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~\ccne;J.OBBHHe B3BHMO.JetiCTBH51 O.:tHO- H .JByMepHblX 

K.'18CCH4€CKHX Q-CQ,'1UTOHOB 

C TI0'-10Wbl0 38.'\1 HCC.'1€.:10B8HO B38H~W.JeifCTBU8 O.JHOMt?pHblX (X, t) 

H .JByMepHbiX 3Bp.R)K€HHb!X" (X, y, t) Q-conHTOHOB B pBMKBX pe.'1H-

THBHCTCKH-HHB8pH8HTHOf'O ypaBH8HHR Kne~Ha-ropUOH8 C H8CLIW8HH8M H€nHH9~ 

HOCTH, 

B pe3y.tbT8T€ HCCJ1€IlOBBHHH no60BblX CTO:IKHOB8HH(r COlHITOHOB HBi1DeHB 

o6nacrb cywecrsoeaHHR ycrofi4HBbTX peweuun. 
06HapytKeHO cyrnecTBOBBHHe ,'10.'1f'0)+\aBYHH!X CB'ir3BHHbJX COCTOfiHHH ilBYX 

COJHfTOHOB H Hafineua o6naCTb 3HB'-!8HHH napa!-.18TpOB, B KOTOpOH: conHTOHbl 

B38HMOUel\CTBYlOT ynpyro. noK838HO, '-:ITO B pe3yiTbTBTe CTOITKHOBeHHfl B o6-
J18CTH ueycrotit.:IHBOCTH conHTOHbT ~oryr pacnanaTbCfl. 

Pa6ora BbtnOnHeHa B na6oparopHH Bbi'-IHCJ1HTellbHOti reXHHKH 

H 8BTOM8TH38UHH OY! Hli. 

f1penpHHT 06bellHHeHHO!'O HHCTHTyTa smepHbiX HCCnenOB8HHH, lly6Ha 1978 

7\1akhankov V.G., Kummer G., Shvachka A.B. 

Investigation of Interactions of One- and 
T\vo-Sp:ice-Dimensional Classical Q Solitons 

P2 - 11913 

Interactions of one- and tvvo-space-dimensional classical 
''char~ed" solitons (U(l) symmetry) have been investigated via com
puter in the framework of the Lorentz-invariant Klein-Gordon equa
tion \Vith the saturable nonlinearity. As a result of the computer 
experiments four qualitatively different tyrpes of soliton interaction 
have been found: 1) elastic and quasi-elastic interaction; 2) decay 
of solitons after the interaction; 3) decay of solitons throu!;_?.h the -
resonance; 4) bound state of two Q solitons. 

The investigation has been performed at the Laboratory
of Computing Techniques and Automation, JI~. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1978 

I. BBe.lleHHe 

B noc~e,llHHe ro,llH BHHMaHHe crreqHanHCTOB, paOOTaomKX B oonac

TH T60p:HH ITOJIJ! H 8~6M6HTapHHX 'laCT~, npmtOBaHO K MO,ll6Jl.RM, ,llOITyC

KaDmKM CO~TOHHHe pemeHHH. ~OCTaTO'IHO ynOMRHY,Ti nHmb 0 H6KOTOpHX 
MeJt,DyHapo,llHHX Hay'iHHX «oPYMWC /I/ H o6sopax 72 , ITOCBJ11116HHHX 
STOI rrpoO~eMe. 

OTO Hey~HBHTenbHO, ITOCKO~Ky CO~TOHH - cymeCTBeHHO He~eA
HHe rrpoT~eHHHe OO~eKTH - OO~aDT HHTepecHHM:H H B6CbMa crreuz
i'{>WieCKHMH CBOitCTBaMH, KaK To: CO:xpa.HJn>maMHCJl sapJmaMH, He CBJl5aHHH
MH C CHMMeTpHeft ~arpaHZHaHa (TOITO~OrWieCKHMH), BOSMOaHOCTbD ITOCT
poeHHH OTHOCHT6~HO ~erKHX OO~eKTOB HS 0'16Hb T~e~ COOT~ 

(Oo~moft ,ll61'{>6KT MaCCH - "HeB~eTaHHe KBapKOB") H MHOrHMH 

.!IPYrHMH· 
Mu He Oy,lleM S,lleCb Oo~ee ITO,llp00HO OCTaH~aTbC.Il Ha CBOACT

Bax CO~TOHOB, ,llOCTaTO'IHO ITO~O l'IMOZ8HHHX B ynOMJIHYTHX BHme 
oosopax 121, yrroMJIHeM ~, 'ITO B HaCTOJIIIIee BpeMJI HaHOo~ee no~o 
B npHMeHeHHH K TeOp:HH a~eMeHTapHHX 'laCT~ HCC~6,ll0BaHH CTaTH
'16CK:He CBOftCTBa CO~TOHOB, MH :HM66M B BH,llY CO~TOHH B 'leTHPeXMep
HOM M:Hpe MHHKOBCKoro. 0TMeTKM, 'ITO ycTO!'IHBHe H6TOITO~Orl'I'I6CKHe 

co~TOHHHe pemeHHJI cymecTBYDT TO~Ro B TeopHJIX c BHYTP6HHel 
CHMMeTpHel. 

