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HaMcpali: X. P2 - 11144 
KnaccH'IecKaH reopHH B croxacTH'IeCKOM npocrpancree H epeMeHH 

noKa3aHO, 'ITO rHIIOTe3a 0 CTOXBCTH'IeCKOM CBOHCTBe apeMeHH B Knac­
CH'IeCKOH TeOpHH 3KBHBaneHTHa IIOHHTHID CTOXBCTH'IeCKOrO npouecca B KOH­

~HrypaUHOHHOM npocrpancrae, nccneaoaannoro K.CKarepcraMOM. 

B paMKax aannoro noaxoaa 6brnH nonyqeHbi ypaaneRHH ¢oKKepa-nnaHKa, 

CMonyXOBCKOro H Wpeannrepa. nBa He38BHCHMbiX cnoco6a nonyqeHHH ypaBHe­

HHH illpeAHHrepa B p8MK8X CTOXBCTH'IeCKHX CBOHCTB BpeMeHH H npocrpaHCTB8 

II03BOnHnH ycraHOBHTb COOTHOllieHHe 

m<a2>-h 
<r> 

rae m - Macca 3neKrpona, <r> - MareMarnqecKoe O*HABHHe cnyqali:noro 

BpeMeHH r H <a 2 >- AHCnepCHH cny'IBHHbiX KOOpAHHBT i. 3TO COUTHOWeHHe, 

no-BHAHMOMy, MO>KeT 6hiTb CIIpaaeAIIHBO AIIH nro6biX 3IIeMeHT8pHblX '18CTHU 

c Maccoli: m. 

Pa6ora Bbmonnena a fla6oparopHK reopeTH'IeCKOli: ~H3HKH OH.HH 

Coo6we&Be 06W.IliiBeBBOrO BBCTBTYT& a.11epBWX BCCDe.IIOB&HBA. ,Qy6H& 1977 

Namsrai Kh. P2 - 11144 
Classical Theory in Stochastic Space and Time 

It is demonstrated that the introduction of the hypothesis about 
stochastic property of time in classical theory is equivalent to sto­
chastic processes in configuration space, investigated by K.Skager­
stman. 

11\ithin this method, there were obtained the equations of F'ok­
ker-Planck, Smoluchowski and SchrOdinger·. Two independent me­
thods of the derivation of the SchrOdinger equation within the sto­
chastic properties of time and space allowed us to determine the 
correlation 

2 
m~-b. 

<r> 

where m is the electron mass, <r >, ll)athematical expectation of the 
random time r ; and <a2> is dispersion of the co-ordinates 1 one. 

This ratio may be suitable for any elementary particles with 
the mass m • 

The investigation has been performed at the Le.boratory 
of Theoretical Physics, JINR. 
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B rrocnenane ronw croxacrnqecKHM rrpoueccaM n cro­

xacrnqecKHM CBOHCTBBM DpOCTp8HCTB8 H BpeMeHH ynenH­

IOT BCe 6onblllee BHHMBHHe. 3TO CBH38HO C llBYMH 06CTOH­

TenbCTB8MH, Bo-rrepBbJX, BBeneHHe rroHHTHfl croxacrnqe-
' 1 I 

CKHX ITpOU8CCOB KBK B KOHqmrypaUHOHHOM ' TBK H B 

4Ja30BOM ITpOCTpaHCTBBX/
2

/ DpHBOllHT K OCHOBHI,JM ypaB­

H8HHHM KBBHTOBOH M8X8HHKH 1 qTQ oqeHb BB*HO anH nanb­

Heflrnero ITOHHMBHHH H8KOTOphlX ee ITOnO)K8HHi1, TBKHX KBK 

COOTHOill8HH8 HeorrpeneneHHOCTen, rrpo6neMa H3MepeHHll 

H T.n. Bo-BTOpblX, no Mepe perneHHH rrpo6neMLJ ycrpaneHH.H 

ynhrpa<lJHoneroBofl pacxonHMOCTH B MarpnqHwx sneMeHTax 

S -MaTplfllbl BbiHCHHnOCh, qro TpyllHOCTH, BCTpeqaJOIUH8CH 

B noKanbHOll KBBHTOBOll TeOpHH ITOnH, Moryr 6hlTh CBH381Ihl 

C HerronHOTOH HBillHX 3H8HHH 0 CBOHCTBBX rrpocTp8HCTB8 

H BpeMeHH B ManOM M8CillTa6e. 

