
w- 961 
S'.(; /I ~ :t f 

H .M .lllj'MeHKo 

OITPHBRH~EHHOM BMqHcnEHHH 

3nEKTPOMArHHTHMX OOOPABOK 

K r nYBOKOHEYOPYrOMY eN -PACCEHHHIO 



H .M .lUYMeHKo* 

0 f1Pl1B.TIID(EHHOM Bhi'U1CJIEH:HH 

3JIEKTPOMArH:HTHhiX llOllPABOK 

P2 - 11744 

K r JIYBOKOHEYllPYrOMY eN -PACCEHH:HIO 

HanpaeAeHo e .RtiJ 

* .lienopyccKHi rocy,AapcTaeuuwi yHHBepcuTeT, MHHCK. 



lliyMeiiKo H.M. P2 - 11744 
0 npH6n!DKeHHOM Bbi'IHCnCHKH aneKTpOMSrHHTHbiX nonpSBOK 
K rny6oKoHeynpyroMy fN -pacceHHHJO 

AaanaaapyJOTCH npa6na>KeHHhie ¢opMynhi llnH aneKTpoMarHHTHbiX 
nonpaBoK K rny6oKoHeynpyroMy pp -pacceHHHIO. npellno>KeH sapaaaT npH-
6nH>KenHH DHKOB, KOTOpblii He HCDOnhayeT He<jlH3H'IeCKHii napaMeTp MHrKOCTH 
4jloToHa H noasonSieT 3Ha'IHT.em.Ho ycKopHTb 'IHcneHHbie pac'leTbl nonpasoK 
aa 38M. 

Pa6oTa Bbmonueua B na6opaTOpHH HllepHbiX npo6neM OH.RH. 

npenpKHT 06beAHHCHHOro KHCTHTyTa MepHbiX HCCneAOB8HHA. fiy6Ha 1978 

Shumejko N.M. P2 - 11744 
On an Approximate Calculation of Electromagnetic 
Corrections to Deep Inelastic fN -Scattering 

Approximate formulae for elextromagnetic corrections to deep 
inelastic pp -scattering are analyzed.A variant of peaking approxima
tion is proposed without taking into account a nonphysical para
meter of photon softness which permits to decrease considerably time 
for correction calculations with a computer. 

The investigation has been performed at the Laboratory 
of Nuclear Problems, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1978 

© 1978 06'bell/fHeHHblil IIHCT!tTyT HP.epHblX HCCneJJOBBHII/1 /1y6Ha 

1. BBE,4EHHE 

B CBJI3H c 3KCnepHMeHTaMH no rny6oKoHeynpyroMy 
pacceJIHHIO /rHP I MIOOHOB BblCOKHX 3Hepraii Ha HyKnoHax 
B pa6oTax11+5/6blnH accne~osaHbl 3neKTpoMarHHTHble no
npaBKH /3IT/ K rHP. B 3THX pa6oTax ~aHbl o:ueHKH 3IT 
K a~pOHHOMy TOKy, 31}xileKTOB cna6blX HeHTpanbHblX TOKOB 
B rHP /l,2~ a TaK)I(e nony'leHbl TO'IHble Bblpa)l(eHHJI ~nJI 3IT 
HH3mero no a nopJI~Ka K nenTOHHOMY TOKY I 3 + 5/- ~OMHHH
pyro~:uero BKna~a B 3IT. O~HaKo npa o6pa6oTKe ~aHHblX no 
rHP ~nJI ycKopeHHJI ee Hcnonb3YIOT /eM., HanpHMep, /6,7/ I 
He TO'IHhle, a npa6nH)I(eHHble cllopMynw ~nJI 3IT. llocne~HHe 
nony'laiOTCJI B ynbTpapenJITHBHCTCKOM npH6nH)I(eHHH H B 
npH6nH)I(eHHH UHKOB /ITIT/ /8,9/ ~nJI BKna~a TOpM03HOrO 
H3ny'leHHJI /R -BKna~a/. llo~o6Hble npH6nH)I(eHHble Bbl'IHC
neHHJI 3fi B ~eCJITKH pa3 CHH)I(aiOT 3aTpaTbl BpeMeHH Ha 
3BM H o6ecne'IHBaiOT ~OCTaTO'IHO BbiCOKYIO TO'IHOCTb H3-
BneKaeMOH HHcllOpMa:UHH B 60nbWeH 'laCTH ~HH~MaTH'IeCKOH 
o6nacTH rHP*. KaK noKa3wBaiOT o:ueHKH 4 •5/, TaKaJI ca
Tya:UHJI MO)I(eT COXpaHHTbCJI H B 3KCnepHMeHTaX C MIOOHaMH 
BbiCOKHX 3Hepraii. llo3TOMY B HaCTOJII:ueii pa6oTe nposo~HT
CJI ~eTanbHoe H3y'leHHe sonpoca o npHMeHHMOCTH npa6na
)l(eHHbiX cllopMyn. HapJI~Y c HMeiOI:uHMHCJI B naTepaType/8,9/ 
Mbl accne~yeM TaK)I(e HOBbiH sapHaHT cllopMyn, nonyqaeMWX 
Ha OCHOBe TO'IHbiX Bblpa)l(eHHH pa6oT /4,5/. 