EcTeCTB6HHO, 'ITO l'ICC~e~OBaHHJI ITpoBO~Co,Ha'll'!HaJI C HaHOO~ee 
ITpOCTHX MO,lle~el, HanpKMep, Q - CO~TOHH B <JI'~-- TeOp:HH 
( U (I) - Cl'IMM6Tpl'IJI) ; ,llMee BKJIIl'lanHCb Bee OO~ee BHCOKHe CJIIMMeT
p:HH ('laCTb HS KOTOpHX MOrna OHTb CITOHTaHHO HapymeHa), T.e. 
MO,lle~ 5U(2)® SU{2), 5U(3)® SU(3), a Taue 5l.I(3~St.(3~SU(3). 

HHTepeCHO, 'ITO B ,llOCT,TO'IHO C~OZHOI MO,lle~ npl'I H~e~eM 
BH6ope napaMeTpoB aBTOpaM 31 y~ocb orrecaTb c Y.!IO~eTBopHTe~Hol 
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TO~HOCTbD no OTHOWeHHD K 3KCnepKMeHTaAbHHM ,~aHRW~ TaKlle CBOHCTBa 
HYKJIOHOB, KaK OTHOWeHHe MarHHTHWC: MOMeHTOB npoToHa H HefiTpoHa, 
OTHOWeHHe KOHCTaHT ~- pacnana (aKCHanbHO~ K BeKTOpHO~) H 

cpe~HeKBanpaTnq~ p~c HYKJIOHa. 
Ec~ CTaTHqecKHe CBO~CTBa CO~TOHOB e~e ilO~aiDTCR (H C yc

neXOM) aH~T~eCKOMY RCC~e~OBaHHD ~aze B paMKax C~OEHHX MO~e~eil, 
TO B3aHMO~e~CTBHe HeO~HOMepHWC: CO~TOHOB y~aeTCR noRa HCCne~oBaTb 
~b C llOMO~bD KOMilbDTepa. 3~8Cb TaKEe ecTeCTBeHHllM ~eTCH 
nyTb ncc~e~oBaHRH oT npocTwc: Mo~e~e~ K oo~ee cnoxHHM. 

Ue~D HacTo~e~ pac5oT~ RB~eTcH zayqeHHe ~HaMHKH BaaKMo

~eilcTBHH H80~HOM8pHWC: ycTO~WC: CO~TOHOB B paMKax ITpOCTOll H3 
~nona B03MOJKHWC: Mo,~e~en c BHJTpeHHeit U(I) cHMMeTpnett: HMeeTCH 
B B~ MO~e~ T80pHM CKaARpHOrO no~ C HaC~a~me~CR H8~H8~HOCTbiD, 

~arpaHEHaH KOTOpOH MM88T B~ 

<l = <Pt ~t- tPx4>:- t/>yc/>; -k (1+ if><P*). (I) 

MN OT,n;aeM cec5e OT~eT B TOM, qTo ,n;aHHM MO~e~ RB~eTCH 
rpyc5ott, OO~ee TOro, OHa HepeHOpM>~:pyeMa, a 3TO OOCTORTeYlDCTBO 
B~30BeT C~OJKHOCTM npH KBaHTOBaHHH paCCMaTpHBaeMWC HHEe OO'beKTOB, 
O,ll;HaKO, nOCKO~KJ MH paOOTaeM B paMKax KnaCCH~eCKOit TeopHH, 3TO 
OOCTORTe~CTBO He ~eTCH npenRTCTBReM. KaqecTBeHH~e xapaKTe
pHCTMKH H3yqaeMOr0 B3aHMO,ll;eitCTBHH c5eayc~OBHO npe~CT~T HHTepec 
C TO~H 3peHMH ,ll;anbHeftwero ilOHRMaHHH OO~ee pe~CTHqHbiX R C~OJK
HbiX Mo.ne~en. ~aH cTaToH c~e.nyDmnfi: B n.4 MN nccne.nyeM cBoilcTBa 
MOCKMX (,l-COJHlTOHOB B paMKax MO,ll;8~ (I) H MX B3aliMO,ll;eil:cTBH8; 
B n.3 OTIRCaHN OC008HHOCTH BaaKMO,ll;e~CTBMR CO~TOHOB B TpeXMepHOM 
npocTpaHCTBe MHHKOBcKoro. MeTo~ pacqeToB ooc~aeTcH B n.4. 

2. 0AHOMepHH~ C4Y1a~ 

HTaK, Mhl HJQeM co~ToHorro.noc5Hoe pellleHHe aanaqn 

(J~-a: )o/+~-t . 1 ~ 1 ,
2

., =D1 (2) 

Q.tl = 0 cP ( oo, t ) = 0 
ax x~o 

c narpaHEHaHoM 

£ == ~t <~>: -~X <P;- k (1+ <jlcp~) (3) 

H raMWibTOHMaHOM df_"' 1>t1>: f- c?x<P: +,~ (f+r.f!¢*). (4) 

4 

~R 4> (x, -1:) "''fl( x) e;,ut 
(5) 

C u. = const MHHKMH3HpyeT <lJYHKUllOHaA :mepnm (4) B CHCTeMe 
ilOK~H CO~TOHa. IToaTOMY BMeCTO aana~H (2) no~aeM rpaHHqHJD 

~a~ 

'K,+L/-w- "'+" z.-=0; -r.,(o)=O 'f"(ao)=O 
~IT A~ ~ I 

(6) 

c <PJHKI.n!eit JlarpaHEa 

:t =-i [ ~ z. -I" t'f"Z. f '~ ( /1 +- ...,~)] (7) 

H raMWibTOHa 
'jf_:= i["t'xlf-1"\2. -k (-1+-'l'~l]. (8) 

