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6ap6awoa 6,.'\1,, KowKapoa A.n. P2 - ll857 
HeKorophte peweHKSI rpaHif'!HhiX ycnoeHll n.'lSI penSITHBifCTCKoii 

CTpyHhl C M8CC8Mif H8 KOHU8X 

11 ccneayeTCSI CTpyHHBSI Man em, Me30H8 C MBCCHBHhiMH KB8pK8MH 

Ha KOHU8X, B KB'IeCTBe <i>YHKUHH neiicTBHSI M8CC KBapKCB Bbi6HpaeTCSI 

nnKH8 MHpOBbiX TpaeKTOpKfi KOHUOB CTpyHhl ( MOilellb ( ) , 8 T8IC>Ke lfHTerpan 

OT reone3K'!eCKOii KplfBII3Hbl MlfpOBbiX KOHUC'B CTpyHhl ( MOilenb II ) , Oony

'leHhl '18CTHhle peweHifSI HenKHefiHhlX rp8Hif'!HhlX ycnOBifii ll/1>1 BTifX CHCTeM, 

PaccMOTpeH HepenSITKBHCTCKifll npenen MoaenK II. 

Pa6ora BhlH0/1HeHa B na6oparopHif reopeTif'!eCKOl! qm3HKif 0115111. 

DpenpHHT 06belllfHeHHOrO HHCTHTyTa SIJlEpHbiX HCCI1ellfJB8HHil, fiy6Ha 1978 

Barbashov B.M., Koshkarov A.L. 

Some Solutions of Boundary Conditions for 
Relativistic String with MassiVE> Ends 

P2 - 11857 

A string model of meson with massive quarks at ends is 
studied, At the action of the quark masses, we ta~ (i) the length 
of world trajectories of the string ends (model I), and also (ii) the 
integt·al of the geodesic curvature of world trn.jectories of the 
string ends (model II). For these models, particular solutions of 
nonlinear boundary conditions are derived. For model II the nonre
lativistic limit is analysed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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Pen.IITHBHCTCKaJI CTpyHa C MaCCHBHblMH KOH.QaMH npe,D;

CTaBn.lleT C060H O,IJ;HY H3 B03MO)KHblX MO,IJ;eneu COCTaBHOH 

qacTHUbl /MeJoaa/ ,a KoTopoH: MaCCHBHble TO'iKH,CB.IllaHHble 

cTpyaoH:,oTO)K,IJ;ecTBn.IIIOT c KBapKaMH I 1-3/. C ,D;pyroH: cTopo

Hbl, TaKaJI CHCTeMa npe,IJ;CTaBn.lleT HHTepeCHblH npHMep penJI· 

THBHCTCKOH CHCTeMbl ,IJ;BYX MaCCHBHblX TO'ieK, B3aHMO,IJ;eH

CTBYIOI.UHX onpe,IJ;eneHHblM o6paJoM Me)K,IJ;y co6oH: /cTpy

aa - nepeHOC'iHK B3aHMO,IJ;eHCTBHJI Me)K,IJ;y HHMH/. B Hepe

n.IITHBHCTCKOM npe,D;ene BJaHMo,IJ;eH:cTBHe c noMOI.ULIO CTPYHbi 

npHBO,IJ;HT K nHHeHHOMy DOTeH.QHany ,IJ;n.ll KBapKOB, o6ecne

'iHBaiOI.UeMy aepaJneTaaue :nux qacTH.Q /4;, Cno)KHblH BH,IJ; 

aenuaeH:HbiX rpaHH'iHLIX ycnoauH: ,IJ;n.ll CTPYHbi c MaccaMH, 

B OTnH'iHe OT 6e3MaCCOBOH CTpyHbl, ,!J;O CHX nop OCTaeTCJI 

"KaMHeM npeTKHOBeHH.Il" npH HaXO)K,!J;eHHH 06I.UHX peiiieHHH 

ypaBHeHHH :HOH CHCTeMbl, HeCMOTp.ll Ha p.ll,D; HaH,IJ;eHHblX 

peweauH: nuaeapuJoaaaaoH: Ja,IJ;a'IH 12,3/, KaK qacTaoro cny

'la.ll o6I.QeH HenHHeHHOH. 

