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XpecToa Xp • .R., .UaMSIHoa E.n. P2 - 11103 

AceMnToTH'IeCKHe <jlyHKUHH - HOBbrii Knacc o6o6weHHbiX 

~YHKUHii. rr. CywecTBOB8HHe ~yHKUHii H oaH03H8'1HOCTb 

HX paano>KeHHii 

B nepeoii 'IBCTH 3Toii pa6oThr/l/ aaHo onpeaeneHHe aceMnTOTH'IeCKHX 

~YHKUHH - HOBOI"'O Knacca o6o6meHHbiX ~YHKUHii. B aaHHOii, BTopoii, '18CTH 

paCCMOTpeH BOnpoc 0 CyWeCTBOB8HHH 3THX ~YHKUHH H 06 OUH03H8'1HOCTH 

paanOll<eHHll, npH nOMOWH KOTOpb!X OHH BBOaSITCll. noK838HO, ·~TO npH He

KOTOpbiX, He O'leHb ll<eCTKHX orpaHH'IeHHliX H8 KOMnOHeHTbl ~yHKUHH cywecT

BOB8HHe nocnea!IIiX MO.>KHO UOK838Tb, J1MeeTCll HeKOTOp8S1 HeOaH03H8'1HOCTb 

HCnOnb3yeMb!X pa3nO.>KeHHJI, HO OH8 He npHBOaHT K ycnOlKHeHHSIM npH BBe

aeHHH anre6p8H'IeCKHX H 8H8nHTH'IeCKHX onepaUHJI. 

Pa6oTa BbrnOnHeHa B na6opaTOPHH TeopeTH'IeCKOii cf!H3HKH OH.RH. 

npeapDT 06'1.eJl8JieBBOrO UCTBTYT& A.llepJIWX BCC.IIe.DOa&IIJd . Jly6B& 1977 

Christov Chr,Ya., Damianov BP. P2 - 11103 
Asymptotic Functions - A New Class of Generalized 
Functions. II. Existence of the Functions and Uniqueness 
of their Decompositions 

In part of this investigation I 1/ a new type of generalized 
functions - the asymptotic functions are defined, In the present 
part we consider the question of their existence and the uni-
queness of the decompositions by means of which their represen
tatives are defined. It is shown, that the existence is ensured· by 
some not very strong restrictions on the components of the func
tion. Some nonessential arbitrariness qf the used decompositions 
exists, which does not lead to complications in the introduction 
of the algebraic and analytic operations. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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tl 

B nepao:fi ':laCTH 8To:fi pa6o.Tbr11/ Mbi aaenH HOBbi:fi Knacc 
o6o6IIIeHHbiX <j:JyHKUH:fi - aCHMnTOTH:':IeCKH:e <j:JyHKUHH:. M br 

aanH 06IIIyiD nOCTaHOBKY aaaa':IH, o6~BCHHnH, 3a':leM BBOaBT
Cg 8TH <j:JyHKUHH, H C<j:JOpMynHpOBanH HX TO':IHOe onpeaeneHHe. 
He 6yaeM HanOMHHaTh H pe3IDMH:poaaTh nony':leHHhre a /1/ 
peaynhTaTbr, a, nonhaygch aaeaeHHbiMH TaM onpeaeneHHB
MH, yTaep)!{aeHHBMH 11: o6o3Ha':leHH:BMH:, npoaon)!{HM pa6oTy, 
Dpe)!{ae acero paccMoTpH:M aonpochl cymecTaoaaHHB 8THx 
<j:JyHKUH:fi H: oaH03Ha':IHOCTH TeX pa3n0)!{8HH:fi ( 11

1
12) f1/, 

npH nOMOIIIH KOTOphlX OHH 6hlnH BBeaeHhl, 

Bonpoc cyiiieCTBOBaHHB <j:JyHKUH:fi B03HHKaeT B CBB3H 

c ycnoaHeM KoMneacauHH D, 1/aK)!{e H c ycnoaHeM Ma)!{o
pHpoaaHHB C onpeaeneHHB 8 1 • Mbr noKa)!{eM, a KaKo:fi 
Mepe aenH':IH:Hbr a- g onpeaeneHHB 11/1/ npoH3BOnhHbr H a 
KaKo:fi Mepe qacTh aa HHX aaaaeTcg ycnoaHBMH D H C. 
YaHaHM, 'ITO OHH B 6onbiiiO:fi cTeneHH npoHaaonbHhl. 

Bonpoc oaH03Ha':IHOCTH coCTOHT a cneayiDIIIeM. Cornac
Ho (11), (12) a111Ka)!{aag <j:JyHKUHB f(s,x)aaaaeTcg caoe:fi 

perynBpHOH H CBOHMH CH:HryngpHbiMH ':laCTBMH f (S, X) 
0 

H fern (s,t). A ecnH 8TO paano)!{eHHe Heoaaoaaa':IHO, T.e. ecnH 
aaHHyiD <j:JyHKUHID f(s, X) Mbl M0)!{8M nony':IHTh npH pa3-

nH':IHblX Bbi6opax f 0 H fern, TO M0)!{8T Cny':IH:ThCB, 'ITO OaHH 
H3 HHX 6yayT yaoaneTaopBTh ycnoBHID D, a apyrHe - HeT. 
KpoMe Toro, peaynhTaT anre6paH':IeCKHX H aHanHTH':IeCKHX 
ae:fiCTBH:fi Mbl 6yaeM 3aaaBaTh, yKa3biBag, KaK BenH':IHHbi 
a-g Bbipa)!{aiDTCg qepe3 8TH )1{8 aenH':IHHbi, XapaKTepH3yiD
IIIHe apryMeHTbi paccMaTpeaaeMoro ae:fiCTBHB. YaaaHM, 'ITO 
aeoaHo3Ha':IHOCTh cyiiiecTayeT H oaa aaTparaaaeT aa)!{e TaKn:e 
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caMbie OCHOSHhie xapaKTepHCTRKR, KaK L , x f H M f , H rrpR 

9TOM s 6onbiiioii Mepe. YsR.ORM, o.nHaKo, 'iTO 9Ta Heorrpe
.neneHHOCTb KacaeTCg TOnbKO OCTaTO'iHbiX qneHOS, a OHR 

HeCyllleCTBeHHbl .nng CaMHX aCRMIITOTR'ieCKRX <f>yHKURH R .nng 

OIIpe.neneHHg .neiiCTSRH Hall HRMR. A TO, 'iTO ecnu s OllHOM 

R3 pa3nO)I(eHRii ycnosRe D sbmonHeHo,cne.nosaTenbHO, 6y .neT 
SbiiiOnHeHO I{ SO SCeX OCTanbHbiX, O'ieSHllHO: ycnOBRe 0 
Tpe6yeT HeiipepbiSHOCTR <f>yHKURR f(S,X) R ee IIp0113SOllHbiX1 

a 9TO CSOHCTSO He MO)I(eT 3aSRCeTb OT Toro, KaK <f>yHKURg 

pa3nO)I(eHa Ha cyMMY .npyr11x, 6onee rrpoCTbiX <f>yHKURii. 

Ha'iHeM c sorrpoca cymecTsosaHRg, 

1. HEKOTOPbJE BCOOMOfATEJlbHbiE 

KOHCTPYKTMBH~E 3AnAYM 

noKa)l(eM cneayiOlllYIO Hy)I(HYIO HaM s .nanbHeiiiiieM 

Teo p eM y 1. OycTb 3aaaHbi <l>YHKURR TRIIa ( 1) R3 Ill 
~f (S) (i = 0,1, ... ; 0< S~ S l) CTeiieHR vi R TO'iHOCTR Vi*, 

rrpR'ieM cymecTsyeT uenoe v R rronmKHTenbHOe s < s , 
' - 0 = 1 

TaKHe, 'iTO V 
1 ~~ R 

i .. .. i 
IM (s)l ;;; o(s)M IIpR 0 < S < S o' ( 1 ) 

~ v ~ . 
OpR aToM o(s) Is __. 0 rrpR s __. 0 , a ~f 1 - rrpoH3sonbHhie 

'ii1Cna: OHI1 MOryT paCTI1 CKOnb yroaHO 6hiCTpO, Kor.na i--> oo 

(rrpRMep TaKRX <f>yHKURH 6hin aaH S /11 K OIIpeaeneHRIO 8), 
Toraa cymecTsyeT <l>YHKURg f(s,t), 6ecKoHe'iHO aR<P<f>epeH

UHpyeMag IIpl1 t ~0 R C neSbi~R R rrpasbiMR IIpOR3SOllHbiMH 

IIpH t=0, TaKRMI1, 'iTO 

- 1-(f (i) (s. +0)- f(i)(s,-0)) =Mi(s), (2) 
i! - -

R IIpl1 9TOM 

I~ (i) (s,t)J ;;; ;(s) f i(t) IIpR 0 < S < S 0 , (3) 

"· 1 
rae f (t) rrp11 t-+ ±oo CTpeMgTcg 6brcrpo K HyniO. CTerreHb 

f(s,t) v =min vi, a ee TO'iHOCTb v * = minv i * 

4 

,.. 

I 

~ \ 
"-

.. 
3KcTparronRpyeM ¢YHKUHIO o(s) .nng s

0
;;; s;;; s 1 

IIpR e.nRHCTSeHHOM orpaHR'IeHRR: OHa llOn)I(Ha 6hiTb OT

nR'iHOH OT Hyng S 9TOM 11HTepsane. 0603Ha'iRM 

- i i .. 
M (s) = M (s)lo(s). (4) 

.. ' 

(EcnR IIpR HeKOTOpOM S o(s)=0, TO 6y.neM RMeTb ~f 1 (8)=0 
R no orrpeaeneHRIO rrpRMeM ~fi (s) = 0 ) • 

OyCTb 

- • 00 -. 

g(M 
1
(s),t) = l g_(M 1 (s),t), 

i = 0 1 
(5) 

l1 i -1 -At (1 - exp --
gi(~).t)= : riltlal~l 

IIpl1 ~ ;60, 
(6) 

II pH ~ = 0, 

rae 

r > 0, 0 <a< 1, t i 
t i IIpR t > 0 . 

-t i IIpR t < 0' 
(7) 

~YHKUHg g 113 (5) orrpeaeneHa R 6eCKOHe'iHO llH<f><f>epeH

UHpyeMa rrpH 0< It I < r I 21 R sMecTe co csoRMH rrpoR3SOllHbi
MR RMeeT yKa3aHHhie pa3pbiBbi rrpR t=O. DycTb ewe 

l 0 
h(t) = II - ~ 

t 2 2t' )2 
1 - _2A I f e P -< -p dt 1 

IIpH JtJ > 0 , 

IIpH O<!t!<p, 
p 0 2 

1 -111-tJ 
A -1 = f e ( i:lt. 3Ta <f>yHKU11g SCIO.Uy aR<f><f>e-r.ne O<p<r 

-1 
peHURpyeMa, pasHa HyniO IIpR ltJ?:p H e.URHRUe IIpH t=0, 
a see ee rrpOI13BO.UHhie pasHbi HyniO, Tor.na Mbi MO)I(eM 
3aaaTb 

A -

~(s,t) = o(s)!_(s,t), 

- -i 
.f(s,t) = g(M (s),t)·h(t) 

(8) 

(9) 
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npu HeKOTopoM <jmKcupoaaHHOM Bhi6ope a , r H p. T aK, 
tPYHKUJfH f(s ,t) 'aanaeTCH CBOJfMJf pa3pb!B8MJf ~fi (s). 0Ha 
onpeneneHa npu acex s > 0, ;;; s 

1 
H 6ecKoHe"'HO nwtP<PepeH

uupyeMa no t npu acex t;f, 0. 0Ha H ee npou3aonHhie no t 
ynoaneTaopHlOT ycnoaHlO 6biCTporo crpeMneHHH K HYJilO npu 
t .... ± ""• 6onee roro, - ace OHH paBHbi Hy n10 npu It I > p. 

4T06bl llOK838Th M8)1(0p8UJflO llJlH f(s,t), HanOMHHM 
npe)Kne acero, "'TO npu t > 0 <PY HKUHH g i (~, t) npu acex ~ 
pacTyT c ao3pacTaHHeM ~. B caMoM nene, npu r i ltl a I~ I<< 1 
9TO 0"18BHllHO. C npyrofi CTOpOHbi, H3 (6) npH t> 0 H8XOllHM 

agi 

a A 

lz 

1 i ( -1 ) 1 I AI i - t 1 - exp . - -- L\ t 
2 TIt a ~~~ 2 

1 -1 
. --.. exp-_---

rita~e rital~l 

1 . 1 . 
= 2t1 (l- exp(-z)- z exp(-z))= 2 t 1 

,[11- (1 + z)e -z], 

·. 1 I . 
rital~l 

flepBblll MHO)KHTenb BCerna nOJIO)KHTeneH, a BTOpofi - HeOT
pHUaTeneH: OH o6pamaeTCS1 B Hynh TOJ1hKO npH Z = 0, T.e. 
npH ~~~ =oo. flOSTOMy, npHHJfM8S1 BO BHJfM8HJfe (5) H (6), 
npH t> 0 H S < S Mbl MO)KeM 3anHC8Th 

= 0 

A A 

l~(s, t)l ;;; o(s)f(t), ( 10) 

A A • 

f(t)= g(f 1 ,t)h(t). ( 11 ) 

flpH t<0CHTy8UHSl HeMHOr'O yCJ10)KHS18TCS1! MHO)KHTenb !_i 
npH "18THb!X i OTpHU8TeneH, H B CBS13H C 9THM COOTBeT
CTBylOIUHe "'JieHbl 6ynyT B03p8CT8Th C yMeHhllleHHeM, a He 
C YB8JIH"'eHHeM ~.flOSTOMY B COr'J18CHH C (6) M8)1(0p8UHS1 
6yneT HMeTh BHJl (10) IIpH 

lfCt)l <g((-1)i+l~r" i.t)h(t). (12) 

3TH JlB8 Bblp8)1(8HHSl MO)KHO nO)lBeCTH non OJlHO 06IUee on-
peneneHHe. flpH 0< s< S OHH 38Jl810T BepXHlOlO Or'H68lOIUYlO = 0 

6 

• 

BCeX tPYHKUHfi: f(s,t)=g(~fi (s),t)h(t), 
0 < s ~ s 0 ynoaneTaopSilOT ycnoBHHM 
EcnH· o6o3H8"1HM 

r:.._n_e M i(s). 
IM 1 (s)l <~f 1 

~ g(M i,t) 

y(M; • t) • ;~ o lg; (Aft • t)l ·~ g((-1)1+1 M',t) 

npu t>O. 

npu t < 0 , 

TO (10) 3anHCNB88TCS1 B BJflle 

lf(s. t) < o(s) g(~t .• t)h(t). 
- = 1 

~THM nnH cpyHKUHH f(s,t) Ma)KopauuH noKa3aaa ( npu 
f(t) = g(M .,t) h(t)). 

