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EapTenb P ., Po6awHK .U. P2 - 11524 
0 cymecTeoeaHHH npeacTaeneHHH .Ueaepa-fHnb6epTa-CyaapwaHa 

Ha ocHOBe npeacTaeneHHH AocTa-fleMaHa anH oaHoqacTHqHoro MaTpHq

Horo aneMeHT8 KOMMyTaTopa TOKOB <pi(j(x), j(O)]ip> = <(Xo)C(x2,x 0 ) 

HayqaeTCH cymeCTBOBSHHe npeacTaeneHHH .Ueaepa-funb6epTa-CyaapwaHa 

(.UfC). npu HCUOnb30B8HHH 8H8nHTHqeCKHX H <jlyHKUHOHanbHbiX CBOIICTB 

9TOrO M8TpHqHoro aneMeHT8 AOK83biB89TCH, qTQ CU9KTp8nbH8H <jlyHKUHH 

anH npeACT8Bn9HHH .UfC cymeCTByeT B 06blqHOM CMbiCne TOraa H TOnbKO 

Toraa, KOraa e(x 2 ,xo)~S'(R+xR). B o6meM cnyqae cneKTp8nbH8H 

cjJyHKUHH siBnHeTCH aneMeHTOM 6onee cnolKHOro npocTpaHCTBa <I> i B • BaJKHbiM 

CBOIICTBOM npH 9TOM HBnHeTCH paCWHp9HH9 HOCHT9flH CU9KTpanbH~H <jlyHK-

UHH • .UaTb UpOCToe OUHC8HH9 UpOCTp8HCTB8 <I> i B He yaaeTCH, 
0 

Pa6oTa BblUOnHeH8 B na6opaTOpHH TeopeTHqecKOA <jJH3HKH OIU:IH. 

llpenpRHT 06benHH9HHOrO HHCTHTyTa gnepHhlX HCCnenOBSHHA. lly6Ha 1978 

Bartel R., Robaschik D. P2 - ll524 
On the Existence of the Deser-Gilbert-Sudarshan 
Representation 

Starting from the Jost-Lehman representation tor the special 
one particle matrix element <pI[ j(x) , j(O) lip>= •<xo> C(x 

2
, x o) 

the existence of the Deser-Gilbert-Sudarshan representation is 
investigated. Exploiting analytic and functional properties of this 
matrix element it is shown, that the~ DG5-spectral function exists 
in the usual sense if and only if C(x 2, x 0) ~ S '(R+ x R) . In 
general this spectral function belongs to a more complicated 
space «l>i B .An important feature of this spectral functions is an 
extensio:: of the support to negative values of >.2 . An outstanding 
problem is a simple and direct description of the space «1> 1 B. 

0 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JlNR. 
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© 1978 06'be/1HHeHHblit HHCTHTyT H/1epHb1X HCCne/IOBBHHil /1y6HB 

1. BBB/l.BHHB 

IJ.eJib HaCTOJIIJ.(eH pa60Tbl - HCCJie,!J;OBaTJi tpe,!I;CTaBJie· 

HHe ,D;e3epa-rHn&6epTa-Cy,!J;apwaHa ;,n;rc; 
1 

,KoTopoe AO

Ka3aHo B npH6JIIDKeHHH TeopHH B03Myll(eHHH I 2/, B paMKax 

061J.(HX npHHUHDOB KBaHTOBOH TeOpHH DOJIJI. )J;JIJI npOCTOTbl 

orpaHH'IHMCJI paCCMOTpeHHeM npe,!I;CTaBJieHHJI ,lJ;rC ,!J;JIJI MaT· 

pH'IHOro 3JieMeHTa 

C(x) =<pl[j(; ), j(- ~ )]lp>' /1.1/ 

r,!J;e j(x) - cKaJIJipHbiH onepaTop TOKa H IP>- OAHO'IaCTH'I

Hoe COCTOJIHHe C 'leTblpeXHMDYJlbCOM p = (l,(h. 113 061J.(HX 

npHHUHDOB KBaHTOBOH TeOpHH llOJIJI - peJIJITHBHCTCKOH HH· 

BapHaHTHOCTH, Cyll(eCTBOBaHHJI llOJIHOH CHCTeMbl COCTOJI• 

HHH C llOJIO)KHTeJibHOH 3HeprHeH, MHKponpH'IHHHOCTH - H H3 

npe,!l;nOJIO)KeHHJI yMepeHHoro pocTa li>YHKUHH C(x) BbiTe

KaeT cne,!J;yJOIJ.(ee onpe,!l;eJieHHe. 

Onpe,!l;eneHHe 1. 06o61J.(eHHaJI 4JyHKUHJI C(x) Ha3bJ· 

BaeTCJI ,!J;OllYCTHMbiM MaTpH'IHbiM 3JieMeHTOM, eCJIH 

C(x) = -C(-x) , C(x) ~ S'(R 4
) , 

C(x) 0 npH X 
2 < 0, 

C(q) F [ C(x) )(q) 
. ~ 

fd4 xe
1qx C(x) =0 npH lq

0
l<lql-1, 
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~ ~ 

C(x
0
,x) - pa,D;HaJILHo-cHMMeTpH'IHa no x. HcnoJILlYJI 

,D;JIJI BCeX ,D;OnyCTHMbiX MaTpH'IHbiX 3JieMeHTOB cy~eCTBOBa· 
HHe e,IJ;HHCTBeHHOrO npe,D;CTaBJieHHJI flocTa· JleMaHa- ,lJ;aii
COHa /flll,D;/ 

C(q) =t(q 0)fdt\2 ct3 u8(q~-(q:+u) 2 -/\2)1/J(/\2,J). /1.2/ 

2 ~ - 3 
1/J(/\ ,u) ~ S'(R+ xR ) , 

2 ~ 2 ~ .... 
supp 1/1 (/\ , u) c II\ , u: 1\ ~ o . I u I :s. 11 , 

/1.3/ 

/1.4/ 

2 .... .... 
'1'(/\ , u) - pa,D;HaJibHO·CHMMeTpH'IHO no U, HaH,IJ;eM B CJie· 
,IJ;yro~eM naparpacl>e 6onee KOMnaKTHoe onHcaHHe ,IJ;ony
CTHMLIX MaTpH'IHbiX 3JieMeHTOB B TepMHHaX CHMMeTpH'IHbiX 
qacTeii C(x 2 • x). B TpeTbeM naparpacl>e ,II;OKa:>KeM, 'ITO 
npe.D;cTaaneHHe ,n;rc, npHHHMaroi.Qee .D;JIJI /1.1/ BH.D; 