* Mw He o6cy~aeM 3~ecb nonpaBKH 3a C'leT pa~Ha
:uHOHHbiX noTepb 3HeprHH MIOOHOM B Bei:ueCTBe ~0 H nocne 
aKTa pacceJIHHJI, nOCKOnbKy 3TH 31}xileKTbl 6onee TeCIJO 
CBJI3aHbl C KOHKpeTHblMH ycnOBHJIMH 3KCnepHMeHTa f6+10/. 
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0TMeTHM )l;aJiee, l{TO BKJia)l; B ceqeHHe 3IJ HH3lllero 

nop.s:)l;Ka /eM. $opMyJibl /Il6/- /Il9/ pa60Thl/5/u /9/7/15/ 

HaCTOHll\eH pa6oTbl' JIOrapH$MHl{eCKH paCXO,IJ;HTCJI, eCJIH * 
w 2 paBHO M 1 ,. ( M r )min""(M+m TT) 

2 
. Ha6mo,IJ;aeMoe )l(e Ha Ollbl

Te ceqeHHe rHP npH W2 ,.M1 /T.e. KOr,IJ;a cpe,IJ;H npo,IJ;yKTOB 

peaKUHH HeT $OTOHOB/, CTpOrO rOBOpH, ,!J;OJI)I(HO o6pall\aTbCH 

B HYJib. )IOjO?HaH He$H3HqecKaH paCXO,IJ;HMOCTb, KaK H3-
BeCTHO 1l' 

2 
, CBH3aHa C HeyqeTOM BKJia,IJ;a 6onee BbiCOKHX 

nop.s:,IJ;KOB 3II H ycTpaH.s:eTc.s: nyTeM JKcnoHeHuHpoaaHHH 

qacTH 3II HH3lllero nop.s:.IJ;Ka, co.IJ;ep)l(ai.Ueil HH$paxpacHyro 
paCXO,IJ;HMOCTb. 

Mbl uccne,IJ;yeM pa3JIHl{Hhle cnoco6bl JKcnoHeHUHpoaa

HHH H 06Hapy)I(HBaeM, qTo npocTeHlliHH H3 HHX /$opMyJia 

/22/ I npHBO.IJ;HT, no cyll\eCTBY, K TeM )l(e pe3yJILTaTaM 

,IJ;JJH 3IJ, l{TO H 6onee CJIO)I(HaH CTaH,IJ;apTHaH npoue.IJ;ypa /9/, 
qHCJieHHhle pacqeTbl 3Il K CllJIOlliHOMY cneKTpy B 

JlP -rHP npu JHeprHH MIOoHa E = 507250 T3B noxa3blaa

IDT, qTo ace paccMoTpeHHble 3.IJ;eCb aepcHH IIII ,IJ;aiOT pe-

3YJILTaTLI, KOTopble B npe.IJ;enax 1cfo cornacyroTc.s: c Toq

HhiMH Bbll{HCJieHHJIMH He MeHee qeM B 80lfo KHHe!>.taTHqecKOH 

o6nacTH. 0.IJ;HaKo Hallla $opMynupoaxa IIII no3BOJI.HeT c,IJ;e

JiaTb nporpaMMY Bbll{HCJieHHH 3IJ ei.Ue B HeCKOJibKO pa3 

6onee 6blcTpo.IJ;eilcTBYIOI.Ueil. Kax H npe,IJ;naraeMble 3.IJ;eCb 

CllOC06bi JKCllOHeHUHpoBaHHH, OHa JIBHO KOBapHaHTHa H He 

CO.IJ;ep)I(HT He$H3HqecKHH napaMeTp MHrKOCTH $OTOHa ~ , 

KOTOpbiH llpHCYTCTByeT B CTaH,IJ;apTHbiX $opMyJiaX /8,9/ 
H 3aBHCHMOCTb OT KOTOporo CTaHOBHTCH 3aMeTHOH B6JIH3H 
nopora rHP. 

qTO KacaeTCH BKJia,IJ;a B ceqeHHe flP - rHP pa,IJ;HaUHOH

HOro XBOCTa OT ynpyroro llHKa, TO, KaK llOKa3aJIO HCCJie

.IJ;OBaHue /3~ $opMyJibl IIII .IJ;JIH ero paclfeTa HenpHMeHHMhl. 

2. IIOIIPABKA HH3lllETO IIOPJII{KA 
B IIPHEJIH)J(EHHH IIHKOB 

C$opMynupyeM IIII .IJ;JI.s: R - BKJia,IJ;a B Ha6nro.IJ;aeMoe ce-. 

lfeHHe rHP H llOJiyqHM npH6JIH)I(eHHble $opMyJihl ,IJ;JIH 3IJ 

'* 3)l.eCb HCllOJib3YIOTCH 0603HalfeHHH, llpHHHTble B pa6o
Tax /4,5/, 

4 

K CllJIOlliHOMY cneKTpy. lfCXO,IJ;HM H3 $opMyJI /Il2/ + /Il9/ 
pa6oThl/5/, 

CxeMa npH6JIH)I(eHHoro Bhll{HCJieHHJI HHTerpanoa a /II2/, 

/Il9/ BO MHOrOM llO,IJ;06Ha TOH, KOTOpa.s: npe.IJ;JIO)I(eHa B pa-

6oTe /S/, 0CHOBHble MOMeHTbl HCllOJIL3yeMOH HaMH CXeMhl -

cne,IJ;yiOll\He. 

