcne Tai<oii IIOAXOA auanoruqeu orrucaHHIO 
peweHHB 3a~a'IH C OAHHM I<YJIOHOBCI<HM ~eHTPOM C IIOMOmLIO 
COOTBeTCTBYIOmHX npeACTaBJieHHB rpynrr 0(4)/1,2/ , 
0(3,1/2•31 , 0(4,2) / 3/ H OTJIH'IaeTCJI OT OIIHCaHHJI 
peWeHHB 3a~a'IH /2/ C IIOMOml.tiO Hei<aHOHH'ieCI<HX npe~cTaB
JieHHB rpynn 5'(3) ® P (2,1), P( 5,1 ), 5'(4,2/211 , xoTJI u ue 

npoTuoope'IHT nocneAHeMy. 
IJoJiy'leHHWe B pa6oTe pei<yppeHTHWe COOTHOWeHHJI Me*-

AY HHTerpaJiaMH AHCI<peTHOrO cnei<Tpa, COOTBeTCTBYIOmHe 
nepecei<aJOmHMCJI unu coonaAaiOmHM rrpu ocex R TepMaM, 
H Me*AY HHTerpanaMH uenpepWBHOrO cnei<Tpa IIPH E i = 

k = E j = 

2
- > 0 TaiOKe JIBJIJIIOTCJI cneACTBHeM paccYoTpeuuwx 

B pa6oTe rpynnoBLIX cooiicTB peweuuii 3a~aqu /2/. 

EA3HC B FPYHHE 0(2,2) ® 0(2,2) 

.HCIIOJih3YJI npocTpaHCTBO I<OOpAHHaT Xi C MeTpHI<OB 

"i2 = [)k Xi X k =-X f -X~ + X~ , /3/ 

ooe~eM onepaTopw 

£1 = -i(X2-acL + X3 aa_ ), £2= -i(X3 _aa +X 1 _aa ) ' 
x3 x 2 xl x3 

. a - x _i___), 
£3 ""-1 (xt"ax2 2 ax1 

(f 1 .. J_ [ f<-£3P2- P2 fs + ~P3 + P3£2)- 51. 
c1 r /4/ 
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a = 1_ r L ( - f P - P 5:.) - 5:.) ~_, - ~, r ) + :.:~..2 1 
2f 2 13 313113 r • 

1 

Cf - 1 [ 1 ( f P P f f P P f ) a~] 3 - -;- -2 -- 2 1 - · 1 2 - 1 2 - 2- 1 - -r · 
1 

r ne r = ; -~2--=._ X 2--+--0i-..... - v 1 2 3 
p =-i_jl __ 

J ax 
.J 

j =1,2,3; -a, r 1 

llOCTOSIHHble. 

C DOMOIQbiO Henocpe)].CTBeHHOrO Bbi'IHCJieHHSI MO:>KHO 
y6e.U.HTbCH, 'ITO onepaTopbl /4/ y.u.oBneTBOpHIOT KOMMyTa
UHOHHbiM COOTHOllieHHJIM 

[ (J f ] = i E-. k 
ol.. i • J lJ 

0 r~ (1. J -- r 
J..k • u i • j = 1 € ijk k • 

r a i .f j J = i E ijk a k • 

~ ijk E n gPk lJC 
p ,i,j.k=l,2,3. /5/ 

E ijk - llOJIHOCTbiO aHTHCHMMeTpH'IHbiH TeH30p. llpH 3TOM 
onepaTop 

E = _ L c _ _£ _ __Q_: + _c_ ) _ ,!l_ 
1 2 ax 2 ax 2 ax 2 r 

1 2 3 

/6/ 

KOMMYTBpyeT CO BCeMB onepaTopaMH /4/ H paBeH 

E 1 ~- f~ /2 =Const. /7/ 

YpaBHeHBe 

2 I .... 1 a 2 a2 a 2 a ~ 
-f 2 IJI (x),.,[- --(- --- -- + ---)- --]IJI(x) 

1 2 ax 2 ax 2 ax 2 r 
npe.u.cTaBnHeT co6oii npoi(oiDKeHftoe B

3 
KOMnneKCHYID o6-

nacTb no nepeMeHHbiM x 1 , x
2 

ypaBHeHBe Illpe.u.uHrepa 

)].JlSI BOJIHOBbiX cjJyHKUBB BO.U.OPO.!J.Oll0.!J.06Horo aTOMa C Ja· 

p.ll.!J.OM a B 3Heprueii 
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2 
-(1 /2, 

113 COOTHOIIIeHBB /5/ cne.u.yeT, 'ITO onepaTOpbl /4/ JIB

mnoTCJI , reHepaTopaMH anre6pbl JIB rpynnbl Bpai.UeHBii 
0(2 ,2)/ 20t . l\ , (:f i npe,nCTaBJIJIIOT C060B KOMDJieKCHOe 

npO.!J.OIDKeHBe COOTBeTCTBeHHO MOMeHTa Li H BeKTOpa Jlan
naca-JleHUa A

1 
, smn.HIOI.UHXCJI reHepaTopaMB anre6pb1 JIB 

rpynnbi 0( 4), COOTBeTCTBYJOI.QeH BO.U.OPO.U.OD0)].06HOMY a TO

MY c 3apH.!J.OM a 11,21. 
McnoJih3YH npocTpaHCTBO Koop,naHaT Y i c MeTpHKoii 

Y'2_,g y y ~,-y2--y2ty2 
- ik i k 1 ? 3 • 

/8/ 

nne.u.eM TaK:>Ke onepaTopbl: 

. ( _a__ + y .j!._ ) . 
L i = -1 y 2 ay 3 3 cJV 2 

., a -
'(·· u +Y' --), T = -· l .Y S -- · 1 .1u ~-" ~ ay 1 u,, s -

1 a , 
• -l'(y -~- - v --- ), l·3= 1, ·21y. 

a'! 2 c 1 

A,.,.L(1-(-L
3

P2 -P0 Ln+ L,P,. +P3 L 2)- ~I_t]. 
. (2 2 - ;5 "' L\ p 

1 1 U by A,= --[-(- L P -, L 1- L..,P ·- Pl Ln) + __ .2 1. 
<- E 2 1 3 3 '~ .l 6 2 p 

1 1 1 by3 
A3 = -- ( -(-w2Pl- pl L2- L 1?2 -P2Ll)- --] • 

(2 2 p 
/9/ 

r.u.e p ~v -y~ -y: + y: p, =-i-iL 'j=1.2.3 
J ely. 

b. ( 2 
.) 

llOCTOJIBHble. 
OnepaTopw /9/ y.u.oBneTBOPJIJOT KOMMyTaUBOHHWM co

oTHomeHB.IIM /5/ c 3aMeHoi L i ~ i\ , A i .... <1 i B, T&KHM 
o6pa3oM, no.u.o6Ho onepaTopaw /4/ .JIBJIJIIOTC.Jl reHepaTopaMB 
anre6pbl JIB rpynnbl Bpai.UeBBi 0(2,2). llpB now onepaTop 

A 1 a2 a 2 a 2 b 
E2 =- 2(- a-;2- ay2+ a;J- p /10/ 

1 2 3 
KOMMYTBpyeT CO BCeMB onepaTopaYB /9/ B paBeB 

9 



E 2 -~-f~/2 ~Canst. I 11 I 

PaccMoTpHM Tenepb rpynny, HBJl.IIIOIJ..{YIOCH npHMbiM npo
H3Be~euueM ~Byx rpynn 0(2,2) c reuepaTopaMH 141 u 191 
COOTBCTCTBCHHO. Bb16epeM B :HOH rpynne Ha6op ~HaroHaJlb
HbiX B3aHMHO KOMMYTHPYIOmux onepaTopoB cne~yiOIJ..{HM o6-
pa3oM: 

c 1 = -} ( -~ 2 - (f 2 ) ; c\ = c 0 ch: l12al 

c3=t(L2-A2); 
~ 

c 4 
_, -> 

=(LA); 11261 

f 8; L 3 I12BI 
~ .. 

02 (' A
1 

.c .l_ -( 1 Rd~3 l12rl 
.. 2 

A,)=L -( 0 RA.,. 
..., ..... () 

112~1 

1~ecb R - OOCTOHHHaH, 0::; R '"". OnepaTOpbl c 1, c 2. c:l , 

C 4 HBJlHIOTC.II onepaTopaMH Ka3HMHpa o6eux rpynn 0 (2.:2J ; 

~ 8 , ~La - HHBapHaHTbi O~HOTiapaMCTpH'ICCKHX TIO~rpynn; 
.\ 1 , A 2 - HeKaHOHH'IeCKHe ~uarouanbHbiC onepaTopbi. 

Ha6op onepaTopoa I 121 HBJlHCTCH nonHbiM ua6opoM 
~uaroHaJibHbiX onepaTopoa B 0(2,2l 0 0(2. 2 ). KOTOpbiH 
onpe~en.11eT co6cTBeHHbie lPYHKuuu IV (x,y). 

Bae~CM B OpOCTpaHCTBC Xi CHCTCMY KOOp~HHaT 

---------- ---------
X 1 = f \ ({, 2-1)(1/ 2 -1)cosa, X = _ll_ \' (t 2_1)( 1' 2 -l)sin a. 

2 2 -

x3 = R ( f, 1' + 1) 
2 

+ 1 5 f, < "" . + 1 ;;, l' < "" , 0 5 a ;;, 2 rr. 

a B OpOCTpaHCTBC yi-- CHCTCMY KOOp~HHaT 

10 

ll3al 

y
1
= fv'(1-7J 2 )(1-f1 2)cosf3. y 2 ={-v'C1- 11 2)(1- 112)sin f3, 

y3 
R 
2-(7Jf1+1) 

-151} 5 + 1, -1.::;11.::; + 1, O~f3.::;2rr. 11361 

floaepxuocTH, ua KOTOpbiX f, uno ~· I 1J unu fl I no
CTOHHHbi, HBJlHIOTCH runep60JlOH~aMH I3JlJlHOCOH~aMHI Bpa

ll.{CHHH: 

2 2 
(X 1 +X2) -------

( X - R )2 3 --

- ------~--- = -1 
R2 ' 2 

_1!, ( f, 2 -1) 
4 

2 
(y2 +Y 2) 

1 ---- + 
-~_2 (1- 7}2) 

4 

-- ( 2 
4 

(y _ R 2 
3 --) 

2 
--R2--- = 1 , 
-- 1J 2 
4 

(X~+X2 ) (X _ _g_)2 
-----~--- 3 2 R

2 
------- 1 

-- ( v 2 -1) R 2 
-- ' 

4 -- v 2 

2 2) 
(Yl+Y2 __ 
---2-- 2 

~-(1 -fl ) 
4 

4 

R 2 
(y - --) 

3 2 - 1. 
+ -R2;--

--Il 
4 

QnepaTOpbl 1121 B CHCTCMC KOOp~HHaT 1131 HMCIOT 

BH~: 

~ 1 2 ~ 
C 1 = -- ( -1 + L ) ; C 2 = 0; 

2 2 
( 1 

1 b2 ~ c 3 = -- ( -1 + -- ) ; c : 0; 
2 ( 2 4 

2 

a 
fl3 =- a~-

. a . 
-1--' L3= at3 

ll4al 

11461 

ll4BI 

~ c f 2 -o 2 a2 a a 2 
A = - -----[ ( v -1) --- + 2 v -- + a R v + _.1__ -] + 

1 ( ( ~ v 2 ) a v 2 a v v 2- 1 a a 2 
l14rl. 

