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norOCSUI r.c .. Tep-AHl'OHHH B.M. 

Koa4>¢uuneHTbt npeo6paaoaaHHH Me>KllY neKaproBbiMH, 
UHnH-H.IlpH'ieCKHMH l! cif:lepuqecKHMH BDnHOBbiMH 

$yHKUHRMH uaoTponaoro ocuunnBropa 

P2 · ll962 

Hccne.nyroTCH sonaoabie 4JyHKUHH uaoT·ponaoro ocuunnSiropa a p.a3.11H'LJHhiX 
CHCTeMaX KOOpAHHBT C UeflblO HBXO>KlleHHSI K03!f>¢HUHeHTOB YHHTapHbiX rrpeo6-

p830BBHHii Me>K.IlY 3THMH iJ>yHKUHSIMH. J.1cnom~ayeMt-U1: 8CHMIITOT~f:1-IeCKHif MeTOJl 

II03BO.l1516T Haif.TH T8KHe JIHHeii:Hbie Hpeo6pa30B8HHSI MeW.JlY Jl-eK-8pTOBbiMH, 

c¢lepJPieCKHMH H UHJIHH.Ilpi.P.I6CKHMH BOnHOBbiMH cflyHKU.UHMH TpexMepHOr'O H3Q

TpOIIHOI"O OCUH:lUHITOpa. noK838H01 'LJTO Koa4J4JHUHeHTbl 3THX IIpeo6pa30B-8HHii 

COBIIBJl<HOT C d -$jHKUHS1MH 8-HrHepa H o6o6meHHblMH K031jJ$HUHeHT8MH 

Kne6ma-ropnaHa. 

Pa6ora ahmonHeHa B !la6oparopu-u TeopeTH'IecKoH ¢m3HKH 0115111. 

Coo6weHHe 051>eJlHHeHHOrD HHCl'HTyTa >IJlepHbiX uccneaosaHHii. Jly5Ha 1978 

Pogosyan G.S., Ter-Antonyan V.M. P2 · 11962 

Conversion Factors for Cartesian, Polar 
and Cylindrical Wave Functions of Isotropic 
Oscillator 

A derivation of the linear transformation between 
Cartesian, polar and cylindrical wave functions of the 
thrBe dimension isotropic oscillator is presented. The 
coefficients of these transformations were found to be 
identical with Wigners d-functions and Clebsh-Gorgan 
coefficients. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Commonicotion of the Joint Institute for Nuclear Research. Dubno 1978 

© /978 06LeP.HHeHHblH HHCTHTyT HP.epHbiX HCCP.eP.OBBHHH .Qy6HB 

BBEl!EHME 

KaK H3B6CTHO,cy~6CTBY6T H6CKO~LKO ITOT6H~Ha~OB, A~H KOTOp~ rre

p6M6HHI\I6 B ypaBH6HHH illp6AHHrepa p63A6JIHIOTCH B pa3HhiX CHCT6MBX KOOp

AHHaT. B QBCTHOCTH,TBKHM CBO~CTBOM 06JIBABIOT ABYX- H TpeDA6pHun H30-

TpOITHhln OC~JIJIHTOp, ABYXMepHOe KYJIOHOBO rro~e, BTOM BOAOPOAB H OAHO

POAHOe MarHHTHOe llOJie. ilpHQHHon CTO~B 06HJILHO~ pa3A6JIHeMOCTH HBJIH

IOTCH AHR6MHQ6CKH6 CHMM6TpHH,XapaKT6pHhle AJIH nepeqHCJieHHHX CJiyqaeJI-41 

qacTo AJIH paaHhiX ~eJieM YA06Ho pemaTL ypaBHeHHe IDpeAHHrepa B paaH~ 

CHCTeMaX KOOPAHHaT. ilOHHTHO, QTO B TBKHX CJiyqaHX BB~HO HM6TL ~OpMy

Jihl, IT03BO~HDmH6 nepeXOAHTL OT OAHOrO OnHCBHHH K ~pyroMy[S,G1 
ITycTL HueiOTCH ,llBe KOHKpeTHl\16 cHcTeMhl KOOP.llHHaT I H "'[ , B KO

Topux rrepeueHHl\16 B ypaBHeHHH IDpe,llHHrepa c ,llaHHhiM noTeH~aJioM paa,lle

~HIOTCH,H ITYCTL 1f~(I) H 'Yp(tl) - ,llBa Ha6opa BOJIHOBHX ~YHK~M, K63-

,llHM H3 KOTOpi\IX COOTB6TCTByeT O,llHOMY H TOMY •e ypOBHIO 3HeprHH ,llHCKpeT

HOrO Cll6KTpa; llO,ll cl H j3 6y,ll6M ITOHHMBTD llOJIHl\16 H660phl ~H3HQeCKHX 

B6JIHQHH, COOTB6TCTBYIO~X 3THM COCTOHHHHM. BOJIHOBl\16 ~YHKQHH ~~(I)H 

~,([)c paBHI\IM YCll6XOM OnHCI\IBBIOT CHCT6MY H ITOTOMY ,llOJI.Hl\1 6HTL CBH3a

HH YHHTapHHM npeo6pa30BBHH6M. 3anxmeM 8TO np606pa30BBHH6 B BH,lle 

~a(. (I) = L- s,.cL -xr~ no . ,. {I) 
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BH,l\ K03cWJHL\H6~TOB 0:, f>ol. ,1\JIH aTOUa BO,liOpO,lla ( pet[b H,lleT 0 rrepe

XO,l\6 OT cwepHqeCKHX KOOp,l\HHaT K rrapa60JIHqecKH!.l ) 6un ITOJ!yqea B pa-

60TaX [?' sJ II03llt6 6uno ITOKaaaao r;J qTO STY aa.z~aqy ropa3,ll0 rrpOI!le pe-

ll!HT:O 1 eCJIH B COOTHOlli6HHH (I) rrepe£1TH K rrpe,lleJiy 9' ~ C>O 1 r.z~e SJ;_ -

pa3M6pHb16 KOOp,ZU4H8Tb!o B H8CTOHI!l6H CTaT:De BblllHCJIHIOTCH K03<WJHL\H6llTbl 

rrpeo6paaoBaHHH (I) B cJiyqae Tpexuepaoro H30Tporraoro OCL\HJIJIHTOpa .l\JIH 

BC6X B03MOEHbiX rrepeXO,l\OB M6llt.l\Y ,l\6KapTOBb!MH, 1.\HJIHH,llpHqecKHMH H CW6pH

qeCKHMH BOJIHOBbiMH ~YHKUHff!.lH. 