1 

npu 

CnenyeT o6o6ruurh STOT pe3ynhTaT nnH npoH3BOllHhiX 
f (j) (s, t). CnO)KHOCTh COCTOHT B TOM, "'TO XOTH H tPYHKUHH 
C(s,t) (9) aHanHTH'IHa a ceKropax oKono t> 0 H t<O 

H, CJI~~OB8T8J1bHO, 6eCKOHe"'HO llH<lJ<lJepeHUHpyeMa npH 
t f 0 

2 
, ee npoH3BOllHhie Henb3H nony"'HTh no tlJopMyne 

(9), 38M8HHS1 i!L\f i (s) Ha (i+j)! M i+j (s), K8K MO)KHO 6hiJ10 
6bi nocTynHTh, ecnu 6hi tPYHKUHH .f(s, t) 3anaaanacb npu 

t ~ 0 Jf t;;; 0 06hi"'HbiM CXOllHIUJfMCSI CTeiieHHbiM PSlllOM! 
9TH llB8 Bblp8)1(8HJfS1 MOr'YT OTJIH'I8ThCS1 tPYHKUHefi, KOTOp8S1 
6bJCrpo HC"'e3aeT npu t .... 0. 

TaK KaK so Jf o(s) nnHcpyHKUHfi Afi(s) Jf f(i)(s,t) 
OllHJf H Te )1(8, Mbl M0)1(8M nepetlJopMynHpOB8Th 38ll8"1y, 
3aMeHHH HX Ha ~f i (s) H f(ih. t). Torn a Teo p eM a 1 nony
'IH T cnenylDIUYlO tlJopMy J1HpOBKY. 

flyCTb Jl8Hbl cpyHKUHJf 
- i 

M (s) (i =01,2, .•. ; 0 < s ~ s '), 

nonycKalOIUHe Ma)KopaUHlO 

1r i Cs) I < ~ r" i 

- i 
( ~ f (S) C B03p8C1'8HHeM i MOr'YT paCTJf npOH3BOJ1hHO 
6biCTpo). Torna cyllleCTayeT cpyHKUHH 

~(s,t) (0 < s < s ) . 
0 

KOTOpaH HMeeT npOH3BOJlHhie no t npH 0< S< S 0 Jf t f. 0 
H HMeeT JieBbie H npaBbie IIpOH3BOJlHhie f(i{s, + 0) 

( 13) 
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- (i) 
!_ (s,-0) ITpH t=O, rrpH'leM 

_1_(f (i) (s, +0)- f (i) (s, -0)) = tlf 
i! - (s)' 

If BMeCTe CO CBOHMH ITpOH3BO.QHhlMif .UOTIYCK8eT M8MOp8UHID 

- (i) ... i 
I!. (s,t)l < f (t). ( 14) 

Ecnu He Tpe6oB8Th BhlrronHeHH51 (14), 38.1l8'!8 cp83Y 

pern8eTC51, .1l8Me B TOM cnyqae, ecnu Mbi He 6yaeM H8Kn8-

.1lb!B8Th ycnoausr ( 13). H8npuMep, 

- i 
f(s,t)=g(M (s),t)h(t). 

3T8 <jlyHKUif.H HMeeT ITp01i3BO.UHhie CO BCeMH Heo6XO.QHMh!Mii 

CBoilcTB8MH. T8K, OCT8eTC51 .UOK838Th, 'ITO e.rnu ycnoBue 

( 13) TIOCT8BneHO, TO MOMHO H8HTH <jlyHKUHH f i (t), T8KHe, 

'IT06b! ( 14) liMe no MeC TO. 

0.UH8KO BH.UHO, 'ITO B sToil: <flopMynupoBKe ponh s 

npHHHMeH8 .uo HeKoToporo IT8p8MeTp8, 3aaaiDurero sneMeH

Thi HeKOTOporo .MHOMeCTB8 '!HCen t\,f i H <jlyHKUHH f(t), 
T.e. rrpu niD6oil 38MeHe s ... s * = s *(s) crrp8Be.unuBOCTh yT

BepM.UeHH51 6y.UeT COXp8H51ThC51. (3To Mhl He MOf'nH 6bi 

YTBepM.U8Th .Qn51 t\,fi(S) H f(s,t), T8K K8K ~(S) He 

o6n8.U8eT T8Koil HHB8pH8HTHOCThiD), Tora8 Mbr MOMeM on 51Th 

38MeHHTh <jJOpMynHpOBKY H8 cne.QyiDuryiD l6onee CHnhHyiD, 

Ho 6onee rrpocTyiD). 

nycTb .1l8Hhl rrepeMeHHhie Af i wnu, npoure, i\ i 0=0,1,2 ... ), 
TaKrre, 'ITO 

~ 

I~. I < t1. 
1 = I ( 15) 

' 
nprr'leM t\,i <jlrrKC11pOB8Hhl (H MOf'yT paCTH npOH3BOnbHO npH 

i ... 00 ) • 

nprr K8M.UOM Bbi6ope !1. cyureCTByeT <jlyHKUif51 
I 

f(tl.,t). 
- I 

KOTOp851 6eCKOH8'lHO arr<jl<flepeHUifpyeM8 rrprr t~O, lfMeeT 

neBhle H rrpaBhle npOI13BO.QHhle npH t=0, Y.UOBneTBOp51IDUlHe 

p8BeHCTB8M 

8 

~(j(i) (+0) - j (i) (-9)) =A i ; 
1. ". 

If ITpH 8TOM 1\lOMHO H8HTH <flyHKUHH f 1 (t), KOTOpbie MoryT 

38BHCeTh oT t1. , HO He OT A., T8KHe, 'ITO 
I I 

li (i) (!1 i 't)j ;::; i' i(t)' ( 16) 

rrpu niD6oM Bbi6ope A., y.uoaneTBOp51IDlllHX Hep8BeHCTBy 

(15). 
1 

K8K H p8Hhrne, ecnu He Tpe6oB8Th BbiiTOnHeHH51 ( 16), 
38.1l8'!8 6yaeT HMeTh perneHHe .U8Me B cny'!8e, ecnu He 

6y.ueT crrp8Be.unaBo (15). H8npaMep, 

-
_!(Ai ,t) = g(Ai ,t)h(t). 

noKaMeM, 'ITO a6coniDTHbie 3H8'leHH51 8TOH <jlyHKUHH H K8M

.1l0ll H3 ee ITpOH3BO.QHbiX HMeiDT BepXHIDID Of'H68IDlllYID c' i (t), 
KOf'.Q8 t\, i MeH51IDTC 5I B paMK8X ycnOBHll ( 15) o 0'leBH.UH0 0 

OHH 6y.UyT Y.UOBneTBOp51Th (16), T8K 'ITO BOITpOC CBO.UHTC51 

HM8HHO K cyureCTBOB8HHID BepXHHX Of'H6aiOlllHX f i(t). npe.Q-

ITOnOMHM o6p8THOe: 'ITO ITpH HeKOTOpOM t=t If HeKOTOpOM 
0 

i = i 0 cyurecTByeT rrocne.uoB8TenhHOCTh 3H8'leHHil t1 in 
(n = 1,2, ... ), T8K851, 'ITO f 10 (!lin, t 0 )->oo unu -oo rrpH n ... oo. 

T ~K K"'8K tlon rrpo6er8IDT 3H8'leHH51 B 38MKHyTOM HHTepB8ne 

(-A 0 , A0 ], OHH .UOnMHhl HMeTh ITO Kp8HHeil Mepe O.UHy TO'!KY 

cryureHH:H !1*, T.e • .UOnMH8 cyureCTBOB8Th 6eCKOHe'!H851 
0 u 

ITO.QITOCne.QOB8TenbHOCTh B03p8CT8IDlllHX 3H8'leHHH n, T8KHX 0 

'lT06hi COOTBeTCTByiDurHe .1\on CTpeMHnHCh K A 6. noBTOp51-

eM Te Me p8CCYM.UeHHH an51 .1\ ln H Bhi6Hp8eM L\ *1 , 38TeM 

1\ ~ w T.a. CTpoaM <j:JyHKUHID f( 1JC'\;,t). 3T8 <jlyHKUH51 

onpe.ueneHa rrpu Bcex t H, cneaOB8TenbHo, rrpu t= t
0 

.uonMH8 HMeTh orrpe.ueneHHOe 3Ha'!eH.Ife, C .upyroil: CTOpOHhi, 

OHa HBn51eTC51 rp8HHUeH <jlyHKUHH f( 1
d(t\, . , t), 3H8'leHii51 

m 
KOTOpb!X IT pH t = t 0 B03p8CT8IDT Heorp8HH'leHHO, KOf'.Qa 

n-> oo, 3TO ITpOTH.BOpe'IHe .UOK83hiB8eT, 'ITO BepXHHe Of'H68ID
- (1) 

lllHe <jlyHKUHH f (A. ,t) cyureCTBYIDT. 0TM8THM, 'ITO 
1 

3H8'leHH51 t\, r MOf'yT 38BHCeTb OT t 
0

, K8K 8TO 6hinO BH.UHO 

If3 paHee p8CCMOTpeHHOf'O ITpHMep8 i =0. 3THM TeopeM8 1 
.UOK838H8. 

BTop851 38.1l8'l8, KOTopyiD 6yaeM peill8Th, cneayiOur8sr. 

ll8Th cnoco6 nocTpoeHH51 rn8.UKHX 'l8CTeil fern (s, t) 
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If f (s, x) r1ma fo (s,t) If f (s,x) 6es paspbiBOB nplf t=O, 
0 f_rn 0 

COOTBeTCTBYIOllleM X= Xf . 

CaMwA npocrofi cnoco6 - aro Hcnonb30BaTb nocrpoeHHe 

.!:_(s, t), HO 3aMeHHTb B (6) pa3pb!BHhle CTeneH!f _! i H8 

o6bi'IHhie t i. Toraa, o'!eBH.[{Ho, _Bee paspbiBbi HC'lesHyT, 

H Mbl nony'IHM <jlyHKUHIO THna f frn (s,t) C 3a.[{aHHb!Mif 

Koa<jl<jJHUHeHTHbiM!f ¢YHKU!fHMH C\fi (s)) pasno*eHHH no 

CTeneHHM t. 3aTeM Mbl MOiKeM 38MeHHTb apryMeHT t Ha 

a+ bt HllH Ha 11106oft nollHHOM t HllH ,[{8iK8 Ha lli06yiO 

<jlyHKUHIO cp(t), KOTOpaH 6eCKOHe'IHO .[lH<jl<jlepeHUHpyeMa H 

a6COll!OTHOe 3Ha'leHHe KOTOpoft l<fl(t)l npH t--> ± oo paCTeT 

He Me.[llleHHee HeKOTOpofi nOllO)KHTellbHOfi CTeneHH t. lla-

nee Mbl MOiKeM B~HTb CYMMY T8KHX <jlyHKUHfi, 06IIIHpHbie 

Kll8CCbl tflyHKUHll fprn (S, t) MOiKHO nony'IUTb 9THM CUOC060M, 

ao, no-B!f.[lHMOMy, He Bee. Mbl MornH 6bJ npeBpaTHTb cyM

Mhl B 6eCKOHe'IHhle pH.[lhl 1 liHillb 6hl OHH CXO.[llfllHCb paBHOMep

HO, f10 OTHOWeHUIO K S OHH MOI'lllf 6bl HM8Tb pa3liH'IHhie 

eHHI'YllHpHOCTH np!f S > S H T8K!1M o6pa30M pealiH30B8Tb 
- 0 

eHTyauHIO (27) I 1/, Koraa fp
01 

(s,t) MaiKOpHpyeMa ronhKO 

Ilplf s < s 0 • 

TpeTbH saaa'la - nocrpoHTb rna.aKyiO <jlyHKUHIO f frn (s.t) 

no 3a.[{8HHbiM K09<jl<jJHUHeHTHblM <jlyHKUHHM f fmn (t) - npOH3-

BOllbHbiM <jlyHKUHHM Kllaeca S (6eCKOHe'IHO .[lH<jl<jlepeHUHpye

MbiM H 6hiCTpO CTpeMHIIIHMeH K HYliiO nplf t--. ± oo BMeCTe 

c ee rrpOH3BO.[lHbiMH). EcnH TO'IHOCTb vern KOHe'IHa, <jlyHKU!fH 

f fm (S, t) HBXO.[{HTCH cpasy: 

fe (s,t) =1m fo (t)sn + rr (s,t), 
m n=vp

01 
Lmn m 

HpH'IeM OCTBTO'IHhlfi 'IlleR ffm (s, t) Mbl MOiKeM ITOCTpO-

IfTb ITO BbiiiieyKa3aHHOMY CITOCo6y, a MOiKeM H He CTpOHTb, 

TBK KBK OH He HBliH8TCH XapaKTepHCTHKOll aC!fMnTO-

TH'l8CKOll <jlyHKUHH, VfMeH B Blflly, 'ITO K8iK.[{b!ll 'IlleR 

f frnn (t)s n Ma)!(OpHpyeM, MaiKopaU!fiO f frn (s, t) nony'la-
eM !f3 cneay10mel! aneMearapaoA 