B ,IJ;aHHOH JaMeTKe Ha OCHOBe pelynLTaTOB pa60Tbl /5/, 
r,IJ;e 6blno aaH:,IJ;eao peweaue ,IJ;n.ll nony6ecKoaeqaoH: aarpy

)KeHaoH: CTPYHbi, npe,IJ;naraeTC.Il MeTo,IJ; nocTpoeHH.Il uenoro 

Knacca pemeHHH ,IJ;n.ll KOHe'iHOH Harpy)KeHHOH Ha KOH.Qax 

CTPYHbl. PaccMaTpuaaeTC.Il TaK)Ke ,D;pyroH: cnoco6 BBe,IJ;eHH.Il 

Mace B 3TOH CHCTeMe, KOr,IJ;a MaCCHBHaJI 'iaCTb ~yHK.QHH 

,IJ;eH:cTBH.Il .IIBn.lleTc.ll ae ,IJ;nuaoH: MHpoaoH: TpaeKTopuu, a on

pe,D;en.lleTc.ll reo,IJ;e3H'ieCKOH KpHBH3HOH 3THX TpaeKTOpHH Ha 

MHpoaoH: noaepxaocTH CTPYHbi /3/, B cuny TeopeMbl raycca

lioaae TaKa.ll ~YHK.QHJI ,IJ;eHCTBHJI ,IJ;n.ll MaCCHBHblX TO'ieK 

CBJI3aHa C HHTerpanLHOH rayccOBOH KpHBH3HOH MHPOBOH 

DOBepXHOCTH. ~n.ll 3TOH CHCTeMbl ~aK)Ke HaXO,IJ;HTCJI Knacc 

pemeHHH H paCCMOTpeH Hepen.IITHBHCTCKHH npe,IJ;en B3aHM9-

,IJ;eHCTBHJI MaccHBHblX KOH.QOB cTpyHbl. 
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BecLMa nno.IJ;OTBOPHLIM npH Hccne.IJ;oBaHHH rpaHH"'HLIX 

ycnOBHH SBnSeTCS npHMeHeHHe reoMeTpH"'eCKHX MeTO.IJ;OB, 

J?~3BHTLIX. B pa6oTaX / 6-10/. IIOKa3aHO, "'TO B Kan~6pOBKe 
[x(r, a) ±x'(r, a)] 2 =-P ~ BBe.IJ;eHHOH B pa6oTax 7,8~no
no~eHHe KOHUOB CTpyHLI OnHCLIBaeTCS npOCTLIMH ypaBHe

HHSMH B nepeMeHHLIX T , a : a 1 (r) = 0, , a 2 (r) = 1T. 

B nepBLIX ABYX naparpaiiJax Hccne.IJ;yroTcs .IJ;Be Mo.IJ;enH 

Me3oHa, OTnH"'aiOIUHecs cnoco6oM BBe.IJ;eHHS Mace KBapKoB. 

B TpeTLeM naparpaiiJe H3y1.feH npHMep HepensTHBHCTCKoro 

.IJ;BH~eHHS .D;nS MO.IJ;enH I I. 

§1. MooeAI, I 

PaccMoTpHM CTPYHY c MaccaMH Ha KoHuax c fPYHKUHei 

.IJ;eHCTBHJI cne.IJ;yromero BH.IJ;a: 

r.IJ;e 

2 12 --
dx 2 I I S = S 0 +. ~ mi J dry(-d {r, ai (r)]) , 1 

1=1 Tl T 

T 2 

8 0 =-y J dr 
7 1 

d~ [r, ai (r)] 
dr 

a 2(r) ,------

f da..J(xx') 2-x 2x'~ 
al (r) 

Xfl (r, ai ) + ~~ (r)x~(r,a i ). 

IlpHCYTCTBHe B 111 HeH3BeCTHLIX IIJyHKUHH ai(r) CBS3a

HO c npoH3BonoM B BLI6ope napaMeTpos r, a Ha MHPOBOH 

nosepxHOCTH CTPYHLI. KaK 6y.IJ;eT noKa3aHo HH~e. onpe.IJ;e

neHHLIH BLI6op KOOp.D;HHaT Ha MHpOBOH llOBepXHOCTH IBLI6op 

KanH6pOBKBj O.IJ;H03Ha'IHO IIJHKCHpyeT BH.IJ; IIJyHKUHH a i ( r), i = 1,2. 
BapLHpoBaHHe .IJ;eiicTBHJI 111 no lilYHKUHJIM xfl (r, a) 

npHBO.IJ;HT K ypaBHeHHJIM .IJ;B~eHHJI H rpaHH'IHLIM ycnOBHJIM, 

KOTOpLie B OpTOrOHanLHLIX KOOp.IJ;HHaTaX IH30TepMH'IeCKHe 

HnH KOHIIJOpMHLie KOOp.IJ;HHa TLII 

. , 2 
[xlr, a) ±X (r, a)] = 0, 

BLirnJI.IJ;JIT cne.IJ;yiOIUHM o6pa3oM: 

xfl (r, a)- x;(r, a)= 0, 
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121 