§I. IIEPEXO.Il OT UL'IJIL'IH.ILPW.JECtfiiX BOJIHOBbiX ~YHKU11tl K C~EPI1qECKI1M 

PaccMOTpHu ypaBHeaHe illpe,liHHrepa .l\JIH H30Tporraoro ocnHJIJIHTOpa 
mwai:.z 2J= ~ B UHJIHH,llpHqecKOH H cwepHqecKOH CHCT6M8X KOOp,liHHaT. EcJIH 

rz 
BB6CTH rrapaMeTp al..= ( mw/~) 1 HM6IOI!lHi1 p83M6pHOCT:O o6paTHDi1 ,l\JIHHb1 1 TO 

rrocJie pa3,lleJieHHH B CHCTeuax KOOp.l\HHaT aopMHpoBaHHble BDJIHDBue WYHKUHH 

MOlltHO rrpe,liCT8BHT:O B BH,l\6 

/All -!!.. 2 2 • 

'fnn311J ( f, ~'If) = /11111JJJ ~ € z (p +i Ji.JI (,/.i)f(- lt~M/-IIo,"fM/+Ij.t.jJa_} e ,JV, (28) 
1 ' 

o(2t<l 

'fntRJ('z,~lf) = /3,f ~~e--r Yt.~~f~lf)F(-";1il+}i.c2z2} 
' 

(26) 

r.z~e H,
3 
(.a) -rrOJIHHOM!i 8pMHTa, F -BblpOZ.l\6HH8fl rHnepreoueTpHqecKaR 

WYHKL\HH, ~ -op6HTaJI:&Hbli1 uoueHT, JZl -rrpoeKUHH op6HTaJI:oaoro uouea

Ta H8 OC:O ~ 1 nJ -U6JI06 H60TPHU8T6JI:OH06 qHCJIO 1 orrpe.z~eJIHIOI!l66 ,l\BH

l!t6HH6 qaCTHU!i B,l\OJI:O OCH Z 1 n ~ 0 H 38,1\aeT CIT6KTp aaeprHM 

£ 11 = I, W ( 11 + 3/Z} • (2c) 

4 

HOpMHpOBOqHb16 ITOCTOHHHbl6 ~nn3u H f1Hf BblpalaiOTCH qepea rrapa

MeTp d, H KB8HT0Bble qHCJia /1 1 /13 1 .t/ H e CJI6,l\YIOII!HU 06pa30!.l ~ 

= !!!:..2 VY ..i:._/M/+1 /---!...(_"_+,o:~"''--..,.'.-_"..:..1}:.../ __ ./I,,JJI ( 11 I r,~.~,)! v .1. · 

8,t _ (""~ JfY J./~"1 

- 'iJ' / (il;;)!! 
Jt(II+[+I)H 

(11-~).'.' 

BOJIHOBb16 ~YHKUHH (2a) H (26) COOTB6TCTBYIOT 0,1\HOMy Bblp0Z,l\6H

HOMY ypoBHIO aaeprHH (2c) H1 CJie,l\OBaTeJI:oHo, ,1\0JIEHbl 6biT:o CBaaaHbl 

YHHT8PHNM rrpeo6pa30B8HH6M THrra (I): 

Y;,,JIJ { p, l, If) 
n fu 

= L W,,
3 

1,!u ( 'l~ ~ 'f' J 
f:/111, /M/+1 

(3) 

HHuHa npe.z~eJI B cywe no t B!i6HpaeTCH paBHNM /.lit HJIH tMI +- J. 

B 3aBHCHUOCTH OT TOro,qeTHO HJIH HeqeTHO n, 1 a qeTHOCTH KB8H

TOBbiX qHC6JI n H f O,l\HH8KOB!io B Bbl6p8HHbiX HaMH CHCT6!.l8X paa

uepHNMH KOOp,liHH8TaMH HBJIHIOTCfl 9 1 i H t 1 rrpHqeu ~ = /p~ l ~. 

ITepe~eu B o6oHx qacTHX npeo6paaoBaHHR {3) K npe.z~eJiy 9~ 00 

~ ~ oo • IIOJIHHOilbl H H F rrpH STOll uoryT 6&T:o aaueaeHbl cBo

HMH 118KCH!.l8JI:OHNMH CT6IT6HHMH: 

HN(x) ( zx).v 
' 

x ... -

F(-N· a· X) 
J ' 

X~ - (-X)AI 

a(O+I) •.. (tu#-1) • 

a BOJIHOB!i6 ~YHKUHH (2a) H (26) - B&p8E6HHRMH 

IIH lt-IIJ IIJ - !!.(.P"+J-~ • 
,, .... - ~ .e fr jin. .t f r e " l.Lirf 

~", • .JP,l,lf)~ C-•> .t (;}In;! /a{"-:;'·"~'("+;41'-"Y/ e , 

ot~!• 

-v, t-.-.o ,_ef. ~Jfr JEt"- T 
111& (~, fi; If) ~ (-I) 7(": 7 ,2tt( ,4, e ~,v (~ JP) • 

lr"-t'j~'(ll+l+t}.~1 
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Bb1Xo;n Ha amumTDTHKY 9., oo , ~ ~ oo onpa:a;naH Tell o6cTOf!Ten:&

cTBOM, liTO npH 3TOM (3) nepeXO;liHT B COOTHOID6HHe, CBff3NE8~~ee Me~ 

;ny C060H ~YHK~H :acero O;l\HO~ nepeMeHHO~ 8 

~ ~t 

)"·~1-11> (eo5~/''(k.nfY/'·IIJ e' 'I - \ \V/M (-l)T /i :ftM(~if) 
~I - -~ WJ 

/1611J!(n-t.ut-n1)!!(n-t-IM/-ns>!! t. ""J ..j{n-t).l.1(n+f+l)!f 

YMHOlKHU 3TO pa:aeHCTBO C 068HX CTOpOH Ha ~:(~If) H ITpOlfH~!1I'pHpyeM 
ITO T6JI6CHOMY yrny • B 061!8CTPI HHT6I'pHpOB8HHfl ITO fY MM610TCH TOttlrn, 