11 



(v 2 -1) 2 a
2 a 1 a2 

+ ------ [ ( ( -1) -- + 2 t -- + a R t + --- ---] ; 
((2-v2) ae2 at (2-1 aa 2 

~ r 1 77 2) 2 a 2 a 1 a 2 
A 2 = c;2~~2)-[(1-il )a-;;"2- 2/1 a;- bRIL + l-

112 
Jf3J-

/14.n/ 

(1- 2) ae a 1 a2 - ___ .f! __ [(1- 77 2)---- 27]---- bR 77 + ---- --- ]. 
c11 2 _ 11 ~ a 17 2 a 1] 1 _77 2 a f3 2 

llocKonLKy 62 ~ 64 = 0, paccMaTpasaeMoe aaMa npe.n-
CTasneaae - Bhlpo:>KACHHOe. 

113 Teopaa rpynn H3BeCTHO, 'ITO rpynna 0 (2,2) no-
KanLHO.- a30MOpfPHa npJIMOMy llpOH3Be,neHHIO ABYX rpynn, 
Ka>K,naJI H3 KoTopwx a30MOpfPHa rpynne 0 (2,1 ). OnepaTopw 
Ka3aMapa rpynn1a1 0(2,2) naaeiiHo Bbipa>KaiOTCJI qepe3 
onepaTopLI Ka3HMapa ,nsyx rpynn 0(2,1). TaKaM o6pa-
30M, onepaTopLI 6 1 , 62 , 63 ,64 B o6I.QeM cnyqae MoryT 
6LITL paBHLI 120•221 

c 1 = ~~>1c<~>1 + o + <i>1c111 + 1). <\ = <~>1c<1>1 + 1)-<i> 1c<P 1+1>· 

/15a/ 

"' - - "' - -
Ca =<1>2(<1>2+ 1)+<1>2(1>2 + 1)· c4 =<1>2(11>2+ 1)-<1>2(<1>2+1). 

/156/ 

3.necL <I> 1 , <I> 1 , <I> 2 , eli 2- nei.QecTBeHHLie aenono>KaTenLHLie 
'IRena. 

CpasaasaJI /14a-146/ H /15a-156/, nonyqaeM: 

2 a 2 
f =----. 

1 (2<1>1+1)2 

2 
;;..ab/0. b <I> ='l' 2 • • <I>,=<I>,; '~=(i;;.+tl" 2 /16/ 

- - 1 -Ecna a -0 /ana b "'0 I, To <1> 1 =- <1>, =---/ana <1>
2
, II> =- ..1.;, 

a £ 1 /ana f 2 I He 3aBHCJIT OT <1> 1 /ana o/- <1>
2 

/. 
2 2 

12 

Haii,neM TenepL fPYHKuaa 1J1 j (x,y) = IJI.i (R,t ,v, 1]• !1 , a , f3 ) , 
JIBnJUO~aeCJI C06CTBeHHLIMa 4)yHKUaJIMa onepaTOpOB /12/ 
B cacTeMe KOOp,naHaT /13/. fiOCKOnLKY onepaTOpLI /6/ a 
/10/ KOMMYTHPYIOT CO BCeMH onepaTopaMH /4/ a /9/, a, 
cne.nosaTenLHO, a co sceMa onepaTopaMa /12/, TO co6cTBeH
HLie fPYHKUaa onepaTOpOB /12/ JIBnJIIOTCJI TaiOKe C06CTBeH
HLIMH fPYHKUHJIMH onepaTOpOB /6/ a /10/. OnepaTopLI /6/ 
a /10/ B CHCTCMC KOOPAHHaT /13/ BLirnJIAJIT cne,nyiD~M 
o6pa3oM: 

~ 2 2 a 2 c a 1 a2 E 1 =- --- [(( -1)- + 2~-- + aR( + -- --- _ 
R2((~v2) a(2 .a( (2-1 aa2 

2 :~ 2 a 1 a2 
- (v -1)-~ - 2v --- aRv- ---- --], a v 2 av v 2_1 aa 2 

/17a/ 

~ 2 2 a 2 a 1 a2 
E 2 =- ----[(1-7] )---- 2 77 -'-- bR7J+- ---

R2Cp2_ 71 11 a 77 2 a., 1_11 2 af32 

a 2 a 1 a2 
- (1-p 2 )-- + 2p-- + bRp - --- -- ]. 

a IL2 ap 1-p2 a{3 2 
/176/ 

06o3Ha1faM co6cTBCHHLie 3H!l1feHH~JI f 3 , L 3 qepe3 
m 1, m2 , a co~cTBeJ!.HLie 3Ha1feHHJI A} , A 2 - qepe3 A 1 , A 2 . 
OnepaTOPLI E 1 , E2 cornacao 7 I B /11/ aMeiDT co6-
CTBCHHLie 3Ha1feHaJI COOTBeTCTBeHHO - f ~/2 H - ff/2 · 

YMHO>KaM /17a/ Ha 

YMHO>KaM /17a/ Ha 

llonyqaeM: 

~.:. ( ( 2_ 1) 
2 

~-=- (v 2_ 1) 
2 

a cno>KaM c /14r/. 3aTeM 

a TaK>Ke CnO>KHM C /14r/. 

~ R2 2 ~ 2 a2 
.::1 1 a2 

A 
1 

+ - ( ( - 1) E = - [ ( ( -1) -- + 2 ( ..JL.. + aR ( + - -], 
2 1 a( 2 at ( ~1 aa2 

/18a/ 

13 



A R.2 2 A r a2 a 1 a2 ' 
A1 + --(v -1)E =-L(v2-1)--- + 2v -- + aRr' + ------1. 

2 1 iJv2 dv v2-1 da 2 

AHanorH'IHO yMHO*HM 11761 Ha 

\) 

-~=-(,,2-1) 
2 

11861 

IH 3aTeM 

R2 
9 

Ha --- ( f1 - -1) 
2 

I H cno*HM pe3ynLTaT c I14JJ.I. 3ro .u;aer: 

R2 A 9 •2 
' . r1 2 E f ( 2) ;-;- 9 a R 1 cl • 
1\ 2 - - \ - TJ ) = 1 - TJ ---- - - TJ --- - b TJ + --·- ---- j • 

2 9 .1 •) ' ,, 9 
- u l)- uri 1-rr ap-

ll9a/ 
2 . ') ,. a 'J 1 r1-

;' R ~ (1 11 2 )E .. I rt- 11 -2 )---- 2g _:_- bR1: + --, --J 
"2- -2- - 2-" J

11
z · a11 1-11:~ aw-

/196/ 

Tai<HM o6pa30M nonyqaeM, 'ITO Haxo*JJ.eHHe orpaHH'IeH
HhlX C06CTBeHHhlX ~YHI<UHH nonHoro Ha6opa Jl,HaroHanLHhlX 
oneparopoa 1121 a cucTeMe I<oop.u;uHaT I 13/ 3KBHBaneHTHO 
COBMeCTIIOMY peweHHIO CHCTeMhl ypaBHeHHH 

-i-c!..-'1'. =ffi IJI • a a J 1 J 
l20al 

- i _ _q __ 'I' . = m IJI 
a{3 J 2 .i ' 

12061 

2 9 \) 
2 a a R -E ( 2 

A 'I' . = - (( ( - 1) -- t 2 .; ---- - ----- ( .; - 1 ) + aR .; + 
1 J a .;2 a,; 4 

+ __ 1 ____ _:?:___) 'I'· l20al 
c2 1 , 2 J 
~ - da 

R 2 2 
2 a2 a f1 2 A 'I'. =- [ ( v -1) --- + 2 ~~ -- - ----- ( ,, -1) + a R v + 

1 J av2 av 4 

1 a 2 
J.. ---- --) 'l'j • 
, f/2-1 Ja 2 

l20rl 

14 

R 2 2 a2 a ( 2 
A '1'. =((1- 17 2 )--- -217--- ----(1- 17 2)-bR 17 + 

2 J a 17 2 a17 4 

1 a2 
+ -- ---1 'I' 

1-172 a{32 J 
I20JJ.I 

2 a 2 a R 2f ~ 2 
A 'I' =((1-fl )----2!1--- -----(1-fl )-bRJL+ 

2 J all 2 afl 4 

1 a2 
+ ---- ---] 'I' . 

1-IL2 d{32 J 

l20el 

'l'.i ='I' j(R,.;,v.l)•Jl•a,f-3), L'l'j(R,.;,v.7]•/l•a,[3) \<oo, 

+ 1_5 .; < "" , + 1:::; 11 <no , 0 Sa :::; 2 77, 

-1:::; TJ.::;: + 1, -1 .::;: Jl:::; + 1. 0.::;: {3.::;: 2 17 • 

IlpH 3TOM JJ.On*Hhl BhlOOnH.llTbC.ll COOTHOWeHH.ll /161. 
Kai< BHJJ.HM, nepeMeHHLie .; , ~' , l) , fL , a , {3 B 

ypaaHeHHJIX 1201 pa3.u;en.lliOTCJI. YpaaneHH.ll l20al, l20al, 
l20rl .llBn.lliOTC.ll ypaaHeHH.llMH Jl,n.ll BOnHOBhlX ~yHKUHH ao
JJ.OPOJJ.OllOJJ.06HOrO aTOMa C Jap.llJJ.OM a B nceBJl,OeBI<nHJJ.OBOM 
npOCTpaHCTBe 131 B CHCTeMe I<OOpJJ.HHaT l13al, a ypaBHeHH.ll 
12061, I20JJ.I, l20el - ypaBHeHH.llMH Jl,n.ll BOnHOBbiX ~YHI<
UHH ao.u;opo.u;ono.u;o6Horo aToMa c 3ap.llJJ.OM b a ncea.u;o

eaKnu.u;oaoM npocTpaHCTBe 181 B CHCTeMe KOOpJJ.HHaT 11361. 
YpaBHeHH.ll l20al H l20rl coana.u;a10T Me*JJ.Y co6oH: npQ 
JaMene .; -• ,, , .; ..;. l L 1, "' ) . a ypaaHeHHJI l20.u;l u l20el -
npH 3aMeHe 'I ... tL , 'I ..,:: l- 1, ' 1 I . TaKHM o6pa30M, <PYHKUHH 
'l'j (R,.;, I', 1J•Jl• u, (3) MO*HO npeJJ.CTaBHTb B BHJJ.e 

