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KaK 6Lmo noKa3aHO rpuHoM1 11. o6bi'IHYIO KBaHTOBYIO 
eTaTHeTHKY MO:>KHO 3Ha'IHTenbHO 060fill.\HTb, eenH npH KBaH
TOBaHHH He HaKna)l.biBaeTeJI Tpe6oBaHHe, 'IT06hl KOMMyTaTop 
unu aHTHKOMMyTaTop .D.BYX noneii 6hln C -quenoM. B 3TOM 
enyqae aHTHKOMMyTaD;HOHHbie eOOTHOWeHHJI <bepMH- on epa
TOpOB 3aMeHJIIOTeJI )l.BOHHhlMH KOMMyTaUHOHHhlMH eooT
HOWeHHJIMH .D.nJI napa<bepMu-onepaTopoB b± ,* 

1 

[ [ b~ TJ ] ( ] 1 2 ~ ~ 1 t: 2 TJ .• b .• bk ·~ --(TJ-t) o.kb. - --(s-d Dkb. 
I J 2 .] I 2 I J 

/1/ 

06o6meuue 6oJe-onepaTopoB, napa6oJe-onepaTophl, Y.D.OB
neTBOpJieT COOTHOWeHHJIM 

ll ~ TJ t TJ f ai. a. I, ak] =(f-{)oika. +(f-TJ)ok.a. 
.] J J I 

/2/ 

B 1963 r. Paiieu u Cy.D.apwau 121 noKa3anu, 'ITO napa
<bepMu-eTaTHeTHKa HMeeT xopowo onpe)l.eneuuhlii anre6-
pauqeeKHH eMhlen**. 0Ka3hlBaeTeJI, 'ITO 3a)l.aHHoe queno 
ll nap on epa TOpOB pO:>K)l,eHHJI ( { == +) H YHH'ITO:>KeHHJI ( ~ = -) 

~ ·t ~ 
b ,b2'"''b 1 n 

/3/ 

nopo:>K.D.aeT 
S0(2n +1). 

npoeTyro anre6py Bn opTorouanLHoii rpynnhl 
3TO eBoiieTBO 3Ha'IHTeilbHO o6nerqaeT Bee He-

' Bero.D.Y B npenpuuTe (, TJ. ( = ± 
H I x ,y I= xy + y x . 

HilH ±1~ [X, y) =Xy-yx 

"* 3.D.eeL H B .D.anLueiiweM no.D. anre6poii /eynepanre6poii/ 
6y)l.eM no)l.pa3yMeBaTL anre6py /eynepanre6py/ Jlu. 
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cne,LJ.oBaHHH CBOHCTB napa~epMH-cTaTHCTHKH. OHo.cymecr

BeHHO HCnOllb30BallOCb )J.llH H3y4CHHH HOBbiX ~H3H4CCKHX 

H)J.CH ·s-B '. OCHOBaHHbiX Ha napa~epMH"CTaTHCTHKe. 
06CTOHTCllbCTBO, 4TO napa~epMH·onepaTOpbl nopo:>K,LJ.aiOT 