1 -2 -1 . qJieHbl C Z 1 H z 1 B llO,IJ;biHTerpaJibHOM Bblpa)l(e-

HHH ,IJ;aiOT BKJia,IJ; TOJibKO B k 1 - llHK, a qJieHbl C Z -2 H 

z-1 - TOJibKO B k2 "llHK. 

2. qJieHbl C ( Z 'f' )-1
H qneHhl, He CO.IJ;ep)l(ai.UHe Z 1 H Z B 

3HaMeHaTeJie, ,IJ;aiOT BKJia,IJ;bl HallOJIOBHHY B k 1 "llHK, Hano-

JIOBHHY B k 2 - llHK. 
HHTerpanhl oT nepequcneHHhlX qneHoB paBHhl 

J [ z ~2 ] "" J [ z - 2 ] = 1 I ( m2 v). 2 2 
v=W -Mr; 

-1 1 X'+YAx' 1 (X, )2 
J [ z 1] = -- £'n =- £'n 

yT, x, -y"A X' m2w2 
X x' 

X'= S - Q
2

, A =(X') 
2

-4m
2

W
2 

· x' , 

-1 1 
J [z ] = -- fu 

yT;-

-
S '+ y A s ' 1 (S ') 2 
. _:;:-fn--
8'-yAs' S' m2W2 

s',.M 2 +s-w 2 , As' = ( S ') 2 -4m2 W 2 ; 

2 
yA m+Q 2 -1 

J[(z1 z) 
2 fn::--fm 

yAm -Q2 vQ2 • v yAm 

4 2 2 
A m=Q + 4m Q , 

2 
J[1] ""v/W . 

em=enL· 2 , 
m 

/1/ 

/2/ 

/3/ 

/4/ 

/5/ 
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3,IJ,ecL 

J[A] • - 1- fdt f _M_ A . /6/ 
TT .TTS 

v u. z , 
a npH6JIIDKeHHJI C,IJ,eJiaHbl npH yCJIOBHH, qTo S X' 
Q2»m2. 

3. Ko3<W!Hu;HeHThl npH o6cy)I(,IJ,aeMhiX B nyHKTax 1 H 2 
qJieHaX 6epyTCJI B nHKaX. )l;JIJI k 1 ·nHKa t 3aMeHJieTCJI Ha 

Q 
2
1 = t I ... .... - n2x • X "'1 - v • v .. vI X , • /7 I 

k tt k 1-"'' 1 1 1 l 

a ,!J,JIJI k 2 ·nHKa • Ha 

Q~=tJk'11'k,i=Q2 X 2 , X 2 "'1+v 2, v 2=v/S', /8/ 

r,IJ,e = OJHaqaeT, qTo HcnoJILJoBaHo npH6JIIDKeHHe I k1!=E, 
... 0 
Jk21=k2. 

4. B noJiyqeHHOM nocJie HHTerpHpOBaHHJI no Z H t Bbl" 
pa)l(eHHH npeHe6peraeM HenorapH<l>MHqecKHMH qneHaMH, 
CO,D,ep)l(alllHMH /5/, H 3aMeHJieM fu [(X') 2j(rJw2))H fu [(S ')2 /(m2 W2J) 
Ha f • 

m ~ 
B pe3yJILTaTe npHMeHeHHJI TaKOH cxeMbl nn ,IJ,JIJI qacTH 

R "BKJia,IJ,a, CB060,IJ,HOH OT HH<l>paKpaCHOH paCXO,!J,HMOCTH, 
HaXO,!J,HM 

2 
2 F W 2 

F 2 2 daR dMf 2 2 
aR (S,Q ,W )= 2 2 = J -v- [X1t1aO(S1,Q1,Mf)-

d Q d W (M+m
77

)2 

2 2 2 2 2 2] -tra 0 (S ,Q ,W )+X2 t2a0 (S,Q 2,Mr)-tra0(S,Q ,W) , 

/9/ 

r,IJ,e 

a [ 1 ] a [ 1 -2 -1] t =- -(1 +X2) E -X • t =- -(1+X H -X ; 
1 77 2 1m 1 2 77 2 2m2 

/10/ 

tr = ~(f m-1). S1 =SX1; 
TT /11/ 
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2 
d ao 

a 0 ( S • Q 2• W 2 ) 
dQ2 dW 2 /12/ 

2 rrcf. [2MQ2W (Q 2,W2 )+_!_W (Q 2,W 2)(S(M 2-W2+X')-M2 ~)] 
(SQ~ 2 1 M 2 

ceqeH~e rHP a HHJWeM nopJI,D,Ke no, a • 

OcTaawyiOcJI qacTL 3TI nony'H¥ H3 <l>opMyn /40/ +/47 I 
pa6oThl/4/ H /TI7 I, /TI8/ pa6oTbl "' 1

• BhlnOJIHJIJI npH6JIIDKeHHe 
S ',X', Q 2 >>m 2,HMeeM * 

0 (Q2 w2)= 0 IR+ 0 F+ 0 IR:: 0 inr_!__fu2~+~~ + 
V ,R ' V V R 2 X' 6 m 

2 , 2 2 2 
+ ~ fu ~ _ ~+<I> ( S X' -_!__..9__) _ _!!_; /14/ 

3 m1 9 S'X' 6 

ainf=<fm-1) fu(v!ax/S'X'), 
2 ) 2 

vmax=W - (M +ffirr ft5/ 

0TMeTHM, qTo H3 Bblpa)l(eHHJI ,IJ,JIJI nOJIHOrO R • BKJia,IJ,a 
aR(S,Q2 ,W2) /<l>opMyna /9/ 6e3 cnaraeMbiX c tr I MO)I(HO 
noJiyqHTb B Till BKJia,IJ, pa,D,HaJJ;HOHHOrO XBOCTa OT ,IJ,HCKpeT· 
HOrO a,D,pOHHOrO COCTOJIHHJI /HanpHMep, OT ynpyroro nHKa/. 
)l;eHCTBHTeJILHO, BblnOJIHJIJI B aR JaMeHy 

