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C ~OpMaXbHOI roqKH 3peHHa KBaHTOBaR rpaBBT~ HBnHeTCH 

HenepeHOpYBpyeMoA. O~aRO BCC~e~OBaHHe YHLT~B~eTOBHX pacxo

~HKOCTeR npe~CTaBXHeT HHTepec B MO&eT CB~eTeHLCTBOBaTL 0 HeTpB

BB&n»HOI CBR3B Me~ CBMMeTpBel TeOpBB B ee nepeHOpMBP.J8MOCTDD. 

B pa6ore /I/ noKaaaHo, qro cyMMa KOHTpq~eHoB o~oner~eBoro npH-

6JIJI&elDill paBHa HYa Ha uaccoBol noBepxsocTB. B ae~asaelt pa6o

re IZ/ 6una ~oKasaHa o~oner~eBas aoseqsocr» reopBH raxae B BHe 

MaCCOBOI DOBepXHOCTB. 3TO DOpO~aer BHTepec K ~CmBM DO~aM 

TeopHB B03yYmeHBI. 

B HaCT~el pa6oTe ~ BCC~e~OBBHBH CTP.JKTYpH Y~LT~O~e

TOBHX paCXO~OCTel B rpaBBTSUBH npe~aeTCH BCOOXb30BaT» ~Ha

M~eCKfD 84HHsyD CBMMeTpBD. 

Xopomo H3Becrao,qro reopHR rpasHranHH ecrL sapBaHt reopHH 

roanH6posoqaux noneft/ 3 , 4;.3~ecb ~nR nocrpoeHHR nepeHopMHpOBoquoft 

npOQe~pH HCnon»ayeTCH ~rag aHanOrHH - C RB~HOI ~HHaMHKOit. 

KaK noKa3aHO B pa6ore 151, reopBR rpaBBTaQHOHHoro no~ ecrL reo

pHS COOHTaHHoro HapymeHBR ~BHHol B KOH~pMHOA CBMMeTpHA,no~06HO 

TOMY KaK RB~HaH ~HaMHKa eCT» TeopBR COOHTaHHOro HapymeHBR 

KHpaXbHOI CBMMeTpHB. 

MeTO~ CHMMeTpBAHOA nepeHopMHpOBRH ~ RH~bHHX TeopHI 

C~OpMy~pOBaH B /G/ H COCTOBT B C~e~CM: 
I. CrpoHTCH noq~eHHo-BHBapHaHTHSR reopBR BosyYmeHBA B ~opua

~3Me BHemaero ~oHoBoro nons. ~ aroro B c~qae TeopBA c HenBHei

Hol pea.mtsauHeA CHMMeTpl!B OpB 38.MeHe f{J -. c:.ft-h Heo6XO~O HCOOJib-

30BaTD oneplUHD c~oaeHBR Ha rpynne c.p..., 4'(+-)~ 
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2) CyMMa KOHTpq~eHOB B K~OM no~e T80pHB BO~SHHI -.eT~ 

Cll B BBl(e p83JlOli.8HBll UO UOJDIOJQ' Ha6opy IIHllapHaH'l'OB rPJIIJIY (CIIMUeT

pHH ~arpaHli.HaHa) COO'l'B8TCTB~el pasMepHOC'l'H. IlOCTp08HH8 HHBapHaH

TOB (:e qaCTHOCTH 1 JJarpaHli.HaHa) H KJJaCCl'IqJHKailiDI HX no DOpli,IlRB.M Teo

PHH BosuymeHRH DpOH3BOl(HTCH npl'I nOMOmH llH~pSHQHaHbHHX qJOpM f~p

TaHa/? 1 fl/. 

3) EnH HaXOM.I(SHl'IR qHCRSHHHX KO~HSHTOB nepel( HHBapHaHTa

MH rpynllll tpe6yeTCII BH1HICJIHTb CHHryJIRpHOCT~I MHHID.laJILHOro 'HICJ!a 

DSTJISBHX l(HarpaMM. 

B Hacroamel pa6ore pasBHTH nyHKTH I), 2) Bs~o:aeHHol nporpa»

MH npHMeHHTMbHO K rpaBHTailB1'1. Pa6ora nocrpoeHa cRe.nyD!lHM 

o6pasoM. B pasl[eRaX 2, 3 rpopuynHJlyercR noqReHHo-HHBapHaHTHM re

opaa BosuymeHHI B qJOpMaRHSMe BHemHero qJOHo:eoro no~. B pasl(eRe 4 

l(OKasaHa 3KBHBaH8HTHOC'l'b Ha MaCCOBO! noaepXHOCTH MOl(H~HpOBaH

HOrO npOH3BOM!118rO !ftYHKl.lHOHaJJa DS'l'JISBUX l(HarpaMM, DB8.!(8HHOro 

B pa3l(8RaX 2, 3, H CT~pTHOrO BUpa&eHIDI / 3/. B pa3l(8R8 6 CTpo

li1.TCII rpaBH'l'aill'IOHHHI narpaHli.HaH H nMHHI Ha6op HHBapHaHTOB E Tep

MHHaX l(H~pSHUPJa.JlbHHX qJOpM KaptaHa rpynllll aqJHHHHX npe o6pasoBamrt!:. 