npoCTYlO anre6py, cymeCTBCHHO He TOilbKO nOTOMy, 4TO 

,LJ.aeT B03MO)I(HOCTb nepeBCCTH 60llbiiiUHCTBO npo6neM napa

~epMH"CTaTHCTHKH ua H3biK npoCTLIX anre6p. Ouo HBnHeTcH 

OTnpaBHbiM nyHKTOM ,LJ.llH HOBbiX o6o6meHHH. Ha caMOM 

,LJ.ene, ~epMH- H napa~epMH-KBaHTOBaHHC HBllHlOTCH flO cy

meCTBY KBaHTOBaHHCM no onpe,LJ.CllCHHbiM llpC,LJ.CTaBllCHHHM 

HC4CTHo-oproronanhHOH anre6phi. Ilo'JTOMY 6bino Obi ec

TeCTBCHHo CllpOCHTb, HCllb3H JIH KBaHTOBaTb IIO HCKOfOpblM 

npe,LJ.crasneHHHM ,LJ.pyrux KnaccH4eCKHX anr·e6p. 3 r or Bo

IIpOC HCCllC)J.OBallCH B 7, TaM 6blll0 IIOKa3aHO, 4TO Ka)I(,LJ.OH 

KnaCCHl.fCCKOH cepHH llpOCTbiX anre6p COOTBCTCfBYCT KBaH

TOBaHHe, KOTOpoe norHl.feCKH COBMCCTHMO C aKCHOMaMH 

BTOpH4HOrO KBaHTOBaHHH. 

Anre6paH4ecKue csoicrsa napa~epMH·oncparopou rec

HO CBH3aHbl C TCM 06CTOHTCllbCTBOM, 4TO HX onpe,LJ.ellHIO

mue coorHollleHHH I 11 Bbipa)l(aiOTCH B BH,LJ.e KOMMyraropoB. 

B cny<Iae napa603C- CTa THCTHKH 121 JTO HC TaK. flo:J IOMY, 

HMCH )J.CilO C napa603C- CTaTHCTHKOH. HCllb3H llpHMCHHTb 

anre6paH4CCKHX MCTO)J.OB. l13BCCTHO, 4TO llHHCHHaH o6o

ll04Ka BCCX aHTHKOMMyTaTOpOB, T .e. 

L . l' I!.(-, . IJ II . ·--1 
0 - m.env 11ai .ai , 1 I,J ... .11 : c: . lJ +' \, 141 

H30MOp~Ha KnaCCH4CCKOH llpOCTOH anre6pe Cll CHMIIllCK

TH4CCKOH rpynn-.I Sp(2n) 8 CaMH oneparopbi d~. O,LJ.HaKo, 

He HBlllllOTCH JllCMCHTaMH JTOH anre6phi; OHH HC Moryr 

npHHa,LJ.ilC)I(aTb HHKaKOH anre6pc TaK, 4T06hl OHH O)J.HH no

pO)I(,LJ.anH BCIO anre6py. 

CooTHOIIIeHHH 121 uaso,LJ.HT .m MhiCnb, 4TO napa6oJe

oneparopw HBllHIOTCH JneMeHTaMH cynepanre6pbl, nopo)I(-

,LJ.aiOmHMH BClO anre6py. LIT06bi noKaJaTb, 4TO JTO )J.CHCTBH

TCllbHO TaK, o6o3Ha4HM 4epe3 L 1 npocrpaHCTBO, HaTHHy

roe Ha napa6oJe-onepaTopbi pO)I()J.CHHH ( :~ 1 l H YHH4To-

)I(CHHH ( f.'- .. I, 

lin.env !a(-,ji 1, ... ,n; 
I 

Ll 
c s _-: ± : . lSI 

4 

..... 

.-

IIycTL PB
11 

- npBMaH cyMMa npocTpaHCTB Lo H L 1 , 

p Bn Lo ~ L 1 . 161 

B nocne,LJ.yiOmHx BbiKna,LJ.Kax HH,LJ.eKc a = 0,1 yKa3biBaeT, 4TO 

COOTBCTCTBYIOmHH JllCMCHT npHHa,LJ.llC)I(HT La, T.e.aaELa • 

Onpe,LJ.enuM npoH3Be,LJ.euue 

[a,b]Epl3, a,bEpB n n 171 

B llUHCHHOM npOCTpaHCTBC p Bn COOTHOIIICHHBMH 

[ a 
1

, b 1] = l a 1 ,b 1 I , a 1 , b 
1 

E L 
1 

, 

181 
[aO,ba ]=[aO,ba]. a 0~ L 0 , b a E La 

llpOH3BC)J.CHHC ,LJ.BYX npOH3BOllbHbiX JllCMCHTOB nonyqaeTCB 

npO,LJ.llCHHCM no llHHCHHOCTH COOTHOIIICHHH 181. 
IIycTb z2 CCTb KOllbllO c ,LJ.BYMH JllCMCHTaMH (0,1) 

