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J. Bee MHOroo6pa3He ciiH3HqecKHX HBneHHB, CBO,nJI· 
llUIXCH K ypaBHeHHHM, ,nonycKaiOmHM COnHTOHHble peweHHH, 
MO>KHO pa3,nenHTb ua ,nBa 6onbWHX Knacca. Ouu pa3nH· 
qaiOTCH Me>K,ny co6oii KaK no nocTaHOBKe 3a,naq, TaK H no 
HHTepnpeTaUHH nonyqaromuxcH pe3ynbTaToB, xoTH ua Knac· 
cuqeCKOM ypOBHe OHH Henocpe,nCTBeHHO CMbiKaiOTCH. 

K nepBOMY Knaccy OTHOCHTCH 3a,naqu HCCne,noBaHHH 
HenHHeHHbiX BOnHOBbiX HBneHHH B peanbHbiX cnnOWHblX 
cpe,nax H CHCTeMaX MHOrHX B3aHMO,neHCTBYIOmHX qaCTHU 
/ru.npo.nuuaMHKa, TBep.noe Teno, ciiH3HKa nna3MLI H T.,n./. 
Ko BTOpOMY OTHOCHTCH TeopeTHKO·noneBble 3a,naqH, ella· 

3HKa qacTHU. 
B nepBOM cnyqae uccne,noBaHHe ofiblquo npoxo,nHT cne • 

,nyiOIUHe 3Tanbl: uaquuaeTcH ua KnaccuqecKOM una KBaHTO
BOM .nucKpeTHOM ypoBHe, 3aTeM c TOR una uuoii cTeneHbiO 
cTporocTH uccne,noBaTenu nepexo,nHT K KnaccuqecKOMY 
HnH KBa3HKnaccHqecKOMY KOHTHHyanbHOMY npe,neny, qTO 
H onpe,nenHeT BH,n nonyqaromHXCH HenHHeHHblX ypaBHeHHH. 
KoueqHbiM npo,nyKTOM TaKoii TpauccllopMauuu H HBnHeTCH 
KnaccuqecKoe conHTOHHOe peweuue /KoTopoMy npH o6paT
uoii TpaHccilopMaUHH MO>KeT 6b1Tb B npHHUHDe npu,naH KBaH

TOBbiH CMblCn/. 
Bo BTOpOM cnyqae HCCne,nyeMble MO,nenH CTpOHTCH Ha 

OCHOBe narpaH>KeBa cilopManH3Ma H HeKOTOpbiX Tpe6oBaHHH, 
BblTeKaiOmHX H3 OfiiUHX ciiH3HqecKHX C006pa>KeHHB H 3aKOHOB 
/HHBapHaHTHOCTb no OTHOWeHHIO K rpynne fiyaHKape, rno-
6anbHOH HnH KanH6poBoqHOH rpynne BHyTpeHHeH CHMMeT· 
pHH, uapyweHHe CHMMeTpHH H T.n./. B 3TOM cnyqae Knac
CHqeCKHe HenHHeHHble BOnHOBble ypaBHeHHH nOHBnHIOTCH 
ua uaqanbHOM 3Tane u cny>KaT 6a3oii ,nnH nocTpoeHHH 
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"pcaJihllLL\" YHUH1CHi>D' 06be:KTOH, l1 IUL'i 'iHCJJC COJJH10H

HOrO 1 Hila /liil\n 5DK\;;l!Hh!C YaCTHUbl/ > B 01 JlHYHe OT 06hiY

IIOII UTOh-cHOH lPH3HKH cnoif<.:TBU KBaHIOBhlX conHTOHOB o6yc

JIOBnHBaiOTCH KnaccH•IeCKHMH perneHHJIMH npu -n ., 0. Bee 

3TO onpe,ll,CllJICT BH,ll, ypaBHCHHH BToporo Knacca. 

06a . 3TH HanpaaneHHJI CMhiKaiOTCJI Ha IIpOMC)I(YTO'IHOM 

3Tane - Hccne.n.oaaHHH noKanHJOBaHHLIX I conHTOHHhiX/ pe

WCHHH KOHC'IHOH 3HeprHH KnaCCH'ICCKHX HenHHCHHhiX BOnHo

BhiX ypaBHCHHH. 

J.n.ech MO)I(HO 6hlnO 6hl npOI.{HTHpOBaTh MHCHHB 0 Ba)I(

HOCTH H3Y'ICHHB CBOHCTB COllHTOHHhiX peweHHH, HMCIOII.{HCCB 

a nHTepaType KaK o.n.Horo, TaK H .n.pyroro HanpaaneHHH. 

O.n.HaKo nocne acero cKa3aHHoro 3To npe.n.cTaanBeTCB He

uenecoo6pa3HhiM. 

HTaK, Hly'leHHe o6mHx caoiicTB npoTB)I(CHHhiX KnaccH

'IeCKHX COllHTOHOB /KC/ MO)I(HO npOBO,ll,HTh, OTBllCKaBCh 

Ha HCKOTOpOM 3Tane OT HX I}JHJH'ICCKOii HHTepnpeTai.{HH. 

KaK Mhi yau.n.HM HH)I(e, noJMO)I(HO cymecTnouaHHe ycToH:

'IHBhiX COllllTOHOB B 'ICThlpCXMCpHhiX (x,y, Z, t) O,ll,HO

noneBhlX MO,ll,CllBX C TaK Ha3hiBaCMOH HaChlll.{aiOI.UtHCB He

JHfHCHHOCThiO. ne3yCllOBHO llpC,!J,CTaBllBJ!: HI!Tepec B paMKaX 

nepaoro KJiacca, OHH MoryT 6wTh Ja6paKoBaHw a cHny 

YCllOBHJI peHOpMHpyeMOCTH ,ll,llJI TCOpHH BTOpOrO Knacca. 