IlpH 8TOM no.nyqeHil .If CYIII8CTB8HHO HCDMLSYJ)TCH C'l'pYJ(TypHHe YpaBHe

Hl'IR aqJHHHOI rpynm. IloKaSaHO, qro ~ 0Dp8l(8JI8Hl'IR KOBapHaHTHOI 

npOH3BOl(HO! BMSCTO l(OnORHHTSJibHOrO Tpe60EaHIDI KOHqJOpMHOI CHMMST

pHl'I /
5/ MOaHO nORb30BaTLCH 8CT8CTB8HHYM YCJIOBHSM TO~SCTESHHOro 

paBeHCTEa HYRD ROBapHaHTHOI npoH3BOl(HOI MS'fpzqecRoro T8H30pa, 

qro EaaHO B CBH3H C OTCYTCTBHSM KOHqJOpMHD-HHBapHaHTHOI pery~

pH3aQ.IfH / 9/. 0l(HOEpeM8HHO l(OCTBraeTCH 6o~ee qJOpMaJILHM aHanOrHH 

C KH~HOI l(HHaMHROA. 
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2. TeopHH aoawymeHHI 

npoH~BO.I\IImli1~ qJyHKUHOHa.JI ~ neTJISBUX l(HarpaMM B M8T0l(8 qJQ

HOBOrO DORH HM88T B~ 

Z(y):::: N-L~-n d'-' v<~)ll S((['Cfrh l) t 

"'" r) ~ ,... ,.. (I} 

x~eC~th)e)'.p [i~d~x(~(lt'-t-~)- f;fJ:~h~"- ::((li')J~ I 

rl(e <f,...,. - BHSIIJHVe (ilJoHoooe), a ~~,.. ... - BHY'l'p8HHHe ( KBaHroaue) 

no~, (1/ - HOpMHpoBRa, f(l.f-t k) '"'0 - ypaBH8HH8, ilJHKCHpynuee 

Ra.JIH6pOBicy, ~ ~ ( 'fr It) - l(8T8pMHHaHT <I>a.zutee:aa-ITonoEa, '::Je -

~IHIDTSIHOECKHI narpaH&HaH, 

IJpOHSEO,nlDild qJyHKUHOHa.JI (I) 3KBHBaJI8HT8H C TOqHOCTbD l(O l(pe-

ESCHHX rpailJOB CTaH~pTHOyY TipOH3B0~8MY ~UHOHQRY ~ ~HKUPJA 

fpHHa /I0-I2/ 

Z(1) :::. i\1-t ~-n d"',..(lt-)ll8(ahJ) ue (1-.) '~-
r~v. x " (2) 

){ ev.p r l \ d~X c ~(~) ~ 1 "f> h ,(f' ) ~ 
npH yc~OBHH, 'ITO BHeWHHS nona ~~v YllOB~eTEOp8DT ypa:aHeHHHM 

8~('f) 

8~ .!(:!> 

= - 'J ..:v-
' 

(3) 

P,Ile lfAJ'I- BHemHHI IICTO'IHHR. CoOTHOmeHHe (3) ect:b qJDpMa.JlbHaH 

CBSI3b MeW qJyHKUHO~l>HilMH nepeYeHHHMB <.p "-\' B ~ alf4. 

B pa6otaxfll,l2/ ~ 'IBCTOI rpa:aBTaUBB B qHCTOrO nonH 

flara-MzAnca npOl(eMOHC~pBpOBaHa HeSaEHCHMOCTb KOHTpqneHOB, DOny'l~ 

mHXCH HS (I), Of RSAH6pOBKB (npH HSKOTOpwX l(OnOXHHTS~bHHX yc~OBB-

ax Ha &((f~1) ). 
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~ HccnenoBaHRa yn:r:.rprupuoneroEHX pacxo.nHMocTel nocraTo~Ho 

