
~ 9 ~/;~!.!.. H.C.UiaBOXBHa 

KPAEBA}l 3A.ll:ALIA B TEOPHH MHPOBhiX 

MI1Hl1MAJihHhiX TIOBE PXHOCT EH 



H.A . 4epHHKOB, H.C.lllasoxHua 

KPAEBAR 3A)J,A4A B TEOPMM MMPOBhiX 

MMHMMAJlhHhlX fiOBEPXHOCTEfl 

P2 - 11295 



l.fepH~KOB H.A., W8BOXIIH8 H.C. P2 • 11295 

Kp8eB8SI 38118'18 e reopHH MHpOBbiX MHHIIM8JlbHbiX noaepxnocrell 

P8cCMaTpHB8IOTCH IIB8 TO'Ie'!HbiX rena, aaanMallellcreHe MelKJlY KoTo

pbiMH nepeaaeTCSI 'lepe3 IIByMepHyiO UOBepXHOCTb, Of'p8HII'IeHHyiO Mi!pOBbiMII 

Tp8eKTOp;!SI"H 3TIIX Ten, llnH TBKIIX noaepXHOCTeri C fiO'·'OWbiO B8pll8UIIOHHOf'O 

MeTO.:I8 BbiBOI!IfTCSI CHCTeMa ypaaHeHH.lf C '18CTHbl~lll ( ypaBHeHIHI MIIHH

~!8JlbHbiX naeepXHOCTelf} II 06biKHOBeHHbiMII (KpaeBnie yc:10BI!SI) np01!3BOII

HbiMIJ, Onpe.:tenHeTCH KaHOHH.'IeCKKl"t u~myllbc 11 yKa3biaaeTcH cnoco6 no:Iy

qeHnH COXpaHHIOWHXCSI SeJlH'IHH. noK838HO, 'ITO npu H8Rli'IIIH COXpaHHIOUlellCH 

BeJlH'IHHtl KpaeBbie YCJlOBHH OIIHH paa l!HTerpHpyiOTCH, f10CT8HOBK8 Kpaeeofl 

aai!8'1H a.,SI '-'HHliM8:IbHbiX noeepxnocrell noaaollltna pewi!Tb npo6ne'IY 

penHruauaaUHH ypaaneHHii HbiOTOHa IIJIH nsyx ren c noreHUitano"' aaaJo.IO

I!ellcreHH, nponopUliOH8JlbHbiM paCCTOHHHIO MelKIIY TeJ18>.m, 

P86ora BbmonneH8 e Jl86op8TOpHII reopeTH'!eCKoll <jl1!3HKH OIHII1. 

Coo6weH11e 06benuHeHHoro HHCTIITyTa HnepHbiX uccnenoeaHIIii. lly6Ha 1978 

Chernikov N..A., Shavokhina N.S. P2 · 11295 

The Boundary Value Problem in the Theory of World 

Minimal Surfaces 

Two point bodies are considered which interact through 
a hvo-dimensional surface bounded by a world traj ectories of 
those bodies. By using the variational method for such surfaces 
a system of equations is derived v.ith partial (equations of mini
mal surfaces) and with ordinary (boundary conditions) derivatives. 
The canonical momentum is determined, and the method for obtain
ing conserved quantities is pointed out. It is shown that for the 
conserved quantity the boundary conditions are once integrated. 
The boundary value problem as stated for minima.! surfaces permits 
the solution of the problem of relativization of the two-body Kewton 
equations with an interaction potential proportional to the distance 

bet•.veen b0Ciies. 

The investigation has been performed at the Laboratory 

of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 
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BecbMa TPY.D.HbiM )J.JI.H Teopuu OTHOCHTeJibHOCTH oKa3an-

' ' CH rrepBOHa'iaJlbHbiH BOIIpOC IlyaHKape ' 1t 0 TOM, KaKHe 

H3MeHeHHH Ha)J.O BHeCTH B ypaBHeHH.H HefieCHOH MeXaHHKH 

2 
d X 1 

m1 --r)--
dt~ 

,, 
d~X2 

rn 2----2 
dt 

cc m 1 m2 y 
X 2- X 1 

-------13 
jx2-x1 

mlrn2y 
_l--::!_?__ 

1
3 

\ x 1- x2 

)J.JIH .D.BYX TeJI, IIO)J.'iHH.HIOU(HXC.H 3aKOHY BCeMHpHoro T.HroTe

HHH HbiOToHa, 'iT06bi .LJ.OJI)I(HbiM o6pa3oM y'ieCTb $aKT no

CTOHHCTBa CKOpOCTH CBeTa C . HaCKOJibKO Tpy)J.eH 3TOT 

BOIIpOC, MO)I(HO Cy)J.HTb IIO TOMy, 'iTO H3BeCTHOe pellieHHe 
Icy I 

lllaapu.rnHJib.LJ.a' " 1 , .HBHBrneec.H BOHCTHHY TPHYM<iJaJibHbiM .LJ.O-

CTH)f(eHHeM ofimeii TeOpHH OTHOCHTeJibHOCTH, )J.aeT OTBeT 

JIHllib Ha npe)J.eJibHbiH CJiy'iaH, KOr)J.a O)J.HY H3 'iaCTHU. C'iH

TaiOT npo6HOH. 