HH)I(C HaC 6y,ll,yT HHTepecoBaTh HCllHHCHHhiC JIBllCHHJI 

B CHCTeMaX, ,ll,OnycKaiOII.{HX CTOXaCTH3ai.{HIO, T .e. B HCHH

TerpupyeMhiX CHCTCMaX. llOBC,ll,CHliC TaKHX CHCTCM MO)I(CT 

onpe,ll,Cll.S!ThCH CTCIICHhiO HX 6nH30CTH K HCKOTOpbiM BnOnHe 

HHTerpupyeMhlM aHanoraM, npH'ICM Te HllH HHhiC CBOHCTBa 

6y,ll,yT Onpe,ll,CllJIThCJI 6nH30CThiO, B npHHI.{HllC, K pa3llH'IHhiM 

BnOnHe HHTerpHpyeMbiM MO,ll,CllJIM. B 3TOM CMhiCllC HH

TerpHpyeMbiC MO,ll,CllH MO)I(HO paCCMaTpHBaTL KaK HyneBOe 

npH6llH)I(eHHe /uenHHCHHOe!/ K OnHCaHHIO peanhHhlX ~H3H
'IeCKHX cHcTeM, a .n.anLueiiwee Hccne.n.osauHe co eceMu 
npec)ocmopOJICHOCmJIMU CTpOHTL KaK pJI,ll, no 3TOMY ManoMy 

OTKnOHeHHIO. 

0TMeTHM, 'ITO noKa TOnLKO Bnonue HHTerpHpyeMhle MO

.n.enH nO,l],,ll,aiOTCB CTporoMy auanHTH'IeCKOMY HCCne,ll,OBaHHIO 

pa3nH'IHhiMH MeTO,ll,aMH /HMeeTCB B BH,ll,Y peweHHe 3a,l],a'IH 

* TaK ua3biBaeMbiH uou- nepTyp6auHOHHbiH no.n.xo.n.. 
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KowH/. KaK npaaHno, auanHTH'IeCKHe MCTO,ll,hl oKa3LIBaiOTCB 

npaKTH'IeCKH 6ecnOMOU.{HbiMH /no KpaiiHeH Mepe B HaCTOJI• 

mee BpCMB/ npH H3y'leHHH 3BOlliOI.{HH HeHHTerpHpyeMbiX 

CHCTeM. ll03TOMy, 3a pe,ll,KHM HCKniO'IeHHeM, BCe pe3ynL· 

TaTLI, OTHOCJIU.{HCCJI K 3BOlliOI.{HH 3prO,ll,H'ICCKHX j,l],a)l(e O,ll,HO

MepHLIX/ CHCTeM, 6LinH nony'ICHLI C nOMOII.{LIO 'IHCneHHbiX 

3KCnepHMeHTOB. 

2. llpe)l(,ll,e BCero cne.n.yeT CKa3aTL, 'ITO HMeHHO KOM· 

nLIOTep oKono 22 neT ua3a.n. co3.n.an npo6neMy <l>epMH-llac

Ta-YnaMa, a JaTeM o6uapy)I(Hn conHTOHbl. B pe3ynLTaTe 

'IHCneHHOrO 3KCnepHMeHTa no ,ll,HHaMHKC HenHHeHHbiX BOnH 

K.n.B noJIBHnocL noHJITHe conHTOHOB /3a6ycKH/ KaK ye.n.Hueu

HbiX BOnH, BbiXO,ll,Jill.{HX H3 B3aHMO,ll,eHCTBHJI, He H3MeHBB 

CBOeH ~OpMLI H CKOpOCTH.HeCKOllLKO pauee B 3KCnepHMeHTaX 

lleppHHra H CKHpMe auanorH'IHble 34MlleKThl 6LinH o6ua

py)l(eHw B paMKaX ypaBHeHHJI CHHyc-rop,ll,OHa, O,ll,HaKO ,ll,nB 

BCCLMa OTnH'IHbiX 06'LeKTOB. 

HHTepeCHO OTMCTHTL, 'ITO ",ll,BYXCOnHTOHHble" peWeHHJI 

/6HOHLI/ 6LinH HaH,ll,eHbl auanHTH'ICCKH ,ll,eCJITLIO ro,l],aMH 

pauee /3eerep H .n.p./. ,D;anee, 1970 ro.n., H.OJIMa H H.CaiiTo 

o6uapy)I(HBaiOT conHTOHhl ua peweTKe To.n.hl, npH6nH)I(aBCL 

TeM caMbiM K npo6neMe <l>llY. HaKoue.u;, B 1971 ro.n.y 6blnH 

HaH,l],eHbl COnHTOHbl B paMKaX ypaBHCHHJI lllpe,ll,HHrepa C Ky-

6H'IeCKOH uenHueiiHOCTLIO (83) /H.JI)I(HMa H A.CyMH/. Bee 

CCblnKH MO)I(HO HaHTH B 063ope CKOTTa H COaBTOpOB 11: 

B pelynLTaTe KOMnLroTep, nono)I(HB uaqano uenoMy 

HOBOMY HanpaBneHHIO B TeOpHH HenHHeHHbiX ,ll,HiWiepeHuHanL

HbiX ypaBHCHHH B 'laCTHbiX npOH3BO,ll,HbiX, onBTL OTOWen Ha 

3a,ll,HHH nnaH. HaqanaCL 6yMOBaB nopa OTKpbiTHH H HCCne

,ll,OBaHHH BnOnHe HHTerpHpyeMbiX raMHnLTOHOBbiX CHCTeM 

H CBJI3aHHbiX C HHMH MeTO,ll,OB o6paTHOH 3a,ll,a'IH pacceJIHHB, 

XiipoTbl H npeo6pa3oBaHHH lieKnyu.n.a. Pa3BHTHe H ~opMa
nH3a.u;us 3TOH MeTO,ll,HKH, HOCBU.{He xapaKTep Me)l(,ll,yHapo.n.· 

uoro copeBHOBaHHB, noxaJana, qyo BHTerpapyeMwe ypaa

HeHBB MO)I(HO reHepBpOBaTL npaKTBqeCKB B HeorpaHaqeH· 

HOM KOnHqecTBe. B pe3yJILTaTe CTanO Ka3aTLCB, qyo 

ecnB He BCe, TO 6onLWBHCTBO narpaH)I(eBbiX CBCTeM Bnon· 

He BHTerpapyeMw. 