- 2 2 .... 2 2 2 I 
C(q) =fdl\ dadq0 -a)8((q

0
-a) -q -1\ )p(/\ ,a), 1.5/ 

2 2 2 , -
p(l\ ,a)=p(A ,-a), p(l\ ,a)~ S (R+ xR), /1.6/ 

supp p (1\ 2 ,a) C II\ 2 ,a: 1\2 > 0, \a \ < ll , - - /1.7/ 

He JIBJIJieTCJI o6I.QHM. BKJIIO'IeHHe /1.6/ cnpaae,IJ;JIHBO Tor,IJ;a 
H TOJibKO TOr,D;a, KOr,D;a ,IJ;OnyCTHMbiH MaTpH'IHbiH 3JieMeHT 
y.D;oaneTaop.HeT ,D;o6aao'IHOMY ycnoBHIO /3.1/. B nocne,D;HeM 
naparpacl>e noKa:>KeM, 'ITO npe.D;cTaaneHHe /1.5/ cnpaae,D;
JIHBO ,D;JIJI BCeX ,IJ;OnyCTHMbiX MaTpH'IHbiX 3JieMeHTOB, npH'IeM 
cneKTpaJILHLie cl>YHKUHH p (1\ 2 , a) HY:>KHO Bbi6Hpa Tb Hl 
6onee IIIHpoKoro cl>YHKUHOHaJILHoro npocTpaHCTBa. B npH
no:>KeHHH npHBO,D;JITCJI ,D;Ba npHMepa Bbi'IHCJieHHJI cneKTpaJib
HbiX WYHKQHH p (1\ 2, a). 

2. 0 CTPYKTYPE MATPHT.JHOTO 3JIEMEHTA 

PaccMoTpHM cl>ypLe-o6pa3 npe.D;cTaBJieHHJI fiJI,D;: 

4 

t(xfi "" -- 3 ........ 2 
C(x) = --2- f dl\2 ..L.[e(x2)Jo(v'x2/\2)fd ~eiux 1/J(>.. ,U). 

(217) i 0 ax2 
/2.1/ 

3.D;ecb J n (z) - «l>YHKIUIJI liecceJIJI Hyneaoro nop.H,IJ;Ka. Hc

noJILlYJI /1.3/, /2.1/ H H3BeCTHble CBOHCTB8. npeo6pa3o· 
Ba.HHJI 41>ypbe H B - npeo6pa3oBaHHJI *, nony'IHM 

- 2 .... 2 .... 
C(x) = t(x 0)C(x 0-x ,x), /2.2/ 

- 2 .... 217 -1 .... [ 2 ~ 2 .... 
C(x ,X)= TB/\2 F u 1/J(>.. ,u,](x ,x). /2.3/ 

Ccx 2, ;) Ha3LIBaeTCJI CHMMeTpH'IHOH 'laCTbiO Ma TpH'IHOrO 
3JieMeHTa /l.lj, C(x 2,x) ~S'(R + x R 3 ) H pa.D;HaJILHo-cHM
MeTpH'IHa no x. Ilpe.D;cTaaneHHe /2.2/ O.D;H03Ha'IHO.:.. CneK!
panLHaJI cl>YHKQHJI t/J(J\2,u) onpe.D;eJIJieTcJI no C(x 2 , x) 
ypaBHeHHeM, o6paTHbiM K /2.3/: 

2 .... i - 2.... 2 .... 
1/1 (/\ ' u) = - B F.... [ c ( X • X) ](;\ ' u) . 

217 x2 x 

Y'IHTLIBaJI /1.4/, nony'IHM cornacHo TeopeMe o npeo6pa-
30BaHHH 41>ypbe cl>HHHTHwx o6o6~eHHhlx cl>YHKUHii H o6paTHoii 

* B-npeo6pa3oBaHHe ocHOBHblX cl>YHKUHii ¢(x2) ~ ~R+) 
HMeeT BH,II; 

00 

B[¢(x2)](/\2) =- f dx2J (y'x2/\2)_d_¢(x2) = ¢ (/\2) 
o o dx2 B 

H OC~eCTBJIJieT HenpepblBHOe OT06pa:>KeHHe npOCTpaHCT· 

B8. S(R_J B ce6.11, npH 3TOM B[¢ 8 (/\2 )]{_x2) = ¢(x2). B-o6-
pa3 o6o6~eHHblX cl>YHKQHH f(x2) ~ S '(R +) onpe,IJ;eJIJieTcJI 
ypaBHeHHeM (f 

8
(/\2),cp:a (;\2 )) = (f(x2), cp(x2)) 

H HMeeT BH,IJ; B(f(x~](;\2) = f
8

(/\2) = 
oo a 2 

= f dx f(x
2

) -[0(/\ )J 0 (y'x2/\2)]. 
o a'£-

TeopHJI B- npeo6pa3oBaHHJI HlJIO:>KeHa B pa6oTe I 41 . 
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K Heii: TeopeMe ll:mu-BHHepa-msapua /eM., Hanp., /&/ I 
cne,IJ;}'lOIUYJO neMMy. 

JI eMMa 1. )J.m1 Toro, 'IT06bl o6o6weHHa.a: cl>YHKUHJI C(x) 
6Lma ~onyCTBMbiM MaTl)B'IHbiM 3neMeHTOM, He06XO~BMO 
B ~OCTaTO'IHO, 'IT06bl OHa MOrna 6b1TL npe~cTasneHa S su
~e /2.2/, npuqeM cl>YHKUB.II C(x 2 ,~) ~OIDKHa y~osneTsopJITL 
cne~yiOIUeMy ycnosBlO: 

- 2 .... - 2.... ,- 3 
C(x ,x) = C(x .\x\) r;; S (R + xR ) , /2.4/ 

.... 
B no nepeMeHHOii: \xI 6b1TL qeTHoii: uenoii: aHanBTH'IeCKoii: 
ci>YHKUHeii:, nopJI~OK B TBn KOTOpoii: He npeSOCXO~JIT e~BHBUbl. 
To'IHee, ~n.a: n106oii: 4>YHKUBB ¢(x2 ) r;; S(R+) cl>YHKUB.II 