Ilo)J.o6HbiH aonpoc npe.LJ.cTaBJI.HeT HHTepec H B cny'iae 

ypaaueHHH HbiOTOHa 

2 
d X 1 

m1---2 
dt 

_ _[)__ U(r) 

ax1 

2 
d x2 

ffi2d_t_2 
= _ _ _a_ U(r) , 

ax 2 

OIIHCbiBaiOU(HX IIOBe)J.eHHe .LJ.BYX TeJI C KaKHM-JIHfiO HHbiM,'ieM 

U(r) ~ _ -~~l_g_X_ r~~jx2-xt1 /1/ 
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DOTeHUHaJIOM BJaHMO,lJ,:eHCTBHH U (r). MO)f(HO O)f(H,lJ,:aTb, 'ITO 

sonpoc llyaHKape oKa)f(eTCH npmue B cny"'lae U (r) = Gr 2 , 

r.n:e G He JaBHCHT OT r, Kor.n:a ypasHeHHH HbiOTOHa cTaHo

Bl!TCH JIHHeHHbiMH. Ho, Ka3aJIOCb fihl, HeT HHKaKHX OCHOBa

HHH ,n:yMaTb, 'ITO sonpoc oKa)f(eTCH ,n:oBOJibHO npocTbiM 

B cnyqae U (r ) ~ Gr , nocKoJibKY ypasHeHHH HbiOTOHa c Ta

KHM llOTeHUHanOM pewaiOTCH 3Ha'lHTenbHO Tpy,n:Hee, 'leM 

c noTeHuHanoM I 1/. 
1 

, 

TeM He MeHee DOHCKH 13- 131 «iJH3H'leCKOrO CMhiCna MaTe

MaTH'lCCKOH TeOpHH MHpOBhlX MHHHManbHhlX DOBCpXHOCTeH 

npHBenH K OTBeTy Ha Bonpoc 0 penHTHBH3aUHH ypaBHeHHH 

HbiDTOHa 

rl x, x2- x 1 
2 

d X2 
m ------

2 d t 2 

2 

~n .,-- ~ 
. clt2-- = G 

I X -X I 
i 2 1 

x1 - x,, 
G------':_ 

I X -X I 1 •) ' 

/2/ 
C noTeHUHaJIOM U (r) ~ Gr 3TOMY BOnpocy H DOCBHIUaCT

CH ,n:aHHaH cepHH CTaTei DO,lJ,: 06IUHM Ha3BaHHeM "llpHMep 

')eJUlTHBHCTCKOH Ja,n:a"'H ,lJ,:BYX Ten". 

fi HaCTOHIUeH CTarbe Mhl H3nO)f(HM OfiiUYIO TeOpHID MHpo

BbiX MHHHManbHhlX DOBCpXHOCTeH H DOCTaBHM KpaeByiD 

Ja,n:aqy, JKBHBaneHTHYIO Ja,n:aqe 0 cneuHanbHOM B3aHMo

,n:eiiCTBHH .n:syx Ten. B pa6oTe /12/ 6hiJIO noKaJaHo, 'ITO 

KpaesaH Ja,n:aqa .n:ns MHposoi MHHHMaJibHOH nosepxHocTH 

CBO,lJ,:HTCH K peWeHHID ypaBHeHHH /2/, I<Onh CI<OpO B npocT

paHCTBCHliO- BpeMeHHOM MHpe ,n:eHCTByeT rpynna npeo6-

;>aJOBaHHH f'anHJICH. 3aMeHHH B KpaeBOH Ja,n:aqe npco6pa-

30BaHHJI f'anHneH npeo6pa30BaHHHMH JlopeHUa, npHXO,lJ,:HM 

K aHanorH'lHOH penHTHBHCTCKOH 3a,IJ,:a'le ,lJ,:BYX TeJJ - rnaBHOH 

uenH ,lJ,:aHHOrO HCCne,n:oBaHHH. 

1. YPABHEHH.Jl ,l(BHJKEHH.Jl. 
KPAEBAJI 3A,lfA qA 

PaccMaTpHBaeMoe B3aHMO,lJ,:eHCTBHC ,lJ,:BYX 'laCTHU C MH

pOBhlMH Tpaei<TOpHJIMH 

X = X (r ) 
1 1 ' 

4 

X =X (r ) 
2 2 /3/ 

r -

nepe,n:aeTCJI 'lepe3 ,lJ,:ByMepHyiD MHpOBYID DOBepXHOCTh 

X ~X 
0

( U, V), /4/ 

COC,lJ,:HHJIIOIUYID TpaeKTOpHH /3/ H orpaHH"l{CHHYIO HMH. lloBe

,n:eHHe 'laCTHU onpe,n:enJiiCTCH ,n:ByMS DJIOTHOCTSMH ,n:eHCTBHS 

£ (X , X ) , n = 1,2 , /5/ 
n 

COCpC,lJ,:OTO'lCHHhlMH Ha TpaeKTOpHJIX /3/, H DnOTHOCTbiO 

,n:eHCTBHH 

£
0

(x,a.b) /6/ 

cocpe,n:oTO'leHHOH Ha DOBepXHOCTH /4/. 
3,n:eCb ofioJHa'leHO: X " ! X a l - COBOKYDHOCTb KOOp,n:H-

HaT X 0 , X 1 , , .. , X N B (N+l) -MepHOM MHpe; r 1 H T 2 -

napaMeTphl Ha TpaeKTopHHX /3/;u , v - napaMeTphl Ha 

noBepxHOCTH /4/; HaKOHeu, X= !ia l, a ""laa I, b = lbal, 
r.n:e 

X a dx a 

dr 
aa = _2~~ 

au 
ba=_d~ 

av /7/ 

~yHKUHH ,n:eiCTBHJI paCCMaTpHBaeMOH CHCTeMhl paBHJI

eTCJI 

r.n:e 

S - S0 +S 1 + S 2 , 

so If f
0 

( x, a, b ) du dv , 

«l dx 
S 

1 
= J ~1 (X , ----) d T 1 , 

dr 1 

s2 J S: 2 (x ,E-)dr2 . 
dr 2 

/8/ 

/9/ 

/10/ 

/11/ 
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MuTer pan I 101 6eperc11 no uanpaaneuuoMy B 6y,IJ,ymee or
pe3KY A 1 A 2 MHpoaoii rpaeKropHB nepaoii qacTBULI, 
BHTerpan 1111 - no uanpaaneHHOMY B 6y.D.ymee orpe3KY 
B 1 B 2 Mupoaoii rpaeKTOPBB BTopoii qacTHULI, a uurerpan 
191 - no opBeHTBpoaauuoMy KycKy A1 B1 B2 A2 A 1 no
aepxuocTB 141 /eM. pucyHoKI. 