npenrronaraeTCH, qro reoMeTpliH B M81IOM M8CillTa6e 

cymecTBeHHO ornnqaeTCH or reoMeTpHH rrnocKoro rrpocrpaH­

CTBa MHHKOBCKOrO, 3To, ecTeCTB8HH0 1 ITpHBeno K HOBOMY 

HBITp8B1!8HHIO B pa3BHTHH KBBHTOBOll TeOpHH 1 OCHOBBHHOMy 

H8 <lJopMynHpOBKe TeOpHH ITOn.H B pa3nHqHhlX rrpOCTpaHCTBBX 

H BpeMeHH, 8 qaCTHOCTH, TBKHMH ITpOCTpaHCTBBMH HBnHJOTC.H 

rrpocrpaHCTBO ne CHTTepa 
131 

H CTOXaCTHqecKoe rrpocrpaH-
'4/ 

CTBO 
1 

.0Tnnque 3THX DpOCTpaHCTB OT rrpocrpaHCTBa MHH-

KOBCKOrO 3aKnJOqaeTCH B 1UM 1 qro B TeopHii ITOHBnHeTCH 

HeKOTOphlfl rrapaMeTp, a HM8HHO rrapaMeTp p83MepHOCTH 

nnHHb! 1 H83B8HHblll lPYHll8M8HT8JibHOH llni1HOH, BennqlfHB KD­

TOpofl, ITD-BHllHMOMy, 6yneT nrpaTb BB*HYIO pOnb B 6ynymefl 

TeOpHH MHKpOMHpa, 

8 HBCTOSIIUee BpeMH rrpOHBnSieTCH orrpeneneHHblll HHTepec 

K DpHMeHeHHIO MeTOllOB TeOpHH B8pOHTHOCTefl H CTBTHCTH-
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qeCKOM ¢ll3HKH B KOHCTpyKTllBHOM TeOpllH KB8HTOBaHHbiX 

noneti151 . 
TaKHM o6pa3oM, BBeaeHwe noHHTHM croxacrwqecKHX 

npoueccoB B KBaHTosyro reopwro npowcxonwno Ha aByx ypoB-
'6/ HSIX. PaHee HaMH 1 6bJna nocrpoeHa rpaaHeHTHO-llHBapH-

aHTHaH KB8HTOB85I 3JleKTp0JlHH8MllK8 qaCTHU CO £IIHHOM 
0, 1 /2 H 1 B c roxac rwqecKoM npocrpaHCTBe 14 ( x), onpeae-

/7/ 
neHHOM B pa6ore n.H.EnoXHHUeBa. HeKOTOphle pe3ynh-
T8Tbl, nonyqeHHhre Ha 3TOM nyTH, no6yawnH Hac nocrynw­
poBarb croxacrwqHOCTh npocrpaHCTBa-BpeMeHH B caMOM 

KJiaCCHqeCKOM TeOpHH H llCCJieUOB8Tb CJie)lCTBHH, K KOTOpb!M 
npwBeaer Haw nocrynar. 

HacroSiruaH pa6ora nocBSIWeHa 3TOMY Bonpocy. 3aech 
Mbl 6yaeM npHMeHSITh npocroli MareMarHqeCKllM pacqer, 

He npll6eraSI K aeranSIM TeXHHqecKoro H MaTeMarHqecKoro 
xapaKrepa. 

CTOXACTHYECKOE BPEM.H 

ITpearrono~HM, qro BpeMSI t SIBJISI~TCSI croxacrwqecKoti 
rrepeMeHHOM t • Pa3aenHM BenHqHHY t Ha aBe qacrw: 

1. t- perynSipHaSI ( o6hJqHoe BpeMSI); 

2. r - croxacrwqecKaSI, c HeKoropb!M pacrrpeneneHH­
eM W(r/T) , 

fdrW(r/T)=1 (O_::r :;_2T), 

rae T- MaJibiM rrapaMeTp pa3MepHOCTH BpeMeHH, BenHqHHa 
Koroporo 6yaeT onpeaeneHa HHme. 

PaCCMOTpHM Tenepb JlBHmeHHe MarepHaJibHOM TOqKH ITO 
croxacrHqecKOMY BpeMeHH f . TpaeKropHSI qacTHU orrpe­
aenSieTCSI Henpepb!BHOM ¢YHKUHeli IIO t , ycpeJlHeHHOM IIO 
r • 06o3HaqHM ee qepe3 x (t): 
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---" _.. I ---+ 

x(t)=<X(t+r)>• fdrW(r, T)x(t+r) 

.... .... ·~ 1 2 
=X(t)+X<r>+X-<r >+ ... 

2 

( I ) 

.. 

ITo onpeneneHHID CKOpOCTb qaCTHUhl paBH8 

->de! ( x (t)- x (t) ) o x-->(t, r ) -> .... 
v -< >-< >'"' v + v 

t r r 0 s ' 

.... 
rae v dx(t) 

0 ~ ---
dt 

o6hrqHaSI H v 
8 

- croxacrHqecKaSI cKo-

pOCTb qaCTHUbl, 
ITocTpOHM HeKOTOpbl€ an:¢¢epeHUH8JihHbie onepaTOpbi, He­

o6XOJlHMbie B aanbHeilweM. llnSI 3Toro paccMorpu:M aocra­

roqHo rnaaKyro ¢YHKUHID f(x(t),t) no x(t) R t • B cnyqae 
croxacnr:qecKoro BpeMeHH t ee BenwqwHa npRHRMaer BRJl 

f
.... .... ... .... ar 

(x(t+ r), t + r) -f(x(t)+o x(t ,r ),t+r)"' f(x ,t)+ at-·r+ 

ar .... 1 a2 r .... 2 1 a2 r 2 1 a2r .... + ..,...._; ox(t,r) +- ~[ox(t,r)] +- --r +- ---Sx(t,r)r. ax 2 ax 2 at2 2 axat 

OnpenenHM aw¢¢epeHuwan&HbiM orreparop D cneayroruwM 

paBeHCTBOM: 

.... f(x(t),t)-f(x(t),t) ar ar ax(t,r) 
Df(x(t),t),. < -------->,. -·- + --<---->+ 

r at ax r 

2 
--2 1 a r 1 .... 