G¢ (\x\) = (dx2 C(x 2.~)¢(x2 ) 
0 

/2.5/ 

~OIDKHa 6biTL 'leTHOB uenoii: aHanBTB'IeCKOB ci>YHKUBeii:, ~o
nycKaiOIUeii: ~n.a: n106oro o>O oueHKY 

\Gcp\ :sco,¢(1+(Rez)2l e<t+D)\rmz\, zr;;C, /2.6/ 

r~e C o,cp = const, p - HeKOTOpOe HaTypanLHOe 'IBCnO. 
)J.n.a: uccne~osaHu.a: npe~cTasneHu.a: )J.rC 3anuweM cuM

MeTpB'IHYlO 'laCTL MaTpB'IHOrO 3neMeHTa S nepeMeHHbiX 
X 2 B X O • llepexo~ K HOSbiM nepeMeHHbiM OCyiUeCTSn.lleTC.II 

.... 2 2 
3aMeHOB \X\-> y(Xo-X ) B S03M~~eH 6naro~apJI neMMe 1. 
)J.eii:CTSBTenLHO, ~ODYCTBM, 'ITO C .IISn.lleTC.II DO X 2 o6o6-
IUeHHOH cl>YHKUBeii: nop.a:~Ka n. Tor~a cymecTsyeT nepso
o6pa3Ha.a: no x 2 nop.a:~Ka n: 

.... (x2)n-l 
F(x 2 ,\x\) = + 

[' (n) 
*C(x 2,;), 

/2.7/ 

o6na~aiOIUa.ll SCeMB CSOHCTSaMB, ycTaHOSneHHbiMB ~n.ll 

C(x 2,X) s neMMe 1, u HenpepblsHaJI no o6oBM apryMeH
TaM. 3aMeTBM, 'ITO o6paTHOe K /2.7 I cooTHoweHue BMeeT 

SB~ 
- .... (n) -> a n 2 .... 
C(x 2,x)=o (x 2 ) *F(x 2 .\x\)=(-) F(x.\x\)./2.8/ 

ax2 
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H3 aHanBTB'IeCKBX csoii:cTs B 'leTHOCTB F(x 2,\;l) no 
I X'\ cne~yeT, 'ITO 4>YHKUB.II 

F(x2 ,x 0) = F(x 2, y x §-x 2) /2.9/ 

JISn.lleTC.II O~H03Ha'IHO onpe~eneHHOH ci>YHKUBeii: S o6naCTB 
x2r;; R, x 0 r;; C. pasHa HYnlO ~nJI x 2<0, Jisn.a:eTcJI no 
Xo 'leTHOH uenoii: aHanBTH'IeCKOH ci>YHKUBeii:, nop.a:~OK B TBn 

KOTOpOii: He npeSOCXO~JIT e~BHBULJ, B ~onycKaeT S cuny 
/2.4/-/2.9/ ~n.a: n106oro o >0 oueHKY 

\F(x 2,x 0)\::: C 0 (1 + x2)k (1 + (Revx~-x 2) 2 )P x 

(1+0) \Imy x2 -x2 \ 
x e o , /2.10/ 

r~e k, p - HeKOTOpble HaTypanLHLie qucna, C0 - const. 
Hcxo~.a: B3 npe~bi~YIUBX paccy~~eHuii:,sse~eM cne~yiO

IUee onpe~eneHue. 

0 n p e ~en e Hue 2. 06o6meHHa.a: cl>YHKUB.II 

~ 2 .... 2 
C(x) =E(x

0
)C(x

0
-x , x

0
). /2.11/ 

r~e 

~ 2 a a n~ 2 
C(x , x

0
) = (-- + --) F(x ,x 0), /2.12/ 

ax 2 ax2 
0 

F(x2 ,x 0 ) - HenpepblsHa.a: no x 0 'leTHa.a: uena.a: aHanBTB-
qecKa.a: ~YHKUB.II, nop.a:~OK B TBn KOTOpOH He npeSOCXO~.IIT 
e~BHBUbi,KOTopa.a: ~onycKaeT oueHKY /2.10/ B pasHa HYnlO 
M.ll X 2 <0, Ha3biSaeTC.II ~onyCTBMbiM MaTpB'IHbiM 3neMeH
TOM. 

HcnonL3y.a: neMMY 1 u Y'IBTblsa.a:, 'ITO C(x2 .X') onpe-
~en.a:eTc.a: no C(x 2,x

0
) c noMOIULIO ypasHeHuii: F(x 2.\x\) 

~ 

= F(x2,yx2+x2) B /2.8/, HeTpy~HO y6e~BTLC.IISTOM, 
'ITO onpe~eneHue 2 pasHocunLHO onpe~eneHBlO 1. 

Cne~yeT OTMeTBTL, 'ITO C(x 2,x 0) s o6IUeM cnyqae 
He 6y~eT 0606IUeHHOH ci>YHKUBeii: yMepeHHOrO pocTa, T.e. 
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C (x 2 ,x 
0
) ~ S '(R + x R '), a .B:Bn.HeTc.H nHHeHHLIM Henpe-

pbiBHbiM IPYHKUHOHanoM Ha npocTpaHCTBe ocHOBHbiX IPYHKUHH 

<l> (R+ x R) = K !N
8 

(x 
2

,x 0) l, 
N 8>0 p 

N
8

(x 2,x) =(l+x 2)P(l+x
2
0
)P.x 

p 0 

2 2 2 2 (1+8)·y(x 2 -x 2 ) 
x[8(x

0
-x) +8(x -x(j)e 0 ], 

2 - 8 2 x ~ R+, x 0 ~R, p=0,1,2, •••• KIN P(x ,x 0)l- cqeTHo-
HopMHposaHHoe nHHeHHoe TononorH'Iecxoe npocTpaHCTBO, 
TononorH.H KOToporo onpe,nen.HeTc.H cHcTeMOH HOPM I CM./5/ I 

Na 
\\¢(x 2 ,x0 )11P 

8 a ql a q2 2 
1 = max sup N (x2,x 0 ) \(-2) (-2 ) ¢<x ,xJ ' 

+ < ;~R. P ax ax 0 
~ q2_p + 

p = 0,1,2, ••• • 
8 

113 12.101, 12.121 H eqe:u;HanLHoro~bl6opa 
d>yHKUHH N P(x 2,x 0) BbiTexaeT, 'ITO C(x 2 .x 0)~<!> ;.<~ + xR). 

llocxonLKY <l>N(R + xR) c S(R + x ~),TO S '(R + >!') C <l>N-(R + x R) . 

