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Banyea E.H. P2 - 11638 

0 peanH38UHH HHTerpana no BHTHKOMMYTHPYIOIUHM nepeMOI!!!blM 

noKaaauo, 'ITO onpeaeneHHbti! Eepe3!fHblM HHTerpan 110 BHTIIKOMMYTHpyiO
mHM nepeMeHHhtM MOJKHO pean!faonaTh B BlfJle cneaa Ha anre6pe Kn11¢cpopna, 
¢aKTI!'leCKH, aTa peanH3BUIIR noaaonHeT yTO'lHifTh onpeaeneaHe HHTorpaaa. 

Pa6oTa BbliiOnHeHa B na6opaTOplfH TeopeTH'teCKOH ljl!f3HKH 0115111. 

npenpHRT 06'beAHROt!ROrO IIHCTHTyTa RnepHblX HCCnenoBat!HH, ily6Ra 1978 

Valuev B,N. P2 - 11638 

On Realization of Integral over Anticommuting Variables 

It is shown that integral over anticommuting variables defined 
by Berezin may be realized as a trace on Clifford algebra, In fact 
this realization makes precise the definition of the integral. 

The investigation has been performed at the Laboratory of 
!Theoretical Physics, JINR. 
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B pa6oTax nocne,IJ,Hero apeMeHH, a oco6eHHOCTH nocaJI· 
Il{eHHbiX cynepCHMMeTpHHM, Hepe,ll,KO HCnonLJyeTCJI nOHHTHe 
HHTerpana no aHTHKOMMYTHpyiOII.{HM nepeMeHHbiM, onpe,IJ,e • 
neHHe KOTOporo 6blnO ,IJ,aHO liepe3HHbiM /1-3~CM. TaiOKe /4~ 
AKCHOMaTH'IeCKHH xapaKTep onpe,IJ,eneHH.JI Tpe6yeT yKa3aTb 
KaKyiO·nH60 KOHKpeTHYIO peanHJaJ.J;HIO :HOB onepaJ.J;HH. B 
o6Jope OrueaeuKoro H MeJHH'IecKy/5/u KHHre lioronro6oaa 
H lliHpKOBa/6/ OTMe'lanOCb, 'ITO onepaUHJI HHTerpHpOBaHHJI 
no aHTHKOMMyTHpylOII.{HM nepeMeHHbiM 3KBHBaneHTHa onepa· 
J.J;HH ,lJ,HcWlepeHJ.J;HpOBaHHJI, HO 3TO JaMe'laHHe ,IJ,enaeT HeJICHOH 
He06XO,lJ,HMOCTL OT,IJ,enLHOrO onpe,IJ,eneHHJI onepaUHH HHTer· 

pupoaaHHJI. 
B uacTOJIII.{eii JaMeTKe o6pall{aeTCJI BHHMaHHe ua ecTecT· 

BeHHYJO B03M0)1(HOCTb peanHJaUHH HHTerpana KaK cne,IJ,a 
JneMeHTOB, npuua,IJ,ne)l(all{HX anre6pe ~epMHOHHbiX onepa
Topoa /anre6pe Knu«Wlop,IJ,a/. TaKaJI peanHJaUHJI, OTMe'leu
HaJI a neKUHH/7/noJaonJieT yJICHHTL CMblcn clJopManLHO 
onpe,IJ,eneHHOH O~epaJ.J;HH HMeHHO KaK onepaJ.J;HH CYMMHpO· 
BaHHJI. qT06bl peanHJaUHJI CTana B03MO)I(HOH, Heo6XO,!J,HMO 
H3MeHHTb onpe,IJ,eneHHe HHTerpana, HO 3TO H3MeHeHHe, KaK 
6y,IJ,eT noKaJaHo, ue MeHJleT ero caoiicTa, nony'leHHbiX 
liepe JHHbiM/1-3/, 

B npocTeiiweM cnyqae /cM./1/; HHTerpan no aHTHKoM
MYTHPYJOII.{HM nepeMeHHbiM onpe,IJ,enJieTCJI ua JneMeHTax 
F(x) anre6pb1 rpaccMaHa c n o6pa3yJOII.{HMH Xi : 