'I'. (R . .;,r',TJ•Il;a,£·ncoCOnstF (f;R)F. (v;R)<P(q;R)<P.(fL;R)x 
J .J J .J J 

im 1a im 2(1 
x e e 

1211 

B 'IaCTHOM cnyqae npH 

15 



f2=f2=f2, 
1 2 '\=A 2 =A, m1 =m 2 = m /22/ 

~IJI uaxo~eHBJI WYHKUBii ~, j ( f; R) · , c:I> j ( 1J ; R) ueo6xo
,lUIMO peWBTL ypaBHeHBJI 

2 a 2 :1 R2 ( 2 2 
[ ( ~ -1) -- + 2 ~ -~ - - ( ~ - 1) + aRt"+ A -

a~ 2 at" 4 

m~ 
- ~] Fj ((;R)=O, /23a/ 

2 a 2 a R 
2

f 
2 2 [(1-7J )--- -27]--- --(1-7J )-bR7J-A-

a7J2 a1J 4 

m2 
- 1-2] c:I> .(7J ;R) =0 

- 1f J ' 

/236/ 

+ 1 :; ~ < 00 , -1 ~ 1f ~ + 1 , IFj(f;R)l< 00, 

Jc:I>j(7J;R)J< oo. 

YpasHeHBJI /23/ npu 

a = (Z + Z ) b = (Z -Z ) 1 2 , 1 2 ' 
( 2 

2 
= - E j, ..\ = Aj /24/ 

COBD8A8IDT C ypaBHeHBJIMB /2a/-/26/, B, cneAOBaTenLHO, 
3aAa'la Haxo~eHBJI B rpynne 0 (2,2) ® 0 (2,2) co6cTseu
H~x WYHKUBii nonHoro Ha6opa KOMMYTHpyroii{Bx onepaTopos 
/12/ B CBCTeMe KOOPABHaT /13/ CBOABTCJI K 3aAa'le, KOTO
paJI 3KBBBaneHTHa 3aAa'le ABYX l{eHTpOB KBaHTOBOH Mexa
HBKB /2/. llpB E j < 0 peweHBJIMB CBCTeMLI /23/ JIBnJIIDT
cJI cooTBeTcTseuuo paAUanLBaJI B yrnosaJI WYBKUBB ABCK
peTBoro cneKTpa 3aAa'IB ABYX ueaTpos1 9.101 : 

Fj ( ~ ; R ) = II j ( (; R ) , c:I>j ( 17 ; R) ,~ E i ( 1J ; R). 

~YHKUBB 'I' j ( R , ~, v , 17 , 11 ,a, (:3), JIBnJIIDII{BeCJI co6cTseu
H~MB WYHKUBJIMB onepaTopos /14/, npu 3TOM pasu~: 

16 

'l'j (R.~.v •1J •Jl•a,f3)= const II j( ~; R) nj ( v ;R) E j (7] ;R) X 

x Ej (11 ;R)e irna e imf3 . /25/ 

~YHKI{BB /25/ npeACT8BnJIIOT C060H npoB3BeAeHBe pewe
HBH B eBKnBAOBOM npocTpaHCTBe ABYX OABH8KOB~X ABYX
I{eHTpOB~X 38Aa'l C 3apJIAaMB Z 1 , Z 2 B C 3HeprBJIMB 
E j =- (212 < 0. 0AHospeMeHHO OHB JIBmuoTCJI npoB3BeAe

HHeM peweHBH B nceBAOeBKnBAOBOM npOCTpaHCTBe ABYX 
OAHOI{eHTpOB~X 3aAa'l C 3apJIAaMB (Z 1 +Z2) B (Z1-Z2) 
cooTBeTcTseHHO a c 3HeprBJIMB E j =- f2 I 2 < 0. llpa 3TOM 
WYHKUBB /25/ peanB3YIDT co6oii 6a3BC s~po~eHHoro He
KaHOHB'IecKoro npeAcTasneHBJI rpynn~ 0(2,2) ® 0(2,2). 

3Ha'leHBJI 3HeprBB E i = -£ 
21 _?-, < 0 ~onpeAenJIIDTCJI 3Ha'le

HBJIMH onepaTopos Ka3HMBpa C 1 , C 3 B cornacuo /16/, 
/22/, /24/ paBH~: 

2 2 
E.=- ~z 1 +Z2) =- -~~_t_-:_Z2 )_ 

J 2(2c:I>1 + 1) 2 2(2c:I>2 +1) 2 

JZ 1 1-JZ 21/0. 

c:I> , c:I> ,_ .L. 
1 2 7 2 . 

/26/ 

c:I> 1 , c:I> 2 - semecTBeHH~e HenonmKBTenLH~e 'IBcna.EcnB 
(Z1 + Z 2 ) = 0 /una (Z 1 -Z 2 =0)/, TO E j = -(Z cZ 2) 2h (2<1> 

2
+1)

2 

/BnB Ej =-(Z 1-z2fi2(2<1> 1+1)Y. 2 
B 'laCTBOM cny'lae, KOrAa (2<1> 1 t1) 2 =nf. (2c:I> 2 +1)= 

= n~ (n1 ,n 2 ,.1,2,3 ... ), peweHBJI 3aAa'IB /2/ MoryT BMeTL 
DpOCTOH aHanBTB'IeCKBH BBA 1181

. 
llpu J,&aHHO~ cfl 1 /~nu ct> 2 /, T.e. npu AaHHOM Ej , one-

paTop~ A 1 , A2 , f 3 , L 3 MoryT BMeTL, soo6me ro-
sopJI, HecKonLKO co6cTseHH~X 3Ha'leHBii A 1= A 2 =A 
ID 1 = ID 2= ID • 3TO COOTBeTCTByeT cny'laJIM nepece'leHBJI 

TepMOB B 3aAa'le ABYX l{eHTpOB /2/. llpeACTasneHBJI, xa
paKTepB3yeM~e OABHaKOB~MB C06CTBeHH~MB 3Ha'leHBJIMB 
onepaTopoa C 1 , 63 , f 3 , L 3 , MoryT pa3nB'IaTLCJI co6-
CTBeHH~MB 3Ha'leHBJIMB A 1 = A 2 = A . TaKBM o6pa30M, 

17 



so3MO)I(HOCTb nepece'leHHJI TepMos E i (R) npu O.IJ.HHaKosblx 

3Ha'leHHJIX m JISllJleTCJI eCTeCTSeHHOH S ,IJ.aHHOM rpynDOSOM 

paCCMOTpeHHH. 

JaMeTHM, 'ITO 4JaKT nepeceqeHHJI TepMOS O,IJ.HHaKOSOH 

CHMMeTpHH S ,IJ.SyXaTOMHOH MOneKyne ITepMOS C O,IJ.HHaKOSbl

MH m I o6cy)I(,IJ.ancJI MHOrHMH asTopaMH '6 ,9 • 14-16/ s csH-

3H c o6~eB: TeopeMoB HeB:MaHa-BurHepa o nepece'leHHJIX 

TepMOS KSaHTOSbiX CHCTeM.' 23 : CornacHo·' 23 'TepMbl KSaHTO

SOH CHCTeMbl, 3aSHCJIU\He OT HenpepbiSHOI'O napaMeTpa 

H HMeiOU\He O,IJ.HHaKOSYIO npOCTpaHCTSeHHYIO CHMMeTpHIO 

IHaOpHMep, TepMbl C O,IJ.HHaKOSbiMH MarHHTHbiMH KSaHTO

SbiMH qucnaMH m I MoryT nepeceKaTbCJI TonLKO s TOM 

cnyqae, eCnH CHCTeMa o6na,IJ.aeT HeKOTOpOH ,IJ.ODOllHHTeJJbHOH 

CHMMeTpHeH DO cpasHeHHIO C DpOCTpaHCTSeHHOH. 

KaK noKa3aHo sblwe, TepMbl O.IJ.HHaKosoB: npocTpaHcTseH

HOB CHMMeTpHH S 3a,IJ.a'le I2I,T.e. TepMbi,HMeiO~He paSHble 

3Ha'leHHJI ffi, MOryT nepeceKaTbCJI,DOCKOllbKY TaKaJI ,IJ.ODOJJ

HHTellbHaJI CHMMeTpHJI S 3TOM cnyqae cy~ecTsyeT H CSJI-

3aHa C Cy~eCTSOSaHHeM rpynnbl CHMMeTpHH 0 (2,2) ®0(2,2). 
HanoMHHM, 'ITO nepece'leHHe TepMos I<pHcTannuqecKoB: 

peweTKH, HMeiO~HX O,IJ.HHaKOSYIO DpOCTpaHCTSeHHYIO CHM

MeTpHIO, TaK)I(e MO)I(HO 06oJICHHTb cy~eCTSOSaHHeM HeKo

TOpOB ,IJ.ODOllHHTenbHOB CHMMeTpHH '24
1

. 

113 COOTHOWeHHB 1261 cne,IJ.yeT, 'ITO ecnH peweHHJI .IJ.SYX 

.D.BYXU:eHTpOSbiX 3a,IJ.a'l C 3apH,IJ.~MH Z 1, Z 2 H Z 1,- Z 2 
( I z1 I -I z 21 f. 0) H c 3HeprHJIMH E j H Ej COOTSeTCTSeHHO 

(Ej , Ej < 0) npuua,IJ.ne)l(aT npe,IJ.cTasneHHJIM rpynnLI 

0 (2,2) ® 0(2,2), HMeiOU\HM O,IJ.HHaKOSble 3Ha'leHHJI <J> 1 , TO 

3Hepruu E J H Ej s 3TOM cnyqae CSJI3aHbl paseHCTSOM 

+ (Zt +Z2) 2 -
E j = -------- E . 127 I 

. (Zt-zl J 

Ecnu )l(e cyll\eCTSYIOT peweHHJI .IJ.SYX ,IJ.syxu:eHTposblx 

3a,IJ.a'l c 3apJI.IJ.aMH Z 1 , Z 2 H Z 1.- Z 2 (I Z 1 \-1 Z 21 jO),HMeJ0-

11\He pasuble 3Hepruu E t = E j = E, TO 3TH peweHHJI npuua,IJ.

ne)l(aT npe,IJ.cTasneHHJIM rpynnbl 0(2,2) ® 0(2.2 ). xapaKTe

PH3yeMbiM 'IHCllaMH cfl; H cfl ~ COOTSeTCTSeHHO, KOTOpble 

CSJ13aHbl paseHCTSOM 

2 2 (Z1+-Z2) (Z1-Z2) 

2c2 ct> t + !)2= 2(2 ct> 1 :1 )2 · 
1281 

18 

1 

(l 

TaKHM o6pa3oM, see peweHHJI 3a.IJ.a'IH 121 npu E i < 0 
MO)I(HO DOCTaSHTb S COOTSeTCTSHe npe,IJ.CTasneHHJIM rpynnbl 

0(2,2) ® 0(2,2). HanoMHHM, 'ITO see 3neMeHTapuble pewe

HHJI 3TOH 3a,IJ.a'IH npH E.< 0 MO)I(HO OOCTaSHTb S COOTSeT

CTSHe TaK)I(e npe,IJ.cTasbeHHJIM rpynnbl 0(4) ® 0(2,2) l 191 , 

a 'laCTb 3JJeMeHTapHblX peweHHH 3TOB 3a,IJ.a'IH - npe,IJ.CTas

neHHJIM rpynnbl 0(4)® 0(4)'19/. 