IlepBble y~apw no 3TBM B033peHHBM onBTL HaHeC 

KOMnLIOTep. B 1974 ro.n.y B )J;y6He 06Hapy)l(eHO Heynpyroe 

5 



B3aHMO,I:{eHCTBHe JieHrMJOpOBCKHX COJIHTOHOB B IIJia3Mel2/, 

aHaJIOrH'IHO .l{JIJI COJIHTOHOB "ynyqmeHHOro" BapHaHTa ypas

HeHHH bfsCCHHecKa H K.l{B, ypasHeHHii XHrrca H KneiiHa

rop.l{oHa 
3 
I. 0Ka3aJIOCL, 'ITO BpO.l{e 6LI "MaJioro" H3MeHe

HHJI ypaBHeHHJI ,I:{OCTaTO'IHO, 'IT06LI OHO CTaJIO HeHHTerpH

pyeMLIM. bOJiee TOrO, KaK BLIJICHHJIOCL, HeKOTOpLie CIIe

IUII!IH'IeCKHe CBOHCTBa HHTerpHpyeMOCTH HC'Ie3aJOT IlpH rre

pexo,I:{e OT IIJIOCKOH (X ,t) reOMeTpHH K cl!lepH'IeCKH /HJIH 

l.I,HJIHH.l{pHqecKH/ CHMMeTpH'IHOH (r,t/ 4 1_ 

B03HHKJIO IIOHJITHe CHCTeM, 6AU3KUX K HHTerpHpyeMLIM, 

,I:{JIJI KOTOpLIX, KaK y)l(e OTMe'laJIOCL BLillie, CBOeo6pa3HLIM 

HyJieBLIM IlpH6JIH)I(eHHeM MOryT CJiy)I(HTL BIIOJIHe HHTerpH

pyeMLie ypaBHeHHJI, a HCCJie,I:{OBaHHe CTpOHTCJI 110 OTKJIO

HeHHIO OT IIOJIHOH HHTerpspyeMOCTH. IIpH 3TOM poJIL rrapa

MeTpa B3aHMO.l{eHCTBHJI COBpeMeHHLIX TeOpHH HrpaeT OT

KJIOHeHHe OT BIIOJIHe HHTerpspyeMoro ypaBHeHHJI. 

Has6onee "rrpocTo" sccne,I:{oBaHHe CTpOHTCJI, KOr.l{a 

TaKoe OTKJIOHeHHe MO)I(eT 6LITL BLI,I:{eJieHO B BH,I:{e rrpaBOH 

qacTH c MaJILIM napaMeTpoM /51. B 3TOM cnyqae MO)I(eT 

6LITL IIpHMeHeH MeTO.l{ IIOCJie,I:{OBaTeJILHLIX npH6JIH)I(eHHH. 

IIO.l{'lepKHeM, 'ITO TaKoe npHMeHeHHe .l{OJI)I(HO nposcxo.l{HTL 

CO BCeMH B03MO)I(HLIMH npe.l{OCTOpO)I(HOCTJIMH, TaK KaK Ha 

3TOM IIYTH MOryT 6LITL IIOJiy'leHLI "pellieHH.II", He y.l{OBJieT

BOp.IIJOUUie HCXO.l{HOMY ypaBHeHHIO. bOJiee IIO.l{p06HO 06 3TOM 

rosopHTCJI B .l{OKJia,I:{e B.K.<I>e.l{JIHHHaHa.l{aHHOMCHMII03HyMe. 

KpoMe Toro, .l{a)l(e B 3TOM cnyqae B03MO)I(HLI coJIHTOH

HLie pemeHHJI, IIpHHI.J,HIIHaJILHO OTJIH'IaJOUUieCJI OT XOpOlliO 

H3BeCTHLIX pellieHHH BIIOJIHe HHTerpHpyeMLIX ypaBHeHHH Ia/. 

lfHOr.l{a BLI,I:{eJIHTL B 'IHCTOM BH,I:{e TaKoe OTKJIOHeHHe He 

y.l{aeTCJI /HaiipHMep, B CJiyqae ypaBHeHHJI bYCCHHeCKa HMeeT 

MecTo 3aMeHa ¢ xxx.x Ha ¢ xxtt I, el.l.l,e HeTpHBHaJILHee 

6JIH30CTL ypasHeHHii XHrrca H KG3 K ypasHeHHJO CHHyc

rop.l{oHa 
131

. IIO,I:{'IepKHeM 3,I:{eCL, 'ITO 'IHCJieHHLIH 3Kcneps

MeHT JIBJIJieTCJI B HaCTOJII.l.l,ee BpeMJI O.l{HHM H3 BeCLMa 

MOI.l.I,HLIX opy.l{HH HCCJie.l{OBaHHJI raMHJILTOHOBLIX CHCTeM, 

OC06eHHO 3TO KacaeTCJI OTBeTa Ha BOIIpOC, JIBJIJieTCJI JIB 

,I:{aHHaJI CHCTeMa BIIOJIHe HHTerpspyeMOH. Ynpyroe B3aHMO

.l{eHCTBHe COJIHTOHOB II03BOJIJieT OTBeTHTL Ha 3TOT BOIIpOC 

IIOJIO)I(HTeJILHO /BCIIOMHHM K.l{B/. C .l{pyroii CTOpOHLI, 06-

Hapy)l(eHHe HeynpyrOCTH B3aHMO.l{eHCTBHJI COJIHTOHOB ,I:{eJiaeT 
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6eCIIJIO,I:{HLIMH IIOIILITKH HaRTH CJie,I:{CTBHJI HHTerpHpyeMOCTH, 