I i jl 0 ( i)2 0 .. 12 X X = , X = , l,J = , ... ll , 

F( ) a a {3 1 2 n 
X = a

0 
+a X +a ~ X + ••• +a X X ••• X a ap 12 ... n ' 

/1/ 
a<{3< .... 
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3,IJ,eCL H ,IJ,anee no rpeqeCKHM HH,IJ,eKCaM no,IJ,pa3yMeBaeTCH 

CYMMHpOBaHHe. ci>HrypHble CK06KH 0603HaqaiOT aHTHKOM

MYTa TOp, K034lclJHUHeHTbl a- npOH3BOilLHLie KOMnneKCHLie 

qHcna. 11HTerpan 0603HaqaeTCH CHMBOilOM 

fF(dx) , (dx) ,., dx dx 
1 

... dx 
1 n n- /2/ 

H Ha O)l,HOqneHaX onpe,IJ,enHeTCH KaK nOBTOpHblB, npHqeM 

O)l,HOKpaTHbie HHTerpanbl no onpe,IJ,eneHHIO TaKOBbi: 

Jdxk=O, fxkdxk=l. /3/ 

CHMBOilbl dXk no,IJ,qHHHIOTCH COOTHOWeHHHM 

I dx i dx k l = 0 , /4/ 

lxidxkl = 0. /5/ 

Y CnOBHe nHHeHHOCTH onpe,IJ,enHeT HHTerpan ,IJ,nH ni06biX .F(x): 

JF(dx) =a 
12 ••• n 

/6/ 

0TMeTHM npe)f(,IJ,e acero, qTo c«llopMynHpoBaHHbie ycno

BHH He n03BOilHIOT ,IJ,aTb pa3yMHYIO peanH3aiJ;HIO HHTerpana. 

,LJ;eiicTBHTenLHo, paccMOTpHM BTopoB: H3 HHTerpanoB /3/ 
H npe,IJ,nono)f(HM, qTo xk H dxk npe,IJ,cTaaneHbl MaTpHo;aMH, 

Y,IJ,OBneTBOpHIOIIJ;HMH COOTHOWeHHHM /4/ H /5/, T.e. MaTpH

o;aMH, peanH3YIOIUHMH anre6py rpaccMaHa c Y,IJ,BOeHHblM 

qHcnoM o6pa3yiOIIJ;HX. ITycTb cyiiJ;ecTayeT TaKoe oTo6pa)f(e- . 

HHe, KOTOpoe Ma TpHD;e X k dx k CTaBHT B COOTBeTCTBHe 

+1. Tor,IJ,a, He Hapywa.fl COOTHOWeHHH /4/ H /5/, B KaqeCTBe 

Ma TPHUbl x k MO)f(HO B3.f1Tb Ma TPHUY dxk H Hao6opoT. B 3TOM 

cnyqae To *e caMoe oTo6pa)f(eHHe ,IJ,acT -1. 3To 03HaqaeT, 

qTo He CyiiJ;eCTByeT OT06pa)f(eHHH CO CBOHCTBOM /3/, He 

3aBHCHIIJ;ero OT Bbl60pa npe,ll,CTaBneHH.II )l,ilH 3ileMeHTOB 

anre6pbl. il03TOMY XOTH 6bl O,ll,HO H3 Tpe6oBaHHH /3/-/5/ 
,IJ,Oil*Ho 6blTb H3MeHeHo. Cne,IJ,yeT 3aMeTHTb, qTo npH 