Ha pnc. I Raoopa.eH noTeHUHan, B 
<!JHKTHBHM qaCTH~a e,n;HHHqHOH MaCON (~ 

uc't') = t[ r~,~- .ln ( 1+ -y%J] 

KOTOpOM ,n;BHJKeTCH Toqe~HaR 

- CMemeHHB, X - Bpe~~) 

(9) 

npH f< = 0, ?!> u )A = 1!), 11, 

GTaUHOHapHNe TO~H nOT8HnHaAa (9) onpe,n;enRDTCH H3 ycnOBHH 

JU [ z -t 1 0 - =y ,u.-- = (IO) Jy I A+yt ' 

0TcJJ.na cne.nyeT, qTo {±i; 
- + !J.::A_ "'1"1 = 0 ) 'fz.,J-- /"' 

~TCR CTaUHOHapHNMH TO~, np>~:qeM ~ 

1 U(y,.}"'O 1 U('Y7..)=U('1'3 )=~[1-;Uz_k(ji~). 
TaR KaK ypaBH8HH8 (6) OllRCJ:maeT "KOHCepBaTHBHYJl" CHCTBMY, 

TO aHeprHH <lJHKTRBHOll qacT~, .JJ,Bgymeil:cR B noTeHUHane U ('If') 
E = ~ + U('¥), ~ =0 (II) 

coxpaHReTcR. Ha (II) H~eM 
Y,. =i,-2 -E _+_kt_(_A-+y_z_) ___ )"_z_lf--..l' . ( I2) 

Ha pHC. 2 R300paJKeHN TpaeKTOpHH"KOHC8pBaTHBHOfi"CHCT8MH B <!Jaao

BOH MOCKOCTH ('f':~J ~ aHeprHH ];; = 0 H E = 3 npH fA-= 0.2. 
PeweHHR ~aqn (6) npoxo.nRT qepea ToqKY ( y = 0, "'rx. = 0), noa
TOMY, KaK c~e.nyeT H3 (II), E = 0. 

113 COOTHOIIJBHRR \II) npH E = 0 H B ITpH6JIRllteHHH 

k ( -1 t- y2) "-' 'f'2 - :if- I (13) 
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Pnc. I. IloTeHrm~ U("'f") (eM.(~)) rrpn ;t= 0.95 n 
j'A- = r. 11. 

E-3 

P:ac. ~. TpaeKTOplm "KoHcepBaTRBHoll" 
CHCTeMbl (6) B ~a30BOH II~OC
KOCTH ( "f- 1 "1' 1 ) llpHft= 0.~. 
lliTPHXOBO~ ~HHe~ IIOKaaaHa 
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CHCTeMbl ( I8) . 
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PRc.3. fpa~RK ~YHKUKH 

G(rl 

crrpa.Be.n;.mmoM npH l't' I «::< I, Mbl noJIY'laeM xopomo R3BecTHOe pemeHHe 

~1- TeopRH: -(. z J" 
) 

rv Z(II-J< 
'f'(x - _ _ L , r:---:-r ' U4) 

~c~eHHHe pac~eTH no HCC~e,noBaHHID BaaRMO,D;e~CTBHR ,D;Byx O,lJ;HOMepHHX 

co~TOHOB BR,na U4) rrotta~. ~To RMeeT MecTo npa.KT~ecKH yrrpy

roe B3aRMO,ll;8HCTBH8 CO~TOHOB B ~060BHX CTO~HOB8HRRX rrpH 

I >J-< > 0.9 H CKOpOCTRX CO~TOHOB O.I £ Y .:._ 0.9. Pac~eT IIOKa

~. ~TO llpH 0.9 ">,.M "> 0.'1 Ha6.1IIl,naeTCR pac~aHHe CO~TOHOB 

,D;O CTO~HOB8HHR, ~TO CBR3aHO C KX HeyCTO~OCTbiD. 3TO ytta3HBaeT 

Ha 3Ha~HTe~Hoe COKpameHRe 06~aCTH YCTO~BOCTH B MO,ne~ (2) 
B cpaBHeHIDI c ~! , r.ne -1 > )/' ~ -I 12e1 

3 . ,U:aYMepmrli CJIY'!ail 

PaccMoTpRM .n;Mee c~e.nyDicyJl aa.na~ Komn 
(CJt -J! -d; )f+f- f·~tf«P/z=O I 

2£.1 =0 ~~ =0 "'"oo .... ~)=o dX ~e=o ' a y yr0 ' 'tT , ' 

(I5) 

C ~arpaHEHaHOM (I) H r~TOHHaHOM 

df= cfitcP:+ 4>1(~:+f.t~:+f+t(-t+4>t/l~). U6) 

IlycTb . t 
Nx,r.l) = "t{t-)e'f ) r=(;c2+1.' (I?) 

Tor.n;a :aa (!5) rro~M rpaHH~HYID aa.na~ 

(I8) 
'\JI + ..1"" + u.z""- _y_ = o 

T"' r Tr r T l1+'f'z 

'Y,-(0)::0 1 "'t'(oo)=O. 

Sa.na~a (!8) 6ea yt~eTa ~eHa ~"'1',. coBrra,naeT c aa.na~eii (6), 

II03TOMY pacc~eHHR npe~ero rrapa~ OTHOCHTe~HO TpaeKTO

pHfl B !lJa30BOfl MOCKOCTH ('!", Y,.) ,neflCTBRTe~HH H ,D;AA 3a,D;a~H .(I8) 
6ea ~eHa ~"'l"r (cM.pHc.2). 