B qacTHOCTH, MHOrOCOJIHTOHHLie l!lopMyJILI I? I. TeM He MeHee 

H,I:{eJI 0 6JIH30CTH H3yqaeMOH CHCTeMLI K HHTerpHpyeMOH 

B KaKoii-TO CTeneHH IIOMOrJia 06Hapy)I(HTL IIYJILCHpyJOI.l.I,He 

/CBJI3aHHLie COCTOJIHHJI/ COJIHTOHLI-6HOHLI KaK B IIJIOCKOH 

(x,t) reoMeTpHH / 8 .', TaK H B cl!lepH'IeCKH CHMMeTpH'IHOH 

(r, t) 191 B paMKax ypasHeHHii KG3 H Xsrrca. 0TMeTHM, 

'ITO ecJIH B IIJIOCKOM CJiyqae el.l.l,e y.l{aeTCJI HaRTH npH6JIH

)I(eHHOe aHaJIHTH'IeCKOe pemeHHe .l{JIJI IIYJILCOHOB /nyJILCHpyJO

IJ.UIX COJIHTOHOB /, TO B (r ,t ) reoMeTpHH KaK CaM 4laKT OT

KpLITHJI, TaK H HCCJie,I:{OBaHHe CBOHCTB IIYJILCOHOB I.J,eJIHKOM 

CBJI3aHO C KOMIILJOTepOM j):{O CHX nop CTaH.l{apTHLie aHaJIH

TH'IeCKHe MeTO.l{LI OKa3LIBaJIHCL 6eCCHJILHLI: CKa3LIBaeTCJI 

OTCYTCTBHe MaJIOrO napaMeTpa H Cyl.l.l,eCTBeHHaJI HeJIHHeii

HOCTL/. 

TpaHcl!lopMai.J,HJI "4IH3H'IeCKoii" CHCTeMLI, onHcLisarol.l.l,eii 

B3aHMO,I:{eHCTBHe JieHrMIOpOBCKHX H HOHHO- 3BYKOBLIX BOJIH 

B IIJia3Me, OT CHJILHOHeHHTerpHpyeMOH npH MaJILIX CKOpo

CT JIX CTaJIKHBaJOI.l.I,HXCJI £s - COJIHTOHOB /B03MO)I(H0 HX CJIHJI

HHe/ BIIJIOTL ,!:{0 BIIOJIHe HHTerpHpyeMOH IIPH V-+ 1 
1181 

6Lina snepsLie npocJie)l(eHa Ha 3BM a pa6oTe 
121 . 3.l{ecL 

yMeCTHO OTMeTHTL, 'ITO IIpH HeJIHHeHHOM OIIHCaHHH HOHH0-

3ByKOBLIX BOJIH /HanpHMep, C IIOMOI.l.I,LIO ypaBHeHHJI bYCCH

HeCKa/ HHTerpHpyeMOCTL HC'Ie3aeT. CHCTeMa H3 .l{BYX 

HHTerpHpyeMLIX ypaBHeHHH OKa3aJiaCL HeHHTerpHpyeMOH. 

3. B pe3yJILTaTe pa6oTLI 6oJILmoro KOJIH'IeCTBa Hccne

.l{OBaTeneii BO BCeM MHpe CBOHCTBa COJIHTOHOB B IIJIOCKOM 

(x,t) MHpe 6LIJIH .l{OCTaTO'IHO xopomo H3y'leHLI. HacTaJio 

BpeMJI rrepeXO.l{HTL B 6onee peaJILHLie H CJIO)I(HLie MHOro

MepHLie MHpLI. 3TOT nepeXO.l{, KaK, BIIpO'IeM, H CJie,I:{OBaJIO 

O)I(H,I:{aTL, OKa3aJICJI HeTpHBHaJILHLIM. 

3.l{ecL Ha nepsoe MecTo BLimen sonpoc o6 ycTOH'IHBo

CTH COJIHTOHOB, IIpH rrepeXO.l{e OT O.l{HOrO K HeCKOJILKHM 

IIpOCTpaHCTBeHHLIM nepeMeHHLIM /B IIJIOCKOM (X ,t) CJiyqae 

JIHlliL B paMKax KG3 ypaBHeHHJI 6LIJIH o6Hapy)KeHLI Heyc

TOH'IHBLie coJIHTOHLI/. B nocne.l{HHe ro.l{LI 6onLmoe KOJIH

qecTBO pa60T, OC06eHHO B TeopHH IIJia3MLI, 6LIJIO IIOCBJII.l.l,eHO 

HCCJie.l{oBaHHJO ycTOH'IHBOCTH nnocKHX (x,t) COJIHTOHOB B nep

neH.l{HKYJIJIPHOM IIO OTHOllieHHJO K HX .l{BH)KeHHIO HanpaBJie-
13 fO/ 

HHH ' . 0TMeTHM 3,I:{eCL, 'ITO COJIHTOHLI .l{BYX XOpOlliO 
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H3BeCTHhiX HHTerpHpyeMhiX ypaBHeHHH K.nB H 83 OKa3a

llHCh B 3TOM CMLicne npoTHBonono:>KHhiMH: conHTOHhl K.nB -

YCTOHqHBhl, qTo B KOHeqHOM HTOre ll03BOnHnO peWHTh 

,D.ByMepHylO 3a,D.aqy; COllHTOHhl 83 HeyCTOHqHBhl, qTQ llHW

HHH pa3 yKa3biBano Ha cymecTBOBaHHe Konnanca neHr

MJOPOBCKHX BOnH B nna3Me. 

B 1964 ro.ny ~eppHKOM H Xo66apToM 6hlna .noKa3aHa 

TeopeMa, rnacBmaB: B npocTpaHCTBe * 6onee qeM o.nHoro 

H3MepeHHB He cymecTByeT YCToii:qHBhiX CTaD;HOHapHhiX CO

llHTOHOllO,D.06HbiX peWeHHH B paMKaX 06hlqHhiX penBTHBHCT

CKHX HHBapHaHTHhiX HenHHeHHhiX TeOpHH /6e3 BHyTpeHHHX 

CHMMeTpHH/. 