Teo p eM hi 2. Tiycrb sallaHo KOHe'IROe '!He no MB*OPif

pyeMbiX ¢YHKU!ffi f e~ (s' t) (k = 1,2, ... K): 

k • A A k • 
If fm1 

( s , t) I < o ( s) • f '
1 

( t) , 
Tor.aa lfX cyMMa f frn (s,t) TOiKe MaiKopHpyeMa: 

10 

ov 

K k i ... "· 
12 f

0 
(s,t)l <o(s)f\t). 

k=1 Lrn 

LJro6bi ITOK838Tb 9T01 llOCTaTO'IHO B3HTb 

~(s) = max~k(s), fi(t)= 2 r"k,i(t) . 
k k 

H o ecnu v; = oo, ara KOHcrpyKUliH ycno*HHeTeH, TaK 

KBK f frnn (t) n~H nOilCT8HOBKe B ( 13 )/ 1/ BMeCTe C 

Cfm (s, t) llOli)!(Hbi YllOBlleTBOpHTb (23 }/ 1/, a rrplfHBillle)!(-

HOCTH f f (t) K S HellOCT8TO'IHO llliH Bb!ITOllHeHliH 9TOI'O 

YCliOB!fH, pem1 ff~n (t),.. MO*jf.O M8)!(0pHpO~atb rrpu ITOMOIUH 
<jlyHKUlifi fp

1 
(t) THIT8 f p

1 
• f l (t), I'lle f o - rrpous-_rnn mn Lm rmn 

BOllbHhie 'IHClla, KOTOpbie MOryT paCTH C B03pacTaHueM ll 

MaiKopaUliH B03MOiKHa: llOCTaTO'IHO B3HTb eme 

;e (s)=g(f"ai sn,s)h(s) 
m Lmn 

npus>s 0 (eM, reopeMy 1). 
H erpyllHO llaTb rrpHMepbi, KOrlla yKasaaaoe ycnOBHe 

YllOBlleTBOpHeTCH, HO Mbl He MO)!(eM HafiTH B SIBHOM BH.[{e 

BCe ITOCllellOBaTellbHOCTli <jlyHKUHll f 0 (t) (n=vo ,vf +l.vo +2, ••• ), 
Lillll LDl D1 LDl 

KOTOpble MOryT rrpuBeCTH K Ma)!(OpHpyeMhiM <jlyHKUHHM ffrn(S,t). 

CKa3aHHOe B rrpliHUHITe OTHOCHTCH li K f
0

(S,X) - TOllb

KO yCliOBiie 6biCTporo HC'le3HOBeHHSI f (i) (s, X) rrpH X--> ±oo 
0 

cneayeT or6pocHTb, 

Mbi MO)!(eM c¢opMynHposaTh cne.ay10mee H806XOilHMoe 

H llOCTaTO'IHOe ycnOBHe, 

Teo p eM a 3. EcnH sallaHhi ¢YHKUHH f n (t) (n = t-',t-'+ 1, ... ) 

Knacca S, Mbi MOiKeM nocrpoHTh ¢YRKUHIO f(s,t), llliH Ko

TopoA K09qxpHUlieHTHbie lj:lyHKUHH pa3BHTliH no CTeiTeHHM S 

coBrrallaiOT c f (t). HanpuMep, 
n 

1 

oo r n I s I a I f ( t) I 
n n -

f(s,t) = n:v fn (t)(l- e _ )s h(s)+f(s,t),l r<s1 ,O<a<ll 

(eM, (19) /4/ H TeopeMy 1 ), I'lle f(S, t), KBK <jlyHKUHSI t, 

rrpH ll!OOOM S rrpHHBillleiKHT Kllaccy 8, a rrpH ll!OOOM _ t 

6biCrpo crpeMuTCSI K ayn10 rrpH s--. 0. 3ra rrollCTaHOBKa 

o6ecrre'luBaer cXOilHMOCTh, llu¢¢epeHuHpyeMOCTh H 6hicrpoe 

CTpeMll8HHe f(s, t) K HyliiO rrpH t--. ± oo, eCliH S~ S 1 , 

ao, B o6meM, He o6ecrre'IHBaeT MaiKopaURIO, Bo3MOiKHOCTb 
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rrpH uaane)!(ameM Bbi6ope f(s, t) o6ecrre'IHTb Ma)!(opamuo 

IIpe,l:lCT8BJIHeT co6ofi He06XOAHMOe H AOCT8TO'IHOe yCJIOBHe 

anH f 0 (t). Toraa caMoe o6mee Bbipa)!(eHHe anH f(s, t) 
IIOJIY'IHM 1 eCJIH ao6aBHM OCT8TO'IHbiH 'IJieH f*(s,t), YAOBJieT-

BOpH!OlllHH ycnoBHHM B H C orrpeaeneHHH 8 I 1/ rrpH v *=oo 

H Mi(s) =0. 

2. B03MO)KHOCTb KOMnEHCYIPOBATb PA3Pb1Bbl 

nnH yao6CTBa o603Ha'IHM ~-'o =V I vo* = v*. TaK 'ITO 
lO 0 LO 0 

BMBCTO Vorr{ V H uf* 1 V * 6yaeM IIHCaTb V o ll v 0* L o m o rm rm 
(m I;M0 ) (v0 :::; v 0* + f • f1pearrono)!(HM 1 'ITO rrapaMeTpbi to r.m - tm 

L, x f , M f , M; C M fo, ve: , vfm ~ v em+ f (m ~; M Po ) ( 17) 

3aaauw. YcnoBHe D,KoTopoe Tpe6yeT KOMrreucauHH pa3pw

BOB, O'IBBH,[lHO HaKJia.[lhlBaeT orpaHH'IBHHH Ha BeJIH'IHHhl 

. Me~(s) (m ~M fo ) • 

vl* 

em i n i 
:- i t-. f fmn s + f e: (s)). 

n-Vfm 

( 18) 

i i * vern ,vern 

(M ~m (s) 

B03HHKaeT BOIIpOC 1 B KaKOH Mepe OHO orpaHH'IHBaeT Bhl60p 

8T.HX BeJIH'IHH. EyaeM rroapa3yMeBaTb, 'ITO 3Ha'leHHH HH

aeKCOB C06CTBeHHbl 1 T.e. CTBIIBHH V lm H TO'IHOCTH Vi:: 
M8KCHMaJibHbi. 

5JCH0 1 'ITO pa3pb!Bbl IIpH pa3JIH'IHbiX f H i B3aHMHO He 

o6yCJIOBJieHbi 1 T.e. o6mee ycJIOBHB K0MIIeHC8UHH 0 BBABT 

K OTllBJibHbiM YCJIOBHHM KOMITeHC8UHH 

lf3 HHX 1 

Meo 

~ 
m 

i -mi 
Mem(s)s =0, 

Dl,rrpH'IeM Ka)!(aoe 

(19) 

6yaeT 3aTpai"'HB8Tb TOJibKO BBJIH'IHHbl vi 1 vi* H ,f\.f 0 i(s), 
t:'m ~m . r.m 

COOTBeTCTBYIOlllHe 8TOH nape (e, i) ( MHO)!(HTBJ!b S -ml IIO-

HBJIHBTCH H3-3a TOI"'0 1 'ITO HH,[lBKC i yKa3biBaeT AH¢¢epeH

UHpOB8HHe ITO t, a Mhl llOJI)!(Hhl KOMITBHCHpOBaTb pa3phlBhl 

DpOH3BOllHbiX ITO BllHHOH rrepeMBHHOH X ) • 

12 
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Teo p eM a 4. Heo6xoaHMbiMH H aocraTO'IHbiMH ycno

BHHMH TOI"'0 1 'IT06bi KOMII8HC8UHH HMBJI8 MBCT01 HBJIHIOTCH 

cneayiOlllHe: 

1. no Kp8HHBH Mepe ,[lBB CTeiieHH v ~ =Voi -mi OAHHa
-r_m Lm 

KOBbl 1 a BCe OCTaJibHblB Bbllll8 HX! 

v i = v i (m ~; M io ) ' v i > l' i (m G- M i \ M io ) . 
- fm - e r - fm - e r e (20) 

2. no Kp8HHBH Mepe ABe TO'IHOCTH .!:'~; = v~* - mi 

O,[lHH8KOBbl 1 a BCB OCTaJibHbiB BbllliB HX! m 

vi*= vi* (m ~;Mio*), vi*> vi* (m G-Mi M io *), 
- em - E io i e -Em io- e i e e 

MH0)!(8CTB8 M eCMe H Me *CMe,eCJIH OHH He rryCTb!O,. 

coaep)!(aT no Kpaitueit Mepe asa 8neMeHTa m. f1o8TOMY Me 
He MO)!(eT CO,I:l8p)!(aTb TOJibKO O,[lHH sneMBHT m: OHO HJIH 

rrycroe, HJIH HMeeT no KpafiHeA Mepe nsa 8JieMenra. 

3. nn5I Ka)!(.[l,OH 

(19) naeT 
i 

rrapbl (f , i) H llJIH K81KllOI':f CTefiBHif n 

Me(n) . 
~-M 1 

=0 
. f,m,n+mi 

i i * 
npH .!::'fm~!! ~.!::'em ' 

(21 ) 

Ml -e 
~ Mi*. (s)s-mi=O. (22) 
m em vl *+mi . !...e 

f1pH 8TOM ~ E~n) 03Ha'laeT To _noaMHO)!(BCTBO M i , anSI 
Koroporov~ .:.im_:;n, atlf~* i* .(s) 3aaaeTCH'Iepe3 

I'm - - r.m~e +m1 

(21) B/1/ Hp!i ll=vi*=vi*+mi-8TO OCTaTO'IHblH 'IJieH 

Bb!pa)!(BHHH (19). f f 
Heo6xoaHMOCTb HMBTb no Kpafiuefi Mepe nBa qneua, 

YllOBJIBTBOpHIOllllfX YCJI0Bif5IM 1 II 2 TeOpBMbl 4, CB5I3aHa 

C TBM
1 

'ITO liHa'le HBJ!b3H 6hlJIO 6hl BhliTOJIH!lTb yCJIOBH5I 

(21) H (22) 6e3 HapylliBHifH ,[lOI"'OBOpeHHOCTH 0 TOM, 'ITO 

lfHABKCb! v fi If v
0
i * 5IBJI5IIOTC H C06CTBeHHb!Mif. Y CJIOBHIO 

m tm · 
(21) MO)!(HO YllOBJIBTBOpHTb H8.[l.Jl8)!(81IIHM Bb!60p0M ,f\.fl . mn 
rrpH ue;KoTopoM, uarrp!lMep Ha!lMBHbllleM, m '~ M lo HJIH 

m' ~ M f(n) , a ycnoBHIO (22) - Hanne)!(alllHM Bbi6opoM , . 

,f\.f~:(s) ':'PH HBKOTOpOM 1 HaiTpHMBp H8HMBHbllleM, m *I;MlD* 

HJIH m'*~;-M 10* • 3Toro MO)!(HO nocTH'Ib rrpH n106oM Bbi6ope 
r.(n) . . 

OCT8JibHbiX i'lf~ H i'lf~*(s), J!Hillb 6bi 
r.mn r.m 
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~(n) lm'l 

!. M 0 i -t-o. 
ffi Lffi Vf 

COOTBeT~TJ?eHI;IO 

Mf l m'*l . vfi * 
fim · !. M ~ * h :s f. 0 
s->o m rmve 

( IIOCneaHHe ycnOBHH Heo6xoaHMbl TOnbKO B CBH3H C llOI'O

BOpeHHOCTbiD 0 TOM, ~TO CTerreHH H TO~HOCTH HBnHIDTCH 

C06CTBeHHbiMH) o 8 06lUeM, m' H m '* He COBIIaaaiDTo 

BenH~HHhl v~m HenpoHssonbHhl - Ka~aaH H3 HHX yaos
nersop.HeT HepaseHcrsaM 

i 
Vo > Vf ' rm = m 

AHanorH~Ho: 

vi*>v* 
fm = fm 

i i . 
v fm ;;: ~ f + IDI (23) 

vi* > v i + mi Em =- e . (24) 

i i 
K poMe roro, o~esHaHo vo < v o * + f 0 

Lffi= lffi i 
HeKoTopaH cno~HOCTb B03HHKaer rrpH Haxo~aeHHH vo 
, Lffi 

H v~: H3-sa roro, ~ro STH senH~HHhl aon~Hhl yaosner-
sopHTb cpasy HeCKOnbKHM HepaseHCTBaM. DoKa~eM, KaK 

aro MO~Ho caenaTb nocne roro, KaK senH~HHhi ( 17) Bhi-

6paHbi, rrpH~eM M ~ IIpH Ka~aoM e H i coaep~aT no 

KpafiHefi Mepe asa aneMeHTa HnH HBnHIDTCH nycThiMHo Crro

co6, KOTOpblll IIpHBeaeH saeCb, HMeeT H TO rrpeHMYlll8CTBO, 

~TO aaeT HaM B03MO~HOCTb BHaeTb HeKOTOpble CBH3H Me~-

ay v ~m H v ~~ IIpH pa3nH~HblX v, 
CrpoHM aHarpaMMy 1. Do a6cuwcce OTKnaahiBaeM 3Ha

~eHHH creneHefi 

n = v - im 
- Em ' (25) 

-mi (i) 
IIpOH3BOaHhiX IIO X S ffm (s,t) cpyHKUHH ffm (s,t), a 3Ha~e-
HHH HX IIOpHaKa OTKnaabiBaeM IIO opaHHaTeo CepHH IIpHMhiX 

Lm OIIHChiBaeTCH ypasHeHHHMH (25)o Ka~aaH coorsercr

syer saaaHHOMY 3Ha~eHHID ID ( f QlHKCHpOB8HO)o ,llng yao6-

CTB8 8TH IIpHMbie IIpeacrasneHhl cnnOlliHb!MH nHHHHMH, XOTH 

Ha caMOM aene i H n ueno~HcneHHhi, H Macmra6hi i · H n 

Bhi6paHhi HeoaHHaKOBbiMH - HHa~e see rrpHMhie Lm nony~u
nHCb 6hi O~eHb IIOnOI'HMHo )i(HpHaH nHHHH f orpaHH~HBaeT 

14 

.... 