2 2 a 2 2 2 
W1,2 (Q1,2'Mf) ... 2MW1,2(Q1,2)a(Mr-Ma) /16/ 

H BhlqHCJI.IIJI HHTerpaJI no M i , HaXO,IJ,HM 

* ,lJ;JIJI 4iYHKJJ;HH S <I> B /TI7 I HcnoJILJyeM npe,D,cTaBJieHHe 

/57/, /58/ pa60Thl / 13 /, B KOTOpOM 

S<I>=S<I>(Q
2

+2m
2

, "-rrtS', X'-2W
2

, "-x' )= /13/ 

1 2 S'X' 
--E -e en---- 2 m m m2W2 

2 2 2 
1 2 s , s 'X , -W Q TT 

- ~n - + "'( )--2 X''¥ S'X' a· 
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2 a 
a 2 2 d OR 1 S 2 a 2 

aR(S,Q ,W )= 2 2 =---[Xttta 0(S 1 ,Q 1 ) + 
dQ dW v X' 

+t2 a<f(S,Q;)]. /17/ 

3,IJ.ecb v =W 2-M 2 ,a a 

aa(S,Q2) = daq = 417a
2 

_!l'[ 2M2Q2Wa(Q2)+ 
o dQ2 (SQ2)2 s 1 

+ w;(Q2) (S(M2 -M2a+X') -M2Q2)]. /18/ 

B cnyqae, xor,IJ.a a=N, M !- M2
, <iJopMyna /18/ npe,D.cTaBnJI

eT C060H Ce'leHHe ynpyroro fN - pacceJIHHJI, a W r 2( Q 
2

) 

. ,IJ.aiOTCJI, HanpHMep, Bblpa)l(eHHJIMH I A18/+ I A20/ 'pa6oTbl/9/, 
B n. c. ce'leHHe I 17 I MO)I(HO npeo6pa3oBa Tb B <iJopMyny 
/Cll/ pa6oTbl /8/, 

EcnH B /9 I, I 17 I npoHJBeCTH JaMeHhl 

3 2 
t12 .... tr ¢(X12) • ¢(X1)=X1+--(l-X1) • 

• • 4 

-1 3 -1 2 
¢ (X2)=X 2 +--(1-X2) 

4 

/19/ 

TO Mbl nony'IHM HOBbiH BapHaHT <iJopMyn 3I<BHBaneHTHOrO 
pa,D.HaTopa /8,9/, 

3. AHAJIH3 lJHCJIEHHhiX PE3YJihTATOB 

)l,nJI BblJICHeHHJI CTeneHH npHMeHHMOCTH pa3llH'IHbiX 
BapHaHTOB npH6llH)I(eHHbiX <iJopMyn 6blll BblnOnHeH no,D.p06-
HblH 'IHCneHHbiH pac'leT nonpaBI<H 

o = ;---ov.R+a~(S,Q 2 ,w 2 )/a 0 (S,Q 2 ,w2) /20/ 

8 

j 

1 

J 
J 

npH E = 50, 150, 250 F3B B JLP- rHP. Bbi'IHCneHHJI se
nHCb no: 

a/ TO'IHhiM <iJopMynaM/4,5/; 
6/ <iJopMynaM /9/+/15/, 
s/ <iJopMynaM /9/, /11/+/15/, /19/, 
r/ <iJopMynaM IIll Mo H TcaJI/8/jB1/, /B7/, /C7/, 

/C8/* , 
.D./ <iJopMynaM 3I<BHBaneHTHoro pa,D.Ha Topa /8/ /B 1/, /B 7 I, 

/C7/, /111.15/. 
IlpH 3TOM ,II.llJI CTpyi<TypHOH <iJyHI<UHH v W 2 6panacb nO,IJ.

roHI<a /13/,/14/,/18/,/19/ H3 pa6oTbl/6/, ,IJ.nJI. ynpyrHx 
<iJopM<iJai<TOpOB npOTOHa - llO,IJ.rOHI<a H3 pa60Tblft4{a OTHO-

WeHHe R= ~~ C'IHTanocb paBHblM 0,18. 
aT 

Kax BH.D.HO H3 ma6AU(4bl 1, o6nacTb npHMeHHMOCTH npH-
6nH)I(eHHbiX <iJopMyn 3aMeTHO H3MeHJieTCJI C 3HeprHeH. IlpH 
6onee BbiCOI<HX 3HeprHJIX llY'IWHMH JIBllJIIOTCJI BapHaHThl 
".D." H "s". B 6onbweB: qacTH yxaJaHHblX B Ta6nHue o6-
nacTeB: see npH6nH)I(eHHble <iJopMynbl pa6oTaiOT c TO'I
HOCTbiO d :s; 0,5~, npH'IeM npe,D.nO'ITHTellbHhiMH no-npe)I(
HeMy JIBllJIIOTCJI BapHaHTbl ",D." H "B". 