HeTpy,nHo JaMeTHTL, 'ITO S '(R+ x R) H <l>N-(R +x R) He 

eOBlla,D;aiOT. )J;n.H 3TOrO paeeMOTpHM cnyqaa, KOr,D;a CCX 2,x) = 
=C(i).F(x 2 ), r,D;e F(x 2)(;;S'(R+), G(z) -qeTHa.H 
uena.H aHanHTH'IeeKa.H nonHHOMHanLHO orpaHH'IeHHa.H Ha 
,D;eHCTBHTenLHOH oeH IPYHKUH.H, HMeiOID;a.H 3KenoHeH:o;HanLHbiH 
poeT ,D;n.H MHHMbiX 3Ha'leHHH Z THna e al lm zl 0 <a< 1 . 
C(x2,x 0) y,D;osneTBop.HeT seeM ycnoBH.HM neM~bl l,H IPYHK
UH.H s '(R x R) , YAOBneTBOp.HeT seeM yenoBH.HM onpe,D;e-

+ 

neHH.H 2. C(x2,x
0

) = G(y'x~-x 2 )F(x 2 ) ~<IJN(R+ xR), HO He 
npHHa,D;ne)KHT npocTpaHCTBY S '(R x R) , eenH F (x2) He 
enHIIIKOM 6biCTpO y6LIBaeT npH X 2 -+ oo , noeKOnLKY 

G(y'x2-x2) HMeeT 3KCllOHeH:o;HanLHOe nose,D;eHHe npH x2 .... oo • 

0 

8 

3. IIP E,[fCT ABJIEHHE ,[fFC 

,.. PaccMoTpHM qacTHLIH cnyqa:B:, xor.na IPYHKUHOHan 
C( x2,x 0) 

<l> N(R+ X R) 
HenpepLIBHO npo,noiDKaeTC.H c npocTpaHCTB8. 

Ha S(R +xR). 

TeopeMa 1. llpe,ncTasneHHe ,D;rc l1.5l-l1.7l MaT
PH'IHoro 3neMeHTa 11.11 CyiUeCTByeT TOr,na H TOnLKO TOr
,na, KOr,na Hap~,ny C 06IUHMH Tpe6oBaHH.HMH BLillOnH.HeTC.fl 
ycnoBHe 

C(x 2 ,x 0
) c;;; S'(R+ xR). 13.11 

)J;oKa3aTenLCTBO. llyCTL HMeeT MeCTO npe,neTaBneHHe 
11.51·11.71. ~ypLe·o6pa3 paBeHeTBa 11.51 HMeeT BH.D; 
12.111, r.ne 

C(x2,x) =_:i_jdA2_a_[e(x2)JO (v'x2'A2)Jdaeiaxo p('A2,a)= 
0 (217') 2 0 ax 2 

1 -1 =-B F [(2 2 2rri '}.2 a P A ,a)](x X ) ' 0 
13.21 

H3 Bblpa)KeHHH 11.61 H 13.21 ene,D;yeT BblllOnHeHHe 13.11 
B eHny H3BeeTHbiX eBOHCTB npeo6pa30BaHH.fl ~ypLe H B
npeo6pa3oBaHH.H. CornaeHo 11.61, 11.71, 13.21 H TeopeMLI 
o npeo6pa3oBaHHH ~ypLe IPHHHTHLIX o6o6IUeHHLIX IPYHKUHii 
C(x2,x 0 ) o6na,D;aeT sceMH Heo6xo,D;HMLIMH esoaeTBaMH, 
yKaJaHHLIMH B onpe,D;eneHHH 2. TaKHM o6pa3oM, MLI noxa
JanH, 'ITO H3 npe,D;eTasneHH.H ,D;rC ene,D;yeT, 'ITO C(x) .HB
n.HeTe.H ,D;OnyeTHMbiM MaTpH'IHLIM 3neMeHTOM H BLillOnHeHO 
BKmo'leHHe 13.11. llyeTL C(x 2,x 0 ) y,D;osneTBOp.HeT on
pe,D;eneHmo 2 H ycnosmo 13.11. PaeeMOTPHM o6o6IUeHHYIO 

IPYHKUHIO 

" 
p(A.2 ,a)=2rriB 2F [C(x2,x

0
)](A.2 ,a). 13.31 

X X
0 

)J;n.H Hee enpaBe,D;nHBO 11.61 B CHny yenOBH.fl 13.11 H 'leT
HOeTH IPYHKUHH C(x2, xo) no xo. CsoiicTBO /1.7 I 
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cne,IJ;yeT H3 ycnoBHJI 11.61, aHaJIHTH'IeCKHX csoii:cTB C(x2 ,xt)) 
no x 0 H TeopeMLI Ihnu- BHHepa- Illsapua. IIpe,D;cTasneHHe 

11.51 JierKO DOJIY'IHTL, DO,IJ;CTaBHB COOTHOWeHHe 13.21 B 

12.111 H c,IJ;enas npeo6pa3oBaHHe <llypLe. TeopeMa ,IJ;OKa-

3aHa. 

4. IIPEACTABJIEHHE THIIA ATC 

B npe,IJ;LI,IJ;}'IUeM naparpa<l>e 6LIJIO noKa3aHo, 'ITO npe,IJ;

CTaBJieHHe 11.51 ,IJ;OnyCTHMOrO MaTpH'IHOrO 3JieMeHTa CO 

cneKTpaJILHOii: <l>YHKUHeii:, y,IJ;OBJieTBopJIIOIUeii: ycJIOBHJIM I 1.61, 
I 1. 7 I, cnpase,IJ;JIHBO npu BLinonHeHHH ,IJ;ODOJIHHTeJILHoro yc

JIOBHJI 13.11. IIocKOJILKY ycnosue 13.11 B o6IUeM cnyqae 

He BLIDOJIHJieTCJI ,IJ;JIJI BCeX ,IJ;ODYCTHMbiX MaTpH'IHbiX 3JieMeH

TOB, TO B03HHKaeT BODpOC: He CyiUeCTByeT JIB ,IJ;JIJI BCeX 

MaTpH'IHbiX 3JieMeHTOB C(x) npe,IJ;cTasneHHe 11.51 co 

cneKTpaJILHbiMH <i>YHKUHJIMH H3 6onee WHpOKHX <i>YHKUHOHaJIL· 

HbiX DpOCTpaHCTB? 

