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XpaCTOB Xp • .R., .UaMSIHOB s.n. P2 - 11102 
ACHMfiTOTH'IeCKHe $yHKUBH - HOBLIA Knacc 060611leHHhlX cjlyRKilRA. 
I.0611laH nocTaHDBKa aaaa'la a onpeaeneaae 

LlnS! npennOlK8HHbiX paaee /6/ 8CHMfiTOTH'I8CKBX cjlyRKUBA, BKnl0'181011lBX 
o6&I'IH&Ie aa4MfJepeauapyeM&Ie $yRKilBH a o6o611leRRhle cjlyaxuaa Co6oneaa-Waap
ua C TO'I8'1HblM HOCHTeneM, anSI KOTOpblX aonyCTHMO YMHOlK8HBe, aaec& BC
cneayeTCSI 6onee o611lBA aapaaaT. Oa xapaKTepaayeTCSI TeM, 'ITO xpyr ao
nycTHMhlX anre6paaqecxax B aaanaTB'Iecxax onepauaA aaa acaMnToTa'leCKRMR 
~YHKUHSIMH 3H8'1HTen&HO paCIIlBpeR: BKni0'188T T8KlKe aeneaae, H3Bn8'18HB8 
KOpHSI, npaKTH'I8CKH npOH3BOn&Hy10 38M8Hy H838BHCHMOI nepeMeRROI B T.a. 
B nepaoA qacTa pa6oT&I aaabl o611laH nocTaROBKa aaaa'la a o611lee onpeaene
aae 8CHMfiTOTH'I8CKHX ~YHKilHA K8K Kn8CC8 COOTB8TCTBYIOIIlHM o6p830M Bhl-
6p8HHbiX ~YHKilHORan&HbiX nocneaoBaTen&HOCTeA. 

Pa6oTa BbinOnReHa B na6opaTopaa TeopeTH'I8CKOA ~H3HKH Ol1.Rl1. 

DpeDpBBT 061.e.IUIBeBBOI'O -CTBTYT& ••epuill BCCDe .. o....a. J{y6a 1977 

Christov Chr.Ya., Damianov B.P. P2 - 11102 

Asymptotic Functions - a New Class of Generalized 
Functions. I. General Assumptions and Definitions 

In a previous paper /6/ we have introduced asymptotic func
tions which include as particular cases the ordinary differentiable 
functions and the generalized functions of Soboljev-5chwe.rtz with 
a point carrier and which can be multiplied with each other. A more 
general and elaborate version of functions is proposed here. It 
permits a considerably larger circle of algebraic and analytic ope
rations, such as: division, extraction of roots, almost arbitrary sub
stitutions of the independent variable, etc. In this first part agene
ral formulation of the problem is given, and classes of sequences 
of functions, representing each particular asymptotic functions, are 
defined. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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B aeaaBHei1 pa6oTe oaaoro ua aac/6/ 6hm npeano)!{eH 

HOBb!H K.118CC o6o6meHHhiX lPYHKUHM - OHH 6bi.IlH H83B8Hhl 

acuMnTOTH'leCKHMH. Uenh, KOTopaH npu 9TOM npecneao

Banach, aaKnroqanach B TOM, 'lT06hi, coxpaHHH no Mepe 

B03MO)!{H0CTH UeHHbie CBOiicTB8 06hi'lHhiX lPYHKUHH H o6o6-

llleHHhiX <i>YHKUHH Co6oneBa-lliBapua I l-S/, o6ecne'lHTh 

B03MO)!{H0CTh HX yMHO)!{eHHH. 3TH lPYHKUHH MoryT 6b!Th 

no.lle3Hhl B pHJle cnyqaeB, HO Mhl HMe.llH B BHllY npe)!{ae 

BCero o6mee OnHC8HHe BO.IlHOBh!X naKeTOB B KB8HTOBOH 

MeXaHHKe (B HMnynhCHOM npeacraBneHHH)/4/ • Dpeana

raH o6myro lPOPMY.IlHpOBKY 38Jl8'lH C lPH3H'leCKOM TO'lKH 

3peHHH, Mhl MO)!{eM CK838Th, 'ITO eC.IlH 0606llleHHhie lPYHK

UHH Co6oneBa-lliBapua cny)!{H.IlH Jl.llH MaTeMaTH'lecKoro 

yTO'lHeHHH nOHHTHH MaTepH8.1lhHOM TO'lKH K8K rpaHHllbl "!8-

CTHU C 38Jl8HHOii M8CCOH H yMeHhlll8lOlllHMHCH pa3MepaMH, 

TO 8CHMnTOTH'leCKHe lPYHKUHH llO.Il)!{Hbl yTO'lHHTh nOHHTHe 

n.llOCKOH BO.IlHhl K8K rpaHHllhl BO.IlHOBhiX naKeTOB, KOTOpbie, 

OJlH8KO, COr.llaCHO Bbipa)!{eHHHM, B KOTOpble OHH BXOJlHT, 

Mhi JlO.Il)!{Hhi HMeTh npaBo yMH0)!{8Tb Me)KJlY co6oi1. Ha 

C8MOM Jle.lle Mbl paClllHpH.IlH Kpyr JlOnyCTHMhiX anre6paH'le

CKHX H 8H8.11HTH'leCKHX JleHCTBHH H8Jl HHMH 0 H no9TOMy 

TeOpHH yC.110)!{HH.118Cb. 