, 

" ;£ 

l' 

.!! 

p HC, 

cnesa ry o6nacTb S Ha nnocKOCTH !!· i, rae rrpH Ka~aoM 
i~O HMeiDTCH IIO KpafiHefi Mepe asa 3Ha~eHHH n, KOTOpb18 

6onbrne CTeiieHefi COOTBeTCTBYIDlllHX rrpOH3BO.z:iHh!X v 0 =Vo -im 
-Lffi Lffi 

wnw paBHhiMo 0Ha cocrasneHa as orpe3KOB npHMhiX 
L raK, ~ro6w nesee HX npoxoawna ronbKO oaHa npHMaH m . 
L m • EcnH L 1 

- rrpHMaH, napannenbHaH OCH ~ Ha BhiCOTe i, 
TO g6CUHCChl TO~eK ee ~aCTH, KOTOpaH rrpasee f,saaaiDT 

B03MO~Hble 3Ha~eHHSI .rrapaMeTpa v{0 - MHHHM8nbHOI'O 

3Ha~eHHH creneHefi vJ . HerpyaHo as aTofi aHarpaMMbi 
L.m io 

nony~HTb 3Ha~e~mSI m ~Me . a TaK~e ~l:lcno B03MO~Hb!X 

aneMeHTOB B M/_0 : STO HeKOTOpOe noaMHO~eCTBO TeX . 

3Ha~eHafi m, anSI KOTOpbiX TO"'KH nepece~eHHH L a L 1 
. m . 

HaxoaHTCH sneso or ro~KH c a6cuaccofi vl0 Ha npHMofi L 1 

Mbi MO~eM nocryni:!Tb Hao6opor: cHa~ana saaaeM 
M io C Mi H nor oM allleM v io · TO~Ka c a6cuaccofi v io e e . - r · -e 
Ha npHMOfi L 1 aaxoaaTCH npasee scex TO"'eK nepece~eHHH 

L i c L m (m ~ M ~o ) . 
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OcranbHhie _aHatieHHSI ~~m Bhr6HpalOTCSI nerKo, TotiKa 

c a6cuHccotl: vi Ha np SIMOil: L 1 .llOn}I<Ha ne}!{a Tb npaBee 
tm ~ · 

TO'IKH c ~6CUH?COR v e H TO'IKH nepecetieHH SI L m H L I • 

T I I · or .lla v 0 = v 0 + m1 . 
tm -Lm 

CoBeprneHHO aHanorHtiHbiM cnoco6oM HaXO.llHM npSIMhre 

L * H MHO}!{eCTBa M * 3HatieHHil: m, KOTopbrM cooTBeTCTByiDT 

p~3pb!Bbl_ HH3llleil:. TO'IHOCTH _!: ~o *, i a TaK}!{e TO'IHOCTH _:' ;o ** 1 

~e~* , Vf0 
* H Vl: pa3pb!BOB l'.fem(S) .llnSI BCeX cpyHKUHR 

f (s,t) (m~Me ). PaaHHua TonbKo B cne.llyiDrneM: 
em I. BMeCTO 

0 
v. i 6epeM v0 i * • Jm tm 

II. flpSIMbre L aa.llalOTCSI He ypaBHeHHeM(25 ),a ypaBHeHHeM m 

!! = v ~: - im. 

III. ilnSI Ka}!{.llOf'O m .ll06aBnSieTCSI erne ycnoBHe 

v i* > v i - f -em = -em 
a cne.llOBaTenbHO, H 

vi*> vi-< -e = -e . . 
BH.llHO, 'ITo, B o6rneM, MHO}!{eCTBa M 

1t H M 1t* He 

.llOn}!{Hbl COBITa.llaTb, a TaK}!{e H TO, 'ITO HH.lleKC m OCTaTO'I

H0£'0 qneHa l'.f0 i * KOTOpbiR 3a.llaeTCSI ycnOBHeM KOMneH
tm ' 

CaUHH 1 MO}!{eT OTnHtiaTbCSI OT COOTBeTCTBYIOWero HH.lleKCa 

.llnSI KOMnOHeHTb! l'.foi 3a.llaBaeMOf'O ycnOBHeM KOMneHCa-
tmn ' 

UHH 1 KOTOpb!R 1 CO CBOeil: CTOpOHbi, MO}!{eT 3aBHCeTb H OT n 

( KpOMe f H i ) , 

KaK Mhr yBH.llHM, ecnH cpyHKUHIO f(s ,x) c HenpepbiB-

HbiMH tiaCTSIMH f em H f o llpOHHTerpHpOBaTb O.llHH HnH He

CKOnbKO pa3, TO ITOSIBHBlllHeCSI pa3pb!Bbl B CHHrynSipHb!X 

tiaCTSIX MO}!{HO KOMneHCHpOBaTb pa3pb!BaMH perynSipHOR 

tiaCTH. Ho aro He Bceraa TaK. YTo6br Bee paapbiBhi npH 

3a.llaHHOM e MO}!{HO 6hin0 KOMneHCHpOBaTb pa3pb!BaMH O.llHOR 

H TOR }!{~ tiaCTH fern, He06XO.llHMO H .llOCTaTO'IHO, 'IT06bi BCe 

TO'IKH .l'flm, , i ( i =. 0,1,2, ... ,m'~m) HaXO.llHnHCb He neBee npSIMOR 

L m, a Bee TO'IKH vl* ;, i - He neBee L *. 
flocne Toro, KaKmBenHtiHHhr (17) H (IS) Bhr6paHhr, qac

TH'IHO npOH3BOnbH01 a 'IaCTH'IHO HCXO.llSI H3 yKa3aHHbiX yc

nOBHR, no TeopeMe 1 Mbl MO}!{eM noCTpOHTb cpyHKUHH ..!'em (s,t) 

C 8THMH pa3pb!BaMH, 

16 
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EcnH Mbi xoTHM oxapaKTepHaoBaTb cpyHKUHH f o (s,t), 
-Lm 

OTMeTHM cneay10mee. Kaw.aaSI H3 HHX SIBnSieTCSI 6ecKoHeti-

Hoil: cyMMOii no i. Ka}!{aotl: ee npoHSBO.llHOil: cooTBeTCTBy

eT O.llHH 'IneH, npHtieM neBaSI H npaBaSI i-e npOH3BO.llHhle 

f fm (S, t) npH t=0 COBnaaalOT C neBOR H npaBOR npOH3BO.ll-

Hb!MH i -ro 'IneHa, L!neHbl 1 COOTBeTCTBYIOWHe tieTHbiM 

npOH3BO.llHb!M 1 SIBn.HIDTCSI HetieTHbiMH cpyHKUHSIMH t, a Te 

'IneHbl 1 KOTOpb!e COOTBeTCTBYIOT HetieTHblM npO!I3BO.llHblM 1 -

'IeTHhlMH cpyHKUHSIMH t. ¢yHKUHH O.llH03Ha'IHO He orrpeaenSIIQT

CSI CBOHMH pa3pb!B8MH: napaMeTpbl a , r 1 p H cjlyHKUHH 

~fm (s) B SHatinTenbHoii Mepe npOH3BOnbHbr. Ho Mbi npn

MeM, 'ITO rrpH ITOMOWH HeKOTOphlX 1 HecymeCTBeHHhlX .llnSI 

HaC rrpaBHn BCe 8TH rrapaMeTphl cjJHKCHpOBaHhl 1 TaK 'ITO 

rrepexon or L\fem (s) K !Pm (s,t) He Bne•rer sa co6ott BBe-

aeHHSI HHKaKUX CB060.llHhlX napaMeTpOB. 

Terrepb Ka~~<nyiD KOMIToHeHry f(s,t) Mhr MO}!{eM rronytiHTh, 

.ll06aBnSISI K ..!'em (s,t) ITpOH3BOnbHYIO rna.llKYKl cjlyHKUHID f(s,t) 

CTeiTeHU Vo If TO'!HOCTU ~~~ (6b!CTpO HC'Ie3alO!liYIO rrpn 

) 
[ffi ) [ffi 

t-> ± 00 , <flyHKUI!ID f (S,X fiOJIY'IHM 1 no6aBn5!SI K ~ f 0 (S,X-X ) 
0 - e-w 

ITpOH3BOnbHYIO rna.llKYIO cjlyHKilHlO f(s,X) CT8fl8HH v 0 H TO'I

HOCTH v * ( OHa He .llOn}!{Ha HC'!e3aTb 6biCTpO rrpH X -> ± oo ) • 
0 

Bee OHH HaXO.llSITCSI no BTopotl: rrpoueaype, yKasaHHOil: B 

nyHKTe l. B aTOM saKnlO'!aeTcSI npoueaypa nocTpoeHHSI 

n106otl: cpyHKUHH f(s,x), HnH, TOtiHee, n106oe ee pasno}!{eHHe: 

-
f (s,x) = f (s,x) + ~ f 0 (s,X-Xo), 
o o e ~o [ 

(26) 

fern (s,t)= fem(s,t) +.!.em (s,t). 

TaK 'ITO 

f(s,x)=f (s,x)+ Ire (s,te) +I fe (s,te ). 
o f.m m m f,ma- m m 

(27) 

flpH aToM I osHatiaeT, 'ITO m ~ M 0 , a He TonbKO M 0 • 
0 0 w [ 
t,m 

C ITOMOWblO 8TOH rrpouenypb! Mbl MO}!{eM nonytiHTb ace 

paano>KeHHSI THIT8 (11), (12) a/_!/, llpH'IeM_pa3nH'!HbiM 

abr6opaM aenH'IHH ( 17), ( 18), If 0 (s,t) H f (s,x) cooTBeT-
tm -o 

cray10T paanH'IHbre pasno}!{eHHSI, T.e. pasnH'IHhre Ha6opbr 

BenH'IHH a- g (eM. TeopeMy 8 B I 1/ ) • 
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3. MOllY Jib 3KBI1BAJIEHTHOCTI1 PA3JIO)KEHI1ff 

.HeHo, 'ITO Ka)KnOMY Ha6opy BeJIH'IIfH a- g eoOTBeTeTByeT 

onaa onpeneneaaaSI cpyHKUifSI f(s ,x) ~ F(s ,x ) If 'ITO Ka)Knoli 

TaKOll cpyHKUiflf eoOTBeTCTByeT TIO KpaliHeli Mepe onlfH Ha6op 

BeJIH'IIfH a-g. Ho OTKpb!Tb!M OeTaeTeSI BOTipoe, TOlibKO liif 

onlfH Ha6op a- g eOOTBeTeTByeT Ka)KnOli 3anaHHOll cpyHK

UHH f (S, X). I1 Hb!Mif enoBaMH, eTaB!fTeSI BOTipoe, onH03Ha'IHO 

liif pa3JIO)KeH!fe ( 11,12) B I 1l. 3 TOT BOil pOe Ba)KeH IlOTOMy, 

tiTO OTipeneneHHe nelieTBifll Han aeHMilTOTH'IeeKHMif cpyHK

UifSIMif Mbl eBeneM K yKa3aHHIO TOrO, KaK Beli!f'IIfHbl a- g, 

XapaK Teplf3yiOI.U!fe f ( S, X) , MO)KHO Bb!pa3HTb qepe3 Te )Ke 

BeJIH'IIfHhl, eOOTBeTeTBYIOllilfe apryMeHTaM paeeMaTplfBaeMO

ro nelieTBHSI. A een!f Te )Ke apryMeHTbr MO)KHO 3anaTb pa3-

l1H'IHbiMH BeliH'IHHaMH a- g, TO 6yneT HeSieHOeTb OTHOeHTeJib

HO onH03Ha'IHOeTH onpeneneHHSI pe3ynbTaTa. YB!fnuM, 'ITO 

TaKaSI HeonH03Ha'IHOeTb eymeeTByeT If 3aTpar!fBaeT B 3Ha

'IIfTel1hHOll Mepe na)Ke eaMhle oeHOBHhle XapaKTepHeT!fKif, 

TaKHe, KaK L ' X e ' Me • onHaKo OHa KaeaeTeSI TOlibKO 
oeTaTO'IHhlX qneaoB, npH'IeM aeonpeneneHHhle no6aBKif o'IeHh 

MaJib! - HX eTeTieHH 6eeKOH8'IHbl, H I103TOMY 3Ta HeonH0-

3Ha'IHOeTb aeeymeeTBeHHa. 

npe)Kne Beero SieHO, 'ITO pa3HOeTb (KaK H eyMMa) nByX 

pa3JI0)K8HHll THila '(11,12) 111 , XapaKT8plf3yeMb!X BeliH'IHHaM!f 

a-g If a'-g',6yneT HMeTb TOT )1(8 eaMb!ll BHn, IIpH'IeM HeTpyn

HO Bb!pa3HTb B8liH'IHHbl a"-gN, XapaKT8pH3yiOJ.UHe pe3yl1bTaT, 

'Iepe3 a -g H a '-g': Ha6op TO'IeK X e',6yneT o6benHH8HH8M 

TO'IeK xe H xe'· BHyTpeHHifll eneKTp Mi:, COOTBeTeTBYIOlliHll 

3anaaaoMy xi;, ,6yneT Me " Mi'• Me HnH Mi, B 3aBHeHMoeTH 
OT TOf'O, eoBnanaeT liH Xf" e HeKOTOpb!Mif H3 TO'IeK Xf 

If Xi, lfliH TOlibKO e onHOll H3 HHX, If T.n. no3TOMy BOIIpOe 

eBonuTeSI K HaXO)KneHHIO MOnynSI 8KBHBaneHTHOCTH - eaMOf'O 

o6mero aa6opa BenH'IHH a-g, KOTOpbrli 3anaeT TO)KneeTBeH

HO He'Ie3aiOJ.UYIO cpy HKUHIO f (S , X ) ( onpeneneHHe 1 ) , 

Teo p eM a 5. llo6aBneaueM nro6oro MonynSI 8KBHBaneaT

aoeTH K 3anaHHOMY pa3JIO)KeHHIO HeKOTOpOll cpyHKUHH f(S,X) 