COOTBeTCTBYIOIIJ;eM HCTOilKOBaHHH noBTOpHOrO HHTerpHpO

BaHH.II MO)f(HO onycTHTb Tpe6oBaHHe /5/, H60 CHMBOilbl 

,ll,H4lclJepeHo;Hanoa acer,IJ,a CTOJIT cnpaaa, H, nocne 3aMeHbl 
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xndxn Ha e)l,HHHIJ;y, MO)f(HO aHanorHqHo npOHHTerpHpOBaTL 

no OCTanLHblM nepeMeHHblM, He HCnOilb3YH /5/. 
3aMeHHM Tenepb ycnoaHe /5/ ycnoaHeM 

lx i dx k l = 8 ~, dx = x * , /5 '/ 

r,IJ,e 8~ - o6blqHblB CHMBon KpoHeKepa. TaKHM o6pa3oM, 

Mbl nepexo,IJ,HM oT anre6pbl rpaccMaHa K anre6pe Knu«ll

«llop,IJ,a, B COOTBeTCTBHH C qeM H3MeHHeM 0603HaqeHHH 

,IJ,nH ",IJ,H4lclJepeHo;Hanoa". lloKa)f(eM, qTo HHTerpan /2/ c 

ycnOBHeM /5 '/ BMeCTO /5/ MO)f(HO peanH30BaTb B BH,IJ,e 

cne,IJ,a 

f.F(dx) = 2 n Sp [.F(x) x * x * ••• x*]. 
n n-1 1 

/7/ 

3,IJ,eCb BMeCTO a6CTpaKTHblX 3neMeHTOB no,IJ,pa3yMeBaiOTCH 

npe,IJ,CTaBnJIIOIIJ;He HX Ma TpHD;bl. CHMBOn Sp o603HaqaeT 

cne,IJ,, ,IJ,eneHHblB Ha nopJI,ll,OK MaTpHu; npe,IJ,cTaaneHHH. 

PeanH3aiJ;HJI /7/ o6na,IJ,aeT BCeMH caoiicTBaMH HHTerpana, 

yKa3aHHbiMH Jiepe 3HHblM /1-3/. . 
)l;eHCTBHTenbHO, H3 /7/ npoCTO cne,IJ,yeT /6/, TaK KaK 

Sp(x1 x 2 ••• xn- 1 x nx*x* ••• x*) = 
n n-1 1 

=Sp(x 1x 2 ••• xn- 1 x*xnx* ••• x*) = 
n n-1 1 

1-
= -Sp(x 1x 2 ••• xn-1 x* 

2 n-1 
••• x*),2-n 

1 • 

a cne,IJ,bl OCTailbHblX O)l,HoqneHOB paBHbl HyniO. 

fiyCTb f(X) H h(x) - COOTBeTCTBeHHO HeqeTHblH H qeT

HblB 3neMeHTbl anre6pbl rpaccMaHa. CaoiicTaa npoH3Bo,IJ,

HblX /eM. /1,2/ I nonHOCTbiO aocnpoH3BO,IJ,JITCJI, ecnH nono

)f(HTb 

a 
--r(x) =I x*fl, 
axk k 

a 
--h(x) =I x*h l 
iJxk k 

<I>HrypHble CK06KH C MHHYCOM 0603HaqaiOT KOMMyTaTOp. 
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0TciO.n.a .LJ.JUI npoHJBOnhHhiX F(x) H G(x) nonyqaeM npaouno 
HHTerpupooaHHH no qacTHM I 1/: 

a n-
JF(--'G)(dx) =2 Sp(Fx*Gx*x* ... x*) 

axk k n n-1 1 

= f (F-a-) G(dx) . 
axk 

IBI 

PaccMoTpHM .n.anee npeo6pa3oBaHHe HHTerpana 17 I npH 
llHHeHHOH 3aMeHeo6pa3yiOIQHX yk=Lkxa, detjjLjj;iO.TioTpe-
6yeM, 'IT06hi y k H y; = M r X~ ~aK)I(e y.n.ooneTBOpHnH 

cooTHOllleHHHM ou.n.al5 '/. Tor.n.a liM I\~ I \LI\- 1• AoToMop<iJH3M 
anre6phl Knu4>4>op.n.a xk,x£-->yk, Ye onpe.n.enHeT TaKyiO 
MaTpHI.I,y S, 'ITO Sxk s·1"' y k, s X rs·1 = Ye*· npH'IeM B o6II.J,eM 
cnyqae MaTpuua S He yHHTapHa. Teneph npaouno 3aMeHhi 
nepeMeHHhiX JneMeHTapHo cne.n.yeT H3 17 I: 