B KOTOph!X C~ 1J o6pa!llaeTC1! B HYJI:b t T8K 'ITO HeJI:b3fi 110JIL30B8T:&Cff 

8CHMITTOTHKO~ ITOJIHHOMOB 8pMHT8o 3TH TO'lKH, O,liH8KO, MOXHO B~6JIRT:b 

C H6KOTOpUMH 0Kp6CTHOCTHMH, a B OCT8BIDHXCH 06JI8CTRX BOJIHOBYIO ~YHK

I.lHIO (2a) aaMeHHT:& ee acaunrorHKo~. TaR KaK nommoMu H,, (.a.) oco-

6eHHOCTe~ He HM610T, TO !Ipl4 ;ztaJILHe~meM OyllteHHH 11 0IT8CHbiX11 06JI8CT6~ HX 

BKJIB;l\U B HHTerpaJI MOI'YT 6UT:b C;li6JI8HU CKOJI:b yrO,liHO M8JIUMH, TBK 'ITO 

K03~HUH6HTU rrpeo6paaOBaHHH (3) 38ITHIDYTCH B BH,lle 

lu 
Wnn3 

(n-tJ!.'(If+-!+t )!! 
l-Ju/-n1 

- (-1) -.~.-
.t(11.l f){ II·IM/-111 )/! (n+IMI·YI~)!! 

sr ,;; . 

!! 
e'~" ,.,, ,, 1 

- _r= (*n&) (t0461) Yr.u (~tf)-lih~ti!Jtltf. 
(). "(2/f 

§2. W lu 
llPE.llCTABJIEHI1E ,,, B Bl1.1lE AHlil.JillTI1l!ECKOID IIPO.ll0Jl!EHI1ff 

K03~~11Ul1EHTOB KJIEEillA - IDP.llAHA HA 4ETBEPTnUEJI~E 3HAl!EHI1fi 

(4) 

B ITOCJI6~HeM HHTerpaJie CJie;nyeT pa3JIH'l8Tl> CJIY'lBH 'leTHHX H He'leT

HUX n3 • IlpH 'leTHUX /71 pa3HOCT:& f-Jj T8Kllt6 'ieTI!8 H MOllHO BOC

ITOJI:&30B8Tl>Cfl cne,nyJOID,HM rrpe;l\cTa:aneHueM c~epl!'lecKo~ QJYHKUHH Yt.u (8, if) 

B BH]:(e rHrrepreoy:erpH'leCKoro pH;zta or 4i.t!
26 [ IO J: 
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ii.Jif IN/ 

U (9. •D) = 7 .!_ ~ ((~/14/)f (!iJr&) fit /-/.14, t~/M/+1./M/+I"/inriJ) 
JfJU ,-r slUt? {ii 1. (t-tMt)! J-(1.,)! .e .e ' -" (5) 

3;ztec:r, T NO onpe,neJieHo TaK, 'ITO 

N•O ' . 
lMO = ((~)AI A,/> 0 

I f 

llO;liCTBBJIHH ITOCJI6;llHIDIO ~PMYJIY B (4),y6eE;n86MCH, 'ITO K03~HI.lH6HTU 

\XI,t~ MOXHO 38ITHC8Tl> CJI6;l\YIO~M o6pa30M: 
IIJ 

W lu = 
'"'3 

t-!Mf-lfo 
(-1)-z.- IMO 
.t'"'' (flU/)! 

'Zf+t} (f+/111/J! (11-f}f! {tUf+~)l! 
If (l-IM/)! IIJ! (11·/14-114)'! (11 .. 1111-11]).1.' 

tu 
r,ne B6JIHttHH8 !/,,, Ollp6,li6JIH6TCH HHTerpaJIOII 

'it 

t.N 
J,,, ' 

tU ( ,.IMI-11• , t ~- ,_,., z 1 :J,hl = l4in1J) (et»&) /(· ;tMI, ~j /MI+tj/U, 'I )1m ~ti~. 
, 

(6) 

Paao6:neM o6Jiacn HHTerpHpoBaHHH Ha no,no6JiacTH ( ~ 11/2) , (,fz, It) 

H rreperuteM :ao :aropotl: rro,no6JiacTH K nepeMeHHO~ &.,. »te • B peayJI:r,

rare ~ :~ npe;nCT8BHTCH B BH,ne HHTerpaJia no 06JI6CTH (I~ fJR), H 

nocJie npocrux onepau:H~ nony'lHII 

I 

~~ 11+/Ail+ I ( , .. INI-IPJ ~ 

J,,, = (~)- -L-J(IH)-2-(t-xJ z ;:(- ~"~ t'"t' .. 1~·JM/+t~· ';!)tlx. 

BeJIH'lHHS 

-I 

l-J.ul 
2 npH tteTHUX n3 pa:aHa ~eJIOMY H60TpH~a-

T6JI:bHOMY qHCJIY,H ITOTOMY ITO;liNHTerpaJILH8H rHnepreOII6TpHtt6CK8fl ~YHK

~Hfl CBO,liHTCH K ITOJIHHOIIy, a HII6HHO: 

•-Y T+ll·fl , 

F(-n,p;(,·i) = z (t-iJ ",0-r/-rzr..,•-J. 
({(+1) ..... ((+11·1) ./~ l'' . 