13/ 

.. 

d~ 
---(r,a.) 

i+ 1 d dr 1 
• • 

(-1) m 1·---(--------) =y[x' (r a.)+a.(r)x (ra.)] i=1 2. 
fl'l 1 f1'1'' dr ------

dx 2 V [ -d--(r,a.)] 
T I 

141 

YpasHeHHJI 121 ,KaK H3BeCTHo, He IIJHKCHpyroT nonHoCTLIO 

napaMeTpLI r, a Ha cTpyHe H .IJ;onycKaiOT npeo6pa3oBaHHJI, 

CO.D;ep~a~He npOH3BOnLHLie IIJYHKUHH, OCTaBnJIJOIUHe HH· 

BapHaHTHLIMH ypaBHeHHJI 121 H 131. IlpH 3TOM IIJyHKUHH 

ai (r), OITHCLIBaJOIUHe nono~eHHe KOHUOB CTpyHLI, Ta~e 
JIBnJIIOTCJI npoH3BonLHLIMH. KaK noKa3aHo B pa6oTax / 5 , 11/, 

BapLHpOBaHHe .IJ;eHCTBHJI ITO 3THM IIJYHKUHJIM npHBO.IJ;HT K 

ypaBHeHHJIM, KOTOpLie JIBnJIIOTCJI cne,IJ;CTBHeM rpaHH'IHLIX 

ycnOBHH. 0.IJ;HaKO, KaK TOnLKO napaMeTpLI T H a IIJ'Kc,

pyJOTCJI, cpa3y ~e onpe.IJ;enJieTCJI H BH.IJ; IIJYHKUHH a i (r) 1l • 

EcTeCTBeHHO CTpeMHTLCJI TaK BLI6paTL KanH6pOBKy, "'T06LI 

ai (r) fiLinH, no B03MO~HOCTH, npOCTLIMH. 

B paccMaTpHsaeMLIX cnyqaJix IIJyHKUHH ai (r) 6y.IJ;yT 

KOHCTaHTaMH, ecnH KanH6pOBKY BLI6paTL cne.IJ;yJOIUHM o6-
pa30M Is/: 

•• . 2 2 
[ x(r, a) ± x'(r, a)] = -4p , 151 

r,IJ;e p - npOH3BOnLHaJI KOHCTaHTa. ,[J;eHCTBHTenLHO, ecnH 

d(X~+.;.iX' cnpoeKTHposa TL ypasHeHHJI I 41 Ha BeKTop - ----=-~-==- , 
TO nony"'HM dr V (-dx) 2 

dr 

.. ·, . 2 2 "2 . "2 ""2 ·,2 . 
(xx)[(1+ai) +4ai]+2ai(1+a )(x +X )=0,1=1,2, 

OTKy.IJ;a, C yqeTOM 151, cne,IJ;yeT, "'TO a i (r)=O, i = 1,2. ,[J;a

nee Be3,IJ;e 6y.IJ;eM C'IHTaTL a 1 =0, a
2 

= "· 

liy.IJ;eM HCKaTL peweHHe ypaBHeHHS 131, y,IJ;osneTBopsro

~ee rpaHH'IHLIM ycnoBHJIM 141. PeweHHe ,IJ;ns nony6ec

KOHe'IHOH CTPYHLI, y~OBneTBOpSJOIUee nepBOMY H3 ycnOBHH 

141, nony'leHo B /5/. 3To peweHHe HMeeT cne.IJ;YJOIUHH BH.IJ; 

xfl(r, a) = t/J lf1 (r +a)+ t/J2p. (r- a), 
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r,ne 4JyHKUBB 1/J 1 ~ (r) onpe,nenJIIOTCJI e,nHHB'IHbiM BeKTOpOM 
e f.l (r): ' 

1 m 1 i . 
1/J.' (r) = -[cf (r)e (r)- -- (-1) e (r)] 

1fJ. 2 f.l y f.l ' 
1,2, 

2 
2 m 1 · 2 

.; (r) =-- e (r). 
y2 

/6/ 

3To peweHBe y,nosneTsopJieT ycnoBBIO /4/ Ha rpaHBUe 
a 

1 
= 0, a TaiOKe ypaBHeHBJIM ,ABIDKeHBJI /3/ B ycnOBBJIM /2/. 