H npOH3BC)J.CHHCM Ia a,LJ.,LJ.HTHBHbiX 0603Ha4CHHHXI: 

0 + 0 ~ 0, 0 + 1 ' 1. 1 + 1 = 0, 191 

113 COOTHOIIICHHH 121 CllCAYCT, 4TO 

[a a , b ,sll rcLat/3 a.~1 E Z2 
1101 

IIoJTOMY pBn ecTL Z
2
-rpa,LJ.yHpoBaHHaB anre6pa. lionee 

roro, H3 181 nonyqaeM 

af3 . 
[aa,b,s]=-(-1) [b{taa], a,f3,yE Z

2
, 1111 

af3 
[a ,[bQ,c ]]=[[a ,bQ],c ]+(-1) [bQ>[a ,c ]]. 

a fJ y a fJ y fJ a y 

1121 

IIo onpe,LJ.eneHHIO z2 -rpa,LJ.yHpoBaHHa.Ranre6pa, 4bH JneMeH

Tbl YAOBneTBOpBIOT cooTHOIIICHHBM I 11- 121, ecTL cynep-
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anr,e6pa' Ilo.D.npocTpaHCTBa L 0 u L 1 Ha3wBaiOTCH l.J.CTHOH 
u HC'I.eTHoii qacThiO anre6pw. C~opMynupyeM nony'l.eHHble 

pe3ynhTaThi. 
JleMMD J. 0THOCHTCnhHO llpOH3BC)1.CHHH /8/ pBn HB-

nHCTCH o6Wl.J.Hoii cynepanre6poii. I1apa6oJe-onepaTopw 
~ + 6 ~ B a 1·.... a 1~ 3a)1.aiOT a3HC B HC'I.CTHOH 'l.aCTH L 1 r p n , 

a HX BCCB03MO)I{HhiC nonHHOMhl llOp0)1{)1.aiOT BCIO anre6py pB 11 • 

6y.D.eM Ha3wBaTh cynepanre6py pB 11 napa6oJe-an-

re6poii. EcnH A, B p B n TO BBO.D.HM o6o3Hal.J.eHHe 

II A.Bll llla.b]ll a ~A. h EB l. /13/ 

B qacTHOCTH, 

lA,B I= l l a,b I\ a E A, b ,_ B: A,B ( L 1 L 
/14/ 

;A.Bl = l[a,bl] a "-A L 0 :. h .- B , pBn l. '15 

JleMMa 2. llapa6o3c -am·e6pa pl3 11 HBnHCTCH npocToii 

cynepanre6poii. 
,4oKa3ameJibC11160. Mhi .D.On)I{Hhl noKa3aTh, "'TO PBn He 

HMCC1 HCTpHBHanhHhiX H)1.canoB. flyCTh 0 l - H)1.Can 
B pBn . PaccMoTpHM cne.D.YIOI.llHC TPH B03MO)I{HOCTH. 

a/ ).\onycTHM, I L 0. H nycTh 
0 

O,x·CCI Lo /16/ 

TaK KaK no.11.anre6pa L
0 
H3oMop~Ha npocToii anre6pe 

C 11 • TO 

I x,L 0 1 = L 0 
/17/ 

KpoMe Toro, 

I L 0 . L 1 1 L 1 /18/ 

· ,ll.nH aKcHoMaTHl.J.CCKoro onpe.D.eneHHH cynepanre6phl 
'q / 

CM., HanpHMCp, · 

6 

) 

J 

·) 
J 

l1o3TOMY L 0 H L 1 CO.D.Cp)l{aTcH B I H, cne.IJ.oBaTenhHO, 
I ~ p B 11 

6/ ,ll.onycTHM, 0 " x ... I nL 1 . I1apa6o3e- onepaTopw 
Ja.D.aiOT 6a3HC L 1 

X ~ 

i.TJ 

a j a 11 
T/ j 

flyCTh a1f r 0. llcnonh3YJI. COOTHOlUCHHC 

[I a-f. a-1; 1 a f. I 2 ( c ) s: a-f. 
i ' i " j e,-T/ u i i i ' 

nonyqaeM 
-t -t . -t 

lla . a · Lx l c 4 Ca1 a E- I. 
I I · 1': I 

t: s 
l1o3TOMY a-s C::.I. H3 paaeHCTBa 

. i c • 
-~ ( -c.: . -C. 