I!O,liCTBRP.HH 3TO B Bup8llt6HH6 ;l\JIH 
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J. 
ff+IMI+I 

tu 
:Jnn3 -

___ ;__~ (I+ X) .a. (I ) 2 ()/ £ 1-111¥+' lt-ll!f.j 
.z- ----z-(tut).' 5 , ___ ,M_t-_na !!! I''/" 
( f~UI).' -x r/x 1"jmf'{J-x)--rrHx)7jdX _, 

Mweew 

W
IAI 
nn~ 

!u 
- ].AIO R. llnJ 

n IN 
r,l{e tt- nn3 - STO c.7Ie,l{yrol!U!it MHTerpaJI: 

D IN 1-1.11/-HJ 
/C. hiiJ =: (-I) -.C-

Af+l ff+tM/).1 (~r-t)/1 (ll+t+t)/1 

T (!-!N/J.1nj! {lt-/M/-IIJ)/'(11+/MI-11~)!.1 

(7a) 

-h J (~) 
~·IN/- -2- j •-/111-113 t!J ;f::!!!l 

• I+X ~ ~ ()/ /l f-IM/-1 1+/MI 
(bt.vt).' ( :) (1-x) 11.,~/rt-x)_.e_(t+x)Tl~x • .e _, l(l /l j' 

CpaBH.IfM IT0.7Iy~eHHhlU pe3y.7IbT8T C H3B8CTHUM HHTerpa.7IbHhlM rrpe,liCT8B

.118HH8M ,l{.7IH K03~.1f~6HTOB Kne6ma - Ibp,li8H8 1 ITPHB6,l{eHHOM, H8ITpHM6~ B 

MOHOrpa{fJMH [!O] : 

cy c ..... ,t/6 = 
(-t)Q-t+~ 

}, :IH 

(c .,.y>! ( ~-2cJ! U/+1)/ (2~ + t} 

(a-.1 >.'(a +J.J!(I-{!)! (~+{!)! (c- y)!(!-2~! (':1-2/)! 

i (8) 
I c-r 1 r fl·"- -;a cl r; ~-2a. ~-2, 7 

• j(t-X) (t+X) o/. t·t/(1-X) (I+X) jc/x. 
_, X 

3.1{6Cb ~= Q+ ~ + C o JlerKO y6e,l{HTbCH 1 ~TO HHTerpaJIH B (76) .If {8) COB

ll8,!{810T,eCJIH BHIT0.7IHHDTCH p8B6HCTB8 

c = Jl-1 
't 

r -= 2t•t-t 
It ) 

a - n+t-t~t --If- t = 1=!!!.!..:!!. 
't ' 

ct, _ II+/Mt-2n, A _ 211• +/MI-n-t 
- -9 J r- it • 

8 

(9) 

ITO,l{CT3BJIHH IT0.7Iy~eHHHe 3Ha~eH.IfH rrapaMeTpOB c ' ~ ' e H 

T.~. B HRTerpanbHOe npe~CT8B.7IeHHe (8) H IT0.7Ib3YffCb COOTHOlli8HHeM 

,Z n r(n -1- f)= /f/2n- I )/f, 

il0C.116 HeKOTOp~ BuqHC.116HH~ ITpHXO,l{HM K BhlBO,l{y, ~TO COBIT8,!{810T He 

TOJibKO HHTerpa.7IU 1 HO onpe~eJIHeMue HMH Bhlp8EeHHff (76) H (8). B pe-

3y.7Ib'i8T8 rrpeoC5p830B8HHe (3) npH ~eTH~ fl3 ITpHHHMaeT BPI~ 

n 'lt-t 2, .. ,., 
11~ ( ) ? L_ ( -;;-' ---;;--- 'f. (tAtf) (IO) 
Tlrfld.J 9> i, If = jJ/I{J 11+/A(/ ~·· 11•/MI+I. 'Jna+/Mf·n·t 111.11 • 

• .If I ~ J "I J 'f 
lo. /U/ 

!IpH ilhlllu;!\6 CBH3H (3) ,l{JIH HetleTH~ n3 :BMeCTO (5) PI (8) C.7Ie,l{yeT ITOJib-

30B8TDCff OOOTHOmemlffMH [IO]: 
i.u~ e (J /n 1/Jl- f.uo ·..7 f.lt ( OJ ..,. / - Iii 

t/111 
2f+l (f+-IAII).' (riniJ) ~f) 
Z {f-IN/}.1 JIM/ (/IJJ)f 

er 

c.tt~ c;a 

·F{- t-/.<1/-1 -z--, 

= 
(-·/·t+p 

J !I+ I 

1'+1.111/+2 j /!V/+1; lti/l&)' 
tZ 

(2c +t)(J-2/)/(1-2c)/ (Yt-1)/ 
(a- .L)! (a+.!.).1{/-p).1 (l~op)/(f-t)!{f~oiJ.' (J-2a).' 

t :Y-24.. 

{, I~J 1-p d ft c-r t+( J 1 
·)(1-X) (to~-X) ~A L (1-l) (I+ X) jt:IX. 
_, /x 

Tor~a B~Hc.7IaHHH,aHa.7IorH~Hue npH:se~eHHHM Burne, y6e~aroT, ~To ifJOp

Yy.7Ia (!0) OCT8eTCff B CHJie 38 e,l{HHCTB6HHHM HCK.7Im~eHPieY: cyMUHpo:sa

HHe ITO t H8tiHH86TCH He C /.1.1/. a C /1.1/+/ o TaKHY o6pa30Y 1 K03qi

ifJH~6HTH npeo6pa30:BaHPiff (3) C TO~HOCTbD ~0 ~30:BOPO YHOMHTe.7Iff 
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coBna~aror c pesynnTaroM aHanHTHqecKoro npo~on~eHHH KOSWWHUHeHTOB 

Kne6ma - rbp~aHa na qerBeprnuenue snaqeHHH MOMeHra. 

W !J.I 
§3. KOSY/tl>~I.{MEHTbl 11, 3 

~ KOHKPETHbiE tl>OP!.!YJibl CBH3~ ,Z(Jiff HH3lll~X 

KBAHTOB!U l:!~CEJI 

W
fN 

.i'(nff BuqlfcneHHff KOSWWHUHeHTOB nn$ Y~06HO BOCITOHn30B8TnCff 

rpopMynon [IO], BhlpalKaiOifletl KOSIMJHuHeHThl KJie6ma - rbp~aHa qepes o6o6-

l!IEiHHbre rHnepreoMeTpHqecKHe \IJYHKUHH 3 F;_ OT apryMeHT8 j_ : 

CY 

Co(,~ 
~ l1 (ate) 

= ~ ti+p (a+-/-c)!(c-C+.L}/(c-a-p).' 