HaftTH ROHTp~ReHH B ~rpaHaHaH. KOHTp~neHH nony~a~TCR pasno~eHHeM 

no~HHTerpaRbHoro EHpaaeHRa (I) B ~ no h~~ • B cny~ae reopHH 

C RHHeftHOft pe~saQEeft CHMMeTpHH TaRO! Pff.lt RBRReTCR llOtlR6HHO HH

EapHaHTHHM. ECnH lle CHMMeTpM pean:H30Ba.Ha HenHHeaJ!o, TO eCTb 

OOecnelJHBaeTCR ,ltHHaMHlJeCRH sa ClJeT rO~CTOYHOECRHX none!, TO no

lJReHHaR HHBapHaHTHOCTb ~ no h~ H,COOTBeTCTBeHHO,HHBapHa.HTHOCT1 

reop~~ BOsYy~eH~ B RaKAOM nopRAKe no QHcny neren:r:. Hapymaerca.3ro 

CBR3aHO C TeM, lJTO B paCCMa'l'pBBaeMOM c~qae npOCTpaHCTBO nonel 
~"' 

h•t> CTaHOBBTCR HCRpHBneHHI:IM B one~ tf' " nepecTaeT OH'l'b ... «,.. 
ROBapBaHTHOI. ~ nOC!pOeHBS noqneHHG-BH!apBaHTHOro ~ HYKHO 

nepeiTB R ROBapHa.HTHOI BapBauHOHHOI npOH3BO~ol ~: /I3/. 
~(' 

0003Ha~HM ~ Teftnopa C KOBapHaH'l'HHMH npOH3BO~MH CHMBOROM (+) 

f(l{J(~l,) = f(l{') "" <::· 
~ ~"'., 

11\:o i 

L '?'." f'r4') 
11.' Zl~'" "": (4) 

TaRDe pasnoaeHHe COOTBeTCTBYeT nepeXO.JtY H3 TO~KH ~ B TOll

ey C{ t-1-1 B npOC'l'paHCTBe TIMeR no reo,ne3H~eCRO!. CnpaBe~o co

OTHOlDei!He /! 3/ 

{(£f(t)kl = C(~(7:))''t~c+ ~ ~~ ~f:~~t\)1~>- , 
' • c 

(5) 

r.ne ~(()) =- 4J ~(i)~tf't{, H ~('t) Y.ltOBJie'!':eopneTypaB-

HeHHD reo,nesH~eCROI B IIpOC'l'paHCTEe nonel 

2. 2' 
d ~ + 

d'L' 
r' d\~<ciie 

t<e d'l' d'C 
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o. 

3nec:r:. r K•l - CHMBOJI KpHCTC$lleJt.'I B npoCTpaHCTBe none!, HHneRCH 

i.. , K , e npooer~r sHa<JeHM i, N , r.ne N - pasMepHocn 

npocrpaucTBa ro~CTQYHOBCRHX none! (B c~ae rpaBBTaQHH AI =IO). 
llpaBHe <JaC'l'H (4) H (5) COBna,na~ no<JneHHO /I3/. 

TaRHM oopasOM, npaxrntrecxoe nocrpoeHBe no<JneHHO HHBapHa.HTHo

ro PR.Jla (4) cBo,nHTCR R Haxoli,JleHBJl nap:!JieTpll3ai.UIH /(~(~)) c YRa-

38liHHYH CBoiCTBB.MH. 3m 3a.Iia'Ja pemaeTCR npH nOMOII!H ,nHqxpepe.HllHBJil>

HHX ifJopM Kapraua. 

3. liBdxl!epeHIIBaJIDHHe dloJ?!I!i KapTa.Ha. 

c~oaeHHe Ha rpxnne 
llyc'l'b G- u<+~)-napB.MeTpllqecRSH n~pOCTaR rpynna (CHM

MeTpHH JiarpaHDB.Ha), npi!BO,ItiDIIaii R BHpOll,lleHBJl BrucyyMa B nom!ne

HHJl rOJI.nC'l'OYHOBCRHX <JaCTHil, H - ee MaKCBMaJibHaR no,nrpynna, OCTaE

JVIDQa.JI HHBapHa.HTHHM EaxyyM. 

iPopMH KapTaua W Ill 8 onpe,neJVIJl'l'CR no ROHe'JHHM npeo0pa30Ba.HH

RM rpynnH G paBeHCTBOM 

G-1~'rorG(t.,) = Lf W~(~->1 X, T e; (1.) ~ I (6) 

H Ha'JaJihRYMH YCJIOEHRMH 

LJ (~>) = 0 , e « (o) -= 0, ,.. ,.. 
rne h - naJllMeTIJi rpynoo, ~ ( o( • i, '?.) - reHeparopH no.nrpynoo 

H , a X, (z ~ 1, . k ) - reHeparop~~ ~~mtrop -npocTpaHCTBa c/k 

.nonOJIHIIDllero /-f no rpynoo r;: • iPopMa & zcnon:r:.syercR ,!Ulli no

crpoeHM ROEapHaHTHO! npOH3EO,nHOI, a H3 ~OpM W H IIIX ROEapRa.HT

HHX npoHSl!O~X CTpOH'l'CR nonHHI HaOOp HHBapHaH'l'OB rpyiiiiH G , 

B qacTHOC'l'lll ~rpaHKHaH /B/. llonHHI HaOop HHBaplllaHTOB rpynnH HMeeT 

BH,lt 
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r ~ Vlt 4)] VIz [ (.U J :?> 

r.lle 
I 

lf\L , 1-11. , lll:s - DOJIOD'l'8.&JDI8 Q8.1118 ~BCJJB; Bee JIB,ll8KCW 

CE8pllYTH. 