OcTaeTcJI y,nosneTsopBTb BTopoi rpaHBUe npB a 2 = 11. ~nJI 

:noro .nocTaTO'IHO noTpe6osaTb, 'IT06bl 

.; (r + 77) =- .; (r), e f.l (r + 17) = - ef.l (r). 

Tor.na 6y,neT y,nosneTsopeHo ypasHeHBe /4/ Ha BTopoi rpa
HBUe (a 2 -0 11) a qacTHOM cnyqae m 1 ·~ m2 = m. B ,npyroM 
'laCTHOM cnyqae, Kor.na m 2 =0 /nonyHarpy>KeHHaJI cTpyHa/, 
rpaHH'IHble ycnoBBJI y,nosneTsopeHbl, ecnB 

.; (r + 217) =-.; (r), ef.l (r + 217) = -ef.l (r). /7/ 

PeweHBe /6/ y,no6Ho 3anBcaTb a ,npyroi 4JopMe. IIonb
lYJICb npe,ncTaBneHBeM ,nnJI e,nBHB'IHOrO BeKTOpa: 

1 n- 2 cf.l. n- 2 
ef.l.(r)= E(r)laf.l. + i=

1
bif£Ei(r)+T[E

2
(r)+ i=l E~(r)JI,/8/ 

r.ne nocTOJIHHble aeKTOpbl a f.l , c f.l , b ip. o6pa3yJOT cne
UBanbHbiH 6a3BC B n ·MepHOM nceB,A03BKHB,AOBOM npocTpaH
CTBe /8/ 

a 2 = c 2 =abi=cbi=O,bibj=8ij, i,j=1,2, ... ,n-2, 

a E(r) B E i (r) - npoB3BonbHble 4JyHKUBB, nony'IBM pewe
HBe B 3TOM 6a3BCe 

n-2 · 2 

y'}.; Ei(r) n-2 EiE () 

m i = 1 -0 + }.; b . (E. + --=--=-=e ) + , ( ) __ ----------e [a . p.1 1 . 

2 1/J 1f.l. r - 2y E 2(r) f.l 1 "" 1 y' ~ E j 

J 

6 

.. 

r.ne 

. () 
c n-2 E.Ee 2 

+ ___E_ }.; (E . + __ I_ _J ], 
2 i=1 

1 
y'}.;E2 

j J 

n-2 . 2 
, m y'i~1Ei () n-2 EiE -() 

lj!9,(r) = -- -----e [a + }.; b · (E ·- -------e ) + 
...,... 2y E2(r) f.l i= 1 fJ-1 1 ---:--

±() 
e 

cf.l n- 2 
+ --- }.; (E. 

2 i = 1 1 
E ~~--- e -() )2] , --=-----
I}_;E2 v . 

J 

'2 n-2.2. 
-========- l "! E + . }.; E J. ± E l 

J=l 

1 

n-2 
"/ }.; E 2 

j J 

y'}.;Ei? 
j J 

/9/ 

YcnOBBJI /7/ B HOBOM 6a3BCe 3KBBBaneHTHbl cne,nyJO~BM: 

E(r+ 217)=-E(r), Ei(r+ 217) = Ei(r), i= 1,2, ... ,n- 2. /10/ 

PeweHBe a 4JopMe /9/, /10/ y,nosneTsopJieT ypasHeHBJIM 
,ABB>KeHBJI, ,AODOHHBTenbHbiM ycnOBBJIM /2/ B rpaHB'IHbiM 
ycnoBBJIM ,nnJI nonyHarpy>KeHHoi CTPYHbi. OcTaeTCJI e~e 

Hano>KBTb Ha peweHBe ycnosHe KanB6poBKB /5/. IIo,ncTa
HOBKa 4JopMyn /9/ B /5/ ,naeT 

n-2 . 
}.; E? 

, 2 m2 j = 1 J -20 n-2 · d Ei E () 2 2 
1/J (r)=-------e }.; (E·+- e) =-P 1 4y2 E4(r) i=1 1 dr ' 

y'}.;E~ 
j J 
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n- 2 0 2 
2 ~ E. 