3.necL cne.nyeT onpe.nenHTL, qTo Mhl 6y.neM noHHMaTL 

llO,D. TepMHHOM COllHTOH B HeO,D.HOMepHOM npOCTpaHCTBe. 

HacKonLKO aBTopy H3BeCTHO /B03MO)KHO, 3a HCKnJO•leHHeM 

K.nB H 6nH3KHX eMy HepenBTHBHCTCKHX CHCTeM/, HHTer

pHpyeMbiX penBTHBHCTCKH HHBapHaHTHhiX CHCTeM B HeO,D.

HOMepHOM llpOCTpaHCTBe He 06Hapy)KeHO. llo:JTOMY Hawe 

onpe.neneHHe COllHTOHa CMhiKaeTCB 3,D.eCL C WHpOKO H3BeCT

HhiM llOHBTHeM KBa3HqacTHqHoro peweHHB: 

COllHTOH eCTh peWeHHe HeKOTOpOrO HenHHeHHOrO ypaB

HeHHB, o6na.naromee KOHeqHoii: 3HeprHeii:, HMnynLcoM, "3apB

.noM" H "npaBHllhHOH" aCHMllTOTHKOH Ha 6eCKOHeqHOCTH. 

4. TeopeMa ~eppHKa-Xo66apTa ciJaKTHqecKH YTBep)K,Il.a

eT, qTo raMHllhTOHHaH CHCTeMhl B CTaD;HOHapHOM cnyqae 

I-I[ X 1 KaK ciJyHKUHOHan nonB onpe.nenBeT noBepxHoCTL, 

KOTOpaJI He MO)KeT 6h1Th ,D.OllHHOH; 3TO nH60 XOnM, nH60, 

B nyqweM cnyqae, ce.nnoBHHa B ciJyHKUHOHanLHOM npocT

paHCTBe. ll03TOMY ,D.nB CTa6HllH3aD;HH CHCTeMhl HY:>KHhl 

.nononHHTenLHhle CBB3H /HHTerpanhl ,D.BH)KeHHB/. Bo3MO:>KHhl 

,D.Ba nyTH: 

1/ llOHCKH 3aKOHOB COXpaHeHHB, CBB3aHHhiX C HeTpH

BHanLHOH TOnonorHeH peweHHB /f'l>a,D.,D.eeB, llonBKOB, TyclJT 

H ,np.j; 

2/ nepexo,n K TeOpHJIM C BHyTpeHHHMH rno6anLHhiMH 

HllH KanH6pOBQqHbiMH CHMMeTpHBMH. 

llepBoro no.nxo.na HH)Ke Mhl KacaTLCB He 6y,neM. 

""OroBopHMCB, qTo no.n MHPOM Mhl noHHMaeM npocTpaH

CTBo-BpeMB MHHKOBCKOro, pa3MepHOCTH D +I. 
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f 
I 

I 

Bo BTopoM cnyqae conHTOH o6ecneqHBaeT raMHnL

TOHHaHy ycnOBHhiH 3KCTpeMyM, qTo MO)KeT npHBeCTH K yc

Toii:qHBOCTH conHTOHa /3acTaBeHKO, JIH, MaxaHLKoB/. llpo

HllnJOCTpHpyeM 3TO Ha ~~OCTeHWeM llpHMepe rno6anLHOH 

U (I) - CHMMeTpHH t/I --> t/J e 1 , B 3TOM cnyqae Mhl HMeeM 

,nononHHTenLHhiH 3aKOH COXpaHeHHB 

d Q = 0 , Q = --- i J ( t/1 * 1/J - ~f *1/f ) d Dx 1 1 1 
d t t t 

- iw t 
BpeMeHHaB 3aBHCHMOCTL peweHH.ft BH,na l/f

8 
=¢e 

MHHHMH3HpyeT ciJyHKD;HOHan 3HeprHH H. llpH 3TOM ycnOBHe 

YCTQHqHBOCTH COllHTOHHOro peWeHHB npHHHMaeT BH,IJ; /Ba

XHTOB H KonoKonoB, l'l>pH,n6epr, JIH H CHpnHH, MaxaHL

KOB 
13

'/: 

dQ < 0 
dw 

I Q - TeopeMa/ /2/ 

/11/ /3/ 
B pa6oTe /eM. TaK)Ke cTp. 100/ 6hlno noKa3aHo, 

qTo B CHCTeMaX C TaK Ha3biBaeMOH HaChiiUaJOIUeHCJI He

llHHeHHOCThlO npH HeKOTOphiX W cymecTBYJOT YCTQHqHBble 

Q -conHTOHhl. B paMKax o,nHononeBoii: ¢ b -TeopHH cTa

u;HoHapHhlx ycToii:qHBhiX peweHHH npH D:::. 2 He cymecT

ByeT . 

3aMeTHM, qTo B paCCMOTpeHHOM cnyqae KOMnneKCHOrO 

nonB /1/ eCTh TOqHhiH 3aKOH COXpaHeHHB. 

Mo)KHO HCKaTL conHTOHHoe peweHHe ,nnJI .neii:cTBHTenL

Horo CKanBpHoro nonJI BH,na 

X = Re ¢ e - iet> t /nynLCOH/. /3/ 

llpH Onpe,neneHHhiX ycnOBHBX B03HHKaeT npH6nH3HTenLHhiH 

3aKOH COXpaHeHHB 

d8 2 D 
dt:O, 8""f¢ d X, /4/ 

y,noBneTBOpBIOIUHHCB C 3KCllOHeHD;HanLHOH TOqHOCTLJO/oo

ronJ06CKHH H MaxaHLKOB 
181

, MaHaKoB 112/. 