EA3HC B rPYllllE 0(3,1) ® 0(3,1) 

~ k 2 
PaccMoTpHM Tenepb cny'laH, Kor,IJ.a E i = __ > 0. llo-

JJO)I(HM t l = ik 1 , f 2 = ik 2 H, DOllb3YJICb Sblpa~eHHJIMH 141 
u 191, nepeB:,IJ.eM K onepaTopaM 

m1 =-itt 2 • m2 = -iC:f 1 , m 3 "" f 3 • 

n1 =f2. n2=5:'1.n3=i(t3. 129/ 

a TaK)I(e K onepaTopaM 

M1 =-iA 2 , M 2 =-iA 1 , M3 =L 3 , 

Nt=L2, N2 = L 1 , N 3 =iA 3 . 1301 

C DOMO~biO Henocpe,IJ.CTSeHHOrO Sbi'IHCneHHJI MO)I(HO y6e

,IJ.HTbCJI, 'ITO onepaTOpbl 1291 lu He3aSHCHMO onepaTOpbl 

1301 I Y.IJ.OsneTsopJIIOT KOMMyTaU:HOHHbiM cooTuoweHHJIM ,IJ.nJI 

reHepaTopos rpynnbl Jlopeuu:a 0(3,1/25/ . llpu 3TOM one

paTopbl 161 H 1101 KOMMYTHPYIOT CO SCeMH onepaTopaMH 

1291 H 1301 H paSHbl: 

k2 
E = _:...t. = Const 1 ' 

2 

k~ 
E == -- = Const . 

2 2 
1311 

PaccMoTpHM rpynny, KOTopaJI JlsnJleTcJI npJIMbiM npoH3-

se,IJ.eHHeM ,IJ.syx rpynn 0(3,1) c reuepaTopaMH 1291 H 

1301 COOTSeTCTSeHHO. Bb160p DOllHOrO Ha6opa KOMMYTH

PYIOU\HX onepaTopos s 3TOB rpynne, auanoruquoro ua6opy 

1121, H HaXO)I(,IJ.eHHe C06CTSeHHblX 4JyHI<U:HB 3TOrO Ha6opa 

s cucTeMe KOOP.IJ.HHa T I 131 npuso,IJ.HT, KaK H B npe.IJ.bl.IJ.YllleM 

cnyqae, K 3a,IJ.a'le, KOTopaJI 3I<susaneHTHa 3a,IJ.a'le 121. 
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k2 
llpH 3TOM E.=--> 0. ~YHKIJ,HH 

J 2 

c c . c 
'I' j (k;R ,( ,!',Tf •Jl•a,f3)=Const 11 /f",k;R) nj (v,k;R) X 

x 2 ~(ry,k;R)2 ~ (11 ,k;R )e ima eimf3 /32/ 

c t: - c 
rAe Tl j (s ,k; R ) , ~j (Tf ,k; R) - COOTBeTCTBeHHO paAHaJib"" 

HaJI. H yrnoBaJI. cl>YHKllHH HenpepLIBHOrO ClleKTpa 3aAa'IH ABYX 

IJ,eHTpos 19 ·1°1 - peanH3YJOT co6oii 6a3HC BLIPO>K.neHHoro 

ueKaHoHH'IecKoro npeAcTasneHHJI. rpynnLI 0(3.1) ® 0(3,1) 
AuanorH'IHO cl>YHKIJ,HJI.M AHCKpeTHoro cneKTpa /25/cl>YHKIJ.HH 

/32/ npeACTaBJIJI.IOT co6oii npOH3BeAeHHe peweHHB B eBKJIH

AOBOM llpOCTpaHCTBe ABYX OAHHaKOBLIX ABYXIJ,eHTpOBLIX 3a

Aa'l c paBHLIMH nono>KHTeJibHLIMH :meprHJI.MH H c 3apAAaMH 

Z l , Z 2 H OAHOBpeMeHHO JI.BJIJI.IOTCJI. npOH3BeAeHHeM peweHHB 

B llCeBAOeBKJIHAOBOM npOCTpaHCTBe ABYX OAHOIJ,eHTpOBbiX 

3aAa'l C paBHLIMH llOJIO>KHTeJibHLIMH 3HeprHJI.MH H C 3apAAa

MH (Z 1 + Z 2) H (Z 1 -Z 2 ) ~OOTBElTCTBElHHO. ~ 
CpaBHeHHe 3Ha'leHHB c 1 ' c 2 ' Ca ' c4 co 3Ha'leHHJI.MH 

onepaTopoa Ka3HMHpa rpynnLI JlopeHIJ,a 0 (3,1)125/ npaso-

ART K paBeHCTBy: 

E j = < .. ~.l~¥~~z cZ2)~. 
2 p2 2p 2 

1 2 

I z 11 -I Z21/ o. /33/ 

rAe r 1 , r 2 - AeicTBHTenbHLie 'IHcna. llpH 3TOM pea

nH3YJOTCJI. npeACTaBJieHHJI. OCHOBHLIX cepHB rpynn JlopeHIJ,a 

0(3,1/ 251. EcnH (Z 1 +Z 2 )=0 /HnH (Z 1 -Z
2

=o /,To 

0 2 2 2 2 
p 1= , Ej=(ZcZ2) /2p 2 /HnH p

2
,..,0, Ej=(Z 1t-Z

2
) /2p;;. 

AHaJIOrH'IHO CJiy'laiO AHCKpeTHOrO ClleKTpa 83 COOTHO· 

weuHi /33/ cneAyeT: ecnH cyllJ,eCTByroT peweHHJI. ABYX 

ABYXD.eHTPOBLIX 3aAa'l c nono>KHTeJibHLIMH 3HeprHJI.MH 

Ej = (k+ )2 /2 > 0 H E-:- =(k-)212>0 H C 3apJI.AaMH Z 1, Z 2 H 

Z 1, -Z 2 (!Z 1 1-IZ 2 1tO~ H ecnH 3TH peweHHJI. COOTBeTCTBYIOT 

npeACTaBJieHHJI.M rpynnLI 0(3,1) ® 0(3,1), HMeJOIIJ,IIM pas-

+ (k~2 - (k-)2 
HLie 3Ha'leHHJI. p

1
• TO 3HeprHH E j = --- > 0 H E.=_ >0 

CBJI.3aHLI paBeHCTBOM 2 .I 2 

20 

+ (Z1+Z2)2-
Ej =---2 Ej 

(Z1-Z2) 
/34/ 

EcnH >Ke cyllJ,eCTBYJOT peweHHJI. .ll.BYX ABYXD.eHTpOBLIX 

3aAa'l C 3apJI.AaMH Z 1 , Z 2 H Z 1 , -Z2 , HMeJOIIJ,IIe paBHLie 

nono>KHTeJibHLie 3HeprHH Ej =Ej =E, To 3TH peweHHJI. 

npHHaAne>KaT TaKHM npeACTaBJieHHJI.M rpynnLI 0(3,1) ® 0(3,1), 
KOTOpLie xapaKTepH3YIOTCJI. 'IHCJiaMH p+ H p- COOTBeT-

CTBeHHO. fipH 3TOM p + , p- YAOBnetaopJI.IO~ paBeHCTBY 
1 l 

(Z 1 +Z2)2/2(p~)2 = (ZCZ2)2 /2(pt )~ /35/ 

3aMCTHM, 'ITO K rpynne 0(3,1) ®0(3,1), ypaBHCHHJI.M /2/ 

H COOTHOWeHHJI.MH /33/MO>KHO TaK>Ke npHBTH, paCCMaTpHBaJI. 

B 06LI'IHOM eBKJIHAOBOM npoCTpaHCTBe ABa BOAOPOAODOA06· 

HLIX a TOMa C llOJIO>KHTeJibHbiMH 3HeprHJI.MH H C" 3apJI.AaMH 

cz1 + Z2) H tz 1-Z 2). llpH noMcl>yuKD.HJI. 'Vccr;:riR>. pasuaJI. 

npoH3BeAeHHJO aonuos~>~x cl>YHKI(Hii ABYX BOAOPO.IJ.ODOA06HLIX 

aToMos/cooTBeTCTBeHHO c 3HeprHJI.MH E+ = i_~) 2, E- = (k ~2• 
2 2 

KOHCTaHTaMH pa3AeJieHHJI. ..\. + , ,\- H MarHHTHLIMH KBaHTO· 

BLIMH 'IHCJiaMH m , ffi' /, B CBKJIHAOBOM npOCTpaHCTBe B ccl>e .. 