+d v f + -<r> -.-+--<ox (t. r) > 
a2f 

2 at 2 2 .... ax at 

rae H3 BblpameHHSI ( 1) BHaHo, qro 

<ox(t. r) > =<x{t)-x(t) >-v <r> + O( <r 2 >), 
0 

.... ) .... 
ox(t,r ->zV t <-··-- to 

T 

1 o2 .... dz-< x(t,r) 
2 r >. 

ITeperrurueM paBeHCTBO (2) B 6onee yno6HoM BHae 

D f(x(t ). t ) .. [De +D
8 

+ }-<r>D tJr (x(t).t). 

(2) 

( 3) 
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3aecb 

l1 

a ........ 
D ~ --+ vov 

c at 
--> --> --> 2 o = v v + dv s s 

a2 _, a 2 
D ~--+V ~-

t at 2 0 axat 

Orcmaa BHilHM, qro De cooTBeTCTByer llH¢¢epeHuupoBaHHm 

no BpeMeHH B TeOpHH rHilPOilHHBMHKH, a nOCJle/lHHe llBB 
qneHa B BhipmKeHHH (3) o6pawamTCH B Hynb, ecnH npeHe-

6peqb CTOXBCTHqHOCTbill BpeMeHH, 

YPABHEHH~ HEDPEPHBHOCTM 

llnH roro qro6hl nonyquTb ypaBHeHHe HenpephlBHOCTH 

llJlH IIJ10THOCTH BepOHTHOCTei1 Mhl paCCMOTpHM cneaymwee 
Bhipa:tKeHne: 

E cr cxct ).t >>"' I dxl f(x(t).t > +<f ex .t +T > _ rci.t+!.... >> 1 p cx.t >· 
R 2 

B rrpeaene (r--> 0) 9TO paBeHCTBO rrepexoanT B o6LJqHoe Ma­

TeMaruqecKoe OIKHilBHlie an.H f (x,t ). Dpearrono:rKIIM, qro coor­

BeTCTBymwaH eH ¢H3HqeCKaH BeJ1HqHH8 COXp8HHeTC51 BO 

BpeMeHu, r.e. 

d I -. _. _. -- f(x,t)p(x,t)dx -o. 
dt 

EcrecrBeHHhlM o6o6weHHeM 9Toro ypasHeHHH B cnyqae 

T /< 0 51BJ151eTC 5I 

..L f dx 1 f(x,t )+ <f (x,t+ r )>- <f(x,t + 
2
7 )> lp (x.t )~ 

dt ( 4) 

d -> -> < r> ar 
=dtidxp(x,t)[f(x,t)+y at J-0. 

6 

it'\ 

I' 

.., 

"' 

PaccMoTpHM renepb Bbipa:tKeHHe 

E (Df(x,t))= J dxp (x. t)Df(x ..... t). (5) 

Dpl1HHM851 BO BHHMBHHe ¢opMyny (2) H C/leJlaB HHTerpHpo­

BBHHe no qaCTHM, nonyqHM 

.... .... .... _. -- ar .... ar 2 f dx p (X , t) D f (X , t) ,. f dx p (x , t) l --+ v t ..,..-:; + dV f + 
at r1 x 

2 2 
1 a r .L _. a r . .:1 -. 

+-<r>--+ <r>V ----l~Il~-[f(x,t)p(x,t)+ 
2 at 2. 0 axat at 

<r> arcx.t) J- rcx .... t)-£dn __ a_CVp(x.tnrcx.t) + 
+ 2 --ai----p . at axOJ t 

2 --> 
+ d~ • .!.)_ rei' t) + 

-->2 • 
ax 

a _. -. -. 
- """"'T ( V 

0
p (x , t )) ]! dx . 

ax 

af(x.t) -:r> [ ap(x.t) -at- 2- - ---yr---

3aecb Mbl IIOJ10/Kl1Jlli 1 qyo d - llOCTOHHHBH BeJ1fiqHH8, 

EcrecTBeHHoe pacwHpeHue rroHHTHH o coxpaHHmweHCH 

BenHqHHe COCTOUT B TOM, qTO Bhlp81K~Hlie (5) llOJl/KHO 
o6pawaTbCH B Hynh. Toraa, onycKaH npocrpaHCTBeHHym 
l1 BpeMeHHym 38BHCHMOCTli l1 llpHMeHHH (4) 1 HMeeM 

__!_I d~p(x. t )[rex. t) + .s:u
2 

arcx·.t > J- fdxl rex .t)[ 2.2_ + 
dt at at 

-. -. 2 <r> af(x,t) ap _. ... 
+ ~· (v p)-dv p)+----[--+ v<v p)ll~o. 

t 2 at at o 

0Tcmaa, B CHJ1Y npOii3BOJlbHb!X f(X4
, t) 

ar 
11 --, nonyqHM at 

ypaBHeHHe THll8 ¢OKKepa-DnaHK8 l1 ypaBHeHHe HenpephlB­
HOCTH llJlH IIJ10THOCTH BepOHTHOCTeA p(~t) 1 COOTBeTCTBeHHO: 

ap -> --> 2 
-- + v ( v t p ) - d v p % o. 
at 

(6) 
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ap 
--;n--+ 

.... .... 

v(vop)•O. 