B paMKaX MO,D;e~ (I8) 3HeprRR ~HKTHBHOfi ~aCTHUH (II) B C~ 
H~~R ",nHCCHIIaTRBHOro" ~eHa 1'fr. He COxpaHReTCJi C poCTOM r. 
Hs (II) H (18) c~e.nyeT, ~To 

d [ =""" ['\J,I 1' ,./·'IV- ~]-=- .1'¥. 
2
£0 (I9) dr lr Trr 1 T A+'f'~ r ,. · 

0TCJO,D;a BH,ll;HO, ~TO .1IIJ6a.R TpaeKTOplHi B qaSOBOH MOCKOCTR ( 'f-: "ffr ) 
Ha~Ha.RCl> Ha OCR 'f' ('f,.-=0) , nepece~eT Kp:HBHe IIOCTO.fiHHOfl 3Heprlm 
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H IlpH r-oil 3a.KOH'll'!TC.R: B O.ztHO! H3 Tpex TO'I8K ("'f.. :. 0, '(,. = 0) , 

('¥1,1 "'t.fd;,tt" 1 "'Y,. = 0 ) , 1TJI;I HaC rrpe~CTa.BJI.ffiOT HHTepec TOJID

KO Tpa8KTOpHH, 3a.KaH'll'!BaBJIII}I8CJi B TO 'IKe ( "'f" = 0, Y,. = 0) ( CM. 

pHC. 2, WTpHXOBa.R: ~HRR), KOTOpHe COOTB8TCTBYDT 6esyc~OBHHM pewe

HR.fiM ( I8) , y6HBaJDh IlpH ,. --"* 00 

KaK H3B8CTHO 
4/, YCTO~e pemeHae ~a'IM (15) c~eCTByeT 

B 06~CTH 

e. .JJi. < 0 
~ d~ 

r~e"sap~" ~ BHtiHc~eTc.R: no ~PMY~e 

Q = )' J ·y} d.!( ely . 

(20) 

(2I) 

1TJI;I onpe~e~eHHJi 06~CTH YCTOK'IHBOCTH CO~TOHOli0~06HHX peWeHRtt 

HaMH 6~a HCC~e~o~aHa 3aBHCHMOCTI> Q(p) , I'prupHK 3TOit qJymaul:H 

npe~CTaB~eH Ha pRe. 3, H3 KOTOporo B~HO, 'ITO Q(f'} MOHOTOHHO 

y6HBaeT C poCTOM fl , BHXO~ Ha ~TO @i p---ti. 
~e~CTBHT8~I>HO, KaK OTM8'I~OCI> B / 2e , ypaBHeHHe (18) ITpH 

fl-- -1 nepexo.n:zT B ypaBHeHHe Kn:e:ltHa-rop~oHa c Ky6H'Iemw:lt 

H8~H8HHOCTI>IO (KI'3) : z) '3 ( 22) 
Ll''f'-{-1-,.u -yl+"t' =0. 

IT03TOMY, npo~e~ MaCmTa6Hoe npeo6pasoBaHKe ;: cat-r I 'F .. "'""Y, i"'1i"2 

I'\ ( ) 2- .D ' ~erKO no~ uc f' 0(' )( ( .:i) - pa3MepHOCTI> llpOCTpaHCT-

Ba), OTKy~a rrpH J)=2 HM88M Q- amsf B rrpe~e~e j.t-. "1 
8TO 03Ha'IaeT, '170 B 06~aCTH j.t --t1 MODO ommaTI> npo~eHRe 
H8YCTO~BOCTH 28

/, 'ITO H 6~0 saqJHKCHpOBaHO B 'IMC~8HHOM 3Kcne

pKM8HTe: no~eHHHe pemeHR.R: B 06~CTR f~ 0.98 OKasanECI> H8YCTO:It

'IMBHMH. 

B o6~acTn I" <: 0.2 Be~Ha QY,.) 6HcTpo pacTeT rrpR 

f< ---. 0 • ~RHaMHKa CO~TOHOB 9,ll;8CI> He RCC~e~OB~aCI>. 

HaMH 6~ paspa6oTaH ~ropRTM H cos~aH rraKeT nporpaMM Ha 

OOPTPAHe ~ ncc~e~oBaHRR c rroMOUU>IO 8BM BsaHMo~eiicTBH.R: ~yx 

.n;BYM8PHHX CO~TOHOB B ~060BHX CTO~HOBeHR.R:X. llp:a BTOM CKOpoCTH 

BCTpe'IHOro ,ll;BHJteHH.R: CO~TOHOB 6~ paBHH V.,: -V.l = V , a 

B8~Ha V H3M8H~aCI> B npe,n;e~ OT O.I ~0 0.9 C waroM 0.05. 

IlapaMeTp fl Bapi>HpOB~CJi B rrpe,n;eMX OT 0.2 ,ll;O 0.99. 

Pesy~I>TaTH BTHX paC'I8TOB rrpRBe,n;eHH Ha pRC.4-I5. KaK R 

C~e~OB~O ommaTI>, B ym.Tpape~HBHCTCKO!i 06~aCT:Il: 3Hepr:~~;j!: V~ 'f 

8 

Pllc. 4. Jrrpyroe B 3ai!MOJ(Cf!CTBH8 
~ :::_ COJH!TOH<_:B llpH 
v - 0. 9. ,«. - 0. 7. Kap
THHH ~HHH ypOBH.R: 
COOTB8TCTBJDT llnOCKHM 
C8'18HH.f!M llpHB8,$ HHHM 
Ha pnc. 5. H=~/~ ... u, 
r~e ct .... .r 69,4 ='at(t=4Z). 