I l a a · I ·t · I - ') '' ·t · k . i ' '- i ...., ~· ( k 

3aKni01.J.aCM, 'ITO 

-{ 
a · E I, 

k 
k 

Cne.D.oBa TenhHO, 

1.2 ..... n. 

(, 
II a iz / 1-a-f I 

k k 

( 

-4 fa<. E I . k 

/19/ 

/20/ 

/21/ 

/22/ 

BKniO'I.CHHe /21/ H /22/ noKa3hJBaeT, 'ITO L 1 c I. Hcnonh-
3YH eme pa3 /18/, JaKniO'IaeM, 'ITO I~ pBu . 

a/ OcTanoch paccMoTpeTh o6muii cnyqaii 

0 ,; X X 0 + X 1 ._ I . 

r.D.e La -3 xr
1 

- HeHyneBhie 3neMeHThi. 
,ll.onycTHM, lx0 . x 1 1 .; 0. Tor.D.a 

[lx 0 ., x 1 . x 0 ll~- [x 1 .x 01 E-L 1 I. /23/ 

3aMCTHM, 'ITO H3 

0Jx
1

EL 1 
cne.IJ.yeT ! X 1 ' X 1 I ,; 0. /24/ 

l103TOMY, ecnH [X l , X 01 =0, TO 
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0 f- [ X 0 +X 1 ' X 1] = I X 1' X 1 ! (:: L 0 ~, I. /25/ 

TeM caMbiM 3TOT cnyqa:ii CBO.IJ.HTCJI K npe.IJ.bi.IJ.Yll{HM .D.ByM. 
llo3TOMY cynepanre6pa pBn He co.D,ep>KHT u.D,eanoa, oT
nH':IHbiX OT HYllJI H BCeH anre6pbl, H nOTOMy JIBilJICTCJI npo
CTOH. 

He.D,aBHo Bee npocTble cynepanre6pbl 6blnu nonuocTLID 
Knaccu<t>uuupoBaHbl /9/. KaK u o6bi':1Hble anre6phi, npocTaJI 
cynepanre6pa nonuoCThro onpe.D,eneua cucTeMoii CBoux Kop
ueii. Kopuu JIBllJIIDTCJI BeKTopaMu H3 no.D,anre6pbl KapTaua 
H, KOTopaJI no onpe.D,eneHHIO ecTh no.D,anre6pa KapTaHa 

':leTuoii qacTH. Ecnu A- nuueiiublii onepaTop B L= L + L , 
0 1 o6o3Ha':IHM qepe3 

tr A !La /26/ 

cne.D, onepaTopa A B no.D,npocTpaHCTBe La , a~ 0,1. Tor
.D,a <!>opMa Kunnuura B L no onpe.D,eneHHIO paBua 

(a,b)dr ad a ad b I - tr ad a ad b I , a,b E L. 
Lo L 1 

/27/ 

3.D,ech qepe3 ad a 
uoro npe.D,cTaBneHHJI, 

o6o3Ha':leH onepaTop H3 npucoe.D,uueu-

(ad a) z = [a, z ] E L, z E L. 

<l>opMa Kunnuura npocToii cynepanre6phi 
1ia3HC 

h 1 .... ,hn e 
(/) 1 , .... , ewp 

/28/ 

He BblpO>K.D,eHa. 