C ,)lpyrOI CTOPOHY 1 .113B8C'l'BJ'7 ,B/, q'l'o ~OpMa 4! (~) OnBCHBae'l' 

nepeXO,ll .113 TO'qRJI"HyJIJo" B TO'llty h B DpOC'l'paHC'l'Be Uapl.UeTpOB, B 

qac'l'HOCTB B 81tCDOH8HQBax&BOI UapaMeTp.llsaQBB B~eueHTOB rpyunu G, 

G=er.pf<"""Xo<.~ ~OpMa 4J(L,) ODBC!t1Ba8T nepeXO,ll no reo,ll83BqecROI. 

IIpoHSB8,llH B (6) saueHy 

G('-) -... G(<f) G('-) (7) 

II peliiSJI DOJIY'I8HHY8 ypaBHeHBJI Ha ~OpuH 1\apTaHa C H8HyJl8BitiUH Ha'IJ~I>

HitiUB YCJlOBJWOI /!4/ 

W(tR, o) = cu(~) 

eClf,o) = e(~R) 
(8) 

UOJlY'IIBM "y,JtJIBHeHHlie" ~pw KapTaHa lJ(£P,h) B S(4',h) • ~!*11 W(/flt.) 

ODBC!t1Ba8T nepeXO,ll .113 'l'O'qKB ((] B TO'lKY «{)+" B npOC'l'paHCTBe 

DOJleJ, B 'IJQCTHOC'l'B B 8KCDOH8~HOI DapaMeTpBSaQBB - nepeXO,ll 

no reo,lles~ecxol. 3aMeea (7) B,coOTBeTcrBeHHo,nepexo,ll OT tv~) , 

9(hl R W(if.h) , S(ti,l.) HaSiiBaeTCR CJIO~HBeM B \IaK!'OI>-

npocrpaHcTBe. 

IIoc.ne OT0~8CTBJI8HBR napaue!'pOB ~'1'0.1>'-TIPOC'l'paHC!'Ba C DnJH

MH ron,llCTOYHOBCKBX 'IJQC!'BQ /B/ CJIO~HBe B ~TOp-UpOC'l'paHCTBe 
coB~eT c onepauuel (+), onpe,lle.neHHol cornacHo (4). 

~ TIOCTpOeHBH DO'IJJl8HHO-BHBapB8H'l'HOI TeOpBB BOS~eHBI Heo6-

XO,llHMO Bltlpa3.11Tb HHBapBaHTii rpyuiiii, B 'IJ8C!'HOC'l'B JJarpaHDaH,B Tep

MHHax ~pu 1\apTaHa ~TOp-UpOCTpaHC!'Ba B BOCDQXLSOBa!'~Cfl COOTHo

meHB8M 

8 

.;( (((I l~ l1) = ;(' ( ~ (If, h) ) . 

TaRHU o6pasoM, npousso~A ~YHKllHOHan noqneHHo HHEapHaHTHol 

T80pHH E03yYW8HHI aM88T BH,ll 

Z('\') ·= r-fL ~n dl-.,..,('1-) Q B({[<f Hl.J) y 

~--r.~ 

x c.~ (If(.-)\,) e~p l; \d~X ( ~{1\'!t!~)- 4l~(~) ~'-\~'> 
~-t' J.f' I 

Ilpe-,ne qeM nepeilTH K HaXOJI,Il8HHIJ ~(W(<.tjt.)) 

- J:'(t{)) L (9) 

, ,llOKall.eM 8KBH-

E~8HTHOCTb Ha MaCCOBOI DOE8pXHOCTH npOBSBO~ero ¢,1HKUHOH~ (9) 

II CT~pTHOro BltlpaieHHH (2) C TO'qHOCTLIJ ,llO ,)lp8B8CHHX rpa~OB. 