Mbr nonyqaeM npyroe pa3JIO)KeHue Toil )Ke eaMoli cpyHKU!fH, 

If Bee ee pa3JIO)K8HHSI MO)KHO IIOJIY'IHTb 8THM enoeo60M, 

!fexonSI H3 nro6oro epenu HHX. 
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Teo p e-M a 6. Heo6xonHMbiM (xoTSI H aenocTaTO'IHbiM) 

yenOBHeM nnSI TOf'O, 'IT06b! cpyHKUHSI f(S,X) 6brna MonyneM 

8KBHBaneHTHOeTH, SIBJISieTCSI yenOBHe, 'IT06b! OHa 6hrna npen

eTaBHTeneM HeKoToporo a6eonroTaoro aynSI (eM, onpenene

Hife 15 H TeopeMy 10 B 111 ), (3To errpaBennHBO na)Ke 

H B TOM enyqae, eenH Ilplf BBeneHHH cpyHKUifll f(x), epenH 

KOTOpb!X nonycKaiOTCSI paBHb!e Hynro, yenOBHe KOMTieHea

UifH D orrpeneneHHSI 8 B 111 He 6hwo 6br noeTaBneao). 

ll 0 K a 3 aTe n beT B 0, EyneM HCIIOl1b30BaTb IlpOeToe 

yTBep)Kneaue, 'ITO een!f 

* v n v* 
I a s + o ( s)- 0 (28) 

n•v n 

v* 
IIpH BeeX S, TO 06SI3aTel1bHO an "'0 (s)-Q. llnSI MonynSI 

8KBHBaneHTHOeTH HMeeM 

If (x)sn +f*(s,x)+ I fe (te )sn +I q (s,te ) ~o. (29) 
n on o f,m,n mn m f.m m m 

llaeM nepeMeHHOll X HeKOTOpOe cpHKeHpOBaHHOe 3Ha'IeHHe 

X o~x r .Bee 'IlieHbl npeBpaTSITeSI B cpyHKUiflf s. B pe3ynbTaTe 

!feTIOJib30BaHHSI noneTaHOBKH (12) Bl 1l H BhliiOJIHeHHSI eBOll-
/1/ 

eTBa C orrpeneneHHSI 8 rrpu s-. 0 Bee 'Ineabr nocnenaux 

nByX eyMM B (29) 6ynyT 6bieTp0 CTpeMHTbeSI K HyJIIO, 

'-IneHbi nepBoli eyMMbr 3ananyT nomrHoM s eTeneHH He Bbi-
* me v*. a ft(s,x) 6yneT y6bmaTb 6breTpee, qeM sVo . 

0 
Cornaeao (28) IIpH nro60M xo~ xr ypaBHeHHe (29) BeneT 

K He'Ie3HOBeHHIO KOMIIOHeHT f on (X) H K TOMy, 'ITO OeTa

TO'IHb!H 'Il18H f* (S,X) non)KeH 6b!CTpO eTp8MHTbeSI K HyniO, 
0 

T.e, nonyqaeM v 0 ""V; •oo. (He MO)KeM yTBep)KnaTb, 'ITO 

f * ( S, X)= 0, TaK KaK 8TOT 'IJieH MOf' 6bi 6biTb KOMTieH-
0 

eHpOBaH OeTanbHblMH 6bieTpO eTpeMSillilfMHeSI K HyniO qne-

HaMH). Cornaeao onpeneneHHIO 9 B 111 TOT )Ke pe3ynbTaT 

HMeeT MeeTO If IIpH X"" X f . 
I1MeSI B BHny 8TO, rroncTaBnSieM B (29) X ""Xf +S t 0 

IIpH HeKOTOpOM Bbr6paHHOM f H cpHKeHpOBaHHOM t if 0. npH 

S->0 Bee OeTaBil!HeCSI qneHbi 6bieTpO eTpeMSITeSI K HyniO 3a 

!feKJIIO'IeHHeM, MO)KeT 6biTb, fe 1n (t 0 )sn H ql ( S, t 0 ). 

Cor naCHO (28) OTISITb HaXOllHM fr 1n (t)- 0 If vel = ve*1 "" 00 • 

a eornaeao orrpeneneHHIO 9 111 nonyqaeM, 'ITO 8TO Bepao 
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lll15I acex t. TioaTOp5IeM 8Tif paccy)I(JleHH5I noap5IIl nplf mo6oM 

f If nonyqaeM, '!TO pe3yl!bTaT lfMeeT MeCTO lll15I acex f. 
I1 Me5I a a!fllY If 8TOT pe3yl!bTaT, noacraan5IeM X ~Xo + s 2 t 

1: 0 • 
C'!HTa5I t 0 ¢iiKC!ipOaaHHbiM, TiyTeM TeX )Ke paccy)I(Jl8HHH 

nonyqaeM fe2n (t)=O If l/f2 "'"'e2 """" npii acex t If L 
B o6weM nonyqaeM }/ 0 -v; - "'fm ~ ve~ "'"" - ace K08¢-

¢1fU!feHTol MOilYJI5I - HYllh, a TO'!HOCT!f acex OCTaTO'!HbiX 

qneHoa - 6ecKoHe'!Hhl. CornacHo onpeaeneHHID 1 If ¢opMy

naM ( 11,12) Ill TeopeMa 6 llOKa3aHa: MOllY lib 8Ka!faaneHT

HOCTH llOll)KeH lfMeTb aHil 

f(s,x),.,f6(s,x) + L re; (s,tem )+ Lo Ym(s,tem ). 
e.m e.m (30) 

-m 
(t 0 ~(X-Xo)S , v"'zi/0* zv 0* zoo). 

tm t o tm - tm 

KoHe'!HO, qro6bi aro abipa)KeH!fe 6bil!O npeacraa11TeneM 

a6coniDTHoro HYH5I, Heo6xonrrMo, 'IT06hr pa3pbrahr 6bil!lf 

CKOMneHC!ipOaaHhl. _ _ 

llanbwe Hati:aeM, KaKrre ewe orpaH!f'leHif5I Ha f 0* , fe*m 
Iff{ Mbl ll0Jl)I(Hbl Hal!O)KifTb '-IT06bi abrpa)KeHue (27) 6b!Jl0 _m 
MoayneM, BaeaeM npe)Kae acero HeKoTopwe o6o3Ha'leHif5I. 

TiyCTb LM - MHO)KeCTao nap e. m, KOT~pb!M COOTaeTCTayiDT 

OTliH'!Hbie OT HYll5I <!JyHKUiflf fo zf o + f o . Tipii 8TOM tm - tm tm -
npiiMeM lll15I elllfHCTaa, '!TO ecn!f f 0 ;iO unu f 

0
;i 0, a LM 

nOHal15IIDTC5I cpa3y ace naphl f, 0 (HM, KOHe'!HO, COOTaeT

CTayeT OllHH 'llleH, KOTOphlti: M0)1(8M 3anrrcaTb a a!flle 

f (s,x)- Lf 0 (s,t 0 ) 
o e to ro 

(tro~x-xe). ( 31 ) 

COOTaeTCTaeHHO 

- -
f (s,x) = L [

0 
(s,t

0 
), 

0 f to LO 
(32) 

XOT5I If fro _H f fo 0Til8llbHO He onpeaeneHbl OllH03Ha'!HO, 

nanbwe LM 1 
6yaeT TO MHO)KeCTao nap e' m, KOTOpbiM 

C<?OTaeTCTayiDT OTllH'!Hble O'!' Hyll5I pa3pblaHbie 1YHKUH!f 

Ie~ (s,t). OqeauaHo, LM 1cLM, a (11,12) 1 1 3anHweTc.s~ 
a 6onee KOMnaKTHOM auae: 

LM LM LM_ 
f(s,x)-Lfe (s,te )= Lfe (s,te )+Lfe (s,te ). e,m m m e.m- m m e,m m m 
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i 
BaeaeM ewe o603Ha'leHHH I em , Me , Mle If T.ll., KaK 

MHO)KeCTaa 3Ha'leHHH i npH 3allaHHbiX e , ffi, MHO)KeCTaa m 

npu 3allaHHbiX e, i, MHO)KeCTaa nap m, i npH 3~1laHHOM e, 
KOTOpblM COOTaeTCTayiDT HeHyneabie pa3pbiabi l\f o1 (s). tm 

0Ka3hlaaeTC5I nol!e3HhlM aaeCTH ewe nOH5ITHe llOKaliH-

30aaHHhlX aCHMnTOTH'leCKHX <!JyHKUHH (8TO Te <!JyHKUHH, 

y KOTOphlX He TOJlbKO CHHryl15IpHhle 'laCTH, HO If peryn5Ip

Ha5I 'laCTh yaoaneraop5IeT ycnoaHID 6wcTporo CTpeMneHH5I 

K Hyl!ID npu t em .... "" ) , ill15I peryn5IpHOH qaCTH 8TO HMeeT 

MeCTo npli x .... ±oo. B cooTaeTcTalili c 8THM Mbi 6yaeM 

HMeTb llOKaliH30aaHHhie HyneabJe aCHMnTOTH'leCKlle <!JyHK

UHll, a TaK)Ke JlOKall!f30aaHHbie a6COl!IDTHbie Hyl!eabie aCllMII

TOTll'!eCKHe ¢YHKUHif, Tora-a (30) MO)KHO 3anH:caTb a aH:ae 

ULMi 
LM LM i 

f(s,x)'"' L ~* (s,x)"' L ~* (s,te )+ L fe (s,te 
r.m m e,m m m e.m- m m 

). 

(33) 
HeKOTOpblM napaM e, m~ LM MOryT COOTaeTCTaoaaTb H Hy

neabie 3Ha'!eHH5I fern . 3To ao3MO)KHO Tol!bKo Toraa, 

Koraa Ill! 51 aroti: napbi f t / 0. Her Heo6xoauMoCTH yKa3bi-
-tm 

aaTb CTeneH!f H TO'IHOCTH OTil8llbHbiX 'lllEHOa a (33) - ace 

OHH 6eCKOHe'!Hbl, 

C¢opMynH:pyeM HeKoTophre TeopeMhi, yKa3biaarowlie Ha 

8Ka!faal!eHTHOCTb Me)I(JlY 'llleHaMH (33), 

Teo p eM a 7. TiycTb Fe* 1 
- MHO)Kecrao ¢YHKUifti: 

f Em ( s. t) CTeneHif vern=< 00 me pa3pbiBaMif IIpii i ~I. 
rae I. TO'IHee, I e - HeKOTopoe MH0)1(8CTao HeOTpiiua-

Tel!bHbiX '!HCel! i. rrnoapa3yMeaaeM, '!TO 8Cllll ffi•Q, <!JyHKUllll 

f fo (s,t) llOKall!f30aaHbl, I1 MeeTC5I 8Kauaal!eHTHOCTb: 

Fe:r (s,tem )=Fo*I,(s,to') 
t m tm 

(m,m '~ M eo ). (34) 

3To 3Ha'!HT, '!TO npll liiD6biX m,m 'c;.M eo Ka)I(JlOH ¢YHK

UH l1 f~m(S ,t em) lf3 M~O)KeCTaa F {~ ( S ,t fm ) MO)KHO cono

CTaaHTb ¢YHKUHID re;,(s,tem' ) H3 Fe*~' (s,tem') c TeMll )Ke 

npou3aOilHbiMH c pa3pb!BaMll (I= I' ),3Ha'!eHH5I KoTopoti: coa

naaaror co 3Ha'!eHllHMH fe npu acex s u acex x. Cnpa

aeanHao, KoHe'lHO, H o6pa~Hoe yTaep)I(JleHRe: Ka)I(JlOti: ¢YHK

UHH f f~, COOTaeTCTayeT <!JyHKUH5I f*em C coanaaaiDWllMll 

3Ha'l8HH 5IM!f, 
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iloKa)KeM caaqana, 'iTO F * 1 (s ,t a ) C Fa* I,( s, t a , ) • 
I'm LID - LID Lffi 

YcnoBIHI .llR¢¢epeHU!ipyeMocrli li 6biCrporo cTpeMJieHRH 
K Hymo np!i t--> ± oo, O'i8BH.llHO, BbJnOJ1H8Hbi! eCJI!i fe* (s, t fm ), 
paCCM8Tp!iB8eMa>I K8K <flyHKJlli>I KJ18CC8 ~;l,y.llOBJl~TBOp>IeT 
8TRM ycnoBRHM, oaa 6yneT ynosnerBop>ITb liM a KaK ¢YHKU!i>I 
Knacca Fr*~.OcTaHOB!iMCH aa .llOKasarenbcTse Ma)Kopauaa. 
DycTb na~o, 'iTO Ma)KOpliposaaae (23) B 111 .llllH flm (s. t) 
RMeeT Me..,c.To. Dpn aTOM Mbi MO)!}eM npennoJIO)K!iTb, 'iTO 
<flyHKUH!i f lm ( t) (i=Q,l,2 .. ) y6b!B8IOT C B03paCT8HHe M t 
npa t> 0, a raK)Ke li c yMeHb!lleHReM t npH: t <0. PaccMoT
PiiM caaqana cnyqaif m> m '>"' 0. Torna,, o6osaaq_a>I te , =t, 
.llJIH ¢YHKUH!i fern (s,tem )zfe~ (s,t.s-<m-m) ) (m -m' >m O), 

paccMa rpaBaeMoif KaK ¢YHKU!i>I Knacca Fe~~ ( s. t), B RH
repBane 0< s < s 

0 
H npa t .j, 0 HaXOilHM 

1 di ·(m-m ') ·i(m-m ') i -(m-m 
-.-l-1 f0*(s,ts )l=zls fh' (s,ts 
I! dt LID till 

)I~ 

~ ;£~ (s) s·i(m·m' ) "i ·(m·m') "'i ·i(m·m') ,., . ·(m·m ') 
fr (ts )<oa (s)s f 1 (t.s 

1 
). 

ill "" LID 

( s 1 - BepXHHH npe.llell B03MO)KHbiX 3H8'l8HHH S ). 8bi6!i

paeM 
~i ,(s)soo"i (s)s-i(m-m'). f i Jt) .. f i (ts-(m-m') ). 