KaK 9TO o6hi'lHO aenaercH, Mhi BBe.llH acHMnTOTH'leCKHe 

WHKUHH KaK Knacchi nocneaoBaTe.llhHOCTeH o6bi'lHhiX <i>YHK

UHH - npeacTaBHTeneu aCHMnToTH'leCKOH !l>YHKUHH. B pa-

6oTe /8/ Mbl npHBe.llH KOpOTKO - 6ea JlOK838Te.llbCTB - 5o

nee 06lllHH B8pH8HT aCHMnTOTH'leCKHX lPYHKUHH, KOTOpbiM 

xapaKTepH3yeTCH TeM, 'ITO Kpyr JlOnyCTHMb!X aei1CTBHM 

H8ll HHMH 6bill 3H8'lHTe.llbHO paClllHpeH: HX MHO)!{eCTBO 

OK838.110Ch 38MKHYTb!M He TO.IlbKO no OTHOllleHHlO K YMHO-
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MeHHID1 HO H K HeKOTOpbiM JlPYI'HM llei!:cTBHSIM, He HMOIDlliiiM 

Mecra B MHoMecree o6o6weHHhrx ¢YHKUHfi Co6oneea-Weap

ua. 3JleCb Mbl llpHBelleM CO BCOMH He06XOJlHMb!MH Jl0K83a~ 
TeJ1bCTB8MH onpeaeneHHe H OCHOBHbie CBOHCTBa 8CiiMITTOTH

qecKHX ¢YHKUH:H:. B HacToSiwefi, nepeofi, GaCTii 6yayr ll8Hbi 

o6wag nocTaHOBKa 38ll8'1H H o6mee onpeaeneHHe 9THX 
¢YHKUHH, 

1. ITOH.HTI1E ACI1MITTOTI14ECKOfO 4l1CJ1A 

B Ka'IeCTBe npOCTOH MOlleJIH TeX CTpyKTyp, KOTOpbie 

6ylleM C03Jl8B8Tb 1 II llJISl TOI'01 'IT06bJ H36eMaTh ITOCTOHHHO

I'O o6paiUeHHH K llPYI'HM pa6oTaM /6, 7/ 
1 

H8ITOMHHM KOpOT

KO onpeJleJieHHe 8CHMITTOT1i'l:eCK1iX 'lliCen (nonllHOMH8nhHOI'O 

runa). KaMJloe H3 HHX aaJlaercH KnaccoM CBOHX npeacra

BHTenefi - nocneJloearenbHocrefi a(s) (0 < s.::; s
1
), rJle s 

1
- He

KOTopoe ¢1lKCHpOB8HHOe llOJlOMHTeJibHOe 'lliCJIO. fJOJlpaayMe

BaeM, 'ITO S CTpOMiiTCSl K Hynro H ll09TOMy Mbl CMOTpliM 

Ha ~S) He TOJlhKO KaK Ha ¢YHKUHID 1 a KaK Ha nocneaoea

TeJibHOCTh, 9JleMeHThl KOTOpofi 0603Ha'leHhl 3Ha'leHHHMH 

Henpepb!BHOH nepeMeHHOH S ( 0 < S< S ) , a He HaTypanbHbiMH 
= 1 

•mcnaMH n = 1, 2, 3 .•• , KaK 9TO o6bi'IHo Jlenaercg, Bropoe 

coo6paMeHRe, no6yMaaromee Hac paccMarpHBaTb a{s) KaK 

llOCJie}lOBaTeJibHOCTH 1 - 9TO TO, 'ITO HHTepec npellCTaBnSieT 

TOJlbKO llOBeJleHHe a{s) npu S ... 0. 

0 n p e Jl en e H ll e I. ITocneJlOBaTenhHOCTH a(s) HMeroT 
BHJl 

v* 
a{s) 2 a • s n + a *(s), 

n=v n 

HJIII, 'ITO TO Me CaMoe, 

N 
a(s) = 2 a • s n + a *(s). 

n n 

( I } 

(2) 