H3 srux nsyx ypasHeHufi cne.uyer, qro 

-> -> 2 
VPVs - dv p= 0. 

(7) 

( 8) 

DocnenHee ypasHeHue naeT, XOTH sro He TpHsuanbHO, cne­
nyrowee Bbipa)KeHHe nnH v s : 

-+ --i> ----+ 

vs ""d Vlnp (x,t). (9) 

DPOUECCbi 3HHWTEHHA H ne EPOHfl.H 

B paMKax Hawero ¢opManu3Ma Hccne.uyeM npouecchl 
3fiHwTefiHa (6poyHOBCKoe .us11meH11e) 11 .ue EpoAnH (cooT­
sercrsyrowHH: ypaBHeHI1IO Wpe.U11Hrepa). 

,Dpouecc 3ilHwTefiHa 

CHaqana paccMoTpliM .UBI1meHue 6poyHOBCKofi qacTHUhl 
6e3 BHewHero non~ B aToM cnyqae He cywecrsyer BhlDe­
neHHoro HanpasneHnH B rrpocrpaHcrse, a pe3ynbT11pyrowaH 
(nonHaH)CKOpOCTb qaCTHUbl paBHHeTCH HyniO, T.e. -> -> 

v
0

z-V
8

• 

H3 ypasHeHHH (9) cne.uyeT, qro 

.... .... -> 
v - -d v lnp (x, t ), 

0 ( 10) 

Tor.ua ypaBHeHI1e ¢oKKepa-DnaHKa (6) np11o6peraer e11n 
ypaBHeHHSI Dl1tPtPY31111 

.i!.L_ dV2p,.,O. 
at ( 11 ) 

3aMeTHM, qyo 9TO ypaBH€HHe MOmHO nonyqHTb TaK)K€ C 
ITOMOlliblO ypaBHeHI1ll (7) H (10). 

8 

"' 
., 

"' 

,... 

llanee, npennonar~H, qro cywecrsyer HeKoTopaH nuccu-
narusHaH cuna Tuna f :ill {3 vt , nonyqaeM ypaBHeHHe CMo-
nyXOBCKOro 

ap -1 .... .... 2 a-t-= m {3 v ( f p ) + d v p ' ( 12) 

KOTOpoe, KaK ll3B€CTHO, onUChlBaeT .UBH)KeHHe 6poyHOBCKOH 
qaCTHUhl BO BH€WHeM CHnOBOM none. 

Dpouecc .ue Epofing 

DepefineM Tenepb K U3yqeHUIO nuHaMuqecKux ypasHeHHH 
B paMKax Hawefi cxeMbi. CnenyH pa6ore 181 , qro6bi nony­
quTb Bhlpa)KeHHe ,UnH BenuqHHhl yCKOpeHHH qacTHUhl, Mhl 
.UOn)KHhl CHMMeTpl130BaTb n1160 aHTllCHMMeTpl130BaTb llCKOMYIO 
<jlopMyny np11 npeo6pa3oBaHHH speMeHHoro C.UBHra, T.e. 
npu 11HBepCI111 BpeMeHH. 

¢opManbHO onepaUHH speMeHHoro cnsura B croxacruqe­
CKHX BenuqHH8X rronyqaeTCH C nOMOlliblO 38M€Hbl T ->- r . 
Torna 113 ypasHeHI1H (1), (2) 11 (3) Bli.UHO, qroV's->-~8 , 
d-.- d , Ds .... -D 8 c roqHoCTbiO no BToporo nopH.UKa Ma­
nocTH 0( <r2 > ). 

TaKHM o6pa30M, e HaweM cnyqae e Kaqecree ycKopeHUH 
qaCTHUbi MO)KHO B3SITb cne.uyrowHe qeTbipe pa3nf!qHbie nu­
HefiHbie KOM6UHaUHH C onpe.ueneHHOH qeTHOCThiO npH npeo6-
pa30BaHHH 11H5epCllH BpeMeHI1: 

1 ........ .... ........ -> 
-ID[v +V ]+D(r->-r)[v -v Jl"'D v +D v , 2 0 s 0 s co ss 

1 -> .... -> -> .... .... 
--ID [v +V ]- D(r->-r)[v -v ]!sO v + D v 
2 0 s 0 s cs so 

1 -> -> -> .... .... .... 
-ID(r->-r)[v0 +V ]+D[v

0
-v Jl-D v

0
-Dv , 2 s s c ss 

1, .... -> .... .... .... ... 
-~D(r->-r)[v + v ]-D[v -v H- D v +D v 
2 0 s 0 s cs sc 

3.uecb Mbi npeae6pernH eenHqHHOH t<r> D t[ .... ] 6onee 
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BbiCOKoro nop51llKa ManocrH, 'I.JeM De[ ... ) H D 
8