CneKTpanLHble <l>YHKUHH 6y,IJ;eM HCKaTL B BH,IJ;e 13.31. 
Heo6xo,IJ;HMO ,IJ;oonpe,IJ;eJIHTL npeo6pa3oBaHHe <llypLe H B -
npeo6pa30BaHHJI Ha 0606IUeHHbiX <i>YHKUHJIX C (x2 ,X 0) 1;<1> J.R+ xR). 

PaccMOTPHM cHa'lana npeo6pa3oBaHHe <llypLe 

A 2 2 iaxo " 2 " 2 
F x [C(x .xo)](x ,a)=fdx0 e C(x ,x 0) =CF(x ,a). 14.11 

0 

0Ka3biBaeTcJI,Uenecoo6pa3HO Bblpa3HTL CF(x~a) qepe3 

<l>YHKUHIO CF(x 2,u), onpe,IJ;eJIJieMyronpeo6pa3oBaHHeM 

6 (x 2,u) =F ... [ C(x 2,x)](x2,ii')=fd3 xe-iux C(x2,x). 14.21 
F X 

IIepeii:,IJ;eM K c<l>epuqecKHM Koop,D;HHaTaM, y'IHTbiBaJI, 'ITO 

<l>YHKUHH CF(x 2 ,u) H C(x 2,x) pa,D;aanLHo cHMMeTpH'IHbl ... ... 
DO U H X COOTBeTCTBeHHO, TOr,IJ;a DOJIY'IHM 

- 00 • -

C 2 f sm vr 2 F (x , v) = 4" drr--C (x , r) , 
0 v 

14.31 

- 2 1 oo sin vr - 2 
C( x , r) = -- f dvv----C F(x , v), 

217 2 o r 
14.41 

10 

r,IJ;e 

r= !X'!, V= 1;1, ¢(x 2,u) ~;S(R+xR 3 ), 

-2 2 -2 2 2 
(CF(x , u), ¢(x ,u)) =(CF (x ,v) v ,¢

8 
(x ,v)), 

¢
8

(x2 ,v)= f d 3ez7¢(x2,C:v)~;S(R+xR) 
,~, = 1 

C nOMOIULIO 12.71, 12.91, 12.121, 14.11 H 14.41 HaXO,IJ;HM 

A 1 oo sin vyx 2-x2 _ 
C(x 2,x) =-f dvv ° C (x 2,v), 

o ~2o 2 2 F 
yx -x 

0 14.51 

1 
oo oo sinv-1x 2-x 2 

A 2 2 v 0 
C (x , a) = -- f dvvC (x ,v) f dx cos ax --===----==--. 

F 1T 2 p F p 0 0 V X 2_ X 2 
0 

BLI'IHCJIHM BHyTpeHHH' HHTerpaJI BblpaJKeHHJI 14.51, HCDOJIL· 

3YJI <l>opMyny 3.876.1 ?/: 

00 f dxocosax sin vyx~-x 2 
0 0 _;-2 -

V X O-X 2 

=; I
0

(yx 2(v 2-a2))e(v 2 -a 2 ), v > 0, 14.61 

r,IJ;e I 0 (z) = J 0 (iz) • · BLipaJKeHHe 14.61 MO>KHO no,IJ;cTaBHTL 

B 14.51 B TOM CJiyqae, eCJIH 

- 2 CF(x ,v) peryn.llpHo no v npH v = 0 . 14.71 

Cne,IJ;yeT no,IJ;'IepKHYTL, 'ITO 3,IJ;ecL ,IJ;OCTaTO'IHO paccMoTpeTL 
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cny'laii, xor,ll,a ycnoaae I 4. 7 I awnonaJleTCJI. ,lJ;eiicTBHTem.ao, 
C F (x 2 , v) acer,ll,a MO)I(HO pa3,ll,enHTJ. aa ,li,Be qacTH: 

2 -1 2 -2 2 
CF(x ,v) =CF(x ,v) + CF(l ,v), 

TaK 'ITO C~(x2,v) y,ll,oBneTBOpJieT /4.71 H C~(x 2 , v)
ycnoamo supp C~(:~ 2 • v) c I x 2, v: x 2> 0, v = 0 1. IToK8.)KeM, 
'ITO cilYHKD;HJI _

2 
C2~(~2,xp) y,li,OBneTBOpJleT ycnOBH10 13.11. 

,ll;n.JI cilYHKD;HH C (x , x) acer,ll,a cnpaae,ll,nHBO npe,li,CTaaneHHe 
-2 2 -. n 2 k 2 
C (x , x ) = !. (x ) a k (x ) , 

k=O 
r,ll,e ak(x 2 ) "S · (R+) , n - HeKoTopoe HaTypanJ.HOe 
'IHCno, oTKy,ll,a cne,ll,yeT, 'ITO 

.... 2 2 n 2 2 k 2 -
C (x ,x

0
) = k:

0
(x 0 -x ) ~k(x) "S'(R+xR), 

H B cany Teope:Mhl 1 cnpaBe,ll,nHBO o6hi'IHOe npe,ll,cTaaneHHe 
.nrc II. 51-11.1 I ,ll,HJI c 2 (x) = f(X o) e 2(x~-x 2, X o) . 

HTaK, nycTJ. BblnonHeHo ycnoaae 14.11. llo,li,CTaBnJIJI 

14.61 B 14.51, nonyqaeM 

1 
C F (x 2 , a) = - 1- f dv 2 C F (x 2, v) 10 ( y X 

2 (v 2- a 
2
)) 0 (v 

2
--a

2
). 

4rr 0 
/4.81 

06nacTL HHTerpapoaaHHJI onpe,ll,enJieTCJI ycnoaaeM I 1.41. 
H3 cllop:Mynhl 14.81 BH,li,HO, 'ITO CF(x 2,a)=0 npH lal>1. 
3TO CBOHCTBO JIBnJieTCJI BbiJ>a:>KeHHeM aHanHTH'IeCKHX 
CBOHCTB o6o6~eHHOH cilYHKD;HH C(x 2, X 0) no XQ. 3a:Me-
THM, 'ITO npH BblnOnHeHHH 14.11 o6o6~eHHaJI cilYHKD;HJI 
C F(x2, a) perynJipHa no a npH a= 0. 