(a+.t).1 (I+ ,II)! (<:+4Y ('l~r~) • 

(a-,f).'(~ +,BY 

~~-a- C+c, -a+J..,- 1-~f 
·31<. 1 

-a.+C-jl+l; -C+c+J.+J 

Bxo~ffl!IHil B ary \IJOpMyny LJ 

.6 (u_fc) = 

- CHMBOH HMeeT BH~ 

(Q + 1- c)! (a- C+c)! (I -a+ c)/ 

(a+i+C+I) 

ITo~craBnffH cro~a saaqeHHH napaMerpoB (6),nocne HeKorophiX BuqHcneHHtl 

nonyqHM 
eu 

£,,3 -
:~,"re 

( l+IN/)/(f-/.411)! (n-/N/·113),1 (11+/N/-II!J)f {'2/+1) 

~/ (11-t).~' (n+t+ t)/1 

(II) 

. {{'+';I-n• +t}{{'·';_t-n,+l} 
L'(-n-l -~ _ '!£1. (+11#/·ltJ+I t-/.v/·11• .,., • 1) 

1-:. zJ,, 2' 2 '.c. ' • .3 l .... 

8TOT pesynnT8T H8MH HCITOHn30B8H ~Hff BuqlfCH6HHff 3HaqeHHM KOS~qHeH-
~ . 