POHAaJibHOB CHCTeMe KOOPAHHaT 

c-> ->. c+.l' . _c+ . ima 'I' (r 1,r 2 ,R)=Constll (s 1 .k 1 ,R)~ (17
1
,k

1
,R)e x 

X nc-(f2,k2;R)2c-(17 ,k ;R)eim'f3 
2 2 

/36/ 

peanH3yeT co6oii 6a3HC BLIPO>KAeHHoro HeKaHOHH'IecKoro 

npeACTaBJieHHJI. rpynnLI 0(3,1) ® 0(3,1). ~HK1J,HH fiC"1:f
1
,k

1
;R), 

- c+ ( ~ 11 1 • k 1 ; R) nepexOAJI.T OAHa B ApyryJO npH 3aueHe 

£. 1 ...... Tf 1 , ( 
1 

<; [ -1 • "" ) , a 4>YHK1J,HH II c 1 f 
2 

, k 
2 

; R ) 
~ c- ( 17 • k ; R) nepexOAJI.T OAHa B APYrYJO npH 3aueHe 

2 2 

.l' t: + + - k2 
s 2<->17 2 , s 2 4;: [ -1 , "" ) . E CJIH ..\. = A-= ,\ j , E =E = E j = 2 

• "' c + t: - c -( R) ID=ID , ..,yHKIJ,HH I1 (.,,k;R) , ~ 17,k; YAOBnCTBOPJIIOT 
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COOTBeTCTBeHHO ypaBHeHHBM /2a/, /26/, a ~YHKUHH 
IJc-((,k;R) , Ec+(TJ,k;R) - COOTBeTCTBeHHO ypaBHeHH

BM /2a/, /26/ C JaMeHOH Z2-.-Z 2.~YHKUHB ll'e(t1.f 2,R) , 
npe.IJ,cTaBJIBJOIJ.taB co6oii: npOH3Be.IJ,eHHe peWeHHH B eBKJIH.IJ,O

BOM npOCTpaHCTBe .IJ.BYX O.IJ,HOUeHTpOBbiX Ja,IJ.a'l C JapB,IJ.aMH 
(Z

1 
+Z 

2
) H (Z l -Z 2 ), O,!J.HOBpeMeHHO BBJIBeTCB npOH3Be,IJ.e

HHeM perynBpHbiX B o6naCTH -l:S~, TJ<"" peweHHH .IJ.BYX .IJ.BYX

UeHTpOBbiX 3a,IJ.a'l: O,!J.HOH - C JapB,IJ.aMH Z 1 , Z 2 H ,IJ.pyroii: -

c Japs.naMH Z 1 , -Z 2 . 
OTCIO.IJ.a cne,IJ.yeT ycnosHe sJaHMHOCTH .IJ.JIB ~YHKUHH 

HenpepbiBHoro cneKTpa, aHanorH'IHOe ycnosHJO BJaHMHO

CTH ,IJ.JIB ~yHKUHH .IJ.HCKpeTHOrO cneKTpa 
1 

18/: eCJIH cymecT

syJOT peweHHB Ja,IJ.a'IH .IJ.BYX ueHTpos c noJIO)KHTeJihHbiMH 

:meprHBMH H c Japs,IJ.aMH Z 1 , Z 2 , cosna,IJ.aromHe c pewe

HHBMH O,IJ.HOUeHTpOBbiX Ja,IJ.a'l jyrJIOBaB .lJ.BYXUeHTpOBaB ~YHK
UHB COBna,IJ.aeT C yrJIOBOH O.IJ.HOUeHTpOBOH ~YHKUHeii: C Ja

PB.IJ.OM (Z 
1
-Z

2
), a pa,IJ.HaJILHaB .IJ.ByxueHTposas ~YHKUHB cos

na.IJ,aeT C pa,IJ.HaJibHOH O.IJ.HOUeHTpOBOH ~YHKUHeii: C JapB,IJ.OM 

(Z 
1 

+ Z 
2
)/, TO c Heo6xo.IJ.HMOCThJO npH TOM >Ke paccTOBHHH R' 

k2 
H Toil >Ke JHeprHH E . = --> 0 cymecTBYJOT peweHHB Ja,IJ.a-

J 2 

'IH .IJ.BYX ueHTpos c Japs,IJ.aMH Z 1 , -Z 2 , TaK>Ke cosna,IJ.aJO

IUHe C peweHHBMH O.IJ.HOUeHTpOBbiX 3a,IJ.a'l /npH 3TOM yrJIOBaH 

.IJ.ByxueHTposas ~YHKUHB cosna,IJ.aeT c yrnosoii: O.IJ.HOUeHTpo

soii: ~YHKUHeii: C JapB.IJ.OM (Z l +Z 2 ), a pa,IJ.HaJibHaB .IJ.BYX

ueHTposas d>YHKUHB cosna,IJ.aeT c pa,IJ.HaJILHOii: O.IJ.HOUeHTposoii: 

ibYHKUHeii: C 3apB.IJ.OM (Z 1 -Z 2 )/. . , 
B OTJIH'IHe oT cnyqas .IJ.H<;KpeTHoro cneKTpa 

18 
· ycnosHe 

B3aHMHOCTH ,IJ.JIB ib}'HKUHH HenpepbiBHOrO CllCKTpa npHMC

HHMO TaK>Ke, KOr,IJ.a Z 
1 

=Z 2 . fipH 3TOM, CCJIH HMeJOTCB 

peweHHB 3a,IJ.a'IH .IJ.BYX UCHTpOB C 3apB,IJ.aMH Z l = Z 2 = Z 
TaKue, 'ITO pa,IJ.uanbHaB ,IJ.syxueHTposas d>YHKUHB HenpephiB

Horo cneKTpa COBlla,IJ.aeT C pa,IJ.HaJibHOH O.IJ.HOUeHTpOBOH 

ibYHKUHeH HenpepbiBHOrO cneKTpa C 3apB.IJ.OM 2Z,a yrJIOBaH 

.IJ.BYXUCHTpOBaH ibYHKUHH npH 3TOM COBlla,IJ.aeT C BbiTHHYTOH 

yrnosoii: cdlepou,IJ.aJibHOH dlYHKUHei ·
9

·
261 

, TO npu Tex >Ke 

R HE j , ~ '2 ..> 0 HMCIOTCB peWeHHH 3a,IJ.al.JH ,IJ.JIH KOHCl.JHOrO 

,IJ.HllOJIH (Z l 'Z , Z 2 ~ -Z) TaKHC, 'ITO yrnoBaH ibYHKUHH KO

HCl.JHOrO ,IJ.HllOJIH COBlla,IJ.aeT C yrJIOBOH O,IJ.HOUCHTpOBOH ibYHK

UHeH uenpephiBH9ro cneKTpa c 3apH.IJ.OM 2Z, a pa,IJ.HaJibHaH 
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ibYHKUHH KOHel.JHOro .IJ.HllOJIB COBlla,IJ.aeT C BbiT BHYTOH pa
,IJ.HaJibHOH cdlepOH,IJ.aJibHOH ibYHKUHeii: /s.p.c.dl/ 19 •26 / H HMe
eT, KaK H B.p.c.¢., He 3aBHCBI.UYIO OT R H OT k2 4Ja3y 

pacceBHHH, pasuy10 Hynro. 
CsBJh Me>K.D.Y ¢a3aMH pacceBHHH ,IJ.ByxueuTposoi 3a,IJ.al.JH 

C 3apH,IJ.aMH Zl, Z2 H O,IJ.HOUeHTpOBOH 3a,IJ.al.JH C lapB.IJ.OM 
lZ

1
rZ 2 ) HCCJie,IJ.OBaHa B pa6oTe/27l.TaM, B l.JaCTHOCTH ,IJ.Jifl. 

p a - COCTOHHHH, npHBe,IJ.eHbl rpa¢HKH KOHCTaHTbl pa3,IJ.eJieHHfl. 

A 10 (k;R) Ja,IJ.al.JH .IJ.BYX UeHTpOB C JapB,IJ.aMH Z 1=Z 2 =1 H 

KOHCTaHTbl pa3.IJ,eJieHHB A~(k;R) O,IJ.HOUeHTpOBOH Ja,IJ.al.JH 

c JapH.IJ.OM Z- 2. Ha JIHHHH nepecel.feHHH A. 1d-k;R),,A:0 (k; R) 

¢a3bl pacceHHHH B o6eux Ja,IJ.al.fax .IJ.OJI>KHhl cosna,IJ.aTb Me>K

.D.Y co6oi. Cor nacHo ycTaHosneuuoMy Bhlwe ycnosu10 BlaHM

HOCTH Ha 3TOH )I(C JIHHHH nepecel.JeHHH, T .e. TipH TeX >Ke 

R , k 2 , ¢ala pacceBHHH ua KOHel.JHOM .D.Hnone i\ tO( k; R) 
(Z l · 1, Z 2 = -1) ,IJ.OJI>KHa COBTia,IJ.aTb C ¢a30H B.p.c.¢., T.e. 

)J.OJI>KHa B JTOM CJiyqae paBHfi.TbCJI HyJIIO. 

PemeHHH Tuna /36/, perynfl.pHble B o6nacTH [ -1, .,., ) , 

ecTecTseuuo, He H<;'lepnbiBaiOT co6oi scex peweHHH Ja,IJ.al.JH 

k2 
.D.Byx ueuTpos npa E. ~ ---> 0. KaK noKaJauo Bhlwe, .IJ.JIJI 

) 2 
- - k2 nonyqeuuJI scex peweuua JTOH Ja,IJ.al.JH npa E . = --> 0 He-

J 2 

06XO,IJ.HMO paccMaTpHBaTL peWeHHJI .IJ.BYX O,IJ.HOI.\eHTpOBbiX 

la,IJ.al.J C JapJI,IJ.aMH (Z t+ Z 2 ) H (Z cZ 2) B nceB,IJ.OeBKJIH.IJ.OBbiX 

npocTpaucTsax /3/ u /8/. llpH 3TOM orpaHHl.feHHble ua au
Tepsane [ -1, + 1 ] peweHHJI yrnoBbiX ypasHeHHH s eBKJIH.IJ.O

BOM H llCeB,IJ.OeBKJIH,IJ.OBOM npOCTpaHCTBaX COBlla,IJ.aJOT Me>K

.Il.Y co6oi. Pa,IJ.HaJibHble >Ke peweHHH B nces,IJ.oeBKJIH.D.OBOM 

npocTpaHCTBe n j; ( f ,k; R ), perynBpHble B o6JiaCTH [ 1' oo), 
OTJIHl.JaJOTCJI OT pa,IJ.HaJILHbiX peWeHHH IJ j+(.; ,k; R) B eBKJIH

,IJ,OBOM 11pOCTpaHCTBe H B 06JiaCTH [ -1, +1) He 06fl.·3aTeJILHO 

perynHpHbl. 
KaK u ,IJ.JIJI o6bll.JHoro BO.D.OPO.D.ono,IJ.o6Horo aToMa s esxna-

2 
.IJ.OBOM npocTpaHCTBe, cnyqaii:, KOr,IJ.a E j = -~"" 0, Tpe6yeT 
B 3a,IJ.al.fe .IJ.Byx ueHTpos cneuaaJibHoro paccMo~peHHB. llepe

onpe,IJ.eJIJIJI .IJ.Jifl. 3Toro onepaTopbl /4/ a /9/ TaKHM o6pa3oM, 
l.JT06hl B reHepa To pax U i , A i He 6b1JIO MHO>KHTeneii: 
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_!_ , _1_, B BLI'IBCJUUI KOMMyTaiJ,BOHHble COOTHOWeHB.II Me)f(· 
( 1 ( 2 

~ ~ 

.ny 3TBMB onepaTopaMB c y'leToM Toro, 'ITO E 1 = E 2 = 0 , 
nony'IBM anre6py reHepa Topos rpynnLI, JIBn.IIIOIIJ,eicJI np.11· 

MLIM npOB3Be,D;eHBeM .D;BYX rpynn ,D;BB)f(eHBB TpexMepHLIX 

npocTpaHCTB P(2,1) 181 P(2,1). PaccMoTpeHBe nonHoro Ha-

6opa KOMMYTBpyiOIIJ,BX onepaTOpOB B 3TOB rpynne, aHano
rB'IHOrO Ha6opy /12/ ,B HaXO)f(,ll;eHBe C06CTBeHHLIX cllYHKIJ,BB 

3Toro Ha6opa B cucTeMe Koop.D;BHa T I 13/, KaK B B npe.nLI

,~~;yiiJ,Bx cny'la.IIX, DpBBO,D;.IIT K 3a,D;a'le, KOTOpa.ll 3KBBBaneHT • 

Ha 3a,D;a'le .D;ByX U,eHTpOB KBaHTOBOB MeXaHBKB /2/. IlpB 

k2 
3TOM E . = --- = 0. 