Bhi'IHCnHM npeo6pa3oBaHHe, o6paTHoe K 14;81. C no-
MO~biO 14.11 , 14.31 H cilop:Mynhl 3.876.1 ? HaXO,li,HM 

- 1 1 
A 2 2 2 

C(x2,r) =-f daCF(x ,a)cosayx +r , 
rro 

- 1 00 • 

C (x 2, v) = 4 f daC (x2 ,a) f drr~!!!..~Lcosayx 2 +r 2 , 
F O F O V 

12 

\ 

00 • 
smvr 2 2 f drr--- cosayx +r = 

0 v 

=- .!.._ ~ [.!..J
0 

( v x 2(a 2-v 2)) O(a 2 -v 2)], a I= 0, 
v avaa 2 

_ 1 A a2 
CF(x 2 ,v) =-4rrfdaCF(x 2 ,a) x 

0 aaav2 

x [J 
0 

(yx 2 (a 2 -v 2)) O(a2 -v 2
)]. 

Haii,ll,e:M o6nacTJ. onpe,ll,eneHHJI cilYHKD;HOHana 
H3 14.81 H 14.91 nony'IHM 

(CF (x 2 , v) v 2 ,¢
8

(x 2, v) 

14.91 

A 2 
CF (x , a) • 

OO 2 1 A 2 2 A 2 A 2 
= fdx f daCF(x ,a)cp(x ,a)=(CF(x ,a),cp(x ,a)). 

0 0 
14.10/ 

"' 1 2 2 a2 
cp(x 2,a)=-4rrfdvv ¢ 8 (x ,v)--- x 

0 aaav 2 

X ( J 0 ( V X 2 (a2 - V 2)) 0 (a 2 - V 2 ) ], 

1 1 -------
vcps(x2 ,v) = --f dacp(x 2,a)I

0 
(yx2 (v 2-a2))0(v 

2
-a

2
). 

2rr 0 14.11/ 

llpeo6pa3o:BaHHe, onpe,ll,eneHHoe cllopMynoii 14.101, ocy
~ecTBnJieT nH!!_eiiH~e HenpephiBHoe oTo6pa:>KeHHe npocTpaH
CTBa cpS" S(R+ xR +) B HeKOTOpOe npOCTpaHCTBO OCHOB
HhiX cilYHKD;Hii ¢(x2,a)" cll

10 
(R+ xR +). C noMO~biO 14.111 

HaXO,li,HM, 'ITO cllr0<i~+ xR+) JIBnJieTCJI C'leTHO-HOp:MHpO
BaHHbiM naHeiiHWM TononorH'IeCKHM npocTpaHCTBOM. Ero 
TononorHJI onpe,ll,enJieTcJI cHcTe:Moii HOPM : 
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I 
" 2 0 

ll¢(x ,a)ll "' max 
p q +q <p 

1 2-

2.. k1 k2 a qt a q2 
sf ICx J v (-) (-) x 
X ,V ax2 av 

k +k <p ~R 
1 2- + 

1 v 2 -2--2--2-
x -I da¢(x ,a)I (yx (v -a )), 

v 0 0 

p = 0,1, ... ; k 
1 

, k 
2 

, q 
1 

, q 
2 

- HaTypanLHble qucna. 
3aMeTHM, qTo npeo6pa30BaHH.II /4.10/ H /4.11/ B3aHMHO 
06paTHbl, qTO MO>KHO npoaepHTL np.IIMbiM BblqHcneHHeM, 
no,ncTaBn.IIJI o.nuo B ,npyroe. B pe3ynLTaTe HMeeM cne
,nyiO~}'IO neMMY. 

JI eMMa 2. 06o6~euua.11 cilYHI<UH.II C(x) npHua.nne:>KHT 
MHO:>KeCTBY ,IJ;OUYCTHMbiX MaTpHqHbiX 3lleMeHTOB B TOM 
H TOllLI<O B TOM cnyqae, ecnH OHa MO:>KeT 6biTL npe,nCTaB
neHa B BH,ne 

1 -iax " 2 2 
C(x)=f(Xo)-Idae °CF(xo-X ,a), 

2rr 
/4.12/ 

r.ne 

supp C F ( x 2 , a ) C l x 2 , a : x 2 2:_ 0 , I a I ~ 1 l , /4.13/ 

" 2 " 2 "1 2 "2 2 CF(x ,a)= CF(x , -a)= CF (x ,a)+ CF(x ,a), /4.14/ 

a;cx 2 ,a) ~ <ll'Io(R+xR+). C'(x
2
,a)peryn.llpHa /4.15/ 

no x npH a=O, 

C 2 (x 2 ,a) ~S'(R xR ). C 2 (x 2 ,a) = o npH a~O. 
F + + F 

/4.16/ 

~n.11 onpe,neneHHJI B o6~eM cnyqae cnei<TpanLHOH ~YHI<UHH 
/3.3/ HaM ocTanocL paccMOTpeTL B-o6pa3 o6o6~euuoi 
cilYHKUHH CF(x 2, a), y,noaneTaop.IIIO~ei ycnoBH.IIM /4.13/-

14 

\ 
~ 

' 

/4.16/. Cornacuo /4.14/ u~eM cnei<TpanLH}'IO ~YHI<UHIO 
B BH,IJ;e 

p (A 2 ,a) = p 1 (A 2 ,a) + p2 (A 2 , a), = /4.17/ 

... 1 2 2 "2 2 2 =2rri(B 
2
[C (x ,a)](A ,a) +B 

2
[C (x ,a)](A ,a)). 