[ ... ). Orcrona 

HMeeM rpH paanH"'HhlX llHHaMH"'eCKHX ypasHeHH51: 

-> .... -> 
F

8
=m(Dcv 0 -eD

8
v

8
), (;1"'±1. ( 13) 

.... .... -> 
f "" m(D v +D v 

0
), 

c s s ( 14) 

-> 

rne Fe H f - HeKoropbie cunbi, m- Macca "'aCTHUbi. l1c-

nonh3Y51 51BHhiH BHll oneparopos De H D 8 , nepenuweM llHHa­

MH"'eCKHe ypaBHeHH51 (13) B BHlle 
.... 

av 0 -> .... -> -> -> 
F

0 
• m ( -- + ( v 0 y ) v 0 - 0 (( v s 'V 

cH 

2 -> 
)+d V )v ). s ( 15) 

npHHiiM851 BO BHHM8HHe Bb!pa:>KeHH51 (9) nng CTOXaCTH­

'tJeCKOH CKOpOCTH H ypaBHeHH51 HenpephlBHOCTH (7), HMeeM 
-> av s _, _,..._. -+---+-+ 

-- + dv (V v0 )+ V (v
0
v )"'0. at s ( 16) 

l1TaK, Mbl nony'tJHnH CHCTeMbl ypaBHeHH51 (15) 1i (16), HCCne­

JlOBaHHbJe B pa6ore I 1 I. 

Asrop aroii pa6oTbi noKaaan, 'ITO naHHbie CliCTeMbi ypas­

HeHHli 3KBHBaneHTHbi ypaBHeHH51M Wpet:tliHf'epa 

. aw + 112 2 
lh ---- --- v 1JI +<I> 'I' at 2m + + 

aw fl2 2 
- ih ----= '"' - -- v 'I' +<I> 1JI at 2m 

fl 
eCnH nonO:>KHTb 0 •1 , d • -- · 3)leCb 

2m 
.... der .... ± s (x,t) 

'I'+ (x,t) ~ exp(R(x,t))expl I. 
2(-e)'h md 

def .... Ill 
exp(R(x,t)) .. (p(x ,t)) 2 

-+-+ -+ ........ 
m v 

0 
(x, t )"" V S (x, t ). 

10 
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l 
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Mbi He 6yneM noKa3b!BaTh aro, nocKonbKY K.CKarepcraM 

nonpo6Ho uano:>KHn MeTOJl csoero noKaaarenhCTBa. TaKHM 

o6pa30M, HaW llOllXOll COBeprneHHO 3KBHBaneHTeH llOH51TiilO 

CTOX8CTH"'eCKOf'O npouecca B KOH~IirypaUHOHHOM npocrpaH­

CTBe, HCcneaosaHHoro K.CKarepcraMoM. l1M 6bWH paccMoT­

peHbi HeKOTOpbie HHTepeCHbie llpliMepbl H llpHnO:>KeHH51, KOTo­

phle nerKo Moryr 6wrh nony"'eHw B aaweM cnyqae. 

Teneph onpeaenHM 3Ha'I.JeHiie napaMerpa T , xapaKrepH­

ayrowero Mepy CTOXaCTii'tJHOCTH BpeMeHH. no OllpeneneHiiiO, 

2-> 
1 0 X (t, T) 1 2 2 

da -< >=-V
0

<r> +O(<r >), 
2 T 2 

f'lle V O- CKOpOCTb 'I.JaCTiillbl, KOTopyiO MQ)KHO OTO)I<lleCT­

BiiTb CO CKOpOCTbiO aneKTpOHa B a TOMe. T .K. Bblllie MLT no­

naranu, 'ITO d-const, cnenosarenbHo, v 
0

-const , a liMeHHO 
e2 ~ 

v 0~- • C npyro.H cropoHI>r, d- -- • OrcJoaa 
n 2m 

~-~< .. e4 2T 
2m 2h2 J > = ~- [ dr-r W (r/T). (17) 

Bsong 6eapaaMepHyiO ~YHKUHIO pacnpeneneHH51 w (r )-TW (r), 
nony'I.JaeM 

1t 1 1 
T "'-- ----

0 me co e2 2 
(tiC) 

3.86 1 -21 2 4 ~17 
- --- ·10 ~ -· • 10 c 
3 J!.o o · 

rne 
0 "' f d p p w ( p ). 

Torna CTelleHb OTKliOHeHH51 CTOXaCTH"'eCKOI'O BpeMeHH OT 
06bi'tJHOf'O paBHa 

A 

<t>-t•<r> 
0 

-17 
-2.4 ·10 c 

H He aaBHCiiT or ~opM pacnpeaeneHH51 W(p). 