TOB \XI t COOTB6TCTBY!OIIIHX HH3IDHM KB8HT0Bb!M qHCR8M (eM. T86RHUhl 
~~~ 

10 

I-6, ITpHBe~eHHble B KOHUe padoru). ITO~CT8BHHff Ta6nHqHble 3HaqerrHff 

WtAJ 
KOS<P\lJHUHeHTOB IIIIJ B COOTHOilleHHe (3 ), nerKO YCT8HOBHTn KOHKpeTHble 

\POpMynu CBff3H. HHxe UHHHH~pHqecKHe H cwepHqecKHe BOHHOBUe WYHKUHH 

o603HaqeHbl CHMBOHaMH II n n)ftA) H In eM> COOTBeTCTBeHHO. 

llooo) = looo) 

lliOI) 
II liO) 

11200) 

Uz 2o) 

IJzu) 

11202) 

II~ o!) 

ll~o?>) 

11;10) 

=. lu.i) 

= lu.o) 

= {rl200) ;- ~122.0> 

= glzzo>- .l..Jzoo) {3 {3 

= -IZ2i) 

= -12 2 2) 

=- 3.1?>11) - ....LI3'H) V5 If 

=- J?l~') 

= ./2IHO) + Jfi'BO) ff {; 

11312)=1~~2.) 

II; ?10) =- :I'HO) + 'f%13~0) 

IJ?>Zt) = iff13ii):-Js:.l'?l~i) 

II4DZ) . "' t = ff 1422) + {ilit.'t2.) 

11404) - 14 'i l ) 

JILjOO) = /&llfOO) + ;;;~4~0) -t- ~\ltltO) 
~ 21 " 

/14!3) = - ll.jl.t~) 

II ~ t i.) =- l:.I~H)- ftJliH) 
fi. ff 

II 



U H.9.) 

114.<0) 

/14~1) 

ll41.j0) 

115"0~) 

IIS"t.O') 

IIS"i2) 

llf2i) 

115"23) 

ll.f32) 

IIS"Llf) 

115"5"0) 

\15"30 ·; 

IIS'O l) 

H ro 5 > 
ll5'i4) 

l « 
= -fi l4ez) + -r:r lititz'> 

= - -~ llf o o > + _,;_lit z o > + Iii 1 * v o \ 
riS YZI {if I 

,fil~21)- ~llf4!) 
ff. fi 
j '!; 

- {i 1400)- .;:1420) + 'fis!1t40) 

.fh L 
=-r,l533)- ]15"53) 

li" 15"10) + «Jno) + ffl~-oo) fir {ff' Iii 

- ~~5"~~> + ?f1552/ 

- ..;&: IS"ii)- ~15"3.t) -.~ISH) ViS y.) r1 

- j l-"33)- ~155"3) 

= - .LI5?>l) + 121552) 
~ Y3 

= - /3-IS"H) + if IS"?il) - if1~·n) 
vTr Iff 'i2i 

== If 15'!0) - f 1 5"3 o) -1- _v;!; Jsto> 
fi. vb3 

= - {/215'!0)- j_ l.f30) + (;;o l.f";7'0'> 
Iii ~ m · 

-:=- &15'11)- .&. !Hi) - )_ 15'5"1) 
{if Iii Vii 

!5'55) 

15'5' J_l '> 
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§4. IIEPEXO.llhl OT i'lEKAPT~)BbiX BOJIHOBbiX ~YHKim~ K Lll1JIHH1\PW1ECKV!M 

11 CIPEPl1qECK!1:,! 

PaCC!lOTpHM Tenep:& nepeXO.I{ OT .1{8R8pTOma: BOJIHOBhlX ilJYHRURii K W~

JIHH~pHqecRHM H C~epHqecRHM, QqeBH~HO, B ~eRapTOBUX KOOp~HHaTaX 

'\V (>t. i) = (-ci2.)~ e-f(t'+'J2+ 1itJHn,("-x)H~~("-Y)f/,J,;.?) 
lnnn ,';J, 11/ ' 

• 2 3 / 0 n,+n~t-lf5 I 1
11 

1 
., 1'1,. "2· 3· 

r,Z{e rrapaMexp ol 6un onpeAeJieH Bh!We. !IpeoCpasoBaHHe (I) B ~aHHOM 

CJiyqae MO~HO 38ITHC8T:O B BHAe 

\ I1Uf13 If... 
~" 11 (X,~f_l) = L C,n.n. r, .... (p,r,tf). 

I .Z J J./ ~ ~ "J-
(I2) 

ilpH 6on:&IDHX X,~,~ 

ol;zJy'y .,{. n+t 

'fn,n2 n3 (x,~,t) ~ {1rl Y.ii 
n, nl J1 :!:..2 2 x !I r 'e-2 cx..,.y~?"J 

H t eCJIH yqecTI> ITOJiyqeHHYIO paHee 8CHMITTOTHRY ~YHKIJ;I1H "f r n3.tt 

TO BMeCTO (12) MO~HO 38nHC8Tb 

'!:::!~ t'R)if ,l n,+nz 
t: ) 11, ll..z 

11, .' 11/l ! l CO). If (~in l/) = 
/IAAna (-1) .2 € 

f=. C,,n2 n1 (i-"-';/-''9/(n+i;t-nw • 
0TCI0,1ta 

r~e 

nJI!ta 

Cn,nz/13 
"•"".z- /.4111 

(-1)-2-- (~')j(11+-/M{-III)/ 2 .(- .a /. 

h,.' 113! 

2n . 
4 J fl. ~~~ -till, 
J = ( CO'Jtf) 'ou, tf) :_ dtf 

o ,JI 
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3TOT HHTerpan BuqHCRHBTCff sneMBHTapHO H paBeH 

, -112 Jj 

J = ~ JJ In~. J I 11;! ) .?,"'~".z L (-t) Lu/{'i~n,t-.tl_~ . 
fl= 0 2 

CpaBHHBaH rrony'leHHb!tf pesynuaT c HsBeCTHb!M rrpe.n:cTaMeHHeM ,1\nff d
<fJYHRqHil Bv.rHepa [I 0 J 

I :r (11) = (-1) 
olplll' z .2:r 

A.I-AI' (J"+JJ)l (J:-&)/ )( r(7'r1t1J( 1'-.v') 
u·+ u'J!{J'-ii~/ L _, K /( IOJI-P' ' 

llpHXO,I\HM R Bb!BO.I\Y 1 'lTD 

11Ai11! 

cl1, 112,3 

/<: 

~ ~ n1
+11z (:1') 

( ) 
2 .11... 2 -

- I L .11/ 11, - 1/z 1: • 
~" ~ 

(14) 

K03~14~6HTb! ITpeo6p830B8HI4H OT ,I\6K8pTOBb!X KOOp,IIHH8T K cwepH'lBCKHM 

B~HcnHIDTCH aHanorH'lHD. KaK OKaSUBaeTcH, STOT rrepexo.n: SRBHBaneHTBH 

ITOCRB,I\OB8TBRI>HOMY rrepexo,11y OT ,I\6R8pTOBb!X KOOp,I\HH8T K ~RHH,l\pH'leCKHM 

H ,1\anee OT ~RHH,l\pH'lBCKHX KOOp,I\HH8T K CWBPH'leCKHMo 0KOH'l8T6RI>HuR 