X F X F 

~n.11 BTopoi qacTH nonyqHM B cHny /4.16/ 

p 2 (A 2,a) ~ S'(R+ xR), /4.18/ 

suppp2 (A 2,a) C{A 2,a:A2 :::_0, a =0}. /4.19/ 

p 1 (A 2 , a) onpe,nenJieTC.II ypaaueuHeM 

(p 1(A2 ,a), ¢ (A 2,a)) = 2rri(C 1(x 2,a), ¢(x 2,a)), /4.20/ 
B F 

r.ne 

2 ""2 -22a" 2 
¢ (A ,a)=- I dx J

0 
(yx A )-cp(x ,a) 

B ax2 
/4.21/ 

¢(x2 ,a)~ <11
1 

(R+ xR +). 
0 

3aMeTHM, qTo <I! 1 (R+ xR) C S(R + xR+). Muo:>KeCTBO 
0 

acex cilYHI<UHH ¢s (A 2, a) o6pa3yeT uei<oTopoe npocTpau
CTBo OCHOBHLIX cilYHI<UHH, I<OTopoe 0603HaqaeM qepe3 <IJ I B • 
lb /4.20/ cne,nyeT, qTo o 

p 1 (A 2 ,a) ~ <II I o B • /4.22/ 

IToci<onLI<Y TononorHqeci<ue caoHCTBa npocTpaucTBa <II 1 B 
" I o H3- 3a cnO:>KHOCTH nonyuopM II¢ (x 2, a) II Po Tpy,nuo onpe-

.nenHTL, 6y,neM ucnonL30BaTL 6onee uarnJI,nuoe npe,ncTaa
neuHe 0 CBOHCTBax cneKTpanLHOH cilYHKUHH p 1 (A 2 , a) , 

15 



nonyqeHHOe Ha OCHOBe npeACTaBneHHR /4.8/, KOTOpoe cy
~eCTByeT MR scex o6o6~eHHbiX cllYHKD;Hii /4.15/. Pa3na-

ras B /4.8/ cllYHKIUDO 
HaXOAHM 

I 0 (yx2(v2-a2)) 

"'1 
00

"1 2 C (x , a ) = I C (x , a) , 
F k=O F,k 

rAe 

s PIA Te:ii.nopa, 

/4.23/ 

" 1 2 1 (x2 ) k 2 1 2 2 2 k 
C (x ,a)=- fdv CF(x ,v)(v -a)+. 

F , k rr (k ) 2 4 k+ 1 
! /4.24/ 

H3 /4.24/ H C F1(x 2, v) ~ S'(R+ xR+) cneAyeT, qyo 
"1 2 - -
C F,k (x ,a) c;. S'(R+ x R+). C yqeTOM H3BeCTHbiX cso:ii:CTB 
B -npeo6pa3oBaHHR H /4.13/ nonyqHM 

p 1 (,\2 ,a)= 2TTi B 2[ C Fl k(x 2 , a)](,\ 2 ,a)~ S'(R+x R +) , /4.25/ 
k X • 

supp p 1 (A 2 ,a) C I A 2, a; A 2 > 0, \a I < 1}. 
k - -

/4.26/ 

YqHTbiBaR, qyo PRA_/4.~3/ CXOAHTCR B CMbiCne TOnonorHH 
npocTpaHCTBa <ll Io (R+x R +> H npeAnonaras cnpaBeAnHBOCTL 
noqneHHoro swnonHeHHR B-npeo6pa3oBaHHR, HaXOAHM, 
qyo PIA 

' 00 

p 1(,\ 2 ,a) = I p 1 (,\ 2,a) 
k=O k 

/4.27/ 

AOIDKeH CXOAHTLCR B CMbiCne TOnonorHH npoCTpaHCTBa 
<ll; B • 3aMeTHM, qyo H3 TOrO, qyo Ka)I(Abl:ii qneH PRAa 

0 

/4.27/ HMeeT HOCHTenL, YAOBneTBOpRIOUUiii /4.26/, Henb3R 
3aKnroqHTb, qyo p 1(,\ 2,a) YAOBneTsopseT ycnOBiflO /4.26/. 
qyo6w oueHHTL suppp 1 (A2,a), paccMoTpHM C i (x 2, a) 
KaK nHHe:ii:Hbl:ii HenpepbiBHbl:ii cllyHKUHOHan Ha npocTpaHCTBe 

16 

rAe 

8 2 - -
<llM(R+ xR) = U K{MP(x ,a)}C<Ily (R+xR +) 

8> 0 ° 

0 2 
M (x ,a) 

p 

l\¢(x2, a)\\ M8 
p 

l (1 2) P <t+8)yx2 (1-a 2) I I < 1 + x e ~ ecnH a _ , 

oo, ecnH \a\ > 1, 

= max 
k+f~p 

sup M0 (x 2,a)\(_L)k(_L)e ¢(x 2,a)\, 
x2 .I a I P ax2 aa 
~R+ 

p = 0,1, ••• • HeTPYAHO HaiTH, qyo B-o6pa3w scex cllYHKUHii 
cp(x 2 ,a) E <l>M(R + xR) BMeCTe CO BCeMH npOH3BOAHbiMH 
no a aHanHTHqHLI no A 2 

B o6nacTH 

2 Im A2 2 2 2 2 H={A ~C:(--) <(1-a )(ReA +1-a ), \a\<1}. 
2 - -

IloALIHTerpanLHaR cllyHKUHR B-npeo6pa3oBaHH.H cllYHKUHH 

2 ¢(x ,a) ~<llM 

00 -- a 
¢ B(,\2 ,a)= - f dx2.r o<vx2A2) -¢(x2,a) 

ax 2 

6ecKoHeqHo AHcllcllepeHuHpyeMa B o6nacTH A E C , I a\ ::; 1 

H aHanHTHqHa no ,\ B o6naCTH 

cllYHKUHH ¢(x 2, a) ~ <ll MCR + xR) 
syeT TaKoe qHcno A, qyo 

Im ,\ ~ v 1-a 2 • ,IJ;n.H nro6oii 
H nro6wx ~: ,o > 0 cy~ecT-

I J dx2 Jo (y ,\2 X 2) _a_(~) e ¢(x2,a)\ 
A ax 2 aa 

00 
=If dx 2_!_ JTT iAyx 

2
cos (J 

A " e 0 

a a e 2 
dfJ-(-) ¢(x ,a)\ :S 

ax2 aa 

17 



~II c,i>(x 2 ,a)lloM8 J e-y'x2((1+ll)(y1-a2-llmAb)dx2 < f' 
t+1 A 

e- HaTypanbHOe qHcno. 3TO 3HaqHT, qTo c,i>B (A 2 , a) 
BMeCTe CO BCeMH npOH3BO,li;HhlMH no a aHanHTHqHa no 
A B o6naCTH I lmA I ~ v' 1 -a 2 npH lal <S:.1 H, cne.noaa
TenbHO, no A 2 B o6nacTH H. 0TcJO,na 3aKnJOqaeM /eM., 
Hanp., 15 / /, qTo 

suppp 1 (A 2 ,a) C !A2 ,a: A 2 ~H, lal < ll. /4.28/ 

Ilpe,ncTaaneHHe THna .n;rc Ma TpHqHoro 3neMeHTa I 1.1/ 

nonyqHM, nO,D;CTaBnJIJI /4.23/ H COOTHOWeHHe c;cx 2,a) = 

B I 4.12/, yqHThlBaJI npu 
- 1 - 27Ti B A 2 [ p 2 (A 2 ' a ) ] ( x 2' a ) 