( 18a) 

B KnaccuqeCKHX gsneHH51X MO:>KHO He Y"'HTbiBaTb ary 

BenH'tJHHy, OllH8KO B KBaHTOBblX npoueccax, llpOHCXOll51IliHX 
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c HHl'epaanoM apeMeHH r s_ T , HeJib3SI rrpeHe6peraTb cTo-

xaCT!t"!eCKHMH at!Jt!JeKTaMH. CnenyeT OTMeTHTb, "!TO rrony­

"leHHbre 3Ha'leHHSI nnSI T , - aTo erue He rrpenen B03MO)K­

HbrX :t.iep cToxacTH"!Hocru, T.K. cyruecTayeT npyraSI rrocTo­

SIHHas:r LlJISI CKOpOCTH "!aCTHUbi 1 a HM8HHO V O =C, IIpH 3TOM 

T IlPHHHMaer 3Ha"!8HH8 

'l' - ~86 10 -2 ~ 
1 38 

H 

<::t>-t-<t>1 
-21 1'1 

13 ·10 c ~-9 
' me- ( 18) 

LlJIH <')J18KTpOHa. 

B T a 6 n u u e rroKa3aHbi 3Ha"!eHHSI T 0 H T 1 rrpu pa3JIH'I­

HbiX ~YHKUHHX pacrrpeneneHHSI W(p ) . 

.fi..r:rSI TOPO "!T06b! BbiSICHHTb BOIIpOC 0 TOM, KaKyiO pOJib 

6ynyl' urpaTb 3TH nBe BeJIH'lHHbr T 0 H T1 B KBaHTOBbrx 

SIBrrellHSIX, rrorrbrTaeMCH rrony"!HTb ypaBHeHHe WpenHHrepa 

IIpSIMt:.rM CITOC060M, OCHOBaHHbiM Ha PHITOT€38 0 CTOXaCTH"l­

HOCT!t Bp8M8HH H IIpOCTpaHCTBa, a 3aTeM cpaBHHTb IIOJ1y­

"l8HH~e pe3yrrbTaTw c rrpenwnyruHMH rrpu 3Ha'leHHHX T0 H 

T 1 ( HJIH )1(8 <r> 0 H <r> 1 ) • 

fl~petl:neM K o6cy)KLl8HHIO aToro aorrpoca. 

C)'oXACTl14ECKVIE flPOCTP AHCTBO l1 BPEM51, 
Y~ABHEHVIE WPE.QVIHfEPA 

fliJeniiOJIO)KHM, "'TO IIpOCTpaHCTBO, TaK )1(8 KaK H BpeMSI, 

o6na4aeT CTOXaCTH"l8CKHM CBOHCTBOM H KOOpLlHH8Thl ero 

orrpe4enSIIOTCSI cnenyiOIIIHM o6pa3oM: 

"' 
x ,.,x +(;a, (19) 
~ 

rne o- - COB8piii8HHO IIpOH3BOJlbHbl8 B8JIK"!HHbl ( OHH MOryT 

6biTb B8KTOpaMH, Ma TpHUaMH 1 KOMIIJ18KCHbiMH "!HCJ18MH , 

II T.lJ.,); a - aMIIJIHTyll.a lf!nyKTY8UHH C pacrrpenerreHH8M \ 

w(a/~). YLlOBJ18l'BOpSIIOIUHM ycJIOBHHM: r 

12 

2T 
fdrW(.!....)=l. 

o T 
w (...!... ); 

T 
(O::;;r_:: 2 T) 

2 
3 (T-r) 
-(1- ---) 
4T T2 

(T -r)2 

1 -4TY 
----e 
2liTT <1> ( v2f2) 

_!_ (1- IT-T I ) 
T T 

_!_IT-rl 
T2 

Ta6nHua 

To 

T1 

2,4 ·1o-17 c 

1,3 .1o-24c 

-17 
2,4 ·10 c 

1,3·10-24 
c 

2.4 • 10-17 c 

-24 
1,3 ·10 c 

2.4·10-l 7
M 

-24 
1,3 ·10 c 

L a 
fdaW(-)·1 

W(~); 
~L L 

(-L::;_a<;_L) 

3 a2 
-(1- -) 
4L L2 

a2 

1 _ __!_ e - 21,"'2 

v'2rr L 
( -oo<a<oo) 

_!_(1- ltl) 
L L 

1 
-Ia! 
L2 

Lo 

L1 

1 ,2·10-8 CM 

8,6 ·10- 11 c 

-8 0,53·10 c 

6 1 ~11 3,8 • 0 c 

1,3·10-8cM 

-11 
9,4•10 CM 

-8 
0,74 •10 CM 

-11 
5,4 •10 CM 

13 



J daw(a/L)s 1 If Jda.aw(a/L)z 0, (20) 
<\al:SL) 

r.e. A 
-+ -+ 

-::x > ""x 

3nech L - napaMeTp paaMepHOCTii nnliHw. 

nepeAne~ Tenepb K !i3yqeHiiiD KOMDneKCHhlX 3HaqeHiill 

,},yHKUiili 'JI(X,t) B CTOXBCT!fqeCKOM DpOCTpaHCTBB (19) If 
Lf.- ..... ~A ~ .... 

BpBMBHii t • noKMhBM, qro ecn!f 'JI*(X ,t) If 'JI(x ,t) YUOB-

neTBOpHIDT ycnOBiiiD 
A A 

-·~ ---)> ____. ---+ ---Jo ,.. -+ "" J dx 'I'* (x , t) 'I' (x . t) = J dx <'I' * ( x , t) ><'I' (x , t) > "" 1 , 

A A A 

To 'l'*(x ,t) If 'P(x,t) noaqlfHHmTcH ypaBHeHIHIM Wpenlfurepa. 