~?:oJ~o2B 

r=26 

h:c. 5. Yrrpyroe B3amiun;niicTBHe 
:~ - COJIHTOWJD lip!! 
v =0.9.fi~0.7. 
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HCCJie~oBaHHHe HaMH 06'beKTbl Be.eyT ce6SI KaK 11 HCTHHHJ:<e" COJIHTOHli, 
B3aHMO~eitCTBYSI ynpyro *) l1 i1pi!06peTM C~Hr B OTHOCHT8JibHOM 

TIOJIOX8HHH. O~HaKO TipH cpe~HHX H, TeM 60Jiee, Hli'!3KHX 9HeprKSIX 
IIOJIOX8HHe B KOpHe MeHSI8TCSI. B 3aBHCRMOCTH OT BeJIHqHHli eap~a 

COJIHTOHOB (HJIH, qTO TO !181 OT r ) ll UX CKOpOCnl Mhl }IM88M Wllp0Klll1 

CII8KTp HeTpHBHaJibHHX IlOCJie_nCTBHfi ,;x B3aHMO~eil:CTBHSI: o6pa30BaHHe 

paSJIHqHhiX CBRSa;HhiX COCTORHH.l:i COJIMTOHOB (THIJa 6HOHOB B O~HOM8pHOM 
rrpocTpaHCTBe / 6 ) ; pacrra,n COJIMTOHOB IIOCJI8 B3aJ1M0~8llCTBHSI Ha 

KOHCTllTb~8HThl ( ~ ~ 0.95); pacrra~ COJIHTOHOB, IlpOHCXO~it qepe3 

OTHOCI1T8JlbHO KOpOTK01l<nBYJ118e CBR3aHH08 COCTORHHe COJIMTOHOB - peSO

HaHC ( f c.: 0. 9). 11ocJie,nmre ~a mma B3aHMo,neiicTB:nii 6wrn Hens

B8CTHH paHee B ~YM8PHOM MHpe. 
~TaK, Mhl HMeeM qeTblpe KaqecTB8HHO paSJIHqHhiX THIJa B~~O

~eil:CTBHft COJIHTOHOB ,naxe B p~~ax HCCJI8.l(OBaHHOfi HaMH IlpOCTeftilleit 
MO.l(eJIH '11.(1): 

I) ynpyroe Jill cnaOoH~ynpyroe B3aMwo~encrBMe (pMc.4-7); 

11) pacrra,n IlpoB3aRMO~C~CTBOBaBWHX COJIHTOHOB (pHC.8,9); 
ill) pacrra.n qepes peeoHaHc (pnc.IO,II); 

IY) o6pa30BaHHe CBSI3aHHOl'O COCTORHHR (pHc.I2-I4). 

HaH60Jiee HHTepecHHMH,C Harne! TO~ll speHHSI,RBJISIIDTCR B3aHMO
,neiCTBHR 11-IY THIIOB, IlOCKOJibKy B3a!tiMO.l(eil:CTBHe I THUa XOpolliO 

IlpOCJieXHBaJIOCI> ,naMe B CO~apeHHSIX HeycTOHqnBhiX IJYJibCOHOB, H3Y
qeHHHX aBTOpaMK paaee 17 • KoJIJianc coJIHTOHOB B paMKax ~aqH 
( I8) , B OTJIH'ille oT ypaBHeflliSI KI'3 17 I, o6HapyuTI> He y,naJioci>, 

XOTR H Ha6.JinAa8TCSI T8~8HUHR K CTRrHBaHHD COJIHTOHOB, ~PMHpYIDmHX
CR B rrpouecce B3aRMO,neil:CTBHSI IlpH /JI'V 0.2. 9TO 06'bSICHSI8TCR TeM, 

qTo rrpz M8JiliX f<. / -r(x, y, o) J ~ /f (cM.pHc.3), noaTOMY ypaBHe-
HHe (18) nepeXO,nHT B JIHHeil:HOe BOJIHOBOe ypaBHefllie, peweHHSI KOTO
poro B cWiy .nncnepcHH RMellT Te~eHUHJJ K paciiJibiBaHHJJ. 

0TMeTHM, qTo B3ali'!MO~eil:CTBHR 11 H ill THIIOB TipOSlBJIRIJTCSI ~ 

B6JIH3H rpa.JmUli IIOTepH YCTOit~OCTR f<. ~ 0.9, r.zte ~ 
COJIHTOH eme YCTO!'il!B ITO OTHOWeHHJJ K MaJIHM BOS~eHHSIM. 

06JiaCTH cymeCTBOBaHHSI BC8X YKa3aHHHX BHWe TKIIOB B3aHMO
~eiCTBHI, 06HapyaeHHHe HaMH B 'il!CJieHHliX 9KcnepHMeHTax, npe~CTaB

JieHH Ha p•c.I5 Ha IIJIOCKOCTH nepeMeHHHX ( V , f ) . 
•> 9To!r pesyJibTaT 6wx o6HapyJteH paHee npz 'ntcJieHHOM ncgJie,.zto

BaHBH BaaKMO.zteiCTBHB O~OMepHHX JieHrMDpOBCKBX COJIRTOHOB /oat. 
llpa CTpeMaeBKH CROpoCTH ~ e~e npH6JIHZeHHaSI CHCTeMa ypaBHeHHI 
OU.88JI8Ci Jlft8t'lmPYeiiOI /56/. 
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PHc.6. Ynpyroe B3aHMO.zte:lkTBHe 
~ - COJIHTOHOB ~H 
v = 0.5, /'( = 0.95. 