J 2 

IIepei.neM Tenepb K HeKOTOPLIM cne.ncTBB.IIM paccMoT

peHHLIX B pa6oTe rpynnosLix csoicTB peweHBi Ja.D;a'IB /2/. 

COOTHOHIEHH.R ME)l(,4Y HHTErPAJIAMH IIPH E i ~E j 

/19/ 
AHanorB'IHO reHepa TOPLI rpynn 0 ( 2 , 2) 181 0 (2 ,2 ) , 

0(3,1) ® 0(3,1) , P (2,1) 181 P (2,1) MO)f(HO JanucaTb He 

B "p ·npe,D;CTaBneHBB", KaK B ,D;aHHOB pa6oTe, a B "X ·npe,D;· 

cTasneuuu". BLI6upa.ll npu 3TOM nonnLii Ha6op .nuaroHanb

HLix onepaTOpOB, COOTBeTCTBYIOIIJ,BB Ha6opy /12/, B onpe

,D;en.ll.ll co6cTBeHHLie cllYHKU.BB 3Toro Ha6opa B runep6onu

'lecKoi CBCTeMe KOOp,D;BHaT I 19 / ,MO)f(HO TaK)f(e npBBTB K CO· 

OTHOWeHB.IIM /26/ B /33/ B K 3a,D;a'le, KOTOpa.ll 3KBBBaneHT· 

Ha Ja,~~;aqe /2/. 
IlO.D;06HO TOMY, KaK BO,D;OpO,D;ODO.D;06HLIB a TOM B eBKnB • 

,II;OBOM /a TaK)f(e B DCeB,D;OeBKnB,D;OBOM/ DpOCTpaHCTBe 

MO)f(HO ODBCLIBaTb C DOMOIIJ,biO npe,D;CTaBneHBB rpyDDLI 

0 (4,2) /a/ , B "X ·npe,D;CTaBneHBB" BMeCTO reHepaTOpOB 

rpynn 0(2,2) 181 0(2,2) B 0(3,1) 181 0(3,1) MO)f(HO TaK)f(e pac

CMaTpusaTb reHepaTOpLI rpyDDLI 0(4,2) 181 0(4,2). BLI6Bpa.ll 

B 3Toi rpynne nonHLii Ha6op .nuarouanbHLIX onepaTopoB, 

aHanorB'IHLii Ha6opy I 12/, MO)f(HO npniTB, KaK B B npe.nLI

.D;YIIJ,BX cny'laJix, K 3a,D;a'le, KOTopaJI 3KBBBaneHTHa 3a.D;a'le 

.D;BYX U,eHTpOB /2/. 
"x -npe.ncTasneHBe" y.no6Ho , HanpuMep, B Tex cnyqa-
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p 
n J1 2 -

.IIX, KOr,D;a Tpe6yeTC.II Bblpa3BTb BenB'IBHbl BB,D;a ct , { (f -1) 2, 

r 
"'nc .:-2 ) a a n fli 2 - a a I ~ r, -1-7 ---.TJ •TJ ~1-TJ )2 ----; .. B T.n. (:, TJ - nepe-a._, aR aTJ aR 

MeHuwe B ypaBHeHB.IIX /2/, R - paccTO.IIHBe Me)f(.ny 3ap.11· 

.naMB z 1 B z2 I B TepMBHaX reHepaTopoB paccMaTpBBae

MbiX B pa6oTe rpynn. IlpB 3TOM onepaTOpLI, COOTBeTCT· 

BYIOIIJ,BC 3HeprBB E KaK B "p -npe,D;CTaBneHBB", TaK B B 

"x - npe,ncTaBnCHBB", .IIBn.IIIOTC.II C - 'IBCnaMB B DOTOMy KOM

MYTHPYIOT co BCeMB reuepaTopaMB ynoMHHaeMLIX J.D;ecb 

rpynn. On epa TOpbl, COOTBCTCTBYIOIIJ,Be KOHCTaHTe pa3,11;ene

HH.II A, B 060HX npe,D;CTaBneHB.IIX MO)f(HO 3aDHCaTb B BH,D;e 

~ 2 a 2 a R2E 2 1 a 2 
A=-[((: -1)-- +2f---+ ---(( -1)-t af+ --- ----], /37/ ae2 a;; 2 ( 2_1 aa2 

a TaK)f(e B BB,D;e 

r.ne 

~ 2 a2 a R~ 1 a2 
A= [ (1- TJ ) ---- - 2 Ti -- + ---- (1- T/2) + bTJ+ ---- ---]. /38/ 

a 71 2 a TJ 2 . 1 _TJ 2 ari 2 

a ·'0 R(Z 1 +Z 2 ), b = R(Z cZ 
2 

), E- 3HeprB.II. 

OnepaTopbl f> 3 u L 3 npu 3TOM BMeiOT BB.D; 

f "'- i _L ' L 3 = -i _ _q_. /39/ 
'3 aa a{3 

Bse.neM, KaK H B pa6oTe 
128

; cne.nyiOIIJ,Be o6o3Ha'leHH.II 

M.ll .D;BYXD;eHTpOBLIX HHTerpanos: 

e oo e 2 11 
A 11 =JdfiTef<f-1) rrj. 

1 

nAf - Joo df n./ ( ( 2-1/ ann IT j; 11 ·- .. 1 aR 
1 

~r 00 e 2 f a 
AIL"' J d(II. ( ( f -1 -II. 

1 I ae J' 

/40/ 
n 

AO oo e 2 11 a a II nAt _ J d.:- II. c ( ( -1) -- -~ j , 11 - 1 <_, Is aRn a~ 

Af ,Af0 , 1Af :=1At , f ,n =0,1,2 ... ;11 =- ~ ,0, ~ ,1, .. · 
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11HTerpanbl llO nepeMCHHOB Tf HMCIOT TOT :>Ke BH.IJ. C 3a-

MeHoii: 
t-1 

A .... B. ( .... Tf. J ·f . IIi--2i. nj .... 2j. 
1 -1 

3.n.ecb i , j - ua6opbl ccllepuqecKHX KBaHTOBblX queen; 

IIi , IIj , 2i , 2 j - COOTBCTCTBCHHO pa.n.uanbHbiC H yr

nOBbiC ciiYHKUBB 3a.IJ.a'IB .IJ.BYX UCHTpOB. 
)J.m1 cocTOJIHBii .n.acKpeTHoro cneKTpa i = N' , L' , m 

j = N, L ,m; 

IIi = IIi ( f; R ) , II j = II j ( f ; R ) • 2 i = 2 i ( Tf ; R ) • 2 j = 2 j ( IJ ; R ) . 

)J.nJI COCTOJIHBB HenpepbiBHOrO CllCKTpa i L',m' 

""'L ,m, 
c c 

IIi= IIi (f ,k;R), Ilj =Ilj (f,k;R), 

- ....,c 
;::. j = ;::. j ( Tf , k ; R ). 

PaccMoTpBM KOMMyTaTopbl: 

-.... - ..... c = ;::. i ( Tf ,k ;R) , 

~ n 2 n-1 a (n 1) n-2 n 
[-A , ( ] "" 2 n [ ( f -1 )( f -- + --=- f ) + f ]. ae 2 /41/ 

~ n 2 a n+ 1 n-1 ~ 
[-A ,f, (f, -1)-Jl] =-2[(n+1)f, -nf ] A + 

n-2 2 2 a 
+nf [(n+1)f, -(n-1)](f, -1)crr+ 

2 
n-1 2 R E n+l n-1 

+2nf mL2(f -1)(-
2
-)[(n+ 2)f -nf, ]-

n+2 n 
-a [ (2n '+-3)f, - (2n+1)f, ] , n =0,1,2, ... /42/ 

IJpB Bbl'IHCneHBB KOMMyTaTOpOB /41/, /42/, a TaK:>Ke 
npB BblqucneHBB DCCX nocne.IJ.YIOJ.UHX KOMMyTaTOpOB B 3TOB 
pa60TC Mbl yqBTblBaeM TO 06CTOJITCnbCTBO, 'ITO B OTnBqHe 
oT /21.28/ a .n.aHHOM rpynnoaoM no.n.xo.n.e 3HeprBJI E JIBnJI
eTCJI c -qacnoM. TaKBM o6pa3oM, 3.IJ.CCb Mbl paccMarpuaa-
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eM TOnbKO TaKHe i- , ] - COCTOJIHHJI, KOTOpble COOT BeT
crayiOT nepeceKalOlUHMCJI unu coana.n.arolUHM npu acex R 
repMaM, T.e . .IJ.nJI KOTOpbiX B cnyqae .IJ.HCKpeTHOrO cneKTpa 

F. 
I 

E ~E "0. a cnyqae nenpepblauoro cneKrpa E. =E .• E -, ~3-,o 
I I J 2 

1 1l k~ itR:(-2-) -0). 