JF(x) (dx) =JF(y)(dy) =JF(y(x)) detiiM\\(dx) 

-1 
=JF(y(x))detiiLII (dx). 191 

HaKoHei.J,, o6cy.n.HM npeo6pa3ooaHHe HHTerpana npH He
llHHeHHOH 3aMeHe x k --> y k : 

y k = f k(X) ""a k X a + fk (x) + f k(X) + . ., , 
a 3 5 1101 

k k 
r.n.e a a - 'IHcna, f m - He'leTHhle JneMeHThl cTeneHH m. 
qT06hi TaKaH 3aMeHa nopo)l(.n.ana aoToMop4>H3M anre6phi, 
He06XO,l].HMO H ,l].OCTaTO'IHO* BhlllOllHHThYCllOBHe detjjakjj;iO. 

a 
B 3TOM cnyqae MO)I(HO nocTpOHTh Ma TPHUY 

S = exp (g a x * ) , 
a 

1111 

KOTOpaH nopO)I(,l].aeT npeo6pa30BaHHe 1101, Sxkg-1 = y k, 

"' 1 1 2 n .,. Heo6xo.n.HMOCTh cne.n.yeT HJ Toro, 'ITO 0 rc f f ... f = 

= det\!a\lx1 ... x n. ,l1;ocTaTO'IHOCTh BhiTeKaeT H3 nocne.n.yiO
I.Qero llOCTpOeHHJI. 
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l 

3,l].eCh g a (X)- He'leTHhie 3lleMeHThl. ,l1;eii:CTBHTeilhHO, HeT
PY.ll.HO Haii:TH TaKyiO MaTpuuy S 1 ou.n.a 1111 c nHHeii:HhiMH 
<PYHKI.J,HJIMH ga' 'ITO sl X k 811 = a~ X a . Tor.n.a 

-1 k k (l)k (l)k 
8 y 8 =X + f + f 

5
+ 

1 1 3 

11H,l].eKC (1) CBepxy yKa3hiBaeT Ha TO, 'ITO COOTBeTCTByiO
IQHe qneHhi nonyqunHCh B pe3ynhTaTe npeo6pa3oBaHHH, 

(1) 

nopO)I(.LJ.eHHoro S 
1
. Tiono)I(HM Teneph S 3 = exp (f ~ x ~ ). JlerKo 

npooepHTh, 'ITO 

-1 -1 k k (3)k (3)k 
S S y 88 =X +f +f + ... 

3 1 1 3 5 7 

TipO,l].Oil)l(aH 3TY npOI.J,e,l].ypy,nony'IHM, 'ITO Sxk S- 1 = y k 
S = S 18 3 ... , npH'IeM Ka)l(,l].hlH H3 COMHO)I(HTeneii HMeeT BH,l]. 
I 111. 0TciO.n.a c noMOI.QhiO 4JopMynhi KeMn6enna- Xayc.n.op
<Pa nonyqaeM, 'ITO S npe.n.cTaBnHeTCJI B TaKOM )l(e ou.n.e. 
Tipeo6pa30BaHHe 1101 ecTeCTBeHHO BKniO'IaeTCH B O,l].HO
napaMeTpH'IeCKYIO rpynny npeo6paJoBaHHH, nopo)l(.n.aeMyiO 
JneMeHTOM S(t) = exp (tg ax* ) , t - napaMeTp. TipH 

a 
3TOM 

d k 
_Y_ = gk (y(t)) . 1121 

dt 

Teneph, cne.n.yH EepeJHHy/2/ ooe.n.eM Bhlpa)l(euue* 
' 

J(t)=Sp[F(y(t))!\-1 (y(t) )x*x* ... x*], 
X n n-1 1 

y ark 
A(-)= detl\--a li • 

X ax L 

,l1;anee MO)I(HO 6yKBallhHO llOBTOpHTh BhiKlla,l].KH pa60Thl/2/ 
H llOKaJaTh, HCllOllh3YJI 1121, 'ITO npOH3BO,l].Hhie J(t) no t 