4. TeopeMa SKBHB~eHTHOCTH 

BltlnonHHM B npOHSEO~eU ¢,1HRUBOH~e ~ ~KUHI fpHHa (2) 

saueHy nepeueHH!tlx 

h ...... {(lf,il) = LfCtH, , (IO) 

r.lle 47 - nocTOJDIHoe no.11e. C y-qeToM roro , qro .neTepu~<maHT npeo6pa-

30BaHHR (!0) paEeH 8,1lHHHU8 / 5/, a TaRle paE8HCTBa Ha MaCCOBOil 

DOBepXHOCTH /I 5/ J(lftt-Ji,) = 'Jc.f + tt ~~ , nonyqBM 

2:('j,tf) "" N-
1 
e~r {i: fd"K 1(lC) Lf(x) I x 

,1(5n dl,,.._v(~)n8({f<.f(tl"'])·At.(Lf<<-lh) x (II) 
V\f"l!<. I l\. t 

)( ~p fl ~d~x( ~(lf)1- ~~Cte}_h + l ~~~~t)_~ ... -t- •.• + ~h) S. 

Bcne,llCTEBe ypaBHeHHR (3) .11 roro o6cTOHT8JlbCTEa, qTo nepESR 

KOBapHaHTHBR npOB3BO,llH8R OT CRanHpa COBDa,llae!' C 06lti'IJHOI npOHSBO.Il

HOJ,-qneH!tl ~~~ B 1·~ B (II) COKpamallTCR H C TO'qHOCTLIJ 

~0 ~BeCH!tiX rpa~OE M1t1 DpBXO,llBU R (9). 
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5, rpaBHTa.uwi B TeOMHHax dJOOM RapraHa rpYmlH 

a®mfillx npeo6paaoBaHHft 

HaEecrHo, qro rpaaHraunoHHoe none ecrb KanH6poBoqaoe none, 

o6ecneqHBaDmee HHBapBaHTHOCTb TeOpHB THrOTeHHH 3liHmTeftHa OTHo

CilTeRLHO rpynnH o6m.ex npeo6pa30EaHHft ROOp~HaT, B BTOM npOREXReT

CH rny60RaH aHaJIOrHH Me~ rpaBHTSUHOHHHM noneM H EeKTOpHHMH 

nOnHMH flHra-M.ennca - KanH6pOB04HUMil nOnHMH ~ EHJTpeHHHX CHMMeT

pHft. 

HMeeTcn .e .u:pyran rny6oRan aHaJiorHH - Me~ rpaEHTOHaMH B 

TeOpHH THroTeHHH H 'Tr -Me30HaMH B KBpaJibHOI .D:BHaMHRe 5U(2)« 5U(2)1 

OCHOBaHHOI aa· H9AHHeftHHX peaJIB3anHRX RHpaJibHOI CBMMe'l'pBB /S/. 

A1Ire6pa a4JHHHol rpynnu A(4) ~ p~@ L c~.R..) COC'l'OB'l' H3 reae

paropoE rpynnu Jlopeaua L,..v , reaeparopoE co6CTBeHHo a(\iHHHHX 

npeo6paaoEaHHH R,...v l'l reHeparopoB TpaHCXR~H PI"' 

tLLf"",Ls£'-1 = <c,.sLvc--8,...<:Lvy - (r ._..v) 

f-[Lt-"'• Rsd = 6rsRvz- + 61';:-R,S' - (r-·-..v) 

f{ 1-r" l ''rc 1 = ['rr L ;'-v + e,.._T:-L1"1 + ( t" .... V) , 

H L,.-~, rJ ] 8,..S ~. - &vy PI"' 

tl Rr", rf] 
I 

s,...s~• ;- &vpPf"' . 

PaccMoTpHM HeJIHHe!HHe npeo6pa30BaHHH B ~rop-npocrpaHcTBe 

AA)/L ' napaMeTpaMH KOToporo HBMilTCff ROOp.U:HHaTH xf" H .u:ecnn 

rOJI.llCTOYHOECKHX noJiel h f"" - rpaBHTOHOB • fuiBapHaHTH OTHOCI'JTeJ!b-
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' 

HO nBHeiHHX npeo6pa30BaHHft C nOCTOHHHHMH napaMerpaMH CTpORTCff C 

nOMO!Ubll <flopM RapTaHa i.tJ : 

c:-/.Jc. = t[ tu~(d)flt' .. ~cv~.(c~)R.,.., + 1£U~.,(J)Lrv 7 
(!2) 

G "'~pfiP,.xr1 e.,.r~it.~f>R.olf>L 

<1/opm 4../- onpe.u:enner KOBap.eaHTfillA .D:Hqx}lepe~m.ean roJUtcroy-

HOBCRHX noJiel ~ , a <fJopMI:I L<lp B ({JL. BCnOJ1b3Yil'l'CH ~ onpe.u:e-

JieHHJI KOBap.eaumoro .D:HtMJepeJmHpOBaHH.ll BHeiDHHX none! If' , npe

o6pa3YDJlBXCH no npe.u:craaneHH.IIN rpynDH .nopem:ta c reHeparopaM.e L '~' : ,.,.. 
'J)o.~ '= 'i:J'-f} /£-c)\ 