A2 82 

C) 
A, 81 

roaopg 0 "6y.n.ymeM", no,IJ,pa3yMeBaeM, qTo B (N+l) -
MepuoM MBpe cymecrayer rno6aJILHaR KOOPJJ.HHaTa ape
Meuu t, YJJ.OBneraopgromaH cne,IJ,yJOIUHM ycnoBHRM. BecL 
Mop paccnaBaaercg ua N - MepHLie noaepxuocru t = const . 
BcHKaJI TaKaJI noaepxuocrL nepeceKaer KaJK.D.YJO H3 rpaeK
ropuii 131 TOJILKO B O,IJ,HOH TO~Ke. 113 .D.BYX C06LITHH, JieJKa
IUBX Ha TpaeKTOpHH qaCTBULI, 6onee no3,IJ,HHM cqBTaeTCR 
C06LITHe, OTMeqeHHOe 60JILWHM 3HaqeuBeM KOOp,D,HHaTLI t . 

r,IJ,e 

6 

Bapuauu11 tPYHKUHH ,IJ,eHCTBHJI paaua 

oS =oS 0 ~os 1 +oS 2 , 

afo afo a 
oS0 = Jf( --oxa + ---oa 

axa aaa 
af...Q_ oba)du dv' 

+aha 

A2 

o s t= I 
Al 

afl a 
(---ox 

ax a 
af.Loxa)dr1' +- --

ax a 

1121 

1131 

II41 

ilS ,, 
B·J .:J <> rt 
~ "-~ ()X r ( -- 1151 

Bl 
{Jxa 

<" . a d _J -::_~!) x ) r2 · 

Jxa 

BbiBeJJ.eM ypaaueuu:11 JJ.BBJKeHHR, npupaBBHBa.SJ. uynro napua
UHJO I 121 BCJOJJ.Y, 3a HCKJIJOqeuueM 3aMKHYTLIX orpe3KOB 
A 

1 
8

1 
H A 

2 
B 

2 
)l.nH noro npoBurerpupyeM I 141 u I 151 

no Y.a~THM: 

A2 (! \' . 1 
<) s 1 ~- r ( -----

Al 
cJ X u 

s,, 
os 2 ~ I- ( ~J ~~ 

Bt cJxa 

d a\'t a J\_l u A2 1 
- --- ---:-- ) Zi X d r 1 ~ ilx ! 

d, ax a (}X a A1 
1 

1161 

B2 a 5..\, a 
t ----==-ox 

a X a 

a ~) (( 

_a~)Zix dr
2 a X. a 

Bl 
dr 

2 

1171 

a aapuauuJO I 131 npuneJJ,eM K auanorBqHoMy BH.D.Y c no

MOI1.{LID liJopMyJibl rpuHa: 

.sso cc 
rr ~~o ( --

a xa 

a 
au 

a i'o () a.S:>{) )nxa du dv t 

()a a av a b a 

1 <t> ( 
(l~o J.$:.lo a 
---- d v - --- du ) Zi x 1181 
aaa rJb a 

r;:J;e KOHTYPHLIH uurerpan paneu 
B, A B B 

• j2-f2-J2 ~Jl 
. Bl ·A1 A2 At 
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TaKHM o6pa30M nonyqaeM cne,Z:{ylOll{He ypaBHeHHH ,Z:{BH)I(e

HHJI: 

a a.S: 0 a af 0 af
0 0) -- ---- + -- ---- - --- = 0 

au aaa av aba axa 

1) 
ct aS: a£ af du af 

--- _:.__1._ - __ ::1__ = ...::.::..!1 - - ___ Q dv 

dr . a ax a ab a dr
1 

aaa dr
1 1 

ax 

2) 
ct af af> 2 a.S: 0 dv af 0 du 

---- __ 2. - ---- = --- -- - ----
dr ·a ax a a a a dr

2 
(Jba d r 

2 2 
ax 

/19/ 

YpaBHCHHJI 1/ H 2/ ,Z:{nH MHpOBhiX TpaeKTopuii: qacTHll BLI

cTynaiOT 3,Z:{CCh B Ka'ICCTBe KpaeBhiX ycnOBHH ,Z:{nJI MHpo

BOH nosepxHOCTH, 3a,Z:{asaeMoii: ypasHeHHHMH 0/. 

2. KAHOHHflECKHH HMIIYJibC 

Ecnu ypasHeHHJI /19/ y,Z:{osneTsopHIOTCH, To sapuauuJI 

/12/ CTaHOBHTCJI paBHOH 

8S 

r,Z:{e 

8 

B2 
a a a 

P1 o x (A ) + P
2 

ox ( B 
2 

) + f P ( du , dv) 8 x -
,a 2 ,a A

2 
a 

B1 
- Pl. a o xa (A 1 ) - P 2 ,a 8 X a ( B 1 )-f P (du,dv)8xa, 

A a 

p = 
1,a 

a f i 
ax a 

P2,a 

1 /20/ 

af 
2 /21/ ax a 

af> af 0 P (du, dv) = _..o_ du - --- dv. /22/ 
a aba aaa 

TaKHM o6pa3oM npuxo,Z:{HM K cne,Z:{ylOll{eMy onpe,Z:{eneHHIO I<a

HOHH'IecKoro HMnynbca. Ilpose,Z:{eM Ha nosepxaocTH /4/ 
HeKoTopyro nHHHIO AB , coe,Z:{HHJIIO~l{YIO TO'II<Y A, npHHa,Z:{ne