KapTPIHH JIPIHM.l:i ypoBHR 
COOTB8TCTBJIDT IIJIOCKRM 
ceqeflli.RM, npMBeueHHHM 
Ha pHc. 7. 1-f•';K/1/t'"u, 
r.ne :JC,...., = 4~ 97 = 
= 'Jl ( t = 50). 

,k tj_ \_ P!]0 

L ~JJ< :Z1o 

/( .~ / ;Y'). .L /FO 

PHc.7. Ynpyroe BSaHMo~eiicTBRe a - COJIHTOHOB IJpll 
v = 0.5, J(= 0.95. 

_.., 
-20 -10 "' .., 

·I c:tr 11> --~ l 
,-----,---~ 

-------~---l 

•••.• I~ .~.~j 
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Pnc.8, Pacrr~ ~-co~TOHOB 
rrocJie B3anMo,nei1:cTB:I!JI 
Iij):l! v = 0.3' ,v. = 0. 95. 
MpTI!H1:1 JIUHl!ll ypoB!lfi 
COOTB8TCTBJIDT ITJIOCKHM 
C8'1:8HIHiMA ITp:I!B_8.ll~!IHI1M 

~' ····\~ 
'~" 

Ha p:~~c. '::!. H,.'3C/<l!' .... x, 10. 

r.ne 'Jt.,.u = ~, 75=~ (~~to) 
0

1 + 

\ ~100 

I II .-100 /, ,I ,:Z17~ 
~12 11!0/'-. 7,:~1JO 

--t-T'--"'--i-i(J;_+--/ _?.ao 
~.~ :ov .~ ~ )!, ~/~ 

Pile. 9. Pacna.n ll - co-'ll! TO HOB 
rrocJie B3am.Io'l;elicTBHJI 
np11 v = 0.3, f< =0. 95. 
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·10 

-I 

-'«) -30 -20 -10 10 ~-2d T- i) 

-'<0 

-'«) -10 10 "' 
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PHc.IO. Pacn~ ~- coJIHTOHOB 
-qepes pe3oHaHc nocJie 
B3al!MO,n8HCTB:I!R npR 

v = 0.2, ~= 0.95. 
KapTMH!i JIHHHH YPOBHJI 
COOTB8TCTBYDT TIJIOCKKM 
Ce'l:eHl!JIMf IlPHB_8,It8HHI1M 
Ha PHC.I • "H:'Jl/'¥..,u, 
r~e ~ ....... = 2.28 = 

'X ( t = !20). 

,I~ ,••Y20 

/ 1 II ---rT"'- , ~ , •·Y20 

PHc.II. Pacn~ ~- coJIMTOHOB 
'l:epe3 pe30HaHC ITOCJI8 
B3al!Mo,nei1:CTB:I!R npH 
v = 0.2, fl = 0.95. 
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P11c. I2. CB.H3aHil08 COCTOR!lll8 ~ 
,1P3yx Q. -CO.JrnTOHOB 
~11 v =0. I, ,u =0. 7. 

pTl!HH .JrnHl!H ypoBHR 
COOTB8TCTBJIDT llnOCKliM 
C8~8Hl!RM3 ITpl!Be~eHHHM Ha p11c. I • H = 'i1l!at..,AJr. 
r~e "dl,.,AIC :: I2, 06 ='JUt"l37) J 

~222 ., .. 
'"' 

t=222 

PHc.I3. CB.H3aHHOe cocTORHll8 
.rp3yx Q. - cO.JrnTOHOB 
rrpR v =0. I , jJ- =0. 7 
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TIME 
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100 
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200 
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Fzc. I4. CB.H3aHHHe COCTORHR.H ~yx Q. - CO.JrnTOHOB. 3aBHCHMOCTb Be.Jrn
~HH MaKCHMYMa nnoTHOCTH 8HeprHR cHcTeMH .rp3yx CO.JrnTOHOB 
( EDMA)( = ~ ..... ,. ) H IIOJIOllteHRR MaKCHMYMil llnOTHOCTH 
8Hepi'HH Ha OCR X ( J)IST ) OT BpeMeHH. ITo OCH J>IST 
OTJIOllteH HOMep TO~Kll pa3HOCTHO~ CeTKH. 
a) ,-'<=0.2, V=0.3; 6) 1"=0.7, v=O.I; 
B) jJ-= 0.9, V = 0.2; r) ,U= 0.95, V= 0.I5 • 
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4.MeTOgKRa pac~eTOB 

~ pemeHKH ~a~ (I5)B rrpe~rro~o~eHHM (I7)Heo6xo~o pe
mKTb rpa~HYJ) sa,n;a'!y (I8). PelUeHKe sa,n;a~K (I8) HMH8TCH ~yHK
uaeA rrap8M8Tpa ~. qTOCH pelUKTo sa,n;a'!y (I8), Tpe6yeTCH HafiTK 
TaK08 3Ha~eHKe 1'(0) , KOTOpoe COOTB8TCTBY8T 6esy~OBOMY pemeHMID 
(!8), y6HB8.BJ!I18MY IIpK r_,oo (CM.pKC.2, lliTPKXOBM ~HKH). l!o~o6-
paTD ITpKC.JmllteHH08 3Ha~eHKe -ip(o) .rtJIJI 1'(0) ~OCTaTO~HO C~OliiHO, T.K., 
Hap~ CO CTauaoHapHOll TO~OA 'f~ =0, noT8HUKM (!0) RM88T 8!11Ei 
~e cTauaoHapiWe TO~H '¥2., 3 = :t((A-,u 1)-;«-~' ( np~eM, TO~Ka 
't..., = 0 HMHeTcH ce~oBo!, a 'r>., 'f3 -~o~HHHMK To~aMK). Mcno~-
syH M8TO~ CTpe~oCH, 3a ~OCTBTO~HO CO~lli08 BpeMH C~eTa y~aeTCH 
no~RTb pelli8HRH C Sa,n;aHHO! CTeneHoiD TOqHOCTR. 