3TOM o6paTHOe K /4.25/ COOTHOWeHHe ,.. 1 2 
C F, k (x , a) = 

1 
=-. BA2 [ p :<A 2 ,a)](x 2,a). Ilocne BhlnonHeHHJI npeo6pa-

2m 

30BaHHJI cl>ypbe HaXO,li;HM: 

-

00 

2 2 -+ 2 2 1 2 2 ( 2 )] C(q) = f d,\ f daf(q 0 -a)8((q
0
-a) -q -A )[p (A ,a)+p A ,a • 

0 

/4.29/ 

Pe310MHpyeM nonyqeHHhle pe3ynLTaThl B au.ne cne,ny10~eB: 
TeopeMhl. 

Teo p eM a 2. ,D;n.11 acex ;:J;onycTHMhlX MaTpHqHhlX 
3neMeHTOB cy~ecTayeT npe,ncTaaneHHe /4.29/, r.ne cnexT
panLHhle <ilYHKUHH p 1 (A ~a) H p2 (A 2,a) y,noaneTBOpJIIOT 
ycnOBHJIM /4.22/, /4.28/ H /4.28/, /4.19/ COOTBeTCTBeHHO. 
p 1 (,\ 2, a) HMeeT BH,ll; 6ecKOHeqHoro pJI,na /4.27 I, OT,ll;enb
Hhle qneHbl KOTOporo Y.D;OBneTBOpJIIOT ycnOBHJIM /4.25/ 
H /4.26/. H Hao6opoT: npe,ncTaaneHHe /4.29/ co cnexT
panLHoB: <ilYHKUHeH /4.17/, o6na,naJO~eii:yKa3aHHhlMHCBOHCT
BaMH, onpe,nenJieT HeKOTOphlH ,nonyCTHMhlH MaTpHqHhlH 3ne
MeHT. 
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B 3aKnJOqeHHe aaTophl BhlpaJKaiOT npH3HaTenLHOCTb 
li.H.3aBLJinoay, B.A.MaTaeeay. A.H.Taaxenu,n3e, 
B.JI.cl>aii:H6epry, 3.BuuopeKy, r.JiacHepy H A.YnLMaHy 
3a nno,noTaopHhle o6cy)K,neHHJI. 

IIPHJIO)J(BHHB 

IlpHMep 1. PaccMOTPHM npe,ncTaaneHHe .n;rc ,nnJI 
MaTpHqHoro 3neMeHTa au.na 

C(x) =-Lcosx
0
D(x,l), 

rr 
r.ne 

D(x, 1) = _!:.._ f(X0) d 
2 

[ 8(x 2) J
0 

( V x 2) 
2rr dx 

cl>yHKUHJI 

C(x 2,x
0

) =- J.__cosx
0

_!_[e(x2)J
0 

(y'x 2)] ~ S'(R+ xR) 
2rr2 dx2 

y,noaneTBOpJieT seeM ycnoBHJIM onpe.neneHHJI 
TeopeMhl 1 HaXO,li;HM C nOMO~biO /3.3/, qTO 

2. B cuny 

2 2 
p (.>\ ,a) = [ 8 (a - 1) + 8 (a + 1)] 8 (A -1) -

cnexTpanLHaJI <I!YHKUHJI npe,ncTaaneHHJI .n;rc. Ilo,ncTaa
nJIJI ee B /1.5/, nonyqHM <l!ypbe-o6pa3 HCXO,li;HOH <I!YHKUHH 

C(q) = f(q 0 -1) 8(q2 -2q0 ) H(q0 +1)8(q2 +2q 0). 

II pH Me p 2. 06o6IUeHHaJI <ilYHKUHJI 

C(x) =-icosiX\8(x 2)f(x
0

) 

JIBnJieTCJI cornaCHO neMMe 1 ,nonycTHMhlM MaTpHqHhlM 
3neMeHTOM. 06hlqHoe npe,ncTaaneHHe .n;rc TeM He MeHee 
He CYIUeCTByeT, nOCKOllbKY 

C(x2,xJ =-icosy'x2o-x2 ecx2 ) ¢S'(R+ xR). 

HcnonLJYJI /4.3/ H /4.8/, Haxo,nHM 

CF(x 2 ,v) =-i8rr28(x2)8'(1-v2) 

19 



<\Cx 2,a)= ~[O(x2 )8(1-a2 )] + 

2rr 
+

i 

2 - 2 0(,{3 )0(1-a \; x 21
1 

( y x2(1- a )) • 

2y(1-a 2) 

3.necL C F (x 2 , a ) y,noaneTBOp.lleT ycnoBH.IIM I 4.13/ 
H /4.15/ JieMMLI 2. CornacHo TeopeMe 2 nocne Hecno)I(
HLIX BLIKJia,nOK HaXO,nHM 

p(A.2 ,a)= 16rr2[8(1-a2)8'(A.2 ) + 0(1-a 2 )S"(A 2+1-a1J. 

HcnoJIL3Y.II npH 3TOM H3BeCTHYIO lbopMyny I 41 

B[O(x2) (x2,)n ](A.2) = 4n+18(n+1)(A2). 
n. 

HHTepeCHO 3aMeTHTL, 'ITO "CMe~eHHe" HOCHTeJI.II ClleKT· 
paJILHOH lbYHKUHH B 06JiaCTL OTPHUaTeJILHLIX 3Ha'leHHH 
A. 2 :::,- 1 +a 2 , .neicTBHTeJILHO, npoHcxo,nHT /eM. /4.28//, 
He .IIBJI.II.IICL cne,ncTBHeM cneuHaJILHoro aw6opa npocTpaH-

CTBa <flM (R + x R) . Ilo,ncTaBJI.II.II TenepL p (A 2, a) B npe,n

CTaBJieHHe /4.29/, llOJIY'IHM lbypLe·o6pa3 HCXO,nHOH lbyHK· 

UHH 

Ceq) = 8rr 2 [£(CJo -1)( 1- _!_)8'(q2 -2q 0 +1) + 
qo 

+ £(q
0

-1)(1 + _!_)S'(q 2+2q
0 

+1). 
qo 
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