)f(amyro MHPOBOH TpaeKTOpHH nepBOH "laCTHI.J;bl, C TO'IKOH 

B. npuHa,Z:{ne)f(all{eii: Muposoii: TpaeKTOpHH BTopoii: qacTHI.J;bl. 

Cor nacHo /20/, B TO'IKe A cocpe,Z:{OTO'IeH HMnynbc Pt,a, 
B TO 'IKe B - HMnynbc P 2 , a , a aa yqacTKe ( du, dv) nu
HHH AB pacnpe,Z:{eneH HMnynbc P a ( du, dv ) Bbipa)l(eHHJI 

,Z:{nH 3THX BenH'IHH npe,Z:{CTaBnCHbl clJopMynaMH /21/-/22/. 
Cne,Z:{oBaTenLHO, ecnu MHposaH TpaeKTOPHJI qacTHUbl 

X = X(r) ne)f(HT Ha llOBepXHOCTH /4/ H onpe,Z:{enHeTCJI 

ypaBHCHHJIMH 

d a f a S: a f 0 d " a 5:_1 ll d u /23/ ---·- --- ·- - -·--- = ---- --- - --- -- ' 

dr Jxa ax a aaa dr aba dr 

TO 3TOH 'laCTHllC qepe3 llOBepXHOCTh /4/ nepe)J.aCTCJI 

KaHOHH'IecKaH cuna, pasHaH 

f - -P 
a 

( _ d u_ . _!~-- ) = !_ f 0 d v 
dr dr aaa dr 

aY'o du 

db a dr 
/24/ 

B 3TOM npe,Z:{no)f(eHHH sblpa)f(eH cllH3H'IeCKHH CMbiCn ypas

HeHHH ,Z:{BH)I(eHHJI /1/ H 2/, BXO)J.HmHX B CHCTCMY /19/. 
liTO KacaeTCJI ypaBHCHHH 0/, TO OHH rOBOpJIT 0 3aKOHe 

pacnpe,Z:{eneHHJI KaHoHH'IecKoro HMnynbca no MHposoii: no

sepxHOCTH /4/. 

3. BEKTOPHbiE H KOBEKTOPHblE BEJIHflHHbl 

rosopJI 0 BCKTOpHbiX H KOBCKTOpHLIX BeJIH'IHHaX, HMCeM 

B BHAY xapaKTep ux npeo6pa3oBaHHJI, BLI3WBaeMoro npe

o6pa3oBaHHeM 

xa = X a ( X 0 'X 1 ' •.• 'X N ) /25/ 
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I<OOp~oHaT B (N+l) ·MepHOM Mope. Tai<, J;lenoqoHbl X 
a, b, - Bei<TOpHble, llOCKOfiLI<Y OX I<OMllOHeHTbl /7/ npe

o6pa3yiOTCJI no cne~yiO~eMy npaaony: 

·~a - ;:_11 ~-~~ • -aa =if _{:a . -b a~' til ax a /26/ 
axil ()xil axil 

HanpoToB, npoo3BO~Hble 
af 
--- OT n1060~ l),lyHI<l.{OO t,f(x) ax a 

as~ 
COCTaBfiJIIOT I<OBei<TOPHYIO Benoqouy ------, llOCI<OfiLI<Y 

ax 

as~ axil af /27/ 
axa ax.a axil 

llapLI ( x, x ) o Tpo~I<H ( x . a , b)MO)I(HO paccMaTpoaaTL 
I<ai< Toqi<o 2 (N+l) - Mepuoro o 3 ( N+1 )- Mepuoro npocTpaHCTB, 
cooTBeTCTBeuuo. B 3TOX npocTpaucTaax 6y~eM paccMaT
poaaTL He npoo3BonLHLie, a TOnLI<O cneu;oanLHble npeo6-
pa3oBaHoJI I<OOp~oHa T /25/-/26/. 

B 2 ( N-t-1) - MepuoM npocTpaHCTBe I<OBei<TOPHYIO aenoqo-

a£ a(·) 
HY COCTaBmiiOT llp003BO~Hble ( ---, __ :__) OT BCJII<O~ lj)yHI<

ax ax 
u;uo f~,£ (x, x ) . llpu cneu;oanLHOM npeo6pa3oaauoo I<oop
~HaT ee I<OMnoueHTbl npeo6pa3yiOTCJI cne~yiO~OM o6pa3oM: 

a£ Jx il af a2 x il ·a a£ 
-- = --- --- + X ---
aia axa axil aia ax a ax.il 

/28/ 

a£ axil af 
-- = -- ---

aia ax a axil /29/ 

Auanoroquo, B 3 (N+1) -MepHOM npocTpaHCTBe I<oaei<Top

af af:. as: 
( ----.-. --~) 

ax aa Jb 
HYIO BeJioqouy COCTaBJIJIIOT npOH3BO~Hble 

OT BC.!II<O~ lj)yHKI.{OO f = f (X , a, b ) . fipo cneu;oanLHOM npe-

10 

o6pa30BaHOO I<OOp~OHaT I<OMllOHeHTbl 3TO~ BenoqoHbl npe
o6pa3yiOTCJI cne~yiOIUOM o6pa3oM: 

rLSU ---
axa 

axil 
---.-a uX 

at 
----- + 
ax.ll 

2 a xil 
--------
Jxa ax a 

a a£ a as) 
(a ---- + b -----), 

aail abll 

/30/ 

av axil at ar axil ar a -:i a = -ax ~ -a~-;;- -aia-- = a i-a- -at;·p:-
/31/ 

a\·) 1 (;) J i' 
Cornacuo /29/ o /31/, qacTo _ _::: __ , -~":..- o ---~-- nox 

Jx a:1 Jb 
aenoqou, no~o6uo /27 I, cyTL KOBeKTOPHLie aenoqouLI B 
\"J • 1) - MepHOM MOpe. 

0TCIO~a HeMe~JieHHO CJie~yeT, qTo I<aHOHOqeCI<O~ OM· 
llYJILC /21/-/22/ 0 KaHOHoqecKaJI COlla /24/ - CYTL KO
BeKTOpHLie BeJioqoHLI B (N •1) ·MepHOM MOpe. 