H~8HHH8 HaMR 3HaqeHKH ~(0) COBna~a.BJT C ITpKB8~8HHHMK, 
HarrpRMep, B pa6oTe 181. 

Eesys~oBoe qRc~eHHoe pemeHRe sa,n;a~ (I8), y6HBa.BJ!I1ee rrpn 
,.__, oo , anrrpoitcRMKpyeM ~Mee BHp~8HH8M BR~a 

3 { .:q (23) y{t) ~ .2. oc; exp ~;(r- .S;) J . 
•=If 

IlyTeM BH6opa Koa~~eHTOB O(i, ~i K 6i y~aeTcH rrpn6~RMTo t(r) 
TaR, qTO ~H BC8X ~ BHITO~HH8TCH JC~OBHe 

IM<XX /"f'(r)- .f.O(;exp{~;(r-Ji)2I/ ~o.oof·.::P{o). l24 ) 
·="' 

Mcno~o3YH annpoKc~ (23) K rrpo~e~aB rrpeocpasoBaHKe ~opeHUa, 
rrepexo~ B ~IDKJ!l1YllCH CO CKOpOCTblO V B~O~ OCR X CRCT8MY 
Koop;umaT: 

3 

~(x,y,l) ~ .2 O(;exp(~;(/(J(K-v.t))l.+-/ -JJ~ ~ 
1"1 

-* exp { ir '( ( t- V·JC)} 
1 

(25) 

r~e f - pe~TRBRCTCKKfi ~TOp. 

llanRqne ITpKC~X8HHOro BHpaE8HKH (25), annpoKCRMRpYJOll18ro H8R3-
B8CTH08 TQqHoe pemeHRe ~aqR (I5), no3B0~8T KCC~e~OBaTo 
,~HaMKKJ CO~TOHOB BO BCTpeqHHX CTO~HOB8HKHX. 

PacqeTH ITO HCC~e~oBaHKJO BsaRMO~eACTBRH ~~48pHHX CO~TOHOB 
!IpOBO~~Cb C noMO!I1blO CRMM8TpRqHofi pa3HOCTHOH CX8MH BTOporo 

nopJmKa TOqHOCTH ITO X, y R t , COOTB8TCTBYJOll1efi ypaBH8HHID ( I5). 
!liar no BpeMeHH BHCHpa.JICH paBHHM t.f = 0. I R mar no npocTpaHCTBeH
HHM nepeMeHHHM .d.X a A y BHCHpa.JICH H 3 HHT8pBa.Jia [ 0. I, 0. 4] B 
3aBHCRMOCTH OT napaMeTpa ~ • JlefiCTBHT8~oHM R MHKMM qaCTR 
~~R </>(x,v,t) B~HC~Cb OT~e~oHO. B TO'U\aX t= 0,I,2, ••• 
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no ~PMY~ (4) H (I6) onpe~e~aco ITAOTHOCTb SHeprHH no~. )lnR 
KOHTpO~ TOqHOCTH pacqeTOB MH HCn0~30B~ B8~'illHY 

_ Ho- Hr (:G6) 
E----, 

T Ho 

xapaxTepH3JID!I1YlO coxpaHeHRe no~HOH 3HeprHH CHCT8~~; 3~8Cb ~0-
aHeprM rrpH t = 0, Hr- aHeprRH B MOMeHT BpeMeHK t • T • Bo Bcex 

pacqeTax MaKCR.Ma.JThHM Be~~Ha lerl ~ O.OI. 
~ RCC~e~oBaHKH YCTO~OCTR ye~H8HHHX CO~TOHOB Hcno~-

30B~Cb pa3HOCTHH8 aHa.JIOrH ypaBH8HKH (2) ~H O~HOM8pHHX (x,t) 
-co~TOHOB K ypaBH8HHH (I5) .rtJIJI ~JM8pHHX ( X1 Y, l) - CO~TOHOB. 
KaK noKa3~ pacqeTH, O~HOM8pHH8 CO~TOHH B~a \14) YCTOllqHBH 
B lliHpOKO}i OCJiaCTR 3HaqeHKfi V JIHllib rrpH ~;?;0,9. flpH ;.:.<::0.9 
B Ilp0!..\8CC8 TpaHC~H CO~TOHa MaKCRMa.JlbHa.fi B8JI11'U!Ha ITAOTHOCTH 
3H8prHH d£...,u ( CM. ( 8)) y6HBa8T, qTo CBfl3aHO C paCI1JIHBaHH8M 
co~ToHa BH8 o6JiacTH ycToilqHBOCTH. B ~JM8pHoM c~a8 ycTofiqnBOCTb 

ye~H8HHOrO COJIMTOHa HCCJI8~0BaJiaCb nyT8M 8rO TpaHCJIHL\HH B~OJib 

OCH )( Ha paCCTOHHK8, COCTa.BJI.Hl0!1188 5-6 "liiHpHH" CO~TOHa. Pacq8TH 

ITpH pa3~HHX f- R 0. 2 ..::: V ..::: 0. 9 ITO)lTBep~ ycToJ1qRBOCTI> ~y

M8pHHX CO~TOHOB B OCJiaCTH fl '- 0. 98. 
C l..\8~10 ycTpaHeHRH BJIIDJHIDI rpa~ o6JiaCTH [ x:, y 1 Ha ~IDKeHKe 