BbJq!fcnliM cpennee 3Haqeime <'I' ci-. t)>. nonaraH qTo 

;; .. const~ =r. If yqHTbiBBH ycnoBHH (20), nonyqaeM ' 

~ A -> a 'I' i <a 2 
'> 2 2 

<'l'(x,t)>::'l'(x,t)+~<r>- -
2
-;_ V IJI+O(<r >). 

A A a 'I'* • 2 2 
<'I' * (x . t ) >.::; 'I' * (x. t ) + --- < r > + ~~.? v 'I' * + 0 ( < r 

2 
>). at 2 

Torna 

-> ~ A ~ A -+ -> -> a ('I'* 'I') 
J dx< IJI* (x, t )><'I' {x, t )> .. Jdx I 'I'* (x. t)'l' (x,t )+<r>---­

at 

- .2.. < a2 > ['I'* v 2 'I'- v 2 'I' *IJI ] + a 'I'*<:> [ < r > .£!. - i <l > v 2'l' ]+ 
2 at at 2 

a'l' a 'I'* . 2 
+ -·-<r>[-·-<r> + ~ V2'l'*]+ at at 2 

1 z 2 2 2 a 'I'* a 'I' 
+-<a ><a > V 'I'* V 'l'-<r><r>-- ---I= 1. 

4 at at 

Orcmna, B CHny npo!i3BOnbHbiX 
a'l'* a'l' 

TYHKUHH -·-- H -·-, 
at at liMeeM 

a'l' . <a2> 2 <r> -·- -1-- V "'=0 at 2 T • 

14 

HnH 

a 'I'* 
<r>-ar- + 

. a'l' 1 1-·-----at 2 

< a~ v2 'I' *,. 0 . 
2 

<a2>V2'l' . 
<r> 

. a 'I'* 1 < a2 > v 2 'I'* . 
I- •- --

- at 2 <r> 

Crano 6biTh, 

(21 ) 

(22) 

a ( 'JI*'JI ) i < a2 > [ 'JI * V 2 'JI- V 2 IJI *'JI 1 ~ 0, ( 2 3) <r> ------
at 2 

T.K. 
1 2 rJ'l'* 

qneHhi -<a ><iZ> V 2 'l'*V 2 'l'-<r><:r>--
a 'I' 
rH 

6onee 
4 at 

Bbi<;:OKOI'O DOpHUKB ManOCTii 11 TO/!(UBCTBBHHO o6palllaiDTCH 

B Hynh, KOI'll8 BhiDOnHHIDTCH paBeHCTBa (21} 11 (22). flei'KO 

BlillBTb, qTo ecn!f nonO*HTb 

::;a2~- _.!!.. 
<r> m 

( 2 4) 

TO 1i3 ypaBHBHHll (21), (22) If (23) nonyqaeM CB060UHWB 

ypaBHeHHH WpenHHrepa 

a 'I' 1'12 
il'l -- - - -- v 2 'I'. 

at 2m 

- ih a'V* =- 11.2_ v 2 'I'* 
at 2m 

anH ¢yHKUHA 'I' , 'I'* If ypaBHBHiie uenpepbiBHOCTI1 

- i~div('l' *grad 'I'- grad 'I' *'I')+ .f!_ ('I'* 'I' ) - 0, 
2m at 

COOTBBTCTBeHHOo 

(25) 

B ypaBHBH11HX (25) B3a!iMOaeAcTBiie MO*eT BBOU11ThCH 

¢opManhHbiM Dp!iBMOM: 

15 



a~ ... a~ + un v(x.t) 

a a 
( Jt-)* ... at -iltlV(i, t) 

(26) 

... 
rae V (X ,t )- ITOT8HUHaJI B3ai!MOaetlcTBIHI. 

0K83b!Ba8TCSI, qro ypaBH8HIISI (25) IIOCJie 3aM8Hbl (26) 
6y.UyT IIHBapiiaHTHhl IIpii rrpeo6pa30BaHIISIX rpaarreHTHOrO 

rrr:rra 

v <x . t ) ... v < x. t ) + 

'1'-o'l' 'e-ilflf(t) 

ar (t) 

at 

rae f(t) - rrporr3B01lbHaSI cpyHKU!iH. CoxpaHHIOlliaHCH semi­

qaHa ITpH 3TOM SIBJISI8TCSI IIOCTOSIHHOti DnaHKa 11. 803MOII<HO, 

qro rrccneaoBaHHH ypasHeHrr:H WpearrHrepa c roqKrr 3peHrrH 

rpyrrrrosoro rroaxoaa rrprr:seayr K HOBbrM rrHTepecHbJM pe-

3YJibTaTaM B KBaHTOBOH M8X8HIIKe. ... -.-
8 HallleM cny•we, Koraa axeonst,y-1, mrcrrepcrrH cnyqati:Hoii 

senrr:qrrHbi :i pabtia 

<!i! 2 > -<"i} =<a2 >, 

T.K. 
... ... ... 