Y6e~oMc.!l a TOM, qTo neaaJI qacTL ypaaueuo~ /23/ 
TaK)I(e npe~cTaBn.!leT co6o~ KOBeKTOPHYIO aenoqouy. ~e~
CTBOTeJILHO, ~nl))l))epeuu;opyJI /29/ no r, uaxo~oM 

d a .su axl1 d a.su a2 xll x.a a J: -------- + 

dr ax a ax a dr a x_11 ax.aax.a ax. il 

BbJqoTaJI OTCIO~a /28/, nonyqaeM 

d 

dr 

aJ: 
_,-a 
uX. 

a): 

ax a 

Cne~oaaTeJILHO, aenoqoua 

ct af ax) 
---· ---- - ----·--
dr ax (Jx 

rJxP d df 
--(--- --- ar /32/ ----). 
ax.a dr (jxll axil 

/33/ 

JIBJI.!IeTCJI KOBeKTOl)HOH BeJioqoHO~ B ( N; 1 ) - MepHOM MOpe. 
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C DOMO~LIO cPOPMYJI /31/ B /30/ auanorB'IHO 1(0Ka3LJ• 

BaeTCB, 'ITO B CBCTeMe /19/ JieBai lfaCTL ypaBHeHBB 0/ 
npe,l\CTaBJIBeT co6oi KOBei<TOPHYIO BeJIH'fBHY 

a af a as:. af -- ----- ~ -- --- - -
au ()a av ()b ax /34/ 

B (N+l) ·MepHOM MBpe. 

Ecnu B HeKoTopoi MBposoi TO'IKe x npuno>KeHLI seK-

Top f = ! (:a 1 B KOBei<TOP P= tpa I, TO csepTKa (:p = (:a p a 
He 3aBBCBT OT npeo6pa30BaHBB /25/. 3Ty CBepTKY Ha3LI

BaeM CKRJIBpHLIM npOR3BC,l(eHBeM .KOBe.KTOpa p Ha BeK· 

TOp f,. 
Ta.K, c.KaJIBpHoe npoH3Be.l(eHue KOBeKTopa /33/ ua seK

Top X paBHO 

. a d af af d . a af i) 

X ( -- --- - -----) = -- (X -.- - f ) , 
dr Jta axa dr axa 

/35/ 

a CKaJIBpHLie DpOH3Be,l(eHHJI KOBeKTOpa /34/ Ha BeKTOpLI 

a H b paBHW 

aa (_a _ _3!:_ 
au aa a 

a as:. 
+ --- -----av aha 

af 
-axa> 

a a af a a af 
-(a--- f)+--(a --), 
au aaa av aha 

ba( _a_~~ 
au aa a 

a 
+ --av 

as:. 
ab'l 

a~ 
a-;-a-) 

a a af a a af Q 

--(b --) + --·-( b -a-- .L) · 
au aa a av ab /36/ 

PaccMoTpHM e~e c.Kanspuwe npoB3Be.l(eHBB KOBeKTopa /33/ 
Ha BeKTOpLI a H h, npe,l\HOnaraJI, 'ITO KpHBaB X =X(r) Jie>KHT 

ua noaepxHOCTH /4/. B cuny :noro HMee:w 

12 

ia= aa du 
dr 

+ ba-~. 
dr 

/37/ 

l 

' 

.~ 

J 

fiO.l(CTaBJIBJI B- f (X, X} swpa>KeHHJI /4/ u /37/, nonyqaeM 

f (x.~) = K (u,v, u,v ). /38/ 

HeTpy.l(HO BH.l(eTL, 'ITO 

aK af af a a a . aha 
-- = a a-- + --- ( --- u +-- v ) ' 
dll axa axa dU au 

aK aa-~ -- = 

ati ax a /39/ 

Ho 

aaa ab a. aaa du <faa dv da a 
--u + --- v = ----- +-- -- =-

au au au dr av dr 

fio:HOMY 

aK a as:. as:. daa 
-- =a---+ --- ----. au ax a ax a dr 

C ,llpyroi CTOpOHLI, ,1\H~peHIUIPYB /39/, nonyqaeM 

d 

dr 

aK 
a it 

a a 
d 

dr 

as:. as:. daa 
----- + 
ai a ax a dr 

CpaBHHBaB .l(Ba nocne.l(HHX BLipa>KeHHB, uaxo,l(HM 

~ a~ _ aK =a a ( _d _ _a_f _ ~) 
dr au au dr axa axa 

dr 

/40/ 

B pe3ynLTaTe nonyqunocL cKanJipaoe npoB3Be.l(eHue xo

BeKTopa /33/ ua Be.KTop a. Auanoru'IHO nonyqaeTCJI cKa

nspuoe npOH3BC,l\eHHe KOBeKTOpa /33/ Ha Be.KTOp b, a HMeH· 

HO: 
d aK aK a d af af 

- -.- - --- = b (- --.- - --) . /41/ 
dr av av dr axa axa 

' I 

3,1\eCL MW npHMeHBJIH MeTO,l( JlarpaH>Ka 1141 . 
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4. BhiBO)l. 3AKOHOB COXPAHEHH.JI 

PaccMoTpHM, KaK B uawux ycJIOBHBX peaJIH3yeTC.Il H3-
; I 

BeCTHaB TeopeMa HeTep 15,. Bo3LMeM uayra.IJ. KaKyiO- nu6o 
O)J.HOnapaMeTpH'leCKYIO rpynny npeo6pa30BaHHH 