YMHO)f(HM /41/ H /42/ Ha df H Bbi'IHCnHM HHTerpanbl 

or o6eux cropoH JTHX paaeHCTB. Ilpu m ~m' ,E i =E J ""E 
nony4aeM: 

f! A ~o: - ({: ~ 2 )A l = 2 A C) 

1 

1 I n n-2 ('n-1 -, fl - II (II d) A t- II ( n -1 )A = 2 n 1\ l ; n = 2 ,3 , ... 

-fiAt c-2R 2EA:3 t-2(-Aj t-2R~E )A 1 -3aA
2 ~aA"; 

/43/ 

~. 1 ~ n-2 2.... . nt;l 
-l{Jt-II(nd)\A 1 t-n(n-l)A 1 =-R t;(n~2)A d-2Ai (nt-U+ 

~ nH ~ 2.... n-1 nt-2 
,2R E(nt2)\A ~li\2Aj+2m -R t;)A -a(2nt-3)A + 

ra(2nt-l)An II =1,2,3, ... , 

r,11.c fh A -A _ 
I J ~n 

Ilo.n.craanJIJI Bblpa)f(eHHJI .n.m1 A 
B /44/, nonyqaeM a cnyqae i = j 

1 
'j..n-2 

1 

/44/ 

H3 /43/ 

npH n=O: 2R 2 EA
3 

+3aA 2 +2[-R
2

E + Aj ]A
1 

-aA 0 =0; 

/45/ 
9 2 2 4 3 1 

npu n = 1 : [- 4 R -E + 4 A j + 3] A + 3 R E A + 5aA - 3aA -

-(2A1 +1 +2mLR
2
E)A 0 =0; /46/ 
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npa n =2,3 , ... : 

2 n (n+ 2) n+ 1 2 2 
( n+1)[-2R E +2A. +----]A -n(2A. +ll +2m-

J 2 J 

2.... n-1 ( -R ·~)A +E n-1Xn-2) 
n-3 2 n+3 

A + R E (n+2)A +-
2 

f'.+2 n 
+ a(2n+3)A -a(2n+1)A = 0. /47/ 

B cnyqae i /, .l 

npu n=O: 
2 3 2 {3 2 2 1 2 R EA + 3aA + [ -- - 2 R E +A i +A j] A -a A 0 = O; 

2 /48/ npu n =1: 
{32 

[----4R
2
E+2A· +2A·'+3]A2 +3R 2EA4 +5aA 3 -3aA 1 -4 J J 

-(,\i +Aj +1 +2m2-R2E)A 0 = 0; /49/ 

iipH n =2,3: ... : 

R2E (n+2)An+S + a(2n+3)A n+2 t-(n+1)[ __ j3__:_ - 2R 2E + 
2 (n+1)2 

n(n+2) n+l n 
+ ,\. +A·+ ---]A -a(2n+l)A -

1 J 2 

-n (,\+A j +n2+ 2m LRl?E )An-~ E(n-lX~-2) A n-~0. 
2 

/50/ 

COOTHOWCHH. /45/-/47/ COBllaAaiDT C COOTHOWCHH.MH 
/30/-/32/ pa6onl128/, a cooTaomeaa• I 43/. I 44/. I 48/
/50/ COOTBCTCTBCHHO - C COOTHOWCHH.YB /17/ • /25/ • 
/27/-/29/ pa6onl/28/, ecna B nocneAHBX nonmKBTL 
E i = E j =E. OABaJCo nocJConLJCY s oTnB'IBe oT pa6oTLI1281 

3ACCL llpB BLIBOAe COOTHOWeHBI /43/·/50/ HAY He Tpe6o· 
BanOCL ycnOBBe ICOHe'IHOCTB paCCYATpBBACYLIX HHTerpanoB, 
TO nony'leHHLie COOTBOWeBB. /43/-/50/ cnpaBeAnBBLI npB 
m,.m • • Et aE j"*E He TOnLJCO An• CXOA•IIUixc• BHTerpa-
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nos ,D;HCKpeTHoro cneKTpa, HO H ,D;nJI HHTerpanoo Henpepbm-
Horo CllCKTpa, KOTOpble He 06JI3aTenhHO KOHC'iHbl. ~ 

AHanorH'iHbiM o6pa30M Bbi'IHCnJIB KOMMyTaTOpbl (A, rt] , 

r A . 7J n c t- 7J 2) _L_ 1 
a., H HHTerpHpyB, nony'IHM COOTHOlliCHHB 

Me)I{,D;y HHTerpanaMH no yrnoBbiM nepeMeHHhiM 77. cnpa
Be,D;nHBble llpHm=m' ,Ej=E 1 ~E KaK AnB HHTerpanoB 
,D;HCKpeTHoro, TaK H ,IJ,nB HHTerpanoo HenpephiBHoro cneKT
poB H B TO'IHOCTH COBlla,IJ,aiO~He C COOTHOlliCHHBMH /43/-/50/, 
ecnH B llOCnC,IJ,HHX npOH3BCCTH JaMeHy: 

A-.13, a ... -b. 

Bhi'IHCneHHe KOMMyTaTopos (-A ,fn-~],(-A,fn(f 2 -1)~- ~1 
a R afaR: 

H nocne,IJ,yro~ee HHTerpupooaHHe npHBO,IJ,JIT npu Ei = E j =E , 
m = m ' K COOTHOllleHHBM 

2 
1 n 1 n-2 a R E n+2 n 

-[f~ + n(n+1)] A + n(n-1) A + --(---)(A -A ) + 
aR 2 

+ ( _L_ AJ· )An + -~ An+ 1 - 2n t.A_n - 1 . 
aR R - 1 • 

/51/ 

-[{3+n· (n+1)] 1 A~ + n(n-1) 1.A~-2=-R2E(n+2) 1An+S+ 

+ 2 ( n + 1 )[ R 2 E - A j l 1 
A n + 1 + n [ 2 ,\ j + 2m 2 - R 2E ] 1 A n-.!. 

1 n+2 1 n a R ~ n+3 - a(2n+3) A + a(2n+1) A - 2 ---( ---)(n+2)A + 
aR 2 

a a R2E n+t a n+2 
+ [ -2( -- ,\J. )(n+1)+4(n+1)---( --)]A --- (2n+3)A + 

aR aR 2 R 

+ _!l_ (2n+1 )A 11 

R 
+ 2n [ ( _.L_ ' . ) _ a ( R 

2
E )] A n -1 

aR "J -~fa -2- + 

a R 2E ~n+2 ~n a ~n+1 
+ --- ( --- )( A 1 -A 1 ) - -- A 1 

aR 2 R 
n =0,1,2... /52/ 
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COOTHOWeH8JI /51/ ,AaiOT: 

np8 i=j , n = 0 

a R
2

E 2 a a R 
2
E ] 0 a 1 . I -(--)A +[(--A·)----(--) A +--A =0, /53 

aR 2 aR J aR 2 R 

np8 i ~j , n = 0 

1 o a R2E 2 a 1 -{3 A +---(--)A + --A =0. 
aR 2 R 

/54/ 

~ llo.As_TaBnJIJI ~swpa)l(eH8JI .AnJI 1A11
1 , 1A~- 2 83 /51/ 8 .IJ.JIJI 

An+2, An
1
+1 , An 83 /43/ B /52/ 8 np8BO.IJ.JI no.a.o6awe 

1 1 
'IJieaw, 8Meew: 

2 
2 1 n+3 1 n+2 [ f3 a... 

R E(n+2) A + a(2n+3} A + (n+1) ---- 2R ~ +Ai +A.+ 
2(n +1) 2 J 

n(n+2) 1 n+1 1 n . . 2 2 2 1 n-1 
+ ----] A. -a(2n+1) A -n(Ai +Aj + n +2m -R E) A + 

2 

n(n-1)(n-2) 1 n-3 a R 
2

E f3 n+3 
+--------A .. (n+2)-- (--)( ------- -1)A 

2 aR 2 (n+1)(n +3) 

~- ~~n+~_)_ (1- _ {3 )A n+2 
R 2 (Il +1)(n+2) 

+ 

[ a R2E ~ a ] n+1 . 
+ --(---)(n+1)(2- -~-)-2(n+1)(-A.) A + a R 2 · (n+1) 2 a R 1 

n 
+ ...!L (2n+1)A 

2R 
+ n [ 2 ( _L A.) _ _3_ ( g2 

E ) ] A n-1. 
aR 1 aR 2 • 

ns0,1,2, ... 

/55/ 

CooTaowe88Jl /55/ cnpase,An8BW .AnJI 8HTerpanos .1J.8CK
peTaoro 8 8enpepwsaoro cneKTPOB npa m = m ', E i,. E j = E • 
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llpH 3TOM i-/ j HJIH i ., j /B 3TOM DOCJie,IJ,HeM cnyqae B Bbl· 
pa:>KeHHJIX /55/ (3 ... ,\i -Aj '" 0 /. CnaraeMwe, nponopu;ao-
HanLHwen,n -1,n-2 B /55/, pasH:bi aymo npa nc:0,1,2 
COOTBeTCTBeHHO. ~ a 

AHanorH'IHOe Bbi'IHCJieHHe KOMMyTaTOpOB [A, TJ 11 --R-] al 
l A, 1111 (1- IJ 2) -;/J·;/ -zPR I a nocne.a.yJOJ.Qee HHTerpaposaaae npa-

BO.IJ.JIT npH Ill-- m', E 1- • E J ,..E K COOTHOWeHHJIM Me:>K,IJ,y HH-
n 1 ~ 

TerpanaMH 1 B , 13 11 
, B~ , KOTOpble COBDa,IJ,aiOT C CO-

OTHOWeHHJIMH /51/-/55/ DpH 3aMeHe A -~ 1:3, a •-b. 
llO.IJ.OfiHLIM o6pa30M MO:>KHO fiLIJIO 6bl paCCMaTpHBaTL H 

fionee CJIO:>KHble KOMMyTaTOpLI, HanpHMep, KOMMyTaTOpbl 
BH)J.a 

~ <' 2 11 / ~ ,_, 2 f / a [-A , ~ ( ( - 1 ) -!i:-y-] , [-A , f ( f - 1 --y ---] , 
DR DR af 

r _A . e, c ~ 2 _ 1 )11 e u\ 111 a 1 . 

e e 
[ ~ ,, 2 f J 1 [ ,_, 2 11 a a 

1 A •TJ (1-TJ --;:T , A, TJ (1-TJ) --;J1-J- , aR aR TJ 

[A' TJ'' (1- TJ2f eii\mfi], 
/56/ 

r.u.e 11 , ,, - He o6JI3aTenLHO uenwe qacna, P = 0,1,2 .... 
HHTerpapoBaHHe 3THX COOTHOWeHHH npHBO)J.HT npH E i =f. j'"'E 

K, peKyppe~HTHbiM 900THOWeHHJIM Me:>K.U.Y HHTerpanaM8 A~ , 
I r) P n' p ,J 

N. 11 , u/1 , B Jl H np. llpH 3TOM COOTHOWeHHJI Me:>K,IJ,y 
HHTerpanaMH 8, KaK 06LI'IHO, COBDa)J.aiOT C COOTHOWeHHJIMH 
Me:>K.u.y HHTerpanaMH A c 3aMeHoii: A • B, a -• -b. 