~\fJ = ( d + ~- tu~y(d} L :.V ) lf 
(!3) 

<1/opMH Rapraaa B 8KCDOReHUHaJibHO! DapaMeTpH3aQBB, COOTEeTCTEY

I!mel BU6opy HOpMaJibHHX KOOpnHHaT B .U:eCHTHMepHON npOCTpaHCTBe h~v, 

HMeDT EH.U: / 5/ 

i..U~(d) = ~,..vdkv 
. -f 

1 k1,.11 (d) ~ '2,.,.., d~!Jv 

Lu~.(d) = ~(t.v,.,(J) +W.f'(d\l"" tJ(rv) , 

W~v(d\ "'f(l.Jrv(d)- c..V~r(d)) =- W[r•1 

-I I.,\ -t r<-1.,) '2 f"V - l e I ,.~ J 2. ,., = .g r v 

HHEapHaHTHHe aneMeHTH ~nHHH H o6~eua crponrCR c noMOIUbll 

~OpM ul / 5/: 

(_ds( = tv"~c.v~ =.C]rvd1.f"dX" <;!I"" = 'C_f'"' '2_ 'lV ' 

dV = f-1' d~ X = - (-AJ~(,J) ~~(cJ) W~(d)·w; (d) • 
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Tpe6oBaHHe MHHHManDHOCTH no ~-c~ npoHaEo~x He ~RCHPYDT 

0~03Ha~HO TeOpHD, TaR KaR TpaHC~OpManBOHHYe CBOICTBa KOBapHaHT

HOI npOH3BO~OI {13) He B3M8HRDTCff, 8CRB R Hel ~06aBHTD pa~ 'J~eHOB 

Taro &e no~a no npOH3BO~OI C npOR3BO~DHYMH K03~H8HTaMH 

CJ. , C.z.. , c~ : 

• ..f' 

\}'!.. '+' =- "''S~ l.j) ..- z v,._vl ~ (ct/z, cl )Lf'V IJJ 1 "'()') 

\jrv.~ == W[r-v],x -r c1(Wt_v~J,,..- Wq.-.A),v] 

-J '"\ 
'2 uv 

~If 3 

-t- C.!.(BrA ~cr), t1 - &vA ~<t),("] t- c ~r 6' /'~ t4:~cs),ij- - f)~A ~<>HJ 1 
- t 

tv r~ , K = '2 r-\i £5 r '2.. ~>v 

(!6) 

KaK noKaaaHo B pa6ore 151, napa~~erp.r C 1 , C2 , c.J O.IU:Io-

3Ha~Ho onpe~eMDTCff as rpe6oBaJUUI, '1To61i reopu o~oBpeMeHHO co

OTBeTCTBOB~ H8ABH8IHOI peaABa&UHH KOH~OpMHOft rpynnu 

c~.. = -i, c.z. - c 3 = o (17) 

3TO Tp860BaHB8 npHBOHT K T80pBH T8H30pHOrO nOM, ypaBH8HHH ROTD

pol COBUanaDT C ypaBH8HHHMB 31HmTeiHa. 

CymecrEyeT ~pyras Eoauoaaocrb. K 3Ha'I8HIU!M napauerpoB {17) 

npBBO~T ecrecrEeHHoe rpe6oBaHHe ro~ecrBeHHoro paBeHCTBa HY~ 

KOBapHaHTHOI npCMSBO~HOI MeTpuqecKoro T8H30pa: 

fj.,., '4 ('Ali = 0 ' {18) 

r~e Q}. onpe~e~eHo corMcHo {IS). 

KoBapHaHTHOe BYpa&eHII8 .Jt,llll CaMIIX rOJJ)lCTOYHOBCKHX nOJI81 h /"V 

UOKHO no~'IHTD, paCCMOTpeB KDMw,YTSTOp KOBapHBHTHYX npOH3BO~X 

BHemHero nOJlll 'f) : 

12 

(v>-G.s>-vJ>v>-)4-' =jQ.f"'J,~~L;.., ~.P, 

r~e R.,..,.)~~ = ~~ v,.v,\' + v,.~,rVs(,A + vt'l,f Vv(JA - (.!.-- S'). (I9) 

Be.mJq:ma It r-v, A~ CBIIaaHa c reHaopaua PIIU&Ha R,.vAv , PB'J~H 
R_ 1"}.. II CKIUIIpHOI KpiiBII3HOI R_ CJI8,11YIIJIHM o6pasouf5/ : 