-a a 0 1 N 
X =c/J (X ,X , .•. ,X ;f) 1421 

MHPOBbiX KOOP.IJ.HHaT, r.IJ.e ( - a.IJ..IJ.HTHBHbiH napaMeTp rpyn
nhl. B pe3yJibTaTe .1\HlWJepeuu.upoaaHH.Il 

a a 0 1 N. (1 0 1 IN -- ¢ ( X • X •.••• X • f) = ,.\ ( cP • (~ ' ... '() ) I 431 
a< 

a 0 1 N 
nonyqaeM BeKTOpHOe none A (X . X , , X ) B ( !'J; 1 t MepHOM 
MHpe. IIo $opMynaM 1261 npo.IJ.On)I(HM rpynny I 421 .IJ.O 
rpynnbl npeo6pa3oBauuH. KOOP.IJ.HHaT B 2(N~1)-MepuoM npo
CTpaucTBe nap (X, X ) H B 3(Nt-1) -MepHOM npOCTpaHCTBe 
TpoeK ( x, a, b) . Ecnu npu acex TaKHX npeo6pa3oBaHHBX 
$yHKU.HH 151 H 161 OKa3biBaiOTCB HeH3MeHHbiMH, TaK 'ITO 

~ n (X . ~ ) = c~ n (X.~ ) • \? 0 (X. a. b) = .~ 0 (X . a . b ) ./441 

TO $yHKU.HB )J.eHCTBH.Il 181 He 3aBHCHT OT rpynnoBoro napa
MeTpa [, a TOr)J.a npH nO)J.CTaHOBKe B 1131, 1141 H 1151 
Bbipa)l(eHHH 

a a ·a ox = ,.\ • ox 

a aAa 
oa =--all 

ax 11 

(1 

a A · 11 
X 

axil 

oba- JA a Jl -· --- b 
ax 11 

1451 

BapHaQHB 1121 OKa3biBaeTCB paBHOH uymo. 11.3 Bbipa)l(eHHB 
1201 .IJ.nB TOR )l(e aapuau.uu cne.IJ.yeT, 'ITO B TaKOM cnyqae 
B npou.ecce )J.BH)I(eHHB COXpauBeTCB BeJIH'IHHa 'lJl , paBHaJI 

B .a a a 
'lR = A P c A) + A p (B) + r ,.\ P c d u. ct v ) . 1461 

l,a 2,a A a 

14 

llpHMeHHM )J.OKa3aHHYIO TeopeMy K CJiy'laiO, KOr)J.a O)J.Ha 
H3 MHPOBbiX KOOp.IJ.HHaT U.HKnH'IHa, T.e. KOr)J.a OT Hee He 3a
BHCBT $yHKU.HH 151 H 161. ,Unjl onpe)J.eneHHOCTH nyCTL 3TO 
6y)J.eT KOOp.IJ.HHaTa X 0

· BMeCTO Ofilll.ero Bblpa)l(eHHB /421 
nonaraeM i'O = xO + < , x k ~ xk. OTCIO.IJ.a no $opMyJiaM 1261 
nonyqaeM ~ =* • a =a • -b ,_ b Cne)J.OBaTenLHO, YCJIOBHB 
1441 C06JIIO)J.aiOTCB, TaK 'ITO coxpaH.ReTCB KOMnOHeHTa p 0 
CYMMapuoro HMnyJILCa CHCTeMbi, paBHaB 

:3 
P0 = P1.0 (A)+ P

2
•
0 
(B)+·~ p

0 
(du,dv). 1471 

Ecnu x 00" t. r.IJ.e t - KOOP.IJ.HHaTa apeMeHH, TO 3Hepru• 
CHCTeMbi paaua ~ = - Po · 

IIpe.IJ.cTaBJijleT TaK)I(e HHTepec BbiBO.IJ. JaKouoB coxpa
ueHHB uenocpe.IJ.CTBeuuo H3 ypaaueuuii .IJ.BH)I(eHHB I 19 I. 
llyCTL YCJIOBHB 1441 BblllOJIHBIOTCB. OT <i>YHKU.HB, CTOBIIJ.HX 
B neBbiX 'lacT BX paaeucTB I 441, B03LMeM npoH3BO.IJ.Hble 
no ( npu < ~· 0 : 

afn afn a afn ·a 
---- = ----- 0 X + --- 0 X 

dt ax a aX. a 

-
a f 0 a f 0 a a fo a a~ 0 a 
-- = --- o x + --- o a + --- o b . 
at axa aaa aha 

B cuny YCJIOBHB 1441 Bee OHH paBHbi HYJIIO. 3)J.eCL oxa 

0 x a , 0 aa , 3 b a cyTL I 451, a noTOMY ua MHpOBOB 
TpaeKTOpHH qacTHU.bi H ua MHPOBOB noaepxuocTH 

a a · a dA a a a A a a 
0 X = ,.\ , 0 X = --- , 0 a = -- , 0 b 

ct r au 
(),\a 
---av 

TaKHM o6pa30M, npu ycnoau•x 1441 HMeeM 

- A a 
af n af n dA a 

a X a ax a dr 

a 
- A 

af
0 

a~ 0 a A a (J ~) 

--.--0 
.Jhfl av 

a.\ a 

-- t ax a aaa au 
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BocnonL3osaswacb 3THM, yMHO~HM cKanHpHo o6e qacTH 

ypaBHeHHii /19/ Ha BeKTOpHoe none A a B pe3ynLTaTe 

nonyqaM 

a a af 
0) -- (A ___ Q_) 

a 
+ ---

au aaa au 
a 

(A _!_£ 0) = 0 ' 
aba 

d a aft a du dv 
1) -- (A -7u) =A Pa ( --. ----) 

drl ax drl dr1 

d a a£2 a du dv 
2) -- (A --r--rr-) =-A p ( --- . --- ) . 