3AKJI/O lfEHHE 

B pa6oTe noKa3aHo, 'ITO npoaJse.u.eaae peweHHii B esKn8-
.u.osoM npOCTpaHCTBe .U.BYX O)J.HHaKOBLIX .U.BYXJJ;eHTpOBLIX 
3a)J.a'l C 3apJI)J.aMH Z 1 , Z 2 3KBHBaJieHTHO npOH3Be,AeH810 
peweHHH .ll.BYX O,IJ,HOJJ;eHTPOBLIX 3a,IJ,a'l C 3apJI,IJ,aMH (Z 1 + Z2) 
H ( Z 1-Z 2) B nceB,AOeBKJ18.1J.OBbiX npOCTpaHCTBaX /3/ H /8/. 

31 



flpH 3TOM peWeHHJI .IJ;HCKpeTHOrO ClleKTpa O.IJ;HOUeHTpOBbiX 

3a.IJ;a'l COOTBeTCTDyJOT npe,IJ;CTaDJieHHJIM rpynnbl 0(2,2) , 
a peweHHJI HenpepbiDHoro cneKTpa 3THX Ja.IJ;a'l - npe.IJ;cTaD

JieHHJIM rpynnbl 0(3,1). llpOH3De,IJ;eHHC peWeHHH .IJ;DYX O.IJ;H

HaKODbiX .IJ;BYXUeHTpODblX 3a,IJ;a'l C JapJI.IJ;aMH Z 1' Z 2 D CJiy'lae 

.IJ;HCKpeTHOrO CllCKTpa COOTDeTCTDyeT npe,IJ;CTaBJieHHJIM rpyn

nbl 0(2,2) ® 0(2,2), a D cnyqae uenpepbiDHoro cneKTpa -

npe.IJ;cTaoneHHJIM rpynnbl 0(3.1) ~ 0(3,1). 

BcJie.IJ;CTBHe CHMMeTpHH Me:>K.IJ;Y peWCHHJIMH O.IJ;HOUeHTpO

DbiX 3a,IJ;a'l C 3apJI.IJ;aMH ( Z 1 1-Z 2) H (Z 1 -Z 2) CYJUeCTDyeT Tal<

:>Ke CHMMeTpHJI Me:>K.IJ;y peweHHJIMH .IJ;BYX .IJ;DYXUeHTpOBbiX 3a

.IJ;a'l C 3apJI.IJ;aMH Z 1, Z 2 H Z 1 , --Z 2 COOTDeTCTBeHHO. 3Ta 

CHMMeTpHJI llpHDO.IJ;HT B 'laCTHOM CJiyqae K YCJIODHJO B3aHM

HOCTH .IJ;JIJI .IJ;DYXUeHTpOBbiX lPYHKUHH nenpepbiBHOrO cneKTpa, 

KOTOpOe aHaJiorH'IHO llpH Z 1 c,< Z 2 YCJIODHJO B3aHMHOCTH 

,ll,JIJI .IJ;BYXUCHTpODhiX lPYHKUHH .IJ;HCKpeTnoro CllCKTpa. 

BMecTo rpynn 0(:!.2) :.: 0(2,:!) u 0(3.1) ~: 0(3,1) .IJ;JIJI Knac

cu.PuKauuu peweuuii Ja.IJ;a'IH /2/ MO:>KHo npuMeHJITb u 6onee 

wupoKue rpynnbl. HanpuMep, pewenuJI .D.HCKpeTHoro u He

npepbiDHOrO CllCKTpOD 3TOH 3a,IJ;a'IH MO:>KHO llOCTaBHTb 

B COOTDCTCTDHC TaK:>Ke npe,IJ;CTaDJICHHJIM rpynnbl 0( 4 ,2) ~( 4 ,2) 
flO.IJ;'IepKHCM ClUe pa3, 'ITO DO BCCX 3THX paCCMOTpCHHJIX 

3HepruJI E JIDJIJICTCJI c-qucnoM. 

rpynnODble CDOBCTBa pewenuii 3a,IJ;a'IH /2/ npHBO.D.JIT 

B 'laCTHOM CJiy'lae K COOTHOWCHHJIM MC:>K.IJ;Y .IJ;BYXUCHTpODbi

MH HHTerpaJiaMH. HeKOTOpble H3 llOJiy'ICHHbiX D pa6oTe 

COOTHOWCHHH CODUa.IJ;aJOT npu E i .c E J , E C COOTHOUICHHJIMH 

pa60Tbl/
281 , O.IJ;HaKO D .D.aHHOM CJiyqae D OT JIH'IHe OT I 28/ yc

JIOBHC KOHC'IHOCTH paCCMaTpHDaCMbiX HHTerpaJIOB He Tpe-

6yeTCJI1H llOTOMy BCe llOJIY'ICHHble 3.IJ;CCb COOTHOWCHHJI cnpa

DC,Il,JIHBbl He TOJibKO .IJ;JIJI HHTerpaJIOB .IJ;HCKpCTHOrO CllCI<Tpa, 

HO H .IJ;JIJI HHTerpanoD uenpepbiDHoro cneKTpa, KOTOpble He oce 

KOHC'IHbl. Bee COOTHOWCHHJI BblllOJIHJIJOTCJI KaK npH a j b , 
TaK u npu a ~ ± b , a TaK:>Ke npu a. b =0 u He JaDHCJIT 

OT KOHKpeTHbiX pa3JIO:>KCHHH .D.JIJI lPYHKUHH ni , Jlj , S i , 2 j • 

.liOJibWHHCTDO nOJIY'ICHHbiX D pa6oTe COOTHOWeHHH MC)KJJ.y 

HHTerpanaMu A , I3 npu E <0 u Me:>K.IJ;Y HHTerpanaMH B npH 

E > 0 npoDepeHO 'IHCJICHHO C noMOJUbiO nporpaMMbl I 121. 

llpa 3TOM D cnyqae E > 0 anropHTM Dbi'IHCJieHHJI HHTerpanoD 

B TOT :>Ke caMblii, 'ITO u npa E < 0 c JaMeHoii p 2 .. _ c2 

R~ (p2 =- --) 
2 
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PeKyppeHTHble COOTHOWeHHJI MC:>K.IJ;Y pa,IJ;HaJibHblMH HH

TerpaJiaMH npa Z 2 ==0 , R ,-:0 /Do.IJ;opo.IJ;ono.IJ;o6Hblii aToM 

D CDKJIH.IJ;ODOM npocTpaHCTDe B ClPCPH'ICCKOB CHCTCMC KOop

.IJ;HHa T I .IJ;JIJI cny'laJI .IJ;BCKpeTHoro cneKTpa MO)KHO HaiiTH 

D pa6oTax 15•61 , a .IJ;JIJI HenpepblDHoro - D pa6oTax 17 ,8 1 . 

HHTerpaJibl no yrJIOBblM nepeMeHHblM npa 3TOM cDO.IJ;JITCJI 

K HHTerpaJiaM no npOB3DC.IJ;CHHJIM nOJIBHOMOB Jle)KaH.IJ;pa. 

B JaKJIIO'ICHBe OTMCTBM, 'ITO peweHBJI 3a,IJ;a'IB .IJ;DYX UeHT

POD D nceD.IJ;OCDKJIB.IJ;OBOM npOCTpaHCTBe C MCTpBKOB /3/ 

- ~ · 1 a 2 a2 a 2 z 1 z - --. E '11
. (XJ=l---(----- --+---)------E'J'V.(x) /57/ 
J 2 a x2 a X 2 ax 2 r 1 r 2 J 

1 2 3 
TaK)Ke MO)KHO nOCTaDBTb B COOTDCTCTDHC npe.IJ;CTaDJieHHJIM 

rpynn 0(2,2) ® 0(2,2) , 0(3,1) 11'! 0(3.1) , ~) (2,1) ® ~')(2,1). llpu 

3TOM D OTJIH'IBC OT 3a.IJ;a'IH /2/ nepeMCHHble D ypaDHCHHB 

/57 I paJ.IJ;eJIJIJOTCJI He D O.IJ;Hoii cacTeMe Koop.IJ;BHaT, KaK 

D ypaDHCHHB /1/, a B .IJ;DyX: /13a/ B /136/. PaJ,IJ;eJICHBe 

nepeMeHHblX B ypaDHCHHB /57/ B CHCTCMe KOOp.IJ;BHaT /13a/ 

(r 1 =-~(<;+v), r 2 =f-ee-l')) npHDO.IJ;HT K Heo6xo.IJ;BMocTu 

CODMCCTHOrO peweHBJI .IJ;DYX ypaDHCHHB .IJ;JIJI pa.IJ;HaJibHblX 

KynoHoDcKux cfllepou.IJ;anLHblX fl!yHKUHB c 3apJI.IJ;aMH (Z 
1 

+ Z
2
)H 

(Z 1-Z 2 ) B ypaoHeHBJI Tuna /2D/. Pa3.IJ;eJIP.HHe )Ke nepeMeH

HbiX B ypaoHeHBB /57 I D cacTeMe Koop.IJ;BHaT /136/ 

(Xf'Yi' r1 =t (rJ+IL),r2"'f-(TJ-f1)) npHBO.IJ;BT K HC06XO.IJ;BMOCTB 

COBMeCTHOrO peWeHHJI .IJ;DYX ypaDHCHHB .IJ;JIJI yrJIODblX KYJIO

HODCKBX c.PepOH.IJ;aJILHblX fl!yHKUHB C 3apJI.IJ;aMH (Z 1 + Z2 ) B 

(Z 1 -Z 2 ) B ypaoHeHHJI Tuna /2D/. TaKBM o6pa3oM, pewe

HHJI . B llCCD.IJ;OCBKJIH.IJ;OBOM npOCTpaHCTBC 3a.IJ;a'IB .IJ;DYX UCHT

poB /57/ D CBCTCMaX KOOp.IJ;BHaT /13a/ H /136/ JIDJIJIJOTCJI 

'laCTHblM CJiy'laeM peWCHHB B eDKJIB.IJ;ODOM npOCTpaHCTBC 

B cfllepOH.IJ;aJILHOB CBCTeMe KOOp.IJ;HHaT .IJ;DYX .IJ;DYXUCHTpODblX 

3a,IJ;a'l: D O.IJ;HOB KYJIOHODCKHe 1.\CHTpbl HMCIOT 3apJI.IJ;bl Z l• 
Z 2 • B .IJ;pyroi - 3apH.IJ;bl Z 1 , -Z 2 . 

AoTop Dblpa:>KaeT rny6o1<y10 6naro,IJ;apHOCTL JI.A.CMopo

.IJ;HHCKOMY, C.H.BHHBUKOMy, H.B.KoMapooy, JI.H.lloHoMape

oy, JI.H.CoMoDy, A. T .CI»BJIBnnooy Ja o6cy)K.IJ;eHBe paJJIB'IHblX 

BOllpOCOB 3a.IJ;a'IH .IJ;DYX ueHTpOD H UCHHble 3aMe'laHHJI. 
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