Cne,IJ.yeT OTMeTHTb, 'ITO npH scex npHBe,IJ.eHHblX J,IJ.ecb 
3HeprHJIX B JHa'IHTenbHOH qacTH o6nacTeB:, r,IJ.e d ~ 1~, 
nonpasxa o , pacc'IHTaHHaJI no <iJopMynaM "a" B HHJWeM 
nopJI,IJ.I<e no a, npesblwaeT 30~ H, Tai<HM o6pa30M1 He Mo
)l(eT C'IHTaTbCJI Ha,IJ.e)I(HO Bbi'IHClleHHOH. EcnH Tai<He TO'II<H 
HCI<lliO'IHTb H3 paCCMOTpeHHJI H CHH3HTb Tpe6oBaHHe I< TO'I
HOCTH pac'leTa ,II.O d = 3~, TO ny'IWHM CTaHOBHTCJI BapHaHT 
"6", I<OTOpbiH npHMeHHM B 3TOM cnyqae npai<TH'IeCI<H BO 
BCeH I<HHeMaTH'IeCI<OH o6naCTH: X ~ 0,02, y < 0,98 npH 
E = 150, 250 F3B; x ;a 0,10, y ~ 0,95 npH-E = 50 F3B. 

* B <iJopMyne /B7 I pa6oTbl/8/ Mbl y'lnH nonJipH3aUHIO 
Bai<yyMa I<ai< 3llei<TpOHaMH, Tal< H MIOOHaMH H ,IJ.06aBHllH 

u a [ 2 e ) "2
] 0 npon}'lUeHHbiH 'IlleR-- o;f> (cos - -- . TMeTHM, 'ITO 

17 2 6 
3TOT qneH Y'ITeH B pa6oTax /6,9/, HO c HenpaBHllbHblM 
3Hai<OM. 
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Ta6Aut~a 1 

KHHeMaTH'IeCKHe o6nacTH /lP- rHP /B nepeMeHHLIX X H y I 
npa E = 50, 150 H 250 T3B, B KoTopwx npa6JDDKeHHble 

3Ha'leHHJI nonpaBKH 8 /BapHaHThl "6" + "11."/ OTnH'IaiOTCJI 

OT ee TO'IHLIX 3Ha'leHHH He 6onee 'leM Ha d = 1 0/o. IlapaMeTp 

L\ = 5 M3B. 

. 
E .T3B 50 15 0 Z50 

Y$ 0,80 0,90 0,95 0,97 0,80 0,90 0,95 0,97 0,80 0,90 0,95 O,S7 

d) 0,10 0,15 0,33 0,93 0,20 0,40 0,45 0,25 0,25 0,42 0,50 0,50 

B) O,IO 0,25 0,73 0,93 0,08 0,15 0,33 0,85 0,05 0,15 0,28 0,70 
X ? 

r) 0,10 0,15 0,28 0,50 0,05 0,45 0,60 0,60 0,2G 0,50 0,63 O,GS 

~) 0,10 0,25 0,45 0,80 0,09 0,16 0,29 0,45 0,05 0,15 0,26 0,37 

C TO'IHOCTbiO lJ,O d = 40/o llO'ITH BO BCeii: :noii: o6naCTH npH

MeHHMLI H ll.PYrHe aapHaHTLI. 

MLI HCCnelJ,OBanH TaiOKe JaBHCHMOCTb nonpaBKH 8 B 

aapaaHTax "r" H "11." oT colJ,ep>Ka~erocJI a Heii napaMeTpa 

L\, aap&apyB L\ a npe11.enax 5+100 M3B. Ilpa 3TOM B 6on&

weii: 'laCTH KHHeMaTH'IeCKOH o6naCTH BenH'IHHa 8 MeHJieT

'CJI He 6onee 'leM Ha 1 0/o. 3To pacxo)l(lJ.eHHe aoJpacTaeT c 

yaenH'IeHHeM X ,lJ.OCTHraJI HeCKOnbKHX npo~eHTOB B OKOno

noporOBOB o6naCTH X = 1. IlpH lilHKCHpOBaHHLIX X JaBHCH

MOCTb 8 OT L\ JaMeTHee npH B03paCTaHHH y. nyqwee co

rnacHe npH6nH>KeHHLIX pac'leTOB C TO'IHLIMH Ha6nJOlJ,aeTCJI 

npa Manwx L\. Oll.HaKo JaTpaTw MaWHHHoro apeMeHH Ha 

BLI'IHCneHHe 8 C yMeH&WeHHeM L\ JaMeTHO pacTyT. 

4. YIJET HCIIYCKAHJUI MHOTHX 
M.JITKHX troTOHOB 

KaK BHlJ.HO H3 /9/, /14/, /15/, Ce'leHHe rHP C y'leTOM 

3Il nopJilJ,Ka a paCXOlJ.HTCJI npH W2 -. (M +ffirr ) 2(a:--. 0, 

10 

') 

i 

l 
I 
I . 