/29/ 

B L BCer.D,a MO>KCT 6b1Th Bb16paH TaK, 'ITO .D,llJI BCJIKOrO 
hEH 

[h,e (di (h, (di ) e c<Ji · = l, ... ,p. /30/ 

3.D,ech 

hl, .... , hn /31/ 

ecTh npOH3BOnhHbl:ii 6a3uc B no.D,anre6pe KapTaua J{ • 

8 

Bo3Bpall(aHcb K rrapa6o3e -anre6pe, Bbi6epeM cne.D,yiomuil 
6a3HC B pB

11 

a~, i =1,2, ... ,n: t = ± _ 6a3uc B L 1; 

h = - _l! a +- , a:-- !. i ~-1, ... ,n 
1 2 1 1 

l<. a~! j '"' i l.. ... n 

!.. t 
lap .aq Lp~q~l.. ... n f:~± 

_ 6a3Hc B L o· 

/32a/ 

/326/ 

/32B/ 

/32r/ 

BeKTopa 11 1 . 11 11 Ja.IJ.aiOT 6a3uc B rro,IJ.anre6pe KapTa
ua; JIHHCHHa!l o60JI04Ka BCKfOpOB /326-s/ ,IJ.aeT IIO,IJ.aJire6py 
~!'(n,l) L

0 
C 11 

l1crroJih3YH orrpe.IJ.CJJeuue /27 I u cTpyKTypHhie coonw
weuua /2/, HCTPY.IJ.HO noKa3aTh, 'ITO 

(hi.hl) ,),l(-lllt2) 

Ilo:> roMy 6a3Hc B h /326/ opTorouaJieH. OycTh 

h 1 ' 11:! . .11 ll 

HBJIHCTCH ,IJ.yaJibHhiM K /326/ 6a3HCOM, T.e. 

( h 1 hI ) i) I 
I 

llpoc roe Bbil.IHCJieuue ,IJ.aeT ( h '= Hl 

( i " lh.ai I c(h. -th la\. 

[ I. ( • TJ I I l:l-.P q t 11 h,lap,aq =(h,-su -1)h )!ap,aql. 

IIO:JTOMY KOpHeBaJI CHCTCMa ~ CCTh 

'' l<:li "II lil··--19 ~ I (_ l , (_ l ' TJ l l,] - .~, 11 . '~ l- I ' • (_ ' 1/ ~c \ • 

/33/ 

/34/ 

/35/ 

/36/ 

/37/ 

Cne.D,OBaTellhHO, BCKTOphl /32a,B,r/ HBllHIOTCH KOpHe
BbiMH BeKTopaMH. CooTBeTCTBHe c ux KopH.IIMH cne.IJ.yiO-
ll(ee: 
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~ . 
a. ...-. - ~h 1 

, 
I /38/ 

{ TJ . . 
I a i ,aj I H- ~ h 1 

- TJ h J /39/ 

llo3TOMY napa6o3e-onepaTopbi po)K,IJ,eHHJI (~= +) u yuuq
TO)KeHHJI ( t = - ) JIBJIJIIOTCJI OTHOCHTeJibHO 6a3HCa /34/ OT
PHIJ.aTeJibHbiMH H nOJIO)KHTeJibHbiMH KOpHeBbiMH BeKTOpaMH 
COOTBeTCTBeHHO. 

E,IJ,HHCTBeHHaJI npocTaJI cynepanre6pa C KOpHeBOB CHC
TeMoil /37 I- 3TO anre6pa osp (1, 2 n), unu, a o6o3uaqe
HHJIX Kau.a/ 9/. anre6pa B (0, n). Mbl pe3IOMHpyeM nony
'leHHbie pe3yJibTaTbl. 