BH,I\ rrpeo6pa30B8HHH T8KOA: 

1. L \ ll,r~t-IMI / 11, +n.e ""-
T/1,1111 (X,'f;l) = i"~L_, ~o(- 1) z clu

2 h-nc.(1)· 
2 .3 e ~- 2) ~ ~"" 2. 

2t-1 2/AI/-1 

C 
I(J -.;-

• 11+/M/ lr~IMI- 2n,. 
't ) --4(-- J !!::.l!!li:f 2nJ +/All· ti-l 

., ) 'f 

Y;,,/11 (i,~ ~ If). 

ilepeXO,I\ OT ,I\6K8pTOBHX KOOp,I\HH8T K ~nHH,I\pH'lBCKHM 38TparHB86T TOni>KO 

rrepeweHHue B rrnocxocTH X~, H rrosToJLy 3,1\eCI> uu HKeeJL ,1\eno c .1\BYJLep

ao~ Sa,l\a'len. COOTBBTCTBBHHO K03~H~BHTb! (14) COBI18,1\aiDT C K03~nR

BHTaJlH rrpeo6pasoBaHHH ,1\eKapTOBHX BOnHOBb!X WYHKUH~ xpyroBoro ocqKxnH

TOpa B rronHpHble [II! 0TJLBTHil, liTO d_ - WYHKqHH OT apry:u:eHTa o/2 

14 

1 

B03HHK8IOT T8KW.8 B COOTBBTCTBYIOII\8:1: 38,1\aqe C .1\BYXMepHUM RYROHOB1IM 110-

neM[IzJ. B cnyqae ItpyroBoro oci.(HnnHTopa H .n:ByX1.WpHoro RynoHoBa nonH 

Bll.ll: d CRYlKllT YK838HH8M 118 COOTB6TCTBYIOII\H8 rpyrrrrbl !'(HHC!IJH'l8CROt\ 

CllMMeTpHH H IT03BORH6T onpe.n:enHTil 11X reHepaTOpb![IZ,I3l . 

3AKJII04EHL1E 

Cyll\eCTByeT pH.n: RB8UTOBOMexaHH'lecimx CHCTeM, raMHni>TOHHaH ItoTo

pb!X >IHB8pH8HTeH OTHOCHT6RI>HO rpyiTITbl rrpeo6pa30Ba HHH oonee ll!HpOKOH, 

'l6M 'lHCTO reOMeTpH'l6CR8H. 0 T81\HX CHCTBM8X 1 cne,l\yH BHrHepy [I41, IIpH-

HHTO rOBOpHTI> 1 '!TO OHI! Oona,n:aiOT reOM6TpH'l6CROt1: CHMM8TpHet1. XapaK-

TepHOH OC06eHHOCTillO CHCTeM C ,ll;I!H8MH'l6CKOiil CHMMeTpv!etf HMH6TCH IT0Bbl-

ll16HH8H CTerreHI> paa.n:enHeMOCTH nepeMei!Hb!X B ypaBH8HI!H l!Jpe,I.(HHT'epa • B 

pesynnT8Te Ol(HH H TOT lK6 Bb!pOl!tl(6HHb!H ypOBBI!Il 3H8pi'llfll OITllCLIB88TCH 

pa 3Rll'lHLIMl1 Ha 6opaMfl! BOJII!OBb!X ifJYHKI.(fl!\1, MelK,l\y KO TOpb!IJU ,1\0Jll!(!!O CyUjeC TBO

B8Tn Ylli!TapHOe COOTBCTCTBHe. K031plQHI.(I!6HTii! T8KHX YHHT3pHb!X rrpcoopa30-

B8H11l1 ( Tp811C;JlOpM81.(fi!OHH1le R03W<lJI11.(H6HTbl ) ,ll;RH ,ll;BYX - I! TpeXI.!BpHOrO Ky

ROHOB8 IT ORR I! KpyroBoro OCl..\llJIJIHTOpa Ob!JIH Buqi1CR8Hbl B paoOT8X (?' fj 'li 'I~) 
B H8CTOH!~el1 padoTe IIOJIY'l8Hbl Tp8HC\[JOpM81.(HOI!Hb!6 1\03\[J\[ii!I.(HeHTbl )l;Jlff rrpeo6-

p830B8HHH l.(>l:Jli!H)l;pl!'l6CKHX BORHOBb!X lfiYHI\I.(liH H30Tp01IHOrO OC~RJ!HTOpa B 

cwepH'l8CK.I'I8 H ,ll;6R8pTOBb18. il0!{838HO, 'lTD Tp8HC<lJOpM8~0HH116 K03tkHlll11.(fl!eii-

Tbl, CBH3b!B8IDII\H6 M6lK.liY COOOH ~JII4Hl(pl4'l6CKH6 H c<fJepH'l6CKI1e BORHOB118 

tl!YHRUH.I'I, rrpe,n;cTaMHIDT 113 ce6H pesyJiuaT auanHTH'lecRoro rrpo,n:omteHHH HO-

swWJ4uvreHTOB Kneoma - Ibp)l;aHa Ha 'l8TB6pTI>l..(enue 3H8'l81!HH MOM6HTa. Ta-

KHe 00~8KTb! BCTp6'l8lOTCH T8K~e B H6KOTOpb!X 38,1.(8'l8X T60p.I'IH MOMBHTOB~,IS]. 
Mu ucKpeaHe rrpusaaTeJII>Hb! A.B.MaTBHeHRO, P.1.1.MHp-KacHMDBy, JI.H.no-

HOilapeBy, A.H.CHC8KHHy, H.A.CuopO,I\HHCKOMY .1'1 r.T.TopOCffHY sa llnO,I\OT-

BOPHb!e o6cyx.n;eH.I'IH. 

15 



Ta6AUflbl 1-2 --- -- -~J-----r --------- ----a ri 6 fo /" -jy' .(rj3 
L fU., lfi 

0 0 - fv . -tjy L 

I 

1/Z -1z 1 tjv I tjy 

--1/z : tj2 j L/v -3/Y: 

1. ; i 13/V 

- .t/fi 

li/13 

i. j 0 I! 3/Y 

f. I -.i 3/y 

a. cL g 
tjv -1y 0 

'IZ 1/.z -1v 
3/y -3/tl 1/2. 

3/Y tjy 'h. 

f. 0 1Y 
J.. .i (y 

rjy -s-;y J. 

S"/y -tjy i. 

rjy 3/y ~ 

3/z -tjz 3/y 

3/z '/z 3/y 

3/z 3/z 3/v 

-Sjy . J/ij ljj= 

-tv ' -J/m , 

I -'/r ! t/ff 

fo 

0 

-ly 
r'2 

-t/< 

Yv 

-3/y 

i 

0 

-I 

3/y 

- f"y 

- s-jy 

C 
j'y. "-+fo 

ac., ~~~ 
J. 

i 

-li"lli
li/ff 
-t/ff 

.!/I? 

Yi/li 

-.tlil m 
.~ii/m 

/3/,Y 

-.lli/li? 
.tff/Yi? 

16 

--- --l-
n /m; · l'!3 

10 

I.e 
I 
1.2 

~~ 
' 4' 
I~ 
I 

n 
2 

L 

3 

3 

3 

3 

S' 

0 

5" 

c 
s
s 

0 ! 0 

0 1.2 
i 

i 0 0 

\o 
i 

0 

0 '2 

0 4' 

/mj I?J 

0 

i 

0 

0 

i 

i 

0 

0 

0 

2 
i 

1.. 

~.. I 
0 

3 

~ 

2 

0 

.5" 

3 

.t 

.It 
2 

0 

Ta6AU1ia 3 

,--
!a <i 
!-

iz 
.Yz . /2 

3/y 