8V R --. -oo ) • qT06bl nony'IHTb KOppeKTHOe Bblpa>KeHHe 

lJ,mi Ce'leHHJI B 3TOH o6naCTH, He06XOlJ,HMO y'leCTb BKnalJ, 

6onee BbiCOKHX llOPJilJ.KOB 3Il. C 3TOH ~enbiO BblllOnHHM 

3KcnoHeH~HpoaaHae qacTH 3II HHJWero nopBlJ.Ka. BMeCTo 

a ( s . Q 
2 

• w 2 
) - ao ( s . Q2 

• w2 ) (1 + 8 ) /21/ 

llOCTaBHM B COOTBeTCTBHe Ha6nJOlJ,aeMOMY Ce'leHHIO rHP 
ceqeHHe 

a ( s . Q 2 • w 2 ) .. ao ( s . Q 2. w 2) exp (...!!. 8inf) ( 1 + 8 - ...!!.8 inf). 
exp 

17 17 

/22/ 

HeTPYll.HO BHlJ.eT&, 'ITO OTHoweHae v 
2 IS' X ' , colJ,ep>Ka~e-

. f max 
eCJI B 8 ln , paBHO 

2 
vmax (k~ax) 2 

Eko 
/23/ 

S 'X' 
2 

v 
rlJ,e k max,.--~ -

o 2yW2 

- MaKCHManbHaJI JHeprHJI peanbHOrO liloTOHa B CHCTeMe 

ih +kt -IC 2'"'0, B KOTopoii: pacnpelJ,eneHHe llloTOHOB H30TponHo. 

TaKHM o2pa3oM, B o6cy>KlJ,aeMoii: o6nacTH W 2, 6nH3KHX K 

(M +m77 ), rlJ,e komax<<E, k0
2 T.e. 4!oTOHbl - MJirKHe, cno

co6 JKCllOHeH~HpOBaHHJI /22/ BllOnHe 060CHOBaH /8,11,12.,15/. 

Oll.HaKo lllopMyny /22/ MO>KHO acnon&Joaa Tb lJ,nJI n106wx W 2 , 

llOCKOnhKy, KaK llOKa3biBaiOT pac'leTbl, BHe Y3KOH o6nacTH 

W 
2

, 6nH3KHX K (M +ffi 77 )73KCllOHeH~HpOBaHHe npaKTH'IeCKH 
He CKa3biBaeTCJI. 

Y'leT MJirKoro MHOrolilOTOHHOrO H3ny'leHHJI BO BKnalJ,e 

palJ,Ha~HOHHOrO XBOCTa OT ynpyroro llHKa npOH3BelJ,eM no 

aHanoraa c /22/, nyTeM YMHO>KeHHJI ce'leHHJI HH3wero no

PJilJ.Ka a: /lllopMyna /38/ pa6oTw /s/ a nepeMeHHbiX 

(Q
2,W2

)jHa exp(-;-oinf), rlJ,e vmax=W 2 -M~ a S'=S B 

COOTBeTCTBHH C KHHeMaTHKOH ynpyroro fN -pacceJIHBJI. 
HMeeM 

11 



2 2 2 
N 2 2 ( W -M ) tr N 2 2 

aexp(S,Q ,W )=[----] aR(S,Q ,W ). 
SX' 1241 

06cy,nHM Tenepb HHoii cnoco6 y'leTa BbiCWHX nopJI,nKoB 

B 3TI, B H3BeCTHOH Mepe aHanorH'IHbiH TOMY, KOTOpblii 6b1JI 

npe,nJIO:lKeH B pa6oTe /9/ H HCllOJib30BaH npH pac\feTe 3TI 

B 3KCllepHMeHTe /6/ ,B OTJIH'IHe OT/9/, Mbl cclJopMynHpyeM 

ero B BBHO KOBapHaHTHOH clJopMe, He HCllOJib3Y.II napaMeTpa 

MS:rKOCTH ~. 

R-·BKJia,n B 3TI HH3Wero nops:,nKa K CllJIOWHOMy cneKT· 

py I CM. Bblpa:lKeHHe 19 I c t r = 0 H clJopMyny ITI21 pa6o-

Tbl /5/ I MO:lKHO paccMaTpHBaTb KaK cyMMY BKna.noa pa,nua

UHOHHbiX XBOCTOB OT ,nHCKpeTHbiX a,npOHHbiX COCTOJIHHH ~ 

Maccoii Me, H3MeHJIIOIQeiics: B npe.nenax (M +m77 ).$Me _s{w 2 

BKna,n B 3TY CYMMY IHHTerpanl OT COCTOJIHHH C M 7'"- W 2 

KOr,na, KaK BH,nHO H3 1231, clJOTOH He MO:lKeT 6b1Tb :lKeCT

KHM, ,non:lKeH 3aMeTHO MeH.IITbCB/16/ 3a C\feT HCllyCKaHHB 

MHorux MJirKHX clloTOHOB. EcTeCTBeHHo, 'ITO B 3TOM cny
qae ,nns: COKpaiQeHHB HHclJpaKpaCHbiX paCXO,nHMOCTeii llpH 