, Z m j = 1 J 20 n-2 0 d 
t/1 tr) =-- ---e ~ (E·- --

2 4y 2 E4 (r) i=1 
1 

dr 

~~ e -e) 2 = -P 2
0 

0 2 
/ ~ E \ . J 

J 
/11/ 

BMecTo ~BYX ypaBHeHHH 3~ecL B ~eHCTBHTenLHOCTH ecTL 

TOilhKO O~HO, TaK KaK nerKO y6e~HThC.II, qyo t/J '12(r)=t/J '22(r). 
Cne~oBaTenLHO, H3 n- 1 npoH3BOnLHbiX liJYHKUHH E H 

E i • BXO~BW.HX B /9/ ,He3aBHCHMbiMH .a:BnBIOTCB n- 2 liJYHK· 

D;HHo O~HaKo Bblpa3HTL BBHO H3 /11/, HanpHMep, E qepe3 

E i H TeM caMbiM pa3peWHTL ycnoBHe KanH6poBKH /5/, 
He y~aeTC.IIo 

TaKHM o6pa30M, nonyqeHo qacTHoe peweHHe ~n.a: nony

Harpy*eHHOH CTpyHbl B BH~e /9/, liJopManhHO y~oBneTBOpBIO· 

mee BCeM Tpe6oBaHHJIM. 

§2. Mooellb II 

PaccMoTpHM Teneph CTPYHY c liJYHKU,HeH ~eHCTBHB BH~a 

T 2 a 2(r) ---------

S=So+ft f dr [ daR\f(xx')
2 -x2

x': 
T 

1 
a

1
(r) 

/12/ 

R 12. 12 
R = - rayccoBa KPHBH3Ha MHPOBOH r~e 

i 2x' 2 - (xx') 2 

noBepxHOCTH cTpyHbl, a BenHqHHa R 12, 12 npe~cTaBn.a:eT 
C060H e~HHCTBeHHYIO cyw,eCTBeHHYIO KOMllOHeHTY Te,3opa 

KpHBH3Hbl ~ByMepHoro pHMaHoBa npocTpaHCTBa I 12 
0 Ilo 

TeopeMe raycca-6oHHe BTopoe cnaraeMoe B /12/ MO)I(HO 

npeo6pa30BaTh K KOHTypHOMY HHTerpany OT reo~e3HqecKOH 
KpHBH3Hbl MHpOBbiX TpaeKTOpHH KOHD;OB CTPYHbl. TaKHM 

o6pa30M, MaCCHBHa.ll qaCTh ~eHCTBH.II /12/ onpe~en.a:eTC.II 
He ~nHHOH MHpOBbiX ilHHHH KOHD;OB, KaK 06blqHQ, a HX reo· 

~e3HqecKoH KpHBH3HOH I 310 

8 

1 , 

.) 
\ 

QqeBH~HO, qyQ ypaBHeHH.II ~BH)I(eHH.II, cne~yiOllJ,He H3 

/12/, coBna~yT /c yqeToM /2/ I c ypaBHeHHBMH /3/, a rpa

HHqHLie ycnOBH.II HMeiOT cne~yiOW,HH BH~ 
02 

• 
0 f! a 1 1 ax . 

x' (ra.)+a.(r)x (ra. )= ---!--[2x' ----X 
f! , 1 1 f! , 1 2y ar x 2 f! x 2 aa f! 

1 

X.2 

•
0 1 a~ 2 a~ 2 

a~ 2 
. ---·-. X ' ]l ar f! , 

X (r, a.)=-. 
2
[-- X +--X' ], i = 1,2. 

f! 1 2x ar f! aa f! 
/13/ 

KaK H B MO~enH I, MO)I(HO noKa3a Th, qyo B KanH6poBKe 

/5/ cnpaBe,IJ.nHBbl ypaBHeHHH a i (r) = 0, i = 1. 2. lJ03TOMY 

nonO)I(HM B /13/ a 1 = 0, a 2 = rr. 
)J.n.a: npOCTOTbl orpaHHqHMC.II H3yqeHHeM rpaHHqHbiX yc • 

ilOBHH /13/ B TpexMepHOM npOCTpaHCTBe H BOCllOilh3yeMC.II 

H3BeCTHbiMH H3 reOMeTpHH ~epHBaD;HOHHbiMH liJopMynaMH 

raycca 

0 2 0 2 
1 ax 0 ax 

x f! = 2X 2 [a-; xi! +a;- X,:] - b 00 n f! • 

/14/ 
0 ,, • 2 

1 ax'" 0 ax 
x' = -.-[-x +-x']-b01n 

f! 2x2 aa f! ar f! f! 