* 3.n.ech onpe.n.enHTenh .'1 noHHMaeTCJI KaK o6hi'IHaH 
3HaKonepeMeHHaJI cyMHa, T.e. JIBnHeTCJI JneMeHTOM an
re6phi. 
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rrpu t =0 paBHbi Hymo, T.e. J(t) "' J(O) I 'ITO u ,IJ.aeT 
<IJopMyny 3aMeHbi rrepeMeHHbiX, o6o6~aro~yro 191: 

-1 y J F(x) (dx) = f.F(y(x)) ~ (-)(dx). 
X 

1131 

0TMCTHM O,IJ.HO cne,IJ.CTBHC H3 3TOH <IJopMynbi. llyCTb 

k ~k k 
y onpe,D.enCHbi paBeHCTBOM 1101 H -- = f . liy,IJ.eM 

axr r 

HCKaTb y* B BH,IJ.e ¢ax*, r,D;e ¢a (x) - 'leTHble 3neMeH
Tbi. Tor,IJ.l H3 coxpaH~HH) rre~ecTa~OBO'IHbiX COOTHOWCHHH 
15 'I cne,IJ.yeT, 'ITO ¢~fa=(\ 1 H MO:>KHO noKa3aTh, 'ITO 

HaH,IJ.CHHbiC TaKHM o6pa30M y* Y.D.OBllCTBOp.JUOT COOTHO· 
k 

weHHJIM BH.D.a I 41. Cne.nosa TenbHO: 

f.F(x) (dx) = J F(y)(dy) == 2nSp[.F(y(x)) ¢:x~ ••• ¢~xi;]. 

PaseHCTBO 1131 03HaqaeT, 'ITO see x* no,IJ. 3HaKoM 

cne,IJ.a MO:>KHO nepecTaBHTL Hanpaso. 
TaKHM o6pa3oM, peanu3aD;HJI 17 I no3BOnJieT yTO'IHHTh 

onpe,D.eneHHe HHTerpana H ,IJ.aeT B03MO:>KHOCTb nony'IHTL 
ero csoB:cTBa. KaK y:>Ke ynoMBHanoch /5~6/, HHTerpuposa
HHe 3KBHBaneHTHO n -KpaTHOMY .D.H4J<llepeHUHPOBaHHIO. 3TO 
CBOHCTBO H npaBHllO HHTerpBpOBaHHJI IIO 'laCTJIM CBJI3aHbi 
C TCM, 'ITO paccMaTpHBancJI llHWb HHTerpan MaKCHMallbHOH 
KpaTHOCTH. Onpe,IJ;eneHue 11 I ecTeCTBeHHO pacnpocTpaHHTb 
Ha cnyqaii MCHbWei KpaTHOCTH, IIOllO>KHB 

fFdx ... dxk "'2n-k Sp[F(x)x* ... x*k ]. 
n + 1 n +1 

3TOT HHTerpan IIpH k > 0 y:>Ke He 6y,IJ.eT o6na,IJ.aTb CBOHCT· 
BOM 181, H, KOHe'IHO, He COBIIa,IJ.eT C pe3yllbTaTOM ,IJ;H<IJ· 
<IJepeHuuposaHBJI. Bu,IJ;uo, 'ITO oH paseH saKyyMHOMY cpe,D.
HeMy Bblpa:>KeHHJI B KBa,IJ.paTHbiX CK06KaX. 0TMeTHM TaK:>Ke, 
'ITO npe,D.cTasneHBe BHTerpana B <IJopMe cne,IJ;a ,IJ.e?aeT 
noHJITHbiM ero no.JisneHue npu peweHBH MO,IJ.enu H3BHra 

8 • 4~ 

ABTop 6naro,IJ;apeH 3a o6cy:>K,IJ.eHH.II B.H.OrueseUKOMY 
u M.H.IllupoKoBy, li.M.3ynHHKY u H.T.To,IJ.oposy. 
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