R.r"A~ = ~,..p. 2.,,;'2~~ ~ft R..pv, J_r 

R.,.,.~ = ~,.;:;. ~H R.f'v,Iv 

R. = R.rv ~rv 

BeJIJII'IHHa R. rv, >.~ 11 ee cBepTKB Blipa&eHY EaR qepes ~puY 
KapT&Ha qap;rop-npOCTpaHCTBa - iiJR. , TaR II ~OIMf KapTaHQ DO,Il-

L. 
rpynml CT86B.Il>HOCTII BaRyyUQ - W • KaK 6fiJlO BWICH8HO B pa3~8Jl8 3, 

~ pasJIB&eHBH B no'IAeHHD-BHBapHSHTHHI ~ Tsl.llopa rpaBBTaQIIOR

HHI ArpaHDaH R. ~ Heo6XO.ItBMO BYpasBn qepes ~opMii Kapr&Ha 

(a IIX KOBapaaurHYe npoasBO.IlHWe) TOJIDKO qap;roP-npocrpaacrBa A~)/.! 

ITOJIHYI Ha60p IIHBSpHaHTOB ~01 rpynnH corJIQCHO o6mel Teo

pBB oee'l' BH.Il 

[\7~1 w"t2.rw~t~ [o"'~c.vPf'-(w" J'': (20) 

r~e 'iJ - aiPJmHaR KOBapHaH'l'B.aa npOB3BD,ItRaR {!3), VI~ ,. · V1 6 - no

.I:ODT6.1l>Bi18 Il8JIII8 'IHCJIB. Ec.o B {19) H8 BC8 BB,Il8KCii H8MH8, '1'0 co

OTB8TCTBJDl88 BHpa&eHR8 RBHR8TCR KOB&pBaHTOM (npeo6pasyeTCR DO 

npe~craaneamsK ~BHHol rp,ynnH). 

Hs coo6paaeHBI paaKepaocn scHo, 'ITO R !'-", Av oeer BH.Il 

R,.vJ~~ = (cd.[vtwR].J. -t cr-[wP-1; ),..v,~f (21) 
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3,nec:o C~ 1 Cf' - 'IHCJieHHJie KOaqxpHUHeH'l.'Y 1 KOTO{Iie He06XO.JlHMO 

ODpe,neJIHT:D. lliJ.neKCii ~ , {I> 03Ha'laDT 1 'ITO 'IJieHOB TJma 'V41R 

H l iiJ F.. J'2 
MOI.eT 6iiTD HeCKOJil>KO (pa3JIH'IHYe CDOCo6ii CBepTKH) • 

lloKal.eM, 'ITO C y'leTOM COOTHOmeHHA Me~ ~OpMaMH KapTaHa, 

Biipa:U.eMUX CTPYRTYPHIIMJII yprumeHHJDAH KapTaHS /?/, BCe JIHtllHHe 'IJieHY 

( W\ 'r>uJ'-) B (!9) BliDa,naJIT H I!_ t'v, ~~ MOI.eT 6iiT:D CBe,neHO R 

BlUJY (2I) . 

CTpynypHHe yoamreHB.II aWmJHOI rpymm 

CrpprypHHe ypaBHeHBJI oTpaaanT TOT cia:KT, 'ITO np:e .nelcT:en:e 

Ha CK8JliiP (~JIHHOI rpynDB) ,D;Ba II8JD,IX BJieMeHTa rpynllll ROMMJTBpyllT. 

B paccMaTp:ePaeMoM cny11ae HNeeM 

($)I I;.? - 8y 8;. ) l = 0 (22) 

() ·[ [' p t R_ ! L ] 
Y"' l {,],..,~ ·r- t- l_Wt'"'!' R.rv + 2:Wrv,y L,_,." (23) 

ITo.ncra:eJIRH (23) B (22),nocJie .no:eoJIDHorpoMos,nKHX auqucneHH~ nonyqa-

eM crpprypHHe ypaEHemm ~HHHoA rpynllll: 

r ) ' [r R-1 (". (w,. ~Y - IN W t- W '-- ~, ~r ~t ~ , "'-J ~r 1 ~S' ) 

(~~v ) r~J' =:: 2 { w" CJJL. J (24) 
-l.,v, fr >-s 

( t~,{,.., )'~.f = [ W~r ,w~v ]Ay + [ W~11 , w~f.] A_p 
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r.ne (w~v )'~1 -= i3~ LV~~~(~,) - ~1 w~" ('n'l) 