H BeuHrapTeHa 

. 1 . 
nf! = ~ [- b 00 xf! + b01 x~], 

X 

n" = 
f! 

1 0 i2 [ -b01 xf!+boo x~], /15/ 

KOTOpble ~n.a: ~aHHoro cnyqa.a: nonyqeHbl B lsi, Bxo~.a:w.He 
B /14/ H /15/ BenHqHHbl bf!l.l .IIBil.IIIOTC.II K03~HD;HeHTaMH 
BTopoH KBa,II.paTHqHoH 4JopMb1, a 

2 
n f! (r, a) - HopManL 

K MHPOBOH noBepxHocTH cTpyHbl, n =-1. 
CpaBHHBa.a: /13/ H /14/, 3aMeqaeM, qyo b00 (r, a i )=0. 

Teneph no~cTaBHM ~epHBau;HoHHble liJopMynbl B ycnoBHe 

KanH6poBKH /5/. Tor~a 
2 2 

[b 00 (r,a)±b01 (r,a)] = 4p. 
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3TO ycnOBBe MO)I(I{O y,n;osneTBOpBTL ,IJ;BYMJI cnoco6aMB: 

b 00 (r, a)= 0, b0; (r, a) = 4p 2 , 1161 

ns6o 

bi0 (r,a)=4p 2
, b 01 (r,a)=0. 1171 

rpaHB'IHble ycnOBBJI nO,IJ;CI<a3biBaiOT HaM, 'ITO Ha,IJ;O Bb16paTL 
ycnOBBJI 1161, I<OTOpble COOTBeTCTBYIDT aCBMnTOTBfeCI<BM 
I<oop.n;BHaTaM Ha MBposoii nosepxHoCTB CTPYHLI Is , B TO 
speMJI I<ai< I 17 I 03HaqaeT sw6op nBHBii I<PBBH3Hbl a I<a'leCT
Be I<OOp,II;BHa T. 

TenepL no,n;cTaBHM BTopyiO H3 ~opMyn 1141 B nepsoe 
rpaHH'IHOe ycnOBHe 1131 H BblnonHHM ,IJ;H~epeHUHPOBaHHe 
no r: 

, · bo 1 a bo 1 . 
y x,(r, ai) = p.[n, ~ + n, - -.-2], 1 = 1,2. 

r r X r ar X 

BocnonL3osaswscL ~opMynaMB BeiiHrapTeHa, 3answeM 3TO 
paBeHCTBO B BB,IJ;e 

bo1 2 a bo1 
[y- p.(-) ]x' = n - (-) x 2 11 11 ar x 2 ' 

i = 1,2. 1181 

IJpoei<THPYJI 1181 Ha X~ (r, a i) H n11 (r,a i) COOTBeTCTBeH· 
HO, nony'IBM b 

bo1 2 y a 01 
(-) =~ -(--) = 0 x 2 11 ' ar X: 2 ' 

HnH 

. 2 11 . 
X (r, ai ) = b 01 y y , 1 = 1, 2. 1191 

0TCIO,IJ;a, Me)I(,IJ;y npO'IBM, BH,IJ;HO, 'ITO fl. > 0, Tal< I<ai< y > 0 . 
B acsMnTOTB'Ieci<BX I<oop,n;BHaTax 1161 HMeeM 

. 2 11 
X (r, ai ) = 2p y Y' i = 1.2. 1201 

Tai<BM o6pa30M, nepsaJI napa rpaHH'IHLIX ycnossii a Tpex
MepHOM npOCTpaHCTBe CBO,IJ;BTCJI I< 1191. BTopaJI napa rpa
HB'IHLIX ycnOBBH /131 C y'leTOM 1201 3anBWeTCJI B BB,IJ;e 
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1 -Y- a~2 , 
x 11 (r,ai)= - 2 v-- --x11 (r,ai). 