t 

(y 

i -1. 

i 0 

i I 

i f._ L 
r--- -
l ->/y -1'v 

t I fi 
:lv 
-3/y 

0 0 

3/y ! Jjy 

3/Y -:Vv 

-lv -~y 

3/f' -J/v 

tf.c ~.< 

¥v, ,.,.,a 
Ca«, 6;9 

li/13 
t/./3 

1. 

-z//1 

L/li/ 
1. 

.t/2/lil 
-fi/ff 

1---. . ·- -1- - -- -- -· ----&' : •tv j/2 -I• :t I 11 
·r;.,.z - Yr t'v i -.t/#' 

2 t o/2 t7v _ _l-y;T ·;;;;;-

17 

;n 

z 
2 

2 

/m/ 

0 

0 

i 

" 0 
It 0 

2 z 
4 0 

---, 
"' I 

2 

0 

i 

f; 

2 

0 

0 

it 1 z ; 
• -----t 

it I t : 
c----i 

; -~ I iJ 
I --



Ta6AU!4a 4 

~a~--: _-!-, ~~---c~:::~~-----1-nn f/l n, I 

-~:-,-:!-~~ ~~-t- z;---- i ~ : · : ~ 
- . -- - j- - - . . - ~-· - - L. --- -~ 

i ! 0 

L :i 

'i .!Jy 
.rjy 

--!1r 

-YY 

: J/y 3/y 

•lr o/Y 

3/:z -tz 

fY Yy I .t/ I? 3 i () . 3 I 

! t ' -l 

tY -.yy i t/1:? 3 ; 1 0 t 
I ·------ ----1 

f 

;{ 

() 

f 

3/y 

L' 

0 

0 

-.£. 

.3/y 

- </.J ~ -J 0 _ _.:_ 

-t/317 5" i 0 . 3 ; 

t 
1 312";-1 . - -··-·-- ------- -·r· -- --: _- -j 

.:/2/$ J 0 ' 1 i 
. . -··~--~ 

-.;/2/Y/F .J l ' J y -- ~ 
<~/z iz 3/y -f"y .t/ff" 

~j : --:-~lz 3/.z -fy -~y 1 --..,..- --·-

Jj.c : 3/..? 3/y - -'Jy ~ ;& 
----"-----· -- -·-

~/y ! fy ~ Y< -1/$ 
-. --+·--- ··-

~/y i .rjy ~ - Y.z k/# 
- ~- -- j 1 1v , YY -~.J 

z ! 2 /y 1-o/'y ,thj3 

; 

-~ s 1: ; ~-;--/ 
·i - -- - ~:--

j.J 2 !;--
~ ,-;---8 

18 

Ta6AU14W 5-6 

a. d.. t fo 
J. -1 3jy 3/Y 

i. 0 3jy - tjy 

1. i 3/'f -S"jy 

S"jy -'fy J./2 .1/2 

Sl'f 3/y i/2 - i/2 

3/2 t/2 :1/y 1/y 

3/2 3/2 f/Y -3/'1 

1/y S/y 0 0 

2 2 -ljy - (y 

a J. C fo 

.>/y -Sjy i i 

.rfy -lv t. 0 

rjy 3/y i - i 

~ -(z -'lr 3/y 

3/z. i.e 3/y -1/y 
3/..c 3/.e ~lr -:.1v 
1/y ir fz. I.e 
f/y .IJy i.e -'I.e 
.2 t ir ¥r 
.2 z t/y -3jy 

Jjy 'f/y 0 0 

rj2 .v'z - iv -¥r 

c o/Y, d.t-fd 
a~~. , tp 

J li/6f 
.tli/v'iS 
vi/v'If 
.t/ff 

¥3/fi 

Villi 
t/r'i 

J. 

1 

C 
.rr, oU·ft 

a«, lp 

.tliAii 
.t(/i/.36 

ff/lii 

.t!i/lil 

.Z/ff 
t/fft 
Vi/(3 

t/fi" 
.tYi/J 

'/3 
i 

.f 

19 

17 

~ 

~ 

4 
It 
~ 

4 
4' 
L; 

Lt 

17 

s

S'"' 

S'"' 

.r 
r 
.) 

..r 

.r 

.r 

s
S"' 

.r 

/mj 114 

() ~ 

0 < 
0 0 

1 z 
1 I. 

2 z 
2 0 

3 1 

~ 0 

/mf !13 

0 .J 

0 3 

0 I 

1. ~-

1. c 
t. 0 

t .3 

2 t 
3 2 

3 (J 

y i 

J" 0 



" 

R ~ T E P A T Y P A 

I. B.C.ITono:a • B co. 11 ~H3HKa BbiCOitHX aaeprall a TeopHH aJieMeHi'apam: 

l.faCTHq", cTp. 702, "HayKOBa ~y1nta ", KHeB, 1967. 

2. M.T.To~opo:a. B co. "~SHKa BbiCOKHX aHepran H TeopHH axeueai'ap

HbiX qaCTHU", CTp.237 1 
11 HayKOBa ,llYJU(a 11

1 KHe:a, 1967 o 

3. C.IT.AJimmye:a, A.B.MaTBH6HKO .B CO. 11~3HKa BHCOKHX SHeprHil H re

OpHH 3JI6M6HT8pHbiX ll8CTHU11
1 CTp.695, 11 HayKOBa .zU'IlKa 11 , KHeB, 1967. 

4. 9.E.ApOHCOH, ~.A.MaJIKRH, B.H.MaHbKO. aqAH, r.5, BHTI.l, ATOilH3-

~ar, MOCKBa, 1974. 

5. H.B.Kouapo:a, R.~.ITOHauape:a, c.~.CJiaBHHOB. C~epoH~aJibHble H Ky-

JIOHOBCKHe c~epoH~aJibHble ~YHKUHH , "HayKa", MocK:aa, 1976. 

6. ~.~.CMHpHOB, K.B.mHTHKOBa. aqAH, r.8, BbiTI.4, ATOUH3~ar, Mocx:aa, 
!977. 

7. D.Park. Zs. f. Phys., 159, 155, 1960. 

B. C.B.Tarter. J, Math. Phys., 11, J192, 1970. 

9. M.r.ApyTDHHH, r.c.rrorocHH, B.M.Tep-AHTOHHH.HsB.A H Apw.CCP,IJ, 

2, 1978. 

10. ~.A.BapmaJio:aaq, A.H.MocKaJie:a, B.K.XepcoacxH~. K:aaHi'OBaH TeopHH 

yrJio:aoro uoMeHi'a , "HayBa 11 , Reuwarpa~, 1975. 

II. r.c.rrorOCHH, B.M.Tep-ABTOHHH, r.T.TopOCHH. ITpenpHHT, ITRP~77-04, 

Epe:aau, 1977. 

12. r.M.ApyrDHHH, M.r.ApyrDHHH, r.c.rrorocHa, B.M.Tep-AHi'OHHH. rrpe

npaar, ITRP~77-IO, Epe:aau, 1977. 

20 

13. r.c.rrorocHH, B.J.Tep-AHTOHf!H,}l3B,AH.ApM.CCP, 13, 3,1978. 

14. ~.Baruep. Y~H, T.83, 729, 1964. 

15. H.A.CMopo~HHCKH~, R.A.IDeneTIHH. Y~H, r.I06, :sun.!, 1972. 

PyKonuc• nocaynUAa e uaoaaeA•cKuu o•oeA 
16 oKu6pA 1978 zooa. 

21 