M~ .. W 2 , t = Q 2 Heo6xo,nHMO y'IHTbiBaTb TaK:lKe o6MeH 

MHOrHMH M.llrKHMH BHpTyaJibHbiMH clJoTOHaMH /12/, 

B npone.nype yqeTa o6cy:lK,naeMblx 34MileKTOB ucxo,nHoii, 

B COOTBeTCTBHH C /9/, JIBJI.IIeTCJI 4_}opMyJia ,nJIJI BKJia,na pa

,nHaUHOHHOrO XBOCTa OT ,nHCKpeTHOrO a,npOHHOrO COCTOB· 

HHJI. 3anuweM ee B au.ne 

a 2 2 V 2 tr -a 2 2 
a exp ( S , Q , W ) = ( v 1 ) a R ( S , Q , W ) , 

1 + v 2 

1251 

r.ne a~ .naeTC.II clJopMynoii 1381 pa6oTbl /s~ MO,nH4.JHUH-

poaaHHoii ,nn.11 cnyqas:, Kor.na KoHe'IHblii a,npoH HMeeT Macey 

.M • M a H BMeCTO (x ,y ) HCllOJib3YIOTCJI nepeMCHHble 

( Q2,W2),3HaK "THJib,na" 3,nCCb H ,nanee 03Ha\faeT, 'ITO 

npOH3Be;ieHa 3aMeHa CTpyKTypHbiX clJyHKUHii: 
I 

22- 2 2 2 2 2 2 
Wt,2(Q ,W) -+W1,2(Q ,W )=Wt,2(Q ,W )F(Q ,W ), 

r.ne 
1261 

F ( Q 2, w2 ) = 1 + ~ [ Ov R ( Q2 , w2 ) -o inr ] . 
77 ' 

127! 

12 

3KCllOHeHUHaJibHbiH MHO:lKHTeJib B 1251 H MHO:lKHTCJib 

F ( t, M ~ ) B no,nbiHTerpanbHOM Bblpa)KeHHH 1251 Y'IHTbiBa

IOT 3cWJeKTbi BbiCWHX llOpB,nKOB 3TI. 

IIHTerpHpys: 1251 no M F ' nonyqaeM Ce\feHHe rHP c 

y'leTOM 3TI HH3Wero nops:,nKa H BKJia,na M.llrKoro MHOroclJo

TOHHOrO H3Jiy'leHHB BO BCex nops:,nKaX TeOpHH B03MyiQeHHH. 
liMe eM 

2 2 2 a 
3 

2 V 2 tr dt - 2 
a ( S , Q , W ) = -- J d M r ( v 1 --) J -

2 
G ( t , M r) , 

exp ,\ 
8 

1 + v
2 

t 

1281 

r.ne G (t, lVl F) .naeTcs: Bblpa:lKeHHeM ITI31 pa6oTbi / 5/. B Toii 

\faCTH KHHeMaTH'IeCKOH o6naCTH rHP, r,ne npHMeHHMO Till, 
a 

B I<a\feCTBe a R B 1251 cne,nyeT HCllOJib30BaTb Ce\feHHC 

I 17 I. B 3TOM cnyqae Bblpa:lKeHHe 1281 npHMeT BH,n 

2 
2 2 d M V2 tr - 2 2 

a (S,Q ,W) = J--- (v --) [X 1 t 1a0 (S ,QLMr)+ 
exp v 1 + v 

2 

- 2 2 
+ x2 t 2 a o < s • Q 2 • M r ) l . /29/ 

2 2 
HHTerpaJibl B /28/, /29/ KOHC'IHbi B TO'IKC (W , Q ) , 

ll03TOnY, HCT Heofixo,nHMOCTH B Bbi'IHTaHHH, no,nofiHOM 

/ll9/ 
5
fu /9/, HJIH pa36HCHHH ofinaCTH HHTerpHpOBaHHB 

c noMOI.QbiO napaMeTpa i\ 191. 
qT06bi BLIBCHHTb, HaCKOJibKO CYI.I.\CC'J;'BeHHO 3KcnoHeH

u;upoaaHue, H cpaBHHTb Me:lK,ny co6oii paJJIH'IHble ero aa

puauTbi, Mbl npOBCJIH 'IHCJICHHbiH paC\fCT nonpaBKH 

o -a (S 2 2 I 2 2 exp- exp , Q , W ) a 
0 

( S , Q , W ) -1 /301 

,nns: /LP -rHP npu E= 50, 150, 250 F3B. B Bbl'IHCJIC-

HHJIX HCllOJib30BaJIHCb: 

11 llpH6JIH:lKCHHOC lnony'ICHHOC B fill/ CC'ICHHC /221, 
2/ CC'ICHHe /29/, . 

3/ Ce'iCHHe /4.1/ pafiOTbi /9/, 

,ll;ns:' aenH'IHH t 1,2 6panHcb Bbipa:lKeHHB I 19 I. 
B I<a'leCTBe Mepbl 3~ei<Ta 3I<cnoHeHu;HpoaaHH.II npH-

MeM pa3HOCTb D "'o exp-o nonpaaoK: Oexp , Bbi'IHcneH-

13 



Hoii no cllopMynaM 1 , 2 , 3 , ao, pacc'IHTaHHoii B aapBaH

Tax nn "B"' "B"' ".n". KaK noKa3:WBaiOT pac'leTW, B 6onL

weii qacTB KHHeMaTB'IeCKOH o6naCTH rHP npH BCeX Tpex 

cnoco6ax 3KcnoHeHllHPOBaHBJI senB'IBHa D He npeaocxo

.IJ;BT 1~. 0Ha Me.nneHHO B03pacTaeT c 3Hepraeii E, npaKTB

qecKB He 3aBHCBT oT Q 2 a cTaHOBBTCJI 3aMeTHoii I> 1~/ 
B o6nacTH HaBMeHLWBX H Haa6onLwax 3Ha'leHBii W2 . Ha

npBMep, npa W 2 = 4 F3B23Ta pa3HOCTL ysenH'IBBaeTcJI 

OT D = 0,5~ npB E =50 F3B .no D.=1,5~ npa E = 250 F3B 
B 6wcTpo B03pacTaeT c yMeHLWeHHeM W 2. llpa 6onLmBx 