fm em £m em 1 

TaKHM o6pa30M, Hatlaeaa oueHKa (23) 111 llJIH ¢yHKUHH 
fe~ (s, t fm ) , paccMa rpHBaeMoif KaK ¢YHKU!i>I KJiacca F lm1

, 

~ •S ).3To llOK838T8JlbCTBO C!Ip8B8.lll1HBO 1i IIp!i m'= 0. 
0 0 

DoKa)KeM cnpaBe.llJIHBOCTb Toif )1(8 caMoil Ma)KopaUHH 

B cnyqae 0< m< m'. ilnH ¢YHKU!ili 

fa* (s,t£,., )•fa* (s,tsm'-m ) lm'-m>O!. 
Lm m Lm 

paccMaTpRBaeMoif KaK ¢yHKll!iH Knacca Fe~- (s,t£m' ), RMeeM 

i , . , , 
~~~-f* (s,ts m-m )I< ls

1
(m-m)f*i (s,ts

111
-m )j< 

1! dt1 £m = em '"' 
i(m'-m) '"'i ( )f"i (t m'-m ) 

< s o fm s fm .s · 
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nonO)KHM ... 
si(m'-m);i (s)=o"i,(s)oi ,(s). 

£m -em em 
DpH 8TOM 9_6~ ¢YHKUH!i, ~~m, n: §~m"6biCTpo crpeMHTCH 
K ayn10, a 0'£~' (s) ocTaeTc>I orpaHH'leaaoif npa O<s ~ s

1 
Onpenen>IeM eme 

~i, (t)z sup §oi ,(s)f
0
i (t.sm'-m ) 

ill O<s<s LID LID = 1 
n: nonyqaeM 

1 d i m '-m '"'· '"'i -1-.- f/ (s ,ts ) I< oa 1 , (s) f 0 , (t). 
i! dt 1 Lm ,... "'-c.m Lm 

DoKaJKeM, 'iTO ¢YHKUHH f£
1 

, (t) npn: t-->±oo TO)Ke 6biCTpo 
CTpeM!iTCH K HYJIIO, (iloK:3aTeJ1bCTB0 1 KOTOpOe Mbl np!iBO
IlHM1 aaao H.T. ToaopOBbiM.) Ha caMoM nene, npa t> 0 
li ni06oM n> 0 RMeeM 

"'t n f (t). t = max 
·n(m :...m) "' · ,., · m ~m m:...m n 

s o 1 
( s) f 1 (ts )(ts ) . 

rm , o<ss 81 ... -
fm' fm 

Bsaay Taro, 'iTO 0' i , (s) npH s -->0 6biCTpo cTpeMiiTCH K 
fm , ,.. 

-n(m -m) - i ( ) 6 HyJII0 1 MHO)KHTellb S orm' S Y.ll8T OCT8B8TbCH 
orpaHH'leHHbiM npa scex s. l1s roro, 'iTO ¢YHKUHH 

rim (tern ) npn trm-->oo !~K)K8 6~ICTpO CTp~MHTCH K HYJIIO, 
Bli.llHO, 'iTO MHO)KHTenb fl ( t s m -m ) • (t sm - m )n cTpe-

MHTCSI K HyJIIO np!i t-+oo. Jl'&Ka3aT8JlbCTBO np!i t<O 8H8J10-
r'!i'lHO, 3TiiM HCKOMOe M8)K0p1ip0B8H!i8 .ll0K838HO, H TeM ca-
Mb!M ll0K838H8 YK838HH8H 8KB!iB8J18HTHOCTb, 

Teo p eM a 8. DpH Vo = vo, =oo MHO)K8CTBa Fo (s,t 0 ) 
- LO L 0 - LO LO 

'!. F r, 
0 

(s ,t £, 
0

) li3 noKann:sosaHHbiX ¢yHKUii:H fro (s,x-x r) n: 
f r 'o (s ,X-Xf') 8KBHB8Jl8HTHbl. 

3Ta TeopeMa O'i8BH.llHO 03H8'188T, 'ITO JII06yiO Henpe

pbiBHYIO ¢YHKUHIO fe*0 (s ,t ro ) li3 Knacca Fr
0 

(s, t ro ) 
n_pH Vro zoo Mbl MO)K8M p~CCM8TpHB8Tb KBK <fJyHKUHIO 

fp-0 ( s ,t f'o ) n:s Knacca Ff'o (s,tr'o) npe v£'o """" n aao6o
poT (t fo +Xe zXzte'o +Xe- ). Ycnosne B B cnyqae I=- <I> 6es
OTHOCHT81IbHO Kf, TBK 'ITO OHO cpa3y nepeHOC!iTCSI OT f 
K £' H o6paTHo. '4To6bi nposep!iTb C, noKa)KeM caaqana, 'ITO 

Fr0 cFr'o .nocne Taro, KaK ¢YHKUHH ~~o (s) H f{
0 

(t) 
.ll8Hbl1 CTpOHM 
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"". ""i 
o/,

0 
(s) .. ofo (s), 

fr
0 
(t)=fp~ (t+Xf -Xp, ). 

AHanorw'IHO aoKa3biBaeTcSI, 'ITO Fp
0 

) Ff'o. 3THM TeopeMa 8 
JlOKa3aHa. 

<I> 
Teo p eM a 9. H MeJOTCSI nsa BKliJO'IeHHSI! Fa C F 

, LO 0 

Ii Fpi C Fp~ , ecnir IC I' (v p "'""' ). . 
~TUMii COOTHOllleHiiSIMii ( H TeMH, KOTOpbie H3 HHX Clle

Jly!OT) UC'IepllhlBaJOTCSI BCe 8KBHBalleHTHOCTU H BKliJO'!eHUSI 

Me~ay ¢yHKUHSIMii ~! 

TeopeMa 10. Eme oaHHM Heo6xoaHMbiM ycnoaireM anSI 

TOI'O, 'IT06bi aaHHOe pa3liO~eHHe ( 11,12 )/1/ 6biJ10 MOllY lleM 

8KBHS8J1eHTHOCTii, SIBJ1SI8TCSI TO, 'ITO 8I'O perynSipHaSI '!aCTb 

aon~Ha yaoaneTaopSITb ycnOBHJO 6biCTporo IiC'!e3HOBeHHH 

npn X->±oe,T,e. oHo aon~Ho 6biTb npeacTaB:iTeneM noKaliH-

30BaHHOfi a6COJ1!0THOfi HyneBOH aCiiMllTOTH'IeCKOH ¢YHKUiili, 

3To cneayeT HenocpeacTBeHHO H3 (11,12) 1 1/, (29) H 

(30), 8CJ1H IiM8Tb B BHily, 'ITO BC8 KOMllOHeHTbl fpm (s,to ) 
1 1 , . Lm 

s (11,12)' 1 
(Hx MHo~ecTso KOHe'!Ho) yaoaneTsopSI!OT 

9TOMY yCJ10BH!O, a OHH SMeCTe C f o(S,X) llOJ1~Hbl aaTb 0, 
Ka~llbJH Moaynb SKBHsaneHTHOCTH SIBnSieTcSI npenciaaH

TeneM HeKOTOpOH J10KaJ1H30aaHHOH a6COJ1!0THOH HyneBOH 

¢YHKUHH, HO o6paTHoe yTaep~aeHire Hecnpaaeammo. Y Hyne

aofi ¢yHKUiiH perynSipHaSI H CffHI'ynSipHbie KOMllOHeHTbl npo

Ii3aOJ1bHbi, a anSI MoaynSI IiX cyMMa - Hynb. CneayJOIUire 

aae TeopeMbl llOKa3bJBaJOT, K8KHe H3 8THX '!aCTefi Mbl 

MO~eM a3SITb llpOii3aOJ1bHO, 

T e 0 p eM a 11. nycTb f (s,x) - HeKOTOpblll npeacTaaH

Tenb OJlHOH J10K8J1H30SaHHOfi a6COJ1!0THOH Hyneaofi ¢yHKUHH. 

Haane~aiUIIM ff3MeHeHHeM oaHofi ( nJ06ofi) H3 ee KOMllOHeHT, 

COXpaHSISI ace OCT8J1bHhle, HJ1H ll06aaneHireM OJlHOfi HOaOfi 

KOMllOHeHTbi, COXpaHSISI ace 3aaaHHbie, Mbl MO~eM npeapa

TiiTb f(S,X) a MOJlYJ1b 8KaH:aaneHTHOCTff. (3To yTaepiKJleHire 

HMeeT MeCTO ll81Ke U 6e3 yqeTa ycnoaffSI KOMlleHCaUHH 

pa3pbmoa - ycnoaiiSI D onpeneneHHSI 8 111 ) • 

3 Ta KOMllOHe HTa 3aaaeTC SI cyMMOfi OC T8J1bHb!X 0 COOTSeT

CTS8HHO CyMMOH scex 38Jl8HHhlX KOMllOH8HT, S3SITOH C 06-
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paTHbiM 3HaKoM. To, 'ITO 9Ta .cyMMa 6yaeT o6naaaTb 

csofiCTBaMH B H C cornacHo onpeneneHHJO 8 11 ~ cnenyeT 

H3 TeopeM 2, 7 H 8, 

4. 3KBHBA!lEHTHbiE H CT AHilAPTHbiE 

P A3JIO:/KEHH H 

B HJlHO, 'ITO pa3noiKeHHe ( 11,12) s 111 HeoaH03Ha'!HO.' 

eCJ1H K HeKOTOpOMy pa3J10~eHH!O llaHHOH ¢YHKUHH f(S,X) 

ll06aSHM HeKOTOphlfi MOJlYJ1b, llOJ1Y'IHM HOSOe pa3J101KeHHe 

TOll ~e C8MOH ¢YHKUHH, 3To BeJleT K a03HHKHOSeHH!O llOHSI

THH Knacca SKSffsaneHTHbiX pa3noiKeHHfi aaHHofi ¢yHKUHH 

f(s,x) H llaHHOH 8CHMllTOTH'IeCKOH ¢YHKUiiH f(x): 

111 
0 n pen en e H He 2 • .Usa pa3no~eHHSI ( 11,12) , 3aaaHHbie 

Ha6opaMH SeJ1H'IHH a-g H a'-g' (eM, TeopeMy 8/1/ ), 8KSH

saneHTHbi, ecnH OHH 3aaaJOT OJlHY H TY IKe ¢YHKUH!O f(s,x). 

0 n pea en e H He 3. KaiKJlOMY pa3noiKeHIIJO 3aaaHHofi 

aCHMllTOTH'IeCKOfi ¢YHKUHH, 3allaHHOMY H060pOM aeJ1H'IffH 

a-e, COOTaeTCTsyeT MHOIKeCTSO pa3J101KOHHH ee npeaCTa

aH:Tenefi f(s,x), KOTOpbie 381l8!0TCSI eme aeJ1H'IffHaMH f H g 

( I 1 I ) 
CM, TeopeMy 8 . 

0 n pen en e H He 4, .Usa pa3no~eHHSI, 3aaaHHhie Ha6opaMH 

a-e ff a :.e ',8KSHB8J1eHTHbi, eCJ1H COOTSeTCTSyJOIUHe HM 

MHOIKeCTSa pa3J10~eHHfi HX npeacTaBHTenefi, 38JlaHHhle eiUe 

S8J1H'IHH8MH f H g, COOTBeTCTSeHHO f' H g ', 8KSHS8J18HTHbi, 

T,e, eCJ1H K81KilOMY p83liOIKeHH!O, 38/laHHOMY S8J1H'IHHaMU 

a-g, COOTSeTCTByeT pa3liOIK8HHe, 3aaaHHOe S8liH'IffHaMH 

a ":..g ', u Hao6opoT. 

06o3Ha'!HM qepe3 LM H LM i noaMHO~ecTaa MHO-

~eCTB LM H LM i ,xapaK-;;pH3yeM~ TeM, 'ITO cTeneHH cooT

seTCTByJOIUHX KOMllOHeHT f fm KOHe'!Hbi, Toraa HeTpyaHo 

nposepHTb 

TeopeMy 12. Heo6xoaHMbiMH H aocTaTO'IHbiMH ycno
BHSIMH anSI Toro, 'IT06bi asa pa3no~eHHSI,a-g ua'-g',3aaa

aanH OllHY H Ty IKe ¢YHKUU!O f(s ,X), SIBJ1SI!OTCSI CllellyJOIUHe: 

1 LM i = LMi ', . ,._, ..--

2. ~ f i (s) - M i '(s),. o ""(s) 
fm fm 

(i""O .. l.2, .. ; ( f ,m) E LM i ). ,....., 
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3. 

4. 

i 
Mf . 

~ 1 

~ tdn 
m Lm 

Mi e i, 
(s)- ~ ~f 0 (s)-0 

m Lm 

LM=LM', 
r-.J ~ 

5. f Cm (s,t)- fc~ (s,t),.,o~(s,t) 

((C,i)ELI), 
~ 

(( C ,m) ELM), .........,. 
LM LM 

6. ~ fn (s,t fl )- ~ f~ (s,t 0 )=0. 
f m Lm Lm £ ill Lill Lill 

(35) 

• 00 ' 

3necb qepe3 0 (S) o603Ha"ieHLI {j:lyHKUlHf, 6biCTpO CTpeMSI-

IJHieC SI K Hy mo rrpn s .... 0, a qepe3 o ""(s, t ) - ¢y HKUlHf nma 

f fm (s,~, ynoaneraopsnomHe ycnoanSIM B n C B orrpenene

Huu 8 l/ rrpH Vfm """". 
Y CJ10Blffl 1-6 He SIBJ1SIIOTCSI He3aB!fCI1Mb!MH, CJie):lOBaTeJib

HO, Dpll DpOBepKe 9KBHBaJieHTHOCTH llBYX pa3J10*eHHA Mhl 

nomKHbi rrx yquTLIBaTh a yKa3aHHOM rropSIAKe. DepBbie rpu 

ycJIOBHSI 3aTparuaaiOT CBOACTBa pa3phlBOB, a OCT8J1hHhle 

Tplf ycJIOBHH OTHOCSITCSI K CBOICTB8M KOMITOHeHT. YcJIOBHSI 

1 ll 2 3aTparUB8IOT TOJlbKO pa3pb!BLI, Opll KOTOph!X vlm 
KOHe"iHhl. Ycnoaue 3 Bhlpa*aeT KOMITeHCaUHIO pa3phlBOB 