5. llepeii:,neM K HCCne,noBaHHJO KOOp,D;HHaTHOH 3aBHCH

MOCTH COllHTOHOB. cp(r). oy,neM paCCMaTpHBaTL cciJepHqeCKH 

CHMMeTpHqHhle peWeHHB B D - MepHOM eBKllH,IJ;OBOM npo-

9 



CTpaHCTBe HllH B (0+1) ·MepHOM MHpe MHHKOBCKOrO /B no· 
cne,IJ;HeM cnyqae nepeaopMapyeTCJI MaccoBbiH qnea/ .IJ;n11 
ypaaaeHHJI aecbMa o6u_.ero BH.IJ;a c nonaaoMHanbHbiM nar • 
paH)I(HaHOM: 

1 d D-1 dcp 2 n p-1 fj-1 
[)[" -(r - )-K ¢ +g '"'¢ -a¢ ~ 0 /4/ 
r - dr dr 

C nOMOn_.biO BHpHallbHOH TeopeMbl H HHTerpHpOBaHHJI /5/ 
C BeCOM cpr r D- 1 nony'IHM ycnOBHJI cymecTBOBaHHJI 
COllHTOHOnO,IJ;06HbiX peweHHH ypaBHeHHJI /5/ / 13 ' 

0-2 0-2 
(1- p--)UP >(1-q-)Uq 

20 20 
/6/ 

( p -2 ) u > ( q -2 ) u 
p q 

/7/ 

3.IJ;ecb 

g 2 oo p D-1 
U ~-J¢ r dr, 

p p 0 
U = 3. /" ¢ qr D- 1 dr . 

q q 0 

·~ 0TMeTHM, 'ITO .IJ;llJI HHCTaHTOHHbiX peweHHH ( K ~~ a 0
' 0) 

YCllOBHe /6/ COBna,IJ;aeT C YCllOBHeM peHOpMHpyeMOCTH 
Teopaa. Aaanoraqao 6y.IJ;eM HMeTb .IJ;n11 aeKTOpHbiX noneH: 

A <X x ~( / I x I . HanpaMep, .IJ;ll11 cnyqaJI P=4 , q =6 , D ~ 3 
H'eeM ceMeHCTBO peWeHHH cp n /r.IJ;e n HyMepyeT 'IHCllO 
Y3llOB noneBOH «iiYHKUHH/, KOTOpble MOryT 6b1Tb YCTOH· 
'IHBbl a onpe.IJ;eneaaoH: o6nacTH napaMeTpoa (c,J, g~ ,a) 

TeopeMa cyu_.ecTBOBaHHJI .IJ;n11 D ~ 3 a aenaaeH:aocTH 
o6u_.ero BH.IJ;a 6blna .IJ;OKaJaaa B pa6oTax / 14 /. 

B JaKniO'Ieaae 3Toro paJ.IJ;ena JaMeTHM, 'ITO cTara· 
'leCKHe CBOHCTBa COllHTOHOB H3y'leHbl y)Ke B ropa3,IJ;O 
6onee CllO)I(HbiX CKanJlpHbiX H BeKTOpHbiX Kana6pOBO'IHbiX 
MO,IJ;en11X SU(2) ~ SU(2) , SU (3) G!:l SU(3), a TaK)Ke C BKniO· 
'leHHeM UBeTHbiX CnHHOpHbiX /KBapKOBbiX/ noneH, T.e. 
80(3) ® SU(3) ® SU(3/15 /o6 3THX accne.IJ;oaaaan 6onee no.IJ;· 
po6HO CKa3aHO B .IJ;OKna,IJ;e O,IJ;HOrO H3 aBTOpOB, T .)J;.JIH/. 

6. qTo6bl onpaa.IJ;aTb KaK·To aaJaaaae .IJ;OKna.IJ;a, nepeH:· 
,IJ;eM onJITb K KOMnbiOTepy. ,lJ;HHaMHKa COllHTOHOB B MHOrO • 
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MepHOM MHpe • noKa nO'ITH uenHKOM enapXHJI KOMnbiOTepa. 
'4/ TaK HMeaao c ero noMoo_.biO 6blnH OTKpbiTbl nynbCOHbl • • 

6HOHbl B c«llepH'IeCKOM TpexMepHOM npOCTpaHCTBe • H H3y· 
'leHbl ax caoH:cTBa. Hccne.IJ;oaanacb s s peweaa11 conaToa· 
aoro Tana .IJ;n11 cne,IJ;yiOo_.ax ypaaaealiH:, onacbiBaiOIUHX peanb • 
Hble cKan1lpHble non11 * 

r,IJ;e 

¢u -f:..rr¢-¢+¢ 3 -o GLH, /8.1/ 

¢ -!!. ¢ +sin¢- 0 
tt rr 

¢ -!!. ¢+¢-¢3,.,0 
tt rr 

SG /HHTerpapyeMo B x,t Mape/, 

/8.2/ 

KG3. /8.3/ 

HHTerpanbl 3Hepraa, cooTBeTcTaeaao, cyTb: 

E •4rr J }{ r2 dr , }{ .. ..L[r.p 2 + r_p2 + v. (¢)]. 
2 t r 1 

/9/ 

v1,.! (¢2-1)2. 
2 ¢2 

v2 =2(1-cos¢). v3 -¢ (1- 2-)./10/ 

KaK y)Ke OTMe'lanocb, ycTOH'IHBbiX Q • conHTOHOB (dQ /d cu < 0) 
.IJ;nJI ypaaaeHHJI KG3 (D =3) ae cyu~ecTayeT. KaK noKa3ana 
'IHClleHHble 3KCnepHMeHTbl, npoBe,IJ;eHHble B )J;y6He, TO )Ke 
HMeeT MeCTO H .IJ;llJI nynbCHpyiOo_.HX peweHHH BH,IJ;a /3/ .IJ;llJI 
ypaaaeaa11 /8.3/. KG3 ·nynbCOHbl TaK )Ke, KaK H KG3 Q· 

COllHTOHbl, pacna,IJ;aiOTCJI no .IJ;BYM MO,IJ;aM • .IJ;HCCHnaTHBHOH 
H caaryn.11paoH: / 31 . llocne.IJ;HJIJI npe.IJ;CTaBnJieT co6oH: Kon· 
nanc naKeTa, aeCbMa aanoMHHaiOIUHH Konnanc nearMIOpoa· 
CKHX BOllH B nna3Me B paMKaX 83 ·ypaBHeHHJI. 