w w =LL! w -LJ. 1.0 l ,'- L 1 '- L L L 

~~~' ~ r ~J' fv, f 11"', ~ ~"' ~ ~r 1 S' 

TO I.e CaMOe .llJif.[ t,_/ H ~./ • 

ITo,ncTaEJlllll coorHomeHHe (24) B BHpaaea:ee .llJIR: R f""? A.f (19), 

aaxo,nHM 

R. {) -iJ,b,Jr.. -\7.£-J + ''r"' >-r - A Jt"•" ). .r .. ? r 

+ w"' w R.. - c.uR. ul· + tv,,. kr,r rr,~ >-t,.r 
+ ,, ,R R WR R. 

vvy)(,f"b.Jl.f,Y- J''iJ!"W~v,(( + 

w"- 11.. R. w~ 
t- w ,r t.J "" ).r - w S'f" -0' ~.r l v 

(A L~ J') 

~ CKaJiapHOA KpHBH3HH HMeeM 

[ R.. v: R. ]+ R = R,..,.ll'" ::: 'Z \7f"Wvr-1v - f"'VJvv,r-. 

2[ R. 1:.. It WR. R i:. l- ( ) 
i- turr,rwvv~~ +Wf"r,~ t"~,t -wrr,rwvf,v 25 

[ t: ~ R . R. 1 *) -2. t.u r-~,v u.; r't, v + w ,..,. ~~tV"" ,,r • 

ill) Ifai1,nemwe 3Ha'leHIDI R08qxpHUHeHTOB C.,._ , C~ MQ:IHp Do.nyt!HTb 
H H3 rpe60EaHIDI KO~OpMHO~ HHEapHaHTI!OCTH BHpalKeHIDI t2l}. 
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c 

r.D.e 

"Y,rr.mmeHHble" cpopMH Kaprrura, HaA.D.eHHble 11s ypa~meHII.II (12} 

G'=G(~)~(h)H HeHY~eBHMH Haqan»HbiMII ycnoEI!RMII (14},HMeDT EII.D.: 

-,f' . - \ f " <f 1 Wt'(tv,~ = e. e f"'V rl ~v 
(26} 

-- ) ( -I., -l(J 7 [ -I., -4'] ~ ( 'f 1-.1 
!.0rv,~ (w,l.. =- le.. e 1r'l' e e tJ. u<-( e <-2 'lV 

r A \2J J f"V ::-;:. A r~ ~ q \1 

KaK EH,II.HO H3 cpopMY~ (26), (!5), (25) 1 B cpopMaX KaptaHa, a 

C~e.D.OBaTeJibHO, H B Jial'paHliHaH8 IIp0¥ICXO.D.HT p83.Il8Jl8Hl&e rrepeM8HH!1X, 

3aKJlllqeHHe 

liCCJI8,D.OBaHH8 aHaJIOl'HH Me'l,ey rpaBHTB.UHeft H KHpaJibHOH .mma

MHKOI, BII8pBH8 OTMeqeHHOI B / 5/, II03BOnaeT 3aiiHCaTb sftHwreftHOB

CKHI narpaHDaH B repMHHax .D.H®epeHIUia.JILIWX cpopM KapraHa rpymru 

acpHHHbiX rrpeo6pasoBaHHft. CcpopMYJIHPOEaHa rroqJieHHo-HHBapHaHTHM re

opBR B03MJm8HHft B MO.D.HcpHUHpOBaHHOM cpOpManH3M8 EH8illH8l'O cpOHOBOl'O 

IIOM
1
H ,D.OKaSaHa ee 3KBHEaJI8HTHOCTb Ha MaCCOBOI ITOB8pXHOCTH o6Hq

HOMY no.nxo,ny. 

B KHpaJiblWX T80pBRX HCIIOJib30BaHHe B nepeHOpMHpOBQqHOft npo-

U8.IJ.Ype cpopM Kaprrura rpynnH cHMMeTpHH narpaHliHaHa nosBonner sa

MeTHTb .D.Ba 06CTORT8JlbCTBa: 

!) AllarpaMMHaH TeXHHKa B cpopMBJIH3M8 BHemHero cpOHOBOl'O IIOJin 

CO.D.8pliHT ROHeqHoe qHCJIO fHIIOB BH6mHBX ~ (~RUHft RJiaCCzqecKo-

1'0 noM), qro nosBoMeT o6cya,naTL n -neueBoe npH6JIH:&eHHe 

2) He ace HHBapHaHT!i rpyniiii BXO,JVIT B ROHTpqJieHH. 
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ilO.D.06HOI CHT,YaiUIH MOZHO OliH,D.aTb H B rpaBI!Ta~l!ll, 3tOT BO

DpOC •cc~8JY8!CR. 

ABTOpaM IIPHRTHO no6Jial'O,D.apHTb n.H.EJIOXHHUeBa, A.A.BJia~HpO

Ba, n.M.Ka3aKoBa, P.Kannow, B.M.OrHeBeUKOl'O, M.B.TDTHHa, E.C.~pa.D.

KHHa H ~.B.illHpROEa sa IIOJI83Hbl8 o6cy~eHHR H CTHMJ~pynmyD KpHTH

Ky. 
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