4p 11 aa 1211 

liy,n;eM pewaTL rpaHB'IHble ycnOBHJI 1211. C y'leTOM 121 
ypaBHeHBe 1211 Ha rpaHBUe a

1
=0 3anBCb1BaeTCJI cne,n;yiO

lUBM o6pa3oM: 

1/f"(r) + 1/J" (r) = r (1/J't'l"-1/flp")[l/J' (r)-1/J' (r)] r=-.l..yL. 
lp. 21'- 2'1 12 lp. P4.t ' 2p 11 

1221 

0HO pewaeTCJI C nOMOIUbiO no,n;cTaHOBI<B 

1 i . 
1/1 'i (r) = --e (r)- (-1) e, (r)x(r), i = 1,2, 

11 2yr 11 r 

r,n;e e
11

(r) - e,IJ;HHH'IHbiH Bei<TOp, a x{r) CBJI3aHO C e 
11

(r) 

2 1 1 
X (r)=-- ~· 4r e (r) 

HcnonL3YJI npe,n;cTasneHHe 181 ,n;nJI sei<Topa 
MepHOM npoCTpaHCTBe, Haii,n;eM: 

ell (r) a Tpex-

·'·' ( ) 1 E1 (r) -e '~'tp.r=--- I e c 2y'r Ey'E2+E2 e all+ b 11 (E 1 + Ee )+ ___t:_(E +Ee
0

)
2

1 
1 2 1 ' 

1/1, (r) = _1 - E1 (r) 0 c 2p. - -----e Ia b (E -0 11 2y'r E(r)yE2+E21 p.+ 11 -E e )+ -2 (E -Ee -e) 21, 

1231 
e ±e = ~ [ v' e 2 + E: ~ ± E1 . 

E1 

fllopMynLI 1231 y,n;osneTBOpJIIOT B BTOpOMY rpaHB'IHOMY yc
nOBBIO 1211, ecns ~YHI<UHB E 1 B E nepso,n;sqeci<se: 

E(r + 217) = E (r), E 1 (r + 217) = E (r). 

11 



Kanu6poao•IHoe ycnoaue 151 B ,IJ.aHHOM cnyqae npHBO.IJ.HT 

K paBeHCTBaM 

1 
t/1'~ 2(r) =- 41 

0 2 
E 1 

-~. - ef!fJ . ct E 2(E2 . 2.. [E 1+- (Ee e)] 2_ 2 +E J dr - -p , 

0 2 
, 2 1 E 1 2e · ct -e 2 2 t/1 (r) = - -- ---- e [E 1- --(Ee )] = -p . 

41 E 2(E 2+E 2) dr 

KaK H B cnyqae I 111, J,IJ.ecL ux He .IJ.Ba, a O.IJ.HO. 

1241 

TaKHM o6pa3oM, peweHH.R 1231 Y.IJ.OBJieTaop.RIOT rpaHH'I

HbiM ycnoBH.RM I 131, .IJ.OUOJIHHTeJILHhiM ycnoBH.RM 121 H co

,IJ.ep:>Ka T O.IJ.HY He 3aBHCHMYlO npOH3BOJILHYlO liiYHKI.{HIO, KOTopa.R 

onpe,IJ.eJI.ReTC.II Ha'laJILHbiMH ,IJ.aHHbiMH ,IJ.JI.II CTpyHbl. 

§3. HepeAJ11flueucmcKuii npeoeA ..wooeAu I I 

HepeJI.RTHBHCTCKHH npe,IJ.eJI ,IJ.eHCTBH.R 111 paccMoTpeH 

a I 41. TaM :>Ke peweHbl ypaaHeHH.II .IJ.BH:>KeHH.R, BH.IJ. KOTOPLix 

onpe,IJ.eJI.ReTC.II CB060.IJ.HbiM ,IJ.eHCTBHeM S 0 · 

qT06bl nepeHTH K HepeJI.RTHBHCTCKOMy npe,IJ.eJiy 1121, 
Bbl6epeM KaJIH6pOBKy t o~ r H pa3JIO:>KHM llO,IJ.biHTerpaJibHOe Bbl

pa:>KeHHe B 1121 no aeJIH'IHHe v 
2
= il1:t. aL OrpaHH'IHBa.RCL 

HyJieBbiM npu6JIH:>KeHHeM, npuae,IJ.eM I 121 K cJie,IJ.yroll{eMy 

BH.IJ.Y: 
t 2 t 0 0 0 0 

" - _., --- 2 ex 'x) ex 'x) 
s = -y f dt r da v X ~t.a)+~t I dt [ ---=--=--=-=:-_(t,O)- ---=--=--=-

t1 o t1 vx'2 vx'2 
(t ,77)]. 