Peweaa.11 ypaaaeaaH: /8.1/ H /8.2/ HMeiOT aeayneable 
aCHMnTOTHKH /BaKyyMHble 3Ha'leHHJI/ Ha 6eCKOHe'IHOCTH 
(r + "" ) 

¢GLH!r--+oo--> ±1 , 

¢ I -->±2rrn, 
SG r--> oo 

*no TeopeMe ,lJ;eppHKa. Xo66apTa yCTOH'IHBbiX CTaUHO. 
HapHbiX COllHTOHOB .IJ;llJI TaKHX TeOpHH He cyo_.eCTByeT. 



KOTOpbiM COOTBeTCTBYIOT MBHBMYMbl noTeHUBana /10/ 
/~YHKUBS V3(¢) BMeeT nBWb OAHH OTHOCHTenbHbiH MHHB

MYM V 3 (0) ""0). 3aKpenneHue o.nHoro B3 JTBX aaKyyMoa a 

Ka'leCTBe rpaHB'IHOrO ycnOBHS MO)KeT npBBeCTB K nosa

neHBIO KBa3BCTa6unbHbiX /cna60B3ny'laiOIUBX nBHeHHble Bon

Hbl/ nynbCOHOB, BpeMS )KB3HB KOTOpbiX - -10 3 nepHOAOB 

OCUBnnSUBB /a,nua6aTB'IeCKBH BapuaHT /4/!/. 3aMeTBM, 

'ITO apeMs pacna.na KG3-nynbCOHOB - nops,nKa HecKonbKBX 

/3-4/ KOne6aHBH /no,npo6HOCTB CM. B pa6oTe 
131 

/. 3aMe

TBM TaK)Ke, 'ITO HBKaKBX HeBJny'laiOIUBX 06'beKTOB, aHano

rB'IHbiX 6HOHaM B nnoCKOM (X , t) MBpe, B paMKaX S 0 -
ypaBHeHBS 06Hapy)KeHO He 6blnO. 

B Hawux 'IBcneHHbiX JKcnepuMeHTax Bbl6upanucb 
v v 

¢ = -1' ¢ = 0 
GLH SO 

B 6blnB 06Hapy)KeHbl ,nonrO)KBBYLQBe nynbCOHbl /c pacnpe

,neneHBeM nons no r B ~OpMe KOnOKOna/ npu AOBOnbHO 

npouJaonbHbiX Ha'lanbHbiX ycnoausx, ecnu TOnbKO 181 

¢ (0,0) > const 1 > 1 GLH 

¢ (0, 0) > const 
2 

> 2 rr SG 

AHanorB'IHble 06'beKTbl HeCKOnbKO nOJ)Ke 6blnB HaH,neHbl 
u 3 ...,. I //1ul rpynnou H3 HT ..., MocKBa . 

,ll;ns MHOrOBaKyyMHOH TeOpBB CBHyc- rop,noHa MO)KHO 

O)KB,naTb nosaneHBS KBa3BCTa6BnbHbiX nynbCOHOB CO BCe 

6onbwe8 aMnnuTy,no8 nons B ueHTpe ¢ (0,0) > 2 rr n. H TaKue 

06'beKTbl 6blnB HaH,neHbl /XOTS OHB He BMeiOT aHanoroB 

B nnOCKOM (X ,t) MBpe/; BX aMnnBTYAbl ne)KaT B o6naCTB 

¢ (O,t) ~ (3rr, 4rr). B paHOHe (2rr.3rr) 3TH nynhCOHbl 

CTaHOBSTCS HeyCTOH'IBBbiMH. B HTOre Ha6JIIO,naeTCS KaC-

KaABbiH npouecc: Me,nneHBO B3nyqas, TS)KenbiH nynbCOH 

yMeHbWaeT CBOIO aMnnBTYAY BHyTpB BHTepaana (3 TT , 4 TT) , 

BHTepaan (2rr, 3rr) npOXOABTCS OTHOCBTenbHO 6biCTpO, 

3aTeM B BHTepaane (rr, 2rr) Mbl onsTb BMeeM cna6ouJ

ny'laiOIUBH nynbCOH, KOTOpbiH CTaHOBBTCS HeyCTOH'IHBbiM 

B o6nacTu (0, rr ). HeTpy,nHo BBAeTb, 'ITO TaKoe noae.neHue 

nynbCOHOB TeCHO CBS3aHO C penbe~OM noTeHUBana V( cp). 

12 

i 

IlpH Bhl'IHCJICHBHX 06bi'IHO /_nnH COKpa[UeHHH MalllHHHOrO 

BpCMCHH/ Hal.JanbHhie yCJIOBHH 3a,L(aBanHCb B KBa3H6HOHHOM 
BHAC: 

dJ (r,O)=·A K arctg[tgasech(sinar)], 

npul.JeM napaMeTpbl a u K aapbupoaanucb. 

B npe.nbiAYIUeM pa3,nene Mbl paccMoTpenu AHHaMul.Jec

KHe CBOHCTBa COnHTOHOB, KaCaiOLQBeCS BOnpOCOB HX ~op
MHpOBaHBS u yCTOH'IHBOCTH. O,nHaKo 3To numb nepabiH war. 

PeanbHas ABHaMBKa, B KOTopo8 B nonHoH Mepe nposans

IOTCH OC06ble CBOHCTBa COnHTOHOB, - 3TO BX B3aBMO,ne8-
CTBBe. 