W2 BenB'IHHa D CTaHOBHTCJI 2 1 ~ B OCHOBHOM B o6naCTH 

/a .nnJI sapaaHTa 1 - TonLKO B o6nacTB/, r.ne nonpaBKa 

o, BW'IHcneHHaJI no TO'IHWM cllopMynaM"a ", npeswwaeT 30~. 
TonLKO B 3Toii, 3anpeTHoii .nnJI 3KcnepaMeBTa o6na

CTB /eM • .IJ;BcKyccBIO a/4,5/ I noJIBnJieTcJI pa3HH1la ~ 1, 

B senH'IHHax D , pacc'IHTaHHWX c noMOillLIO aapaaBTOB 

1 + 3 • fipH Manwx W 2 BCe cllopMW 3KCnoHeHllHPOBaBBJI 

npBBO.IJ;JIT K 3Ha'leBHJIM D , pa3nB'IaiOillHMCJI nBWL Ha COT:We 

,IJ;OnB npo)leHTa. C ysenB'IeHBeM W 2 3Ta pa3HB)la MOHOTOH

HO paCTeT, npB'IeM 3Ha'leHHJI D B BapHaHTe 1 CHCTeMaTB

'IeCKH HeCKOnLKO MeHLWe 3Ha'leHHB, nony'leHHWX B sapHaH

Te 2 H OC06eHHO B BapHaHTe 3. 

OTMe'leHHOe cornacBe /a l6onLwei: qacTH KBHeMaTB

qecKoii o6nacTB rHP I npocTelwel cllopMW 3KCnOHeH)lB

poBaHHJI 1 , C O,IJ;HOI CTOpOHW, B ynyqmeHHWX 4lopM 2,3 -

c .npyroii, - CBJI3aHo c TeM, 'ITO npeo6na.naiOillHe B 3ll 

· B 3TOI o6nacTH BKna,IJ;W MJirKHX pa,D;Ha]lHOHHWX . XBOCTOB 

OT a,IJ;pOHHWX COCTOJIHHB C , 6nB3KHMH X W2, Y'IBTWBa-

IOTCJI B 060HX cny'laJIX npaKTH'IeCKB O.IJ;HH&KOBO. 

AHanB3 'IBcneHHWX pe3ynLTaToB noxa3an TaJOKe, 'ITO 

MHO)I(JITenL F ( t, M~ ) B no.n:wHTerpanLHWX BWp&JKeHHJIX 

2 H 3 MO)I(JIO 3&MeHHTL Ha F (C2,W2)a BWHeCTH H3-nO.IJ; BH

Terpana. TaKaJI 3&MeHa npBBO.IJ;HT K B3MeHeHHIO o exp nBWL 
Ha 0,1-0,3~ npB y -+ 1. 

Bwqac-n•• S exp B BapH&HTe 3 npB pa3nH'IHWX 3H&'Ie

HHJIX !1 B npe.nenax 5 +100 M3B, MW Hawna, 'ITO 3&Baca

MOCTL OT /1 CT&HOBBTCJI 3&MeTHee no cpaBHeHHIO C TOI, 

KoTopaJI OTMe'leHa y 8 . 06c}')K.D,aBmeecJI awwe coBna.neHBe 

BnH 6nB30CTL p&C'IeTOB 8 exp B B&pB&HT&X 1, 2 H 3 BMeeT 

.MeCTO TOnLKO npH .IJ;OCT&TO'IHO M&nhiX /1, 
HeKOTOpLie B3 C,IJ;en&HHWX 3,IJ;eCL BWBO.IJ;OB HnniOCTpH

PYIOTCJI 11a6AUfleil 2. 
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5. 3AKJIIOqEHHE 

B HaCTOJill.leii pa6oTe nony'ieHLI B uccne,IJ,oBaHbl npu-
6niDKeHHble tilopMyJibl ,IJ,JIJI 3Il HH3Wero· nopJI,IJ,Ka K CllJIOWHO· 
MY cneKTpy B fN - rHP H Bblpa)KeHHJf ,IJ,JIJI Ce'ieHHJI rHP 
C y'ieTOM MJirKOrO MHOrotiiOTOHHOrO H3Jiy'ieHHJI. IloJiy'ieH· 
Hble tilopMyJibl, B OTJIH'iHe OT BMeiOll.lHXCJI B JIHTepaType, 
He 3aBBCJIT OT HetiiH3B'ieCKOrO napaMeTpa ~ H BMeiOT JIBHO 
KOBapHaHTHbiH BH,IJ,. KpoMe TOro, KaK llOKa3b1BaeT npaKTHKa 
Bbl'iHCJieHBH, HX HCllOJib30BaHHe ll03BOJIJieT ell.le B HeCKOJib
KO pa3 YCKOpHTb 'iBCJieHHble pacqeTbl Ha 3BM. 

Bbipa)KaJO rny6oxy10 6naro.D,apHOCTb A.A.AxyH,IJ,OBY, 
,D;.IO.Jiap,IJ,HHy, r.B.MHD;eJibMaxepy H H.A.CaBHHy 3a noJie3-
Hble o6cy)K,IJ,eHHJI pe3yJibTaToB pa6oTbl . .H rny6oxo npB3Ha
TeJieH B .II.,D;)Kenenosy, ci>.H.cl>e.D,oposy B )];. B .IIIupxosy 3a 
BHHMaHBe H llO,IJ,.D,ep)KKy. 
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