nnSI Ka*noA <jlyHKUHH f(s,x) If f'(s,x) a ornenbHocrrr. Ouo 

He ycrauaanuaaeT caSJ3U Me)Kny xapaKrepucruKaMu f(s,x) 

If f '(s,x). Ero MO)KIIO 6b!J10 6LI He 38IT!fCb!BaTb, TBK Ka}S: OHO 

BXOAHT B orrpeneneuue {j:lyHKUHA f( S,X ), HO A8HO AJISI SICHo

CTlf, E My MO)!(HO ynoaneraopuTh Hanne)!(allHfM H3MeHeHHeM 

OAHOrO TOJlbKO pa3pb!B8 ~ fni (s) If !1f{' (s) Dpll K8)!(,1J.0M £ 
. ( rm m ) 

u 1 mE Mp
0

, cooraercTaeuuo mE M fo • Y cnoauSI 4 u 5 
3arparHBBIOT Te qacTl:l (j:JyHKUHA, a KOTOpbiX v Em ""oo. 

BblllHCLIBaSI ycnoaHe 5 npH mzO, Mbi nomKHbi cornacuo (31) 
nonpa3yMeaaTh, "iTO oHo cnpaeennnao TOJihKO llJISI cyMM: 

L L' 
~fn (S,t 0 )- ~f~ (s,t 0 )so""(s,t 0 ), 
f LO LO f LO LO LO 

rne a npaaoA qacTu t Co - n106aH u3 pa3HocreA x- xe . 
YcnoaniO 5 MO)!(HO ynoaneTaopHTh uanne)!(amuMu H3MeHeHUS1Mlf 

TOJlhKO OAHOA H3 rna):lKlfX "i8CTeA fern (s,t) lfJlll fern (s,t) 

OAHOti lf3 {j:lyHKUUA f HJllf f ', D OCJie TOrO, KBK 9TO yCJIOBlfe 

BbiiTOJ1HeH0 1 ycJIOBHIO 6 MO)!(HO YAOBJleTBOplfTh H8AJ1e)!(81llllM 

H3MeHeHlfeM TOJlbKO OAHOil: H3 KOMITOHeHT OAHOA lf3 {j:lyHKUlfH 

f(s,x) !Wlf f'(s,x)rrpn JII06oM Bbi6ope acex ocTaJihHhiX KOM

noHeHT. DpnqeM aTo H3MeHeHne He6onblllOe - ero cTeneHh 

6eCKOHe"iHa. 

BHAHM, "iTO PM xapaKTepucTHK SKBHBaJieHTHbiX pa3no

*eHufi He orrpeneneH. HanpuMep, nocne Taro, KaK LM u 
..v 
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LM i 3anaHLI, LM u LMi orpaHH"ieHLI TOJihKO cooTHOilleHHSI

rv;;' LM i C LM , LM ) LM, LM i ~ LMi H He CBSI38Hbi c cooTaeT

CTBYIOillHMH MHO)I{ecri3aMH nn;;f '(s,x ). Pa3pbiBHLie <jlyHKUlflf, 

KaK ll KOMITOHeHTbl 1 TOMe He OTipeneneHbl OAH03H8"iHO, OA

HBKO HeonpeneneHHOCTb 3aTparnaaeT TOJlhKO OCTaTO"iHbie 

"iJ1eHhl 1 npn"ieM He ITOJlHOCThiO, a AO aAAlfTHBHhlX qneHOB, 

CTeDeHH KOTOphlX 6eCKOHe"iHhl, 

ToT )!(e caMbiA aonpoc o Knaccax SKBHBaneHTHOCTH Mbi 

MO*eM CTaBHTb H ITO OTHOilleHHIO K aCHMITTOTH"ieCKlfM {j:lyHK

UlfS1M f(x). OraeT naeTCSI cnenyiOmeii 

Teo p eM o A 13. Heo6xonHMhie 1:1 nocraTO"iHbie ycnoaHSI 

9KBUBBJieHTHOCTlf ABYX pa3J10)!(eHHA aCHMTITOTH"ieCKHX {j:lyHK

UHA cnenyiOmne: 

LM i = LMi' ........ _...., npu i=0,1.2, ... , 1 • 

i i ' i * i * ' . 0 1 2 r o ) LM i 2. vern -~m • vern "'Vern npH lz ' ' , ... , ,L, m E- ' 

3, M 0i - ~r/ rrpH i-0,1 ,2, ... , (£ ,m) E LMi ; n ~ z,;,i ,v/+1 , .. . v(li ~ 
Lmn t-mn ,.._ · tm Lm r.m 

4 LM = LM', . ~ - (36) 

' * *' ( n ) LM 5 v 0 ""v 0 , v 0 = v 0 , L ,m E , 
• Lm Lm Lm Lm ~ 

6. f 0 (t)zf~ (t), llzv0 ,v0 +1. ... ,v0* ,(C ,m)ELM. 
Lmn Lmn Lm Lm Lm .,....., 

(f (x)-f'(x), n-v ,v +l. .... v*). 
on on o o o 

T aKlfM o6pa30M, Mbl BllAHM, "iTO pa3pb!Bbl H KOMITOHeHTbl 

6eCKOHe"iHOfi CTeneHH HecymeCTBeHHbi! Mbl MO)!(eM lfX CHlf

MaTh HJIH A068BJ1SITb B J1I060M KOJlU"ieCTBe - aClfMITTOTH"ieC

K8SI 4JyHKUHSI f(x) He H3MeHSieTCSI, T,e, MHO)!(eCTBO ee npen

CT8BUTeneA f(S,X) OCTaeTCSI O.llHlfM lf Te )l{e, TOJihKO K Tpll

BH8J1hHOA HyneaoA <jlyHKUHH 1 KOTOpaSI He HMeeT HUKBKHX 

KOMITOHeHT, Mbl He M0)1{8M .ll068BJ1SITh pa3pb!Bbl lf KOMITOHeHTb! 

6eCKOHe"iHOA CTeiTeHH - HH8"ie OHa 1:13 TplfBH8JlhHOA npeapa

THJ18Cb 6bi B a6COJ1IOTHYIO HyneayiO 8CUMITTOTH"ieCKyiO {j:lyHK

UlfiO. 

B Ka)!(.llOM Knacce aKBHBaneHTHhlX pa3JIO)!(eHHA Bhl.lleJIHM 

OllHO CTaH.ll8pTHOe - 6onee rrpOCTOe B HeKOTOpOM CMb!CJie, 

Ero xapaKrepnCTHKH 6y.lleM oTMe"iaTh 3HBKOM "-". CTaH

.llapTHoe pasno*eHue 38.llB.lllfM cne.llyiOillHM 

27 



OnpeaeneHH:eM 5. 
a) MHO):Keersa LM i- (i~O.l, ... )- MH:HH:ManbHbi, Eena 

H:Meereg HeeKOnhKO TaKH:X MHO):KeeTB, Bbi6epeM TO, y KOTQ-

poro BneMeHTbi m B M ~ - MH:HH:ManhHbi ( E • 0,1,2 , .. , L ). 

{B enyqae, Koraa raK~SI HeonpeaeneHHoerh B03HH:Kaer, ro 
1-

B eoorserersyiOIUH:X ME H:MeereSI ronhKO oaaH BneMeHT, 

TaK.qro Her Haao6HoeTH: yKa3hlBaTb, KaKOA H:3 sneMeHTOB 
1-

B Mp aon):KeH 6biTh MH:HHManbHbiM). _ i-

6) MHo):Keerso LM-- MH:HH:ManhHO. (KoHeqHo, LM JLM 

npa ix0,1,2,... ). Eena H:MeereSI HeCKOnbKO TaKH:X MHO-

):Keers, Bbi6epeM ro,y KOToporo BneMeHTbi m B M~ MH:HH:
ManbHbi (f =1,2, ... L). 

Ycnosae 6) HaKnaahlsaereg noene roro, KaK yenosae 

a) BbiiiOnHeHO, npli i =c0,1,2,... a) H: 6) He3aBH:CH:Mbl apyr 

OT Jlpyra, TaK qro H:X MO):KHO H8KnallhlB8Tb B ni060M no
PSillKe, 

noKa):KeM, qro 8TH: yenOBH:SI COBMeeTH:Mbl H: qro OllH0-

3HaqHO 3aaaiOT erpyKrypHhle H:HlleKChl H: KOMnOHeHThl eraH

aapTHOrO pa3nO):KeHH:SI, npa 8TOM B HBHOM BH:lle ll8llH:M 

npoueaypy noerpoeHH:SI craHaaprHhlX pa3no):KeHaA H: noKa):KeM, 

KaK Ka):I(JlOMY 38JlaHHOMy pa3nO):KeHH:IO Mbl MO):KeM conoera

BH:Tb eOOTBeTeTByiOruee eMy eTaHaapTHOe pa3nO):KeHH:e. 

Ka):I(JlOMY pa3nO):KeHH:IO,·· r.e. K8):1(JlOMY Ha6opy senaqHH 

a- g anSI 38JlaHHOA <jlyHKUH:H: f(S,X ), eonoeT8BHM llHarpaMMy 

no eneayiOrueMy npasany. no a6euaeee orKnaahmaeM nepe-
MeHHYIO x H o6o3HaqaeM oeo6bie roqKH: x E , He eo6niOJlaSI 

erporo eOOTHOWeHH:e paeeTOSIHHA Me):I(Jly HHMH:, no 

OpllHHaTe OTKn8llhlBaeM BHyrpeHHIOIO CTeneHh m: H8ll Ka):I(JlOA 

roqKoA X f CTaBHM Te TOqKH 1 OpJlHHaTaM m KOTOpb!X eooT

BeTCTByiOT HeHyneBbie KOMnOH8HTbl - eHHrynHpHbie H: pery

nSipHaSI, Ecna peryngpHaSI KoMnoHeHTa He Hynh, roqKH: era

BHM npH scex xp. Mx opaHHaTbi m .. Q. 3ro 3HaqHr, qro Ka):K

aoMy BneMeHry MHO):Keersa LM coorserersyer roqKa Ha 

llH:arpaMMe. npH 8TOM Mbl OTMeqaeM TOqKy Kpy):KKOM, eenH 

COOTBeTeTByiOIUaSI CTeneHb Vfm KOHequa, a npH ,..mzQ - TaK

):Ke H B enyqae, eCnH Ma):I(OpH:pyiOIUHe <flyHKUH:H: f ~ (X) He 

see 6bierpo erpeMSireg K HyniO npa x .... ± "", r.e. ecna 
napa ( E ,m) BXOllH:T B LM. nanbrue paeeMaTpH:BaeM MHO

):KeCTBa LMi,noeneao~renbHO npH iz0.1,2 ..... EenH napa 

( f ,m) sxoaar s LM i, Mbi naweM eoorserersyiOIUyiO ua¢py 

28 

m 

f~'J 

ot~ • 

0 

e 

X1. Xz 

3 te' 
2. , 6 e 

10 

~~, 
'5 

0 t23 a-= 
x3 
Pac. 2 

fD~o 

r;jJ 

~"' 
o ... ~ 

XIJ X 

PSillOM e roqKoA. E ,m . npa 3TOM eraBH:M ee B Kpy):KOK, . 
1 0 1 eenH ereneHb vo KOHeqHa, r.e. eenH L, m BXOJlHT B LM . 

Lm _.._, 
QqesaaHo, eena pSillOM e aaHHoA roqKoA H:MeiOreg uH¢pbi 

B Kpy):KK8X 1 TO H eaMa ToqKa llOn):I(Ha 6biTb B Kpy):I(Ke, 

3ra aaarpaMMa Heeer He seiO HH¢opMaUHIO o pa3nO):KeHH:H 
tPYHKUHH: f(s,X), a TOnbKO qaCTb ee, HO, KaK Mbl YBH:JlH:M

1 

H:MeHHO ry qaerh, Koropag HaM 6yaer Hy):I(Ha. ToqKH 

H UH:<flpb! B Kpy):KK8X Ha30BeM 3aKpenneHHbiMH, a 6e3 Kpy):K

KOB - nnasaiOIUHMH. 3ro esg3aHo e reM, qro eornaeHo 

reopeMaM 6 H 7 ua¢pbi 6e3 KPY):KKOB MO):KeM nepeuoeH:Th 

BBepx H BHH3 1 a roqKH 6e3 Kpy):KKOB, eena BOKpyr HH:X HeT 

UH:<flp, - noseiOJlY. ToqKH H: UH:<flpbl B Kpy):KK8X Mbl He MO):KeM 

IIepeHOeH:Tb, He MeHSISI npH: 8TOM 3HaqeHHA <jlyHKUH:H f (s ,X),
B 8TOM eMhlene OHH: 38KpenneHhl, 

llanhrue s esSI3H c rroHSITHeM eraHaaprHoro pa3no):Ke

HHSI eTaBH:M TpH eneayiOIUH:X esSI3aHHbiX Me):I(Jly eo6oA, HO 
see ):Ke pa3nH:qHbiX sonpoea: 
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1. KaK, HCXOlHI H3 uaHHoro paano)KeHH5I, r.e. H3 uaHHo
ro Ha6opa senH'lHH a-g, Mbl MO)KeM nepefiTH KCTaHuaprHOMY 
paano)Ke HH 10. 

KaKHe orpaHH'leHli5I Ha senH'lliHbi a-g Mbi uon)KHbi 
HanO)Klirh,'lro6hJ paano)KeHlie 6hmo craHuaprHhiM, r.e. 
'lT06bi 6binli a- -g- . 

KaK, HCXOU5I H3 craHuaprHoro paano)KeHli5I a - g 
ll8HHOH <j:JyHKUHli f(S,X), Mbl MO)KeM nepefirli K n1060My upy
f'OMY a- g, eMy 8KBliBaneHrHOMy. 

Ha'lHeM c sonpoca 1. Ecnli p5IUOM c HeKoropoil: ro'IKOA 
(e .m) HMeercg nnasa10ma51 UH<j:Jpa i, a B roil: )Ke KonoRKe 