Ilepe8,neM, HaKOHeU, K o6Cy)K_neHHIO AOCTynHbiX aBTOpy 

pe3yJihTaTOB no CTOnKHOBeHBIO ABYMepHbiX ot UBnHH,npu

'ICCKB CBMMeTpHl.JHblX /B CHCTeMe nOKOH/ COnHTOHOB. 3,neCb 

MLI YllOMHHCM nBlllb 0 ABYX l.JBCnCHHblX 3KCnepBMCHTaX, 

llpOBe,neHHblX B ,ll;y6He, no B3aBMOACHCTBHIO a/ HCCTa6Hnh

HblX KG3 nynbCOHOB 1171 u 6/ Q-conuTOHOB KG-ypaaHe

HHH c HaCbiiUaiOIUeBcH uenuueHHOCThiO au.na 14'~ I 2/(1 + It/' !2 ) . 

Hy)KHO OTMCTBTh, l.JTO y)Ke cyll{eCTBYK>T BCCI>Ha Bll81.JaTJI5[10-

IUHe ~HJihMhi Tannepra o B3aBMo,ne8cTBBB L:.HJUJH,npuqecKux 

COJIHTOHOB B paMKaX ypaBHCHHJI llipe,nuurepa C 3KCllOHCH ~ 

uuanbHOH uenuueuuocTbiO /"uacblLQaiOIUCHCJJ "I 

i!Jlt +l'.rr rj, +~ ¢(1-expl-a!rJri
2 

l)= 0, 

MO,ncnupyiO[Ucro llOBCACHHe naKeTOB JieHrMIOpOBCKBX BOnH 

a6JIH3H crauuouapHhiX perneHuH. 

Ilpe)K_ne acero cne.nyeT cKa3arb, l.JTO KaK KG3 -nynh

cOHhl, TaK u nynhCOHbl ypaaueuu8 GLH u SG oKa3aJIHCh 

ycTOH'IHBbiMH no OTHOWeHBIO K ManbiM yrnOBblM B03MyLQe

HBJIM ocp(8) 1171 

B nepao8 cepuu pac'lcTOB /lioroJII06cKBH, lllaa'IKa u 

aBTOp/ BCCne,noBaJIOCb no60BOC CTOnKHOBCHHC ABYX He

cTa6unhHblX KG3 - nynhcouoa au.na 

-------- ---
c~(x,y,t) -.A¢ (u o'v yi

2
(x-vit)

2 
+ y2 )cos(v'1-u~ yi (t-vix)): 

* TpexMepHble conuTOHbl, no-au.nuMoMy, noKa cnuwKoM 
CnO)KHbl ,nnJJ KOMnhiOTepa. 
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rAe Vi - CKOpOCTL 1 -ro nynLCOHa B eAHHHUaX CKOpOCTH 

cBeTa, v 1 ~ -v 2 ""v = 0,2; 0,3; 0,4; 0,6. y ~=(1-v~)-1, 
a clJyHKUH.II cp (r) B CHCTeMe llOKO.II nynLCOHa eCTL peweHHe 

rpaHH'IHOH 3aAa'IH 

1 3 
¢ +-¢ -¢+¢ -0, ¢ (0)=¢(oo),.O. 

rr r r r 

BpeMJI cTonKnoaennJI Bb16npanocL MeHLWe apeMeHH 

pa3BHTH.II HeyCTOH'IHBOCTH. lloBeAeHHe nynLCOHOB nano

MHHaeT llOBeAeHHe OAHOMepHbiX fs - COnHTOHOB, 06Cy)l(-
/2/ 

Aaaweec.ll Bblwe . Ecnn cKopoCTL nyrtLCOHOB npeaocxo-

AHT HeKOTopyiO KpHTH'IeCKYIO BenH'IHHY Vcr =0,3, TO nynL

COHbl BbiXOA.IIT H3 B3aHMOAeHCTBH.II H nHWL nocne 3TOrO 

"pacnaAaiOTC.II" no AHCCHllaTHBHOH HnH CHHryn.llpHOH MOAe. 

llpH V ~0,3 nynLCOHbl CnHBaiOTC.II B OAHH, BllOCneACTBHH 

KonnancnpyiOIUHH. 3aMe'laTenLHbiH clJaKT COCTOHT B TOM, 

'ITO npH V> V cr 'IHCnO HeyCTOH'IHBbiX KBa3H'IaCTHU COXpa

H.IIeTC.II BO B3aHMOAeHCTBHH, npH'IeM OHH )I(HBYT npn6nH3H

TenLHO TaKoe )l(e BpeM.II, 'ITO H B CB060AHOM COCTO.IIHHH. 

H 3TO HeCMOTp.ll Ha TO, 'ITO CTOnKHOBeHHe nynLCOHOB BHO

CHT 6onLwoe, xoTJI H caMocornacoaannoe B03MyiUenne 

llOP.IIAKa eAHHHUbl An.ll Ka)f(AOrO H3 HHX. 3AeCL y)f(e B Tpex

MepHOM MHpe Mbl, no-BHAHMOMY, .IIBn.lleMC.II CBHAeTen.IIMH 

npO.IIBneHH.II "conHTOHHbiX" /B CMbiCne 3a6yCKH/ CBOHCTB 

HeyCTOH'IHBbiMH nynLCOHaMH. 

BTopaJI cepn.11 pac'leTOB /KyMMep, IIIBa'IKa n aaTop/ 

6blna DOCB.IIIUeHa CTOnKHOBeHH.IIM YCTOH'IHBbiX Q - conHTOHOB 

B MOAenH 

1 2 2 -1 
1/J -1/J --l/J +1/J-Il/11 (1+1!/11) -o. 

tt rr r r 
lloBeAeHHe Q - COnHTOHOB B 3THX COyAapeHH.IIX BeCLMa 

HaDOMHHaeT "conHTOHHOe": B3aHMOAeHCTBHe OKa3biBaeT

C.II llO'ITH ynpyrHM, (v~1), na6nroAaeTC.II HeKOTOpbiH CABHr 

B HX nono)f(eHHH /npH TeX 3Ha'leHH.IIX w H V, KOTOpble 

HCCneAOBanHCL B 3KCnepHMeHTaX/. 
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