dr 2 ax a dr 2 dr 2 
/48/ 

113 nonyqeHHoro ypaBHeHHH 0/ cne.nyeT, qTo cKamtpHoe 

npoH3Be.neHHe KaHoHaqecKoro HMnynLca /22/ Ha seKTop

uoe none A a HBnxeTC.II nonHbiM .na4KIJepeHu.HanoM ueKoTo-

pou IPYHKU.HH 'I' 'V ( u • v ) · 

a 
A P a ( du , dv ) = d 1(1 /49/ 

3HaqHT, BenHqHHa /46/ paBHa 

a 
:lJ1 =A Pl,a 

a 
(A) + A P 2 .a + 'V ( 3) - 'l' (A) . /50/ 

BBH.D.Y /49/ 3aKmoqaeM TaK~e, qTo B CHCTeMe /48/ ypaB

HeHHH 1/ H 2/ no O,II.HOMY pa3y HHTerpHpyiOTCJI: 

1) AaP1.a(A)='I'(A)+C
1

• 

/51/ 
2) A a P (B) = -'I' ( I3) + C 

2,a 2 

J.necb C1 H C 2 - KOHCTaHTbi HHTerpHpOBaHHJI. fiO.IJ.CTaBnHJI 

/51/ B /50/, nonyqaeM 

W=C 1 +C 2 . /52/ 

TaKHM o6pa30M, CHOBa DpHXO,II.HM K TOMy, qTo BenHqHHa 

/46/ COXpaHHeTC.II. Hanaqae .D.BYX KOHCTaHT HHTerpHpOBa

HHJI BMeCTO 0,1\HOH KOHCTaHTbl m 06'LJICHJieTCJI TeM, qTo 
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IPYHKU.HH 'I' onpe.neneHa KaK pa3 c ToquocTLIO .no a.n.nuTuB-

HOB DOCTOHHHOH. 

5. HE3ABHCHMOCT.b cJ>YHKJ.{HH ,4EHCTBH.JI 
OT B.b/EOPA IIAPAMETPOB 

lloHHTHo, qTo IPYHKU.HJI .neiicTBHJI /8/ .no~Ha He 3asa

ceTb OT Bbi6opa napaMeTpoB r 1 , r 2 , u , v · Ho .nnx 

3TOrO Mano HCKllJOqHTb Henocpe,II.CTBeHHYIO OT HHX 3aBHCH
MOCTb IPYHKU.Hii /5/ H /6/, qTo Mbl y~e c.nenanu c caMoro 

uaqana. Hy~uo eme cquTaTL, qTo IPYHKU.HH /5/ H /6/ y.nos

neTBOp.RroT cne,II.yiOIIJ.HM ycnOBH.IIM O,II.HOpO,II.HOCTH. fipH yM

HO~eHHH BCeX npOH3BO,II.HbiX X a Ha O,II.HO H TO ~e DpOH3-

BOnbHO B3HTOe qacno ffi ,llOn~HO BbiDOnHJITbCH paBeHCTBO 

-~ (x,mx) =lml f (x.~) 
n n /53/ 

qTo KacaeTc.R IPYHKU.HH /6/, TO npu 3aMeHe a a , ba Ha 

a' a= paa + q b a , b 'a= raa + s ba, r.ne P 'q, r 
S - DpOH3BOnbHO B3.11Tble qacna, ,II.O~HO BbiDOnHHTbCH 