1251 

fiOJIO:>KHB ~ i (t) = 0 , Mbl paCCMa TpHBaeM JIHWb HeKOTOpble 

.IJ.BH:>KeHH.R CTPYHhl. YpaaHeHH.R .IJ.BH:>KeHH.R, cJie,IJ.yJOII.{He H3 

1251, TaKOBbl: 

a i' a; -== (t, a) = 0 
vx' 2 • 

1261 

12 

a rpaHH'IHLie ycnoBH.R npHHHMaiOT BH.IJ.: 

a 2 -> 
x' 

at2 _ ___:_(t, a· ) + L 
vx'2 1 IL 

-> 
x' ---= (t, a i) = 0, i = 1,2, 

vx'2 

-> -> 
·~ x' ·~ x' 
X (t, ai) =(,-=X)-= (t, a i), i = 1,2. 

v;-2 v;-2 

YpaaHeHHe 1261 HMeeT o6ll{ee peweHHe I 41 

x_,(t, a)= y (t) + ~ (t, a)i: (t), 

1211 

1281 

1291 

r,IJ.e y(t), ~ (t, a) - npOH3BOJibHble liiYHKI.{HH, a ~(t) - npOH3-

BOJibHbiH e,IJ.HHH'IHbiH BeKTOp. 

YpaaHeHHe 121 I ,IJ.aeT: 

->, 
X -+ ->. 2Y· ----(t, a. ) = e· coswt + e smwt, w = --, 1 = 1,2. 1301 
--- 1 1 2 1L V x_,' 2 

3,IJ.eCb BeKTOpbl e 1 H e2 e,IJ.HHH'IHLie H OpTOrOHaJILHble 

Me:>K.IJ.Y co6ou 

->-> ->2 ->2 
(e 1e ~ = 0, e 1 = e 2 = 1. 

CpaaHHBa.R 1291 u 1301, HaXO.IJ.HM, 'ITO 

~(t) =; 1coswt + ~ 2 sinwt. 

061l{ee peweHHe 1291 c TaKHM BeKTOPOM n(t) Y.IJ.OBJieTBO

p.ReT rpaHH'IHOMY ycJIOBHIO 127 I. Heo6XO.IJ.HMO TaK:>Ke, '1To6w 

BblllOJIH.IIJIHCb yCJIOBH.II 1281. CMbiCJI 1281 COCTOHT B TOM, 

-> ) -> 'ITO Ha rpaHHI.{e BeKTOp X (t, a i napaJIJieJieH BeKTOpy n(t) . 
3TO 6y,IJ.eT TaK, eCJIH Ha liiYHKI.{HH ~(t, a) H y(t) HaJIO:>KHTb 

yCJIOBH.II 
a2 y(t) .... a~(t, a i) 

- ;:-rr = n (t) z (t) , --- = 0, 
at at 

r,IJ.e z(t) - HOBa.R npoH3BOJILHa.R liiYHKUH.R. TenepL Y.IJ.OB-

JieTaopeHLI see rpaHH'IHble ycJIOBH.R 127 I H 1281. 
Hau,IJ.eM paccTo.RHHe Me:>K.IJ.Y KOHUaMH cTpyHw: 

lr'12 i = lx_.(t, TT)-x(t,O)I = l~(t, TT)-~(t,O)I = IC 2-C 1 1. 
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3AeCL C 1 H C2 - npOH3BOnLHLie KOHCTaHTLI. 0TC10Aa BHA

HO, qTO AeHCTBHe /25/ OflHCLIBaeT B HepenJITHBHCTCKOM 

npeAene cTpyuy c tl>uKcupoBaHHLIM paccTOJIHHeM Me)I(AY 

KOHUaMH, BpaJUalOIUYIOCJI B nnOCKOCTH BeKTOpOB e->1 H e2 

C DOCTOJIHHOH yrnOBOH CKOpOCTLIO w = v ..1.... 
J1 

lionee 06JUHe npHMepLI ABH)I(eHHJI MO)I(HO nonyqHTL, 

ecnH, B COOTBeTCTBHH C HAeJIMH nepBLIX ABYX naparpati>OB, 

He ti>HKCHpOBaTL nonO)I(eHHe KOHUOB a 
1
= 0 H a 

2 
= TT , 

a HaHTH BHA ti>YHKUHH ai (r) H3 rpaHHqHLIX ycnOBHH B Ka

nH6pOBKe t = T. 
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