TeopeMa. llapa6o3e- anre6pa p B n , COOTBeTCTBYIOIIJ.aJI 
n napaM onepaTopoa po)K,IJ,eHHJI u YHH'ITO)KeHHJI, H30MoP4Jua 
npocToil KnaccuqecKoil cynepanre6pe B (O,n). llapa-
6o3e- onepaTopbl Ja,IJ,aiOT 6a3Hc a ueqeTuoil qacTH anre6pbi 
H nopo)K,IJ,aiOT aero anre6py. Ea3uc B no,IJ,anre6pe KapTaua 
pBn MO)KHO Bb16paTb H ynopJI,IJ,O'IHTb TaKHM o6pa30M, 
'ITO onepaTOpbl pO)K,IJ,eHHJI u YHH'ITO)KeHHJI 6y,IJ,yT oTpnn.a
TeJibHbiMH H nOJIO)KHTeJibHbiMH KOpHeBbiMH BeKTOpaMH CO
OTBeTCTBeHHO. 

Cne,IJ,cTaue 1. EoJe-onepaTopbl po)K,IJ,eHHJI u yuuq-
TO)KeHHJI, paCCMaTpHBaeMbie KaK 3JieMeHTbl He'leTHOB 'laCTH 
cynepanre6pb1, nopO)K,IJ,aiOT O,IJ,Ho onpe,IJ,eneuuoe uenpuao,IJ,u
Moe npe,IJ,cTaaneuue anre6pbl B (O,n). 

HHbiMH cnoaaMH, a npocTpaucTae tlloKa n nap 6o3e
onepaTopoa peanuJyeTCJI 6ecKoHe'IHoMepuoe uenpuao,IJ,HMoe 
npe,IJ,cTaaneuue cynepanre6pbl B (O.n). TaK KaK B(O.n) no
po)K,II,aeTCJI napa6o3e- on epa TopaMH, H3 TeopeMbl eiiJ.e cne
,IJ,yeT 

C n e ,II, c Tau e 2. CyiiJ.ecTayeT B3aHMHo-o,IJ,H03Ha'lnoe 
COOTBeTCTBHe Me)K,IJ,y /uenpHBO,IJ,HMbiMH/ npe,IJ,CTaBJieHHJIMH 
,IJ,anuoro qucna nap n napa6oJe-onepaTopoa u /uenpuao
,IJ,HMbiMH/ npe,IJ,cTaaneHHJIMH cynepanre6pbl 3(0,n). 

TeM caMbiM Ja,IJ,a'la o uaxo)K,IJ,eHHH acex npe,IJ,cTaaneuuil 
napa6o3e-onepaTopoa 3KBHBanenTua Ja,IJ,aqe o nocTpoeuuu 
BCeX npe,IJ,CTaBJieHHB opTOCHMnJieKTH'IeCKOB cynepanre6pbl. 
llepeaopaquaa.11 Ja,IJ,aqy, MO)KHO CKa3aTb, 'ITO O.l{HH KJiacc 

10 

npe,II,CTaBJieHHB OpTOCHMnJieKTH'IeCKOB anre6pb1, KOTOpbiB 
HyMepyeTCJI O,II,HHM IJ.eJibiM nOJIO)KHTeJibHbiM 'IHCJIOM p , 
TaK Ha3biBaeMbiM nOpJI,II,KOM napacTaTHCTHKH, 6biJI HaB,IJ,eH 
rpHHOM /1/ 3a,IJ,OJirO ,II,O BBe,IJ,eHHJI nOHJITHJI cynepanre6pbl. 

TaK KaK nepexo,IJ, K 6ecKonequoMy MHO)KeCTBY onepa
Topoa po)K,II,eHH.II u yHB'ITO)KeHHJI ue MeHJieT anre6pauqec
Koil CTpyKTypbl, OpTO,II,OKCaJibHOe BTOpH'IHOe KBaHTOBaHHe, 
CKa)KeM, CKaJIJipHoro nOJIJI, MO)KHO paCCMaTpHBaTb KaK 
KBaHTOBaHHe no onpe,IJ,eJieHHOMY HenpHBO,IJ,HMOMY npe,IJ,CTaB
JieHHIO OpTOCHMnJieKTH'IeCKOB cynepanre6pbl 6eCKOHe'IHOB 
pa3MepHOCTH. 
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