liMeiOrC5I OUHa linli HeCKOnbKO 3aKpenneHHblX Uli<j:Jp i, Mbl 
MO)KeM nepeUBliHyrb nnaBaiOmlie UH¢pb! i K OUHOH li3 
3aKpenneHHbiX, HallpliMep K CaMOH Hli)KHefi, If raKHM o6-
pa30M nnasaiOmlie uH<j:Jpbi HC'le3Hyr. E cnli aaKpenneHHbiX 
Uli<j:Jp i B 8rOil: KOnOHKe Her, Mbl MO)KeM C06pa Tb nnaBaiO

mHe UH<j:Jpbi i B ouHoM Mecre, a raK KaK see pa3pbiBbi 

UOn)KHbl 6birb CKOMlleHClipOSaHbi, nnasaiOmHe Uli<j:Jpb! On5Irb 
liC'leGHyr: M, raKHM o6paaoM,Uli¢P 6ea Kpy)KKOS He 6yuer. 
Tio8roMy ro'lKli 6ea Kpy)KKOs He 6yuyr conposo)Kuarbc5I 
UH<j:JpaMH. Torua cornacHo reopeMaM 6 li 7 Mbi MO)KeM 

nepeHocHrh liX nosc10uy. E cnli HMeiOrcg aaKpenneHHhie ro'l
KH, nepeHeceM nnasaiOmlie ro'IKli K ouHofi li3 aaKpenneHHbiX. 

3ro li 6yuer craHuaprHoe paano)KeHlie. Ecnli aaKpenneHHhlX 
ro'!eK Her, Mb! nepeHeCeM liX S rO"'Kli ( e , 0 ), r,e, ocra

Hercg OUHa peryn5IpH85I 'laCrb r; ( S,X) 6eCKOHe"'HOH rO'lHD
CTli, yuosnersop5IIOma5I ycnosll:IO 6biCrporo liC'le3HoseHli5I 
npli x-+ ± oo, EcnH' 8ra ¢YHKUli5I f* (s,x) ae aynb, nony'lliM 
craHuapraoe paano)KeHlie s 8roM cnyqae. HaKoaeu, ecnli 
tpyHKUli5I fJ (S,X) OKa)Kercg HyneM - 8rO 3Ha'lliT, 'lrO 
craHuaprHa5I ¢YHKUH5I f(s.x) He HMeer Hli peryn5IpHoli, 
Hli 
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CHHryn5IpHbiX 'lacreli,,- aHa Hynh, 
Ma 8TOH npoueuypbi cpaay SbiTeKaer orser 
Mbi liMeeM rpH rHna craHuaprHhiX ¢YHKUliH 

A : LM = LM /. ct> • 
.~ 

LM,.(£ .0). B: LMzct>, ,...., 
C: LM .. ct>. 

aa sonpocn. 
f(s,x): 

(37) 

B cny'lae A HMeercg no KpaliHeli Mepe ouHa HeHC'leaaiOma5I 
KOMilOHeHra, fem (s,t) linH f

0
(S,X), npH"leM li:X creneHH KOHe'l

Hbi, a creneHb f 0 (s,'i). MO)Ker Obirb H 6ecKOHe'lHOH, HO Ma)KO
plipyiOmHe tflyHKUHH f ~ (x) (i = 0.1.2 ... ) He see 6bicrpo crpe
M5IrC5I K HyniO npH x-.±oo.MHbiMH cnosaMH, Her pa3pbiBOS 
HnH CHHryn5IpHbiX 'lacreli 6eCKOHe'lHOH CTeneHH If HeT pery
n5IpHOH 'laCTH 6eCKOH9"'HOH creneHH, M8)K0pHpyeMOH npli 
llOMOmH <j:JyHKUliH f~ (X), KOTOpbl9 6biCTpO CTpeM5ITC5I K HyniO, 
B cny'lae B HeT CHHryn5IpHbiX 'lacreli, a peryn5IpHa5I 'laCTb 
He HC'le3aeT rO)KUeCTseHHO. 0Ha He HMeer pa3pb!BOS, HMeeT 
6eCKOHe'lHYIO CTelleHb H Ma)KOpHpyeTC5I npH llOMOmH <j:JyHK
UHH f ~ (X), KOT'Opbie 6biCTpO CTpeM5ITC5I K HyniO npH X-> ± oo, 
8 cnyqae C CTaHuapTHOe paanO)KeHHe He liMeeT HHKaKHX 
OTnH'lHbiX OT Hyng 'l8CTeH. 

Orser Ha sonpoc III npocroli. LJroobi nony'lHTh niOohie 
pa3nO)KeHH5I UBHHOH <tJyHKUHli f(s,x), KOf'Ua ee CT'BHUapTHOe 
paano)KeHHe 38U8HO, UOCTaTO"'HO U008SHTb HeKOT'Opb!H MO
uynh. TipH 8TOM MO)KeM Of'p8Hli'lHTbC5I MOUyn5IMH, Un5I 
KOI'OpbiX MHO)Kecrsa LM i H LM He nepeceKaiOTC5I c MHO
)KecrsaMH LMi li LM ~51 craHuaprHoro paano)KeHH5I. (LMi 
li LM orH~TCH c';;"orsercrseHHO K ¢YHKUH5IM .!em li fem). 

0 n p e u en e H He 6. CraHuapTHbiM paano)KeHHeM uaHHOH 
aCHMllTOTH'leCKOH <j:JyHKUHli H830S9M TO, KOTOpOMy COOTSeT
CTSYIOT craHuapTHhie paano)KeHH5I e·e npeucrasHTeneli. 

Torua Te )Ke caMbre sonpoCbi I , II , III Mbi MO)KeM 
CTBSHTb li no OTHOmeHH!O K KnaCCaM 8KSHSaneHTHOCTH H 
CTaHuapTHbiM paano)KeHH5IM aCHMnTOTH'leCKliX ¢YHKUHH. 
OrseThi Ha sonpoCbi aHanorH"'Hbi H ua)Ke 6onee npoCThi, 
"'eM s cnyqae o6bi'lHhiX paano)KeHHH. 

Tio sonpocy I cneuyeT cKaaaTb, "'TO ung Taro, 'lT06hi 
nepeliTH K craHuapTHOMY paano)KeHliiO f(x). uocraTO"'HO Sbi
"'epKHYTh see pa3pbiSbl 6eCKOH9"'HOH CTeneHli li see CHHf'y
n5IpHbl9 KOMllOHeHTb! 6eCKOHe'IHOH CTeneHH, a TaK)Ke H pe
ryngpHyiO KOMnOHeHTy 6eCKOHe'IHOH CT'elleHH, eCnH OHa 
yuosnersop5IeT ycnosHIO 6biCrporo crpeMneHH5I K ayn10, 

TonbKO ecnH ~""C), a LM~C) ,KoMnoHeHTa f6(s,x) c v 0""00, 

KOTopa5I yuosnersop5IeT ycnosHIO 6biCTporo crpeMneHHH 
K HyniO npH X-+± oo, UOn)KHa OCTal'bCH HnH UOn)KHa il05ISHTb
C5I, ecnH s HCXOUHOM paano)KeHHH ( e .0)"" LM. 
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ITo aonpocy II, oqeaHJJ.Ho, Mhi aomKHbi cKaaarb, 'iTO 

6yaeT Tplf T!flla CTaHJJ.apTHbiX pa3n0*6Hifll aC!fMllTOT!f'ieCKIIX 

cpyHKUifll f(x), xapaKT6plf3Y6MbiX T6Mif *e CaMblMif ycnoaag

Mif (37) 1 'iTO If CTaHJJ.apTHbie paano*eHHSI cpyHKUIIOHanbHbiX 
nocneaoaarenbHocreft f(s,x). 

Orser Ha aonpoc III abiTeKaer !f3 nepabiX aayx. B cny-
'iae A Mbi Mo*eM ao6aanSITb mo6oe MHO*ecrao KOMnoHeHT 

6ecKoHe'iHoft creneHH, a TaK*e a nro6we MHO*ecraa paapw

aoa npoH3aOJJ.HhiX Ka*JJ.Oro nopSIJJ.Ka, npH'ieM creneH!f !IX 

acex 6ecKoHe'iHhi. B cnyqae B MO*HO 3aMeHHTb perynSipHyro 

KOMllOHeHTy 6eCKOHe'iHOll CTelleH!f 1 KOTOpag YJJ.OaneTaOpSieT 

ycnoa!IID 6b!C TpOI'O lfC'ie3HOaeH!f Sl Ha 6eCKOH6'iHOCT!f 
1 

nro-
6biM MH0*6CTBOM 6biCTpO CTpeMSilUIIXCSI K Hynro KOMllOHeHT 

6eCKOH6'iHOll CT6ll6Hif C KOMllBHC!IpoaaHHb!Mif pa3pbiaaMH, 

B cnyqae C Mbl M0*6M aaeCT!f nro6oe KOH6'iHOe MH0*6CTaO 

cpyHKUifll rtm' COOTaercrayiDIUIIX aaaaHHbiM MH0*6CTaaM LM i 

a LM .2 LMi , cyMMa KOTOpbiX Hynb, aroro MO*HO JJ.OCTH'ib 

HaJJ.ne*aiU!fM aw6opOM OJJ.HOll !f3 H!IX llp!f npO!I3aOnbHOM 
abi6ope acex ocranbHbiX. 

Teo p eM a I4. Ka*JJ.aH aCHMllTOTH'iecKaSI !flyHKUif g f (x) 
lfM6eT OJJ.HO If TOnbKO OJJ.HO CTaHJJ.apTHOe pa3n0*6H!f6, 

lloKa3aTenbCTaO He 6yJJ.eM llp!IaOJJ.IfTb, a OTM6THM 

TOnbKO, 'iTO, CTpOI'O I'OaOpSI, JJ.nSI CTaHJJ.apTHbiX pa3nO*eHHll 

cpyHKUifll f (s,x) HeT TeopeMbl 1 aHanOI'If'iHOft 3TOH,- OCTaTO'i

Hhie qneHbl !IX KOMllOHeHT If !IX pa3pb!aoa onpeaeneHbl JJ.O 

aJJ.JJ.IfT!faHbiX 'ineHOa 6eCKOHe'iHOll TO'iHOCT!f, 

B aaKniD'ieHae yKa*eM, KaK Mbi MO*eM nocrpoHTb 

nro6yro aCHMllTOT!f'iecKyro !fJYHKUHID If nro6oft ee npeacra

aarenb, TaK KaK aonpoc o nepexoae or craHaapTHhiX 

K HeCTaHJJ.apTHbiM pa3n0*6HifSIM (If Ha060pOT) abiSICHeH, Mbl 

llplf 3TOM M0*6M OI'paH!f'ilfTbCSI !IX CTaHJJ.apTHb!Mif paano*e
HIISIM!f, 

I. BbJ6!IpaeM 'i!fCno L, oco6bie TO'iK!f xe If MHO*ecraa 

Me (f "'1.2 ..... L) If cocraanSieM MHO*ecraoLM aa nap ( e ,m). 

2, Bbi6HpaeM MHO*ecraa LMi~ LM (i-0,1.2, ... ). . 
3. Bbi6HpaeM v 0 If Vo* ( e ,m ~ LM ), a TaK*e v! 
· Lffi Lffi Lm 

If vlm* ( e _.mE- LM ), npH'ieM ace OHH KOHe'iHbl If TOnbKO Ve: If Vf~* MOI'yT llp!IHHMaTb erue 3Ha'ieHHe +oo. 
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4. Bbi6apaeM paapbiabi 

M 0i (n-vj v0 i +1, ... ,v
0
i* ;i=0,1,2, ... ;(£,m)~LMi). 

Lmn Lm Lm Lm 

5. Crpo!IM pa3pbiBHhie 'iaCTH Koa!flcpauHeHTHbiX lflyHKUHil 
f n (t) acex KOMllOHeHT lfCKOMOll cpyHKU!flf, Lmn 
_ 6. Bbi6HpaeM rnaJJ.K!fe qacTH KoacpcpHU!feHTHhrX !flyHKU!fil 
f fmn (t) (n'"' vern ,vern +1 , ... ,ve*m ). 

7. CrpOIIM ace KOMllOHeHTbl f em (s,t). 
3THM aCHMllTOTH'ieCKaSI cpyHKUHH f(x) onpeaeneHa. Ko

He'iHO, ace 3TH aenH'iHHhl (If MHO*ecraa) He npoHaaon&Hhl, 
B qacTHOCTH, vni , Vo i * If !1f.i aon*Hhi 6biTb TaKHMH, 

Lm Lm 1'mn -
'iT06bi KOMlleHCaU!fSI lfMena MeCT0 1 a fo (t)- TaK!fMif, 

Lmn 
'iT06bi ycnoa!ISI Ma*OpaU!flf 6binlf ab!llOnHeHbl np!I HeKOTO-

poM 3Ha'ieH!flf S 
0

• 

Ecn!f Mhl XOTHM nony'iHTb HeKoropwft npeacraaHran& 

abi6paHHOll !flyHKUiflf, Mbl JJ.On*Hbi erue 

8. Bbi6paTb ocraTO'iHhie qneHbi pa3pbiaoa !1f~m*(s). 
9. 8hi6paTb ocraTO'iHhie qneHbi rnaJJ.KifX qacrefi KOM

noHeHT fe*m (s,t ). 
_ KoHe'iHo, OH!f ro*e He npoHaaon&Hhi, B qacTHOCT!f, 

f tm (s,t) JJ.On*Hbl YJJ.OaneraopSITb ycnoF HID Ma*opaUH!f. 

B cneayroruefi pa6ore Mbi noKa*eM aaMKHYTOCTb MHO

*ecraa aCHMllTOT!f'i6CKHX cpyHKUifll no anre6pa!I'i6CKHM If OC

HOaHbiM aHanlfTif'i6CKHM JJ.efiCTB!fSIM, ccpopMynHpyeM !IX 

OCHOaHbl6 caoficraa If CpaaHHM !IX C JJ.pyi'HMif !f3aeCTHb!Mif 
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