<X>,. X <!:12 > -X2z<a2>. 

l13 _faBeHCTBa (24) BIIaHD, qro Kalr<aOMY 3HaqeHI{10 
(18 ) H (18) COOTB8TCTByiOT B8JII{qi!Hhl 

II 

--2-- n 1 -8 
y<a >0 • (---)a- za h z0,53·10 CM 

y<a2> "' 
1 

me oo Bo r 

n 
me 

-11 
=Ae z3,86-10 CM. 

<r> 

TaKf!M o6pa30M, arrcrrepCIH! KooparrHar x onpeaenSieT 1!3-

secrHbre XapaKT8pHbl8 pa3l\18pbl B K88HTOBOl! M8XaHIIK8. 

Orrp8aenrrM T8rrepb 3Haq8HHe rrapal\r8rpa L B croxacrrr­

qecKo!"r reop11rr. 11~188\1 

16 

1 
2 2 , 2 11. 1 2L J dp•p W (p)x<a > z ----, 

0 m <r> 

rae w '(p) - 6e3pa3Mep,!!a51 cpyHKUiiH pacrrpeaeneHIIH Koop­

arrHaT B rrpocrpaHCTBe x . 

I{ 

B T a 6 n II u e rrprrseaeHbJ TaK)!{e senrr:qrrHbi 
1 

-8 1 2 -V2 
L "" 0 ,53 • 1 0 --= [ J dp p w ' ( p ) ] 

0 y;2 0 CM 

L1 
-111 1 2 -V2 

3,86-10 -==-[ fdpp w'(p)] CM 
y2 0 

IIpii pa3JII{qHb!X 3HaqeHIISIX W '(p ). 
YJTaK, BBeaeHHOe HaMil IIOHSITI!e CTOXaCT!iqHOCT!i BpeMe­

Hii B KnaccaqecKoti: Teoprrrr rrprrsoarr:T K croxacrrr:qeCKIIM 

rrp.oueccaM B KOHcprrry paurr:oHHOM rrpocrpaHcrse, accneao­
saHHOM K.CKarepcTaMOM. nsa crroco6a rronyqeHIISI ypaBHe­

HII£ WpeauHrepa B paMKax rrpearroJIO)!{eHuSI croxacrrr:qecKux 

CBOHCTB IIpOCTpaHCTBa II BpeMeHI! II03BOJIIIJIII HaM ycTaHO­

Bf!Tb COOTHOW8HII8 
2 

m S~,.n 
<r> 

anSI 9Jl8KTpOHa, KOTOpOe, IIO-BIIaliMOMy, CIIpaseaJIHBO anSI 

JII06brx aneMeHTapHbJX qacruu c Maccoti m. Pa3yMeercH, 

qro rrocneaHee yTsepll<aeHrre - aro nuwb rurrore3a. 

T aKuM o6pa3oM, ecnu rroJIO)!{RTb, qro 

<a2 >- :\2 - [2,11·10- 14
] 

2 
cM2 , m-omp. 

I{ 

11 <a 2 > - o2 - -'h tw - G , ID--+IDw=e-c-
w 

TO XapaKTepHOe BpeMSI < r > paBHO 
-25 

<r> - 7-10 c p 

II 
-27 

< r > w - 2 ,2 • 10 c, 

COOTB8TCTB8HHO. 
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B uenoM HaM Ka)KeTcsr, 'ITO npeanaraeMasr cxeMa 3a­
cny)KH:BaeT aanbHeii:wero a3y"leHasr. 

B 3aKJliO"leHae aBTop Bbrpa)Kaer rny6oKyiO 6naroaap­
HOCTb M.Daneii:xaHy a 3.0M6oo 3a rrmie3Hbie o6cy)KaeHasr. 

nVITEPATYPA 

I. Skagersta.m Bo-Sture K. Preprint, Institute of 
Mathematics, Bedford College, London, 1975. 

2, Srinivas M.D. Phys.Rev •. D, 1977, v. 15, p. 2837, 

3, KaabrweBCKH:ti B.r. a ap. B KH.: MarepaaJlbi IV Me)Kay­
Hapoanoro COBeli18HH:SI ITO H8JlOK8JlbHbiM TeOpH:SIM IIOJ1SI1 

Anywra, CCCP. OVIHVI, D2-9788, Dy6ua, 1976. 
4. EnoxaHUeB n.VI. TM<t>, 1973, 17, c. 153; Dpo6neMbl ¢a-

3H:KH: 3l.JAH, 1974, 5, c, 606, 
5, Caii:MoH E. Moaenb p (¢2 ) eBKnaaoBoil KBaHTOBoii: reo­

paa rronsr, "Mrtp", M., 1976, 
6. DaHeii:xaH M., HaMcpati X. Ol1HI1, P2-10166, fly6Ha, 

1976. 
DaHeilxaH M., HaMcpail X., 0M6oo 3, 0~1Hll, P2-10963, 
Dy6na, 1977. 

7. EnoxaHUeB D.ll. TM<t>, 1973, T, 17, Bhin. 2, c. 153. 
8, De La Pena-Auerbach L,, Cetto A.M. IF UNA M 

prepr. 74-6, Instituto de Fisica, Mexico, 1974, 

18 

PyKorrucb rrocryrruna B a3aarenbcKaii: oraen 
8 aeKa6psr 1977 roaa. 