paaeHCTBO 

f 0 (x,a',b') =IPS -qrl £
0 

(x,a,b). /54/ 

B TaKoM cnyqae npa 3aMeHe napaMeTpa r Ha r '= f( r ) 
nonyqaeM 

. dx ;) dx dr' 
£ n (X • --- ) = £ n (X • ----;--) I --I 

dr dr dr 
/55/ 

a npa 3aMeHe napaMeTpOB u, v Ha u'~f(u,v), v'=g(u.v) 
nonyqaeM 

£ (x ax 0 ,-· au ~~)=£ (x.~.~~ av 0 au, av 
~~~~-!. 

a(u,v) . 

/56/ 
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)J.u<WJepeHI.I,HpyH paaeHCTBO /53/ no m npu m 1. Haxo
,LI,HM, 'iTO o6e liJYHKI.I,HH /5/ Y.l1.0BJieTBOpHIOT ypaaHeHHIO 38-
nepa 

xu aff - i' . /57/ 
a x a 

AHanorH'iHO, .u.u$$epeHI.I,HpyH paaeHCTBO /54/ no p , q , 
r, s npu p .1 , q 0 , r 0 , s. 1 ,Haxo,LI,HM, 'iTO IPYHKI.I,HH 
/6/ y,IJ;OBJieTBOpHeT CJie,LI,yiOll.l,eH CHCTeMe ypaBHeHHH 

a~ (( rl ~' 
0 

a __ _:_ __ ~.S:' b a 
~a a (I a a 

/58/ 

a a.~ 
h (! !!_\!___ - .i' a ----- ~ 0. 

ab a (Jha 

YpaBHeHHe 3H:nepa /57/ 03Ha'iaeT, 'iTO cKanHpHoe npouJ-

df ) 
Be,LI,eHHe KOBeKTOpa ---:-.------- Ha BeKTOp X paBHO ~ AHa

r) X 

JIOrH'iHO 'iHTalOTCH 060611.1,eHHhle ypaBHeHHH 3Hnepa /58/. 
HHTepecHo H ,11,pyroe TOJIKOBaHHe ypaBHeHHH 3H:nepa: napa
MeTpH'ieCKHH TeH30p 3Hepruu- HMnynhCa paBeH HYJIIO. 

)J.aJiee, ecnu ti>YHKU.HH Y (x . x ) Y.l1.0BJieTBOpHeT ypaa-
HeHHIO /57 I, To CKamipHoe npoH3Be,l1,eHHe /35/ paBHO HYJIIO, 
T.e. B 3TOM Cnyqae KOBeKTOp /33/ opTOrOHaJieH K BeK
Topy x To'iHO TaK, ecnu IPYHKI.I,HH ~' ( x. a. b) y,11,oaneTBO

pHeT ypaBHeHHHM /58/, TO CKaJIHpHhle npOH3Be,l1,eHHH /36/ 
paBHhl HYJIIO, T.e. B 3TOM cnyqae KOBeKTOp /34/ optoro
HalleH K aeKTopaM a , b 3Ha4HT, B CHCTeMe I 19/ ypaa
HeHHH 0/ ,l],Ba)l(,l],hl 3aBHCHMhl. liTO KacaeTCJI OCTaJihHhiX 
ypaBHeHHH, TO B Ka>K,IJ;OH rpyrrne 1/ H 2/ HMeeTCH IIO O,LI,HOH 
3aBHCBMOCTH. )J.eHCTBHTeJihHO, KaK Mhl BH,l),eJIH, B ypaa
HeHH.HX /23/ JleBaJI 'iaCTh OpToroHaJibHa K BeKTOpy X 
ecnu BhiiiOJIHHIOTCH ycJIOBHH /57/. Ho H npaBaH YaCTh, 

· YcnoBBe O,LI,Hopo,IJ;HOCTH o'ieBH,LI,HhiM o6pa30M ¢opMy
nupyeTcJI ,l1,JI.H o6mero cnyYaJI K- MepHOH noBepxHOCTH B 
(1\! .1)- MepHOM MHpe. 
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rrpe,LI,CTaBJieHHaJI KOBeKTOpOM /24/, OpTOrOHaJihHa K BeK
TOpy /37/, B 'ieM HeTpy,LI,HO y6e,11,BThC.H. )J.eHCTBHTeJibHO, 
cornacHo /58/ 

a ru 
a fa -- J..o 

dv 

dr 

a 
a 3Ha'iHT, X fa 0 

a 

b fa 
du 

= -f 0 -d-;- /59/ 

Ha OCHOBaHHB /59/, /40/ H /41/ H3 ypaBHeHHH /23/ 
IIOJiyqaeM ,LI,Ba CJie,l],CTBHH, a HMeHHO: 

d aK aK jl 0 _!_.:::. __ --------= 
dr au au dr 

/60/ 
ct a.K aK ff du 

---- --- - --- = - ---. 
dr av av 0 dr 

0TMeTHM, 'iTO ypaBHeHBJI /60/ 3aBHCHMhl: yMHO)I(aJI rrep-
BOe Ha U , BTOpoe - Ha V H CKJia,LI,WBaJI, IIOJiy'iaeM B pe-
3YJihTaTe HYJih B cneBa, H crrpaBa. 

<l>yHKI.I,HH /5/ H /6/, Y.l1.0BneTBOPJIIOli.I,He ycnoBHJIM O,LI,Ho
po,LI,HOCTH /53/ B /54/, ,LI,OllYCKaiOT CJie,LI,yiOll.l,ee, BOCXO,LI,Jlll.l,ee 
K PHMaHy hol,reoMeTpH'ieCK~e HCTOJIKOBaHue: f' 11 ( x , x ) 
Ollpe,l],eJIJleT .IJ;JIBHY BeKTOpa X , a ff O (X, a , b ) - IIJIOll.l,a,LI,b 
rrapannenorpaMMa co CTopoHaMH a H b. TaKBM o6pa30M, 
YCJIOBHH 0,11,HOpO,l1,HOCTH DpHBO,LI,JIT HaC K 06ll.l,eH TeOpHH 
MHHHMaJibHhiX noBepXHOCTeH /17/ 

6. OEJI(HH BHA OAHOPOAHbiX fPYHKl(HH 

<l>yHKI.I,HIO ff 11 ( x , x ) y,LI,oBneTBOpJIIOII.I,YIO ycnoBHIO /53/, 
MO)I(HO npe,LI,CTaBHTh B BH,l),e 

. 0 
f 11 (x,x) 3jx 

N 

xl -~-) L11 (x; ~-0, ... , x 
0 

X 

/61/ 

r.l\e L 11 - n-'l>oH3BOJihHa.s IPYHKI.I,HJI oT x B oT N apryMeHTOB 
I; "' x k / x , k - 1 . . . N )J.nJI .u.oKa3aTeJihCTBa Ha,LI,a 
IIOJIO)I(HTh Ill = 1 ,' X O 
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To'IHO TaK H $yHKUHIO 5'? 0 ( x. a. b). y,IJ.oBneTaopHIOIUYIO 

ycnOBHIO /54/, MO:>KHO npe,IJ.CTaBHTb B BH,IJ.e 

20 NO 
10 J J . 

f ( x , a • b ) = I J I F ( x ; -10 · .. · · -1o ' 
0 J J 

12 1N 
J J 

---, ... ,---). 
J10 J10 

/62/ 

r,IJ.e Jaf3 CYTb KOM6HHaiJ;HH 

J af3 _ a b /1 b a {1 _a - a . /63/ 

a f' - . npOH3BOnbHaH liJYHKUHJI OT X H OT 2(N-l) apryMeH-
" so ' 1 0 s 1 <· 1 0 TOB TJ "- J ; J /"' - J ·~ ' J " -- ~ N nns ' "::> ' .::. - ...... , •• .._ • """' 

,IJ,oKa3a TenLCTBa Ha,IJ,o nono:>KHTb 

p 
bo 

J10 
q 

a o 

.J16 
r 

b1 

T10 

IlOCKOnbKY 6HBeKTOp /63/ npOCTOH, TO 

J af3 J yo + J yf3 J oa + J o(-3 J ay - 0 . 

a 
s -

J 10 

/64/ 

Ilonaras 3,IJ,eCb a ~ 0 , f3 =- 1 . BH.IJ.HM, 'ITO acsKas nono:>KH

TenbHO O,IJ.HOpO,IJ.HaH nepBOH CTeneHH liJyHKUHJI ~f (x.J ) OT 

coaoKynHOCTH J ~ I J af3 ! apryMeHTOB /63/ npuao,IJ,HTCH 

K BH.II.Y /62/. Cne,IJ.oBaTenLHO, acer,IJ.a 

f> (x,a,b)=~f(x.J). 
0 
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