CO~TOHOB B pa3HOCTHH8 aHanorH ypaBH8HRll (2) H (I5) BBO~aco 
HCKJCCTB8HHM Bfl3KOCTb Ha rpaHHUe oOJiaCTH [ x, y 1 nyTeM ~o6aB-
JI8HKfl q;reHa <f>t • 0TM8TRM, qTo qJI8H <l>t BKJiroqa.JICfl B paCCMOTp8HH8 
JIHIUo B OCJiaCTH, npHJieraJO!I1efi K rpaHHI..\8, H HM8ID!I18ll IUHPHHY 5% OT 
pasMepa o6JiacTH CK,y] • Ha.JmqHe Bfl3KOCTH Ha rpaHHUe o6JiaCTH 
llpHBO)lHT K llpaKT~8CKH no~HOMY nornomtiHHU COJIHTOHa Ha rpaHHI..\8 
(TaR, B O~HOM8pHOM C~ae llpH )A. = 0. 95 H V = 0. 8 ITAOTHOCTb 
aHeprHH ~ JM8Hbrna.Jiacb Ha rpaHHl..\8 B 50 pas no cpaBH8HHJO co 

sHaqeHHeM ~WI4X BC~3H rpaHKUH). 
PesyJioTaTH pacqeTOB C yq8TOM BH3KOCTH Ha rpaHRI..\8 KaqecTBeH~O 

llOBTOpHIDT pesyJibTaTH, no;ryqeHHH8 083 q;reHa ~t B ypaBH8HHflX (2), 
(15). Tax, HarrpRMep, 8CJIH npH fl.= 0.95 H V= 0.2 nepBi:Ut MaKCRMJM 
ITJIOTHOCTH aHeprHH B OTCJTCTBH8 q;reua~ B03HKKa8T npR t= I20 H 

paBeH ';l....uc= 2.28 (CM.pHC.IO,II), TO C yq8TOM 4 OH paB8H 
dC..,ax = 2.3I. BTopoit MaKCIDJYM ITAOTHOCTH aHeprHH B03ImKa8T B 

OTCYTCTBH8 ~t llpH t = 320 ( d( -..11 = I, 79) , a C yq8TOM 4 OH 
B03ImKa8T rrpH t = G90 ( 'KIMax = I.30). 

PacqeTH ITO HCCJI8~0BaHHD ~HHaMHKH Q-co~TOHOB IIpoBO~Cb 

Ha 313i.l 1l3CM-fi. 
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0,8 

0.6 
::t. 

0/t 

Pnc. I5. 

0.2 0.4 0.6 v 0,8 

~6THpe THITa BSaHMo~ettCTB~ ~ - CO~TOHOB 
B IIJIOCKOCTH rrepeM6HHHX ( \1, ,M ) ; 
I - yrrpyroe H CAa60H6YITPyroe BSaHMo~ettCTBHR 
IT - pacrr~ ITpOB3aHMO~ettCTBOBaBIDRX CO~TOHOB; 
ill - pacrr~ ~epes pesoHaHc; 
IY- o6pa30BaHH6 CBRSaHHoro COCTORHHR. 

llpoB6~6HH06 HCC~6~0BaHH6 CBOftCTB ~ - CO~TOHOB IT03B0~6T 
yTBe~aTb, ~To ~axe B paMKax rrpocToft UCI) Mo~e~ c~ecTByeT 
6oraTaR KapTHHa B3aHM0~6ftCTBHft, B~anmaff pacrr~H KBaS~aCTKU, 
o6pa30BaHHe peSOHaHCOB H CBH3aHHHX COCTOHHHft, 

B MO~e~ C 6o~ee BHCOKHMH CHMM6TpHHMH, ~aCTb H3 KOTOpHX 
MOX6T 6HTb CITOHTaHHO HapymeHa (CM.,HarrpHMep,/3/), 06AaCTb 

YCTO~OCTH CO~TOHOB HallOMHHaeT HCC~e~OBaHHYD HaMH. TaK, 

HaiTpHMep, coxpa~CH B6~HHa, COOTB6TCTB~aR ~aHHOft CHMM6T
PHH ( Q.~ UCI), T ~ 5U(2) H T.~.). KaK WHKI.Uffi/( HM66T 
MHHHMYM rrpH .D = 3 H IIJiaTo rrpH .:D = 2 H fi-+I. ITo~eHHHe HaMH 
pesy~TaTH ll03BOJIJDDT H8,!(6HTbCH, '!J:TO H B 9TRX MO~e~ 6y~T 
ITpOHB~TbCH, no Kpa!Heft Mepe, OITHCaHHHe BHW6 qeTHpe THna 

B3aHM0~6ftCTBHft. 

MH 6Aaro~apHM H.~.Eoro~cKoro sa CTHMy~~e ~cKyccHH 
H M.KyMMep sa rroMOmP B o~p~eHHH PYKOnHCH. 
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