3JleCb V H v * ( V ;S v*), CTeneHb H TO'IHOCTb a( S ), - Ue-

Jlbie 'lllCJia, KOTOpbie BJl008BOK MOI'YT npnHHM8Tb ewe 3Ha

'leHHe + oo ( 6onhwe ecex uenbiX 'IHcen}, a N , cneKTp 

a(s) 1 - orpaHH'IeHHOe CHH3Y MHOMeCTBO UeJlbiX 'IHCen 

4 

·"' y 
n( v ~ D ~ );/") • l.JTOObl OXB8THTh cnyqaif, KOI'Jla CyMMa 

OTCyTCTByeT (He Hapywag ¢opMynHpOBKH npaBHJla HaXOM

}leHHSI. V H v* llpH pa3JIH'l:Hb!X onepaiUISIX Hall aCHMITTOTH

qeCKiiMH 'IHCJ18MH) 1 npelliTOJlOMHM, 'ITO v MOMeT llpHHHMaTb 

ewe Heuenoe aHa'IeHHe v* + c , I'Jle c - "Ma.r:toe" nonoMH

TenbHoe 'l:Hcno. ITo3TOMY v ::; v * cneJlyeT 3aMeHHTb Ha 

v ::; v * + c... T aK KaK n ; ( 1) H (2) npHHHMaer TOJibKO 

Ue;b!e 3H8'IeHHSl (Ho He 3Ha'IeHHe D= oo), Mbl MOMeM 

C'IHTaTb 1 'ITO eCJIH v*= oo 1 TO v* + f =v*, T,e, HeT Ha

JlOOHOCTH BBOJlHTh 3Haqeane v = oo+f. KoMITOHeHTbi an -
eewecreeHHhie 'IHCna, a ocTaTO'l:HbiH qneH a *(s)- eewecr

BeHHaSI ¢YHKUHSI s , onpeaeneHHaSI npH ecex s (O < s < s 
1
) 

H yaoenereopBrowaSI eJlHHCTBeHHOMy ycnoe11ro: 

v* 
a*(s):s ... o. 

( floJlpa3yMeeaeM: npu s ... 0 ) • B cnyqae v*= "" 
(3) CJieJlyeT 3aMeHHTh Ha 

a*(s): s n ... 0 

( 3) 

ycnoeue 

(4) 

llpH nro60M UeJIOM n < v*. 3TO 6yJleM HMeTb B BHJlY 1 KOI'Jla 

DyJleM 38llliCbiB8Tb yCJIOBHH Tllll8 (3}. 

OnpeJleneHHe 2. MHoMecreo ecex nocne)loBaTenb

aocre:ii a(s) (I), nonyqaeMhiX npH HeKoTopoM BbJ6ope CTpyK

TypHbiX HHJleKCOB V H V * 1 KOMITOHeHT an H OCTaTO'IHOI'O 

qneHa a *(s) , o6o3Ha'IHM qepea A(s) • KaMJlOMY Bhr5opy v , 
v* 1 an H a*(s) COOTBeTCTByeT TO'IHO OJlHa llOCJ19JlOBa

TeJlhHOCTb a(s) H3 A(s) Ho, crporo roeopg, o6paraoe yT

eepMJleHue He HMeeT MeCTa: (I) MOMHO pa3JIO>J{HTb B TOM 

Me BHJle llpH JliDObiX v'<v H v* '~ v* (v '~ v*' +c). llo-
- - v' 

cTaTo'IHO Bbr6paTb a =0 npu v'::;n<v H a'*(s)= 2 a sn+a*(s). 
n - . *' n v.·+l 

838HMfiYIO 0JlH03H8'1HOCTb MOMeM o5ecne'IHTb 1 eCJIH npeJl-

ITOJlOMHM1 'ITO V li v* M8KCHMaJlbHbi JlJlSl 3aJlaHHOii llOCJie

JlOB8TeJihHOCTH a(s). Ha3oeeM HX co6cTeeHHbiMH 3Haqe-

HHHMH v H v*. 
E cnH v KOHe'IHO, a v*= oo, 

B 6ecKoHe'IHhiii cTeneHHO:ii PM· 
cyMMa e ( 1} npeepamaeTc.s 

HHKBKHe orpaHH'IeHHH Ha 
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x:oalf!lf!HUHeHThr an He CTaBSITCSI - PSill aCHMnrorHtieCKHii:, 

DpH v;; 0 ero cyMMa aanaercSI KaK lPYHKUHSI c aanaHHhiMH 

llpOH3BOllHhiMH npH 8=0. l..fro6bi OXBaTHTb cnyqaii:, KOI'll8 

V < 0, Mhl MO)KeM OTHeCTH 8TO yraep)KlleHHe K neneHHOH 

Ha s v cyMMe, EcnH qepea o k(s) o6oaHatiHM lf!yHKUHIO, 

ynoaneraopSiromyro ycnoaHro oK(s):sK-.0 (eM, (4)), To 

yKaaaHHhiM ycnoaHeM pSill aanaeTCSI c TO'lHOCThro no lPYHK

UHH THna o""(s), 6hrcrpo (T,e, 6hrcrpee nro6oii: crerreHH s) 
cTpeMSI!lleii:cSI K Hynro, HanpHMep, Mbi MO)KeM aanHcaTb 

00 

a(s) = I' a sn[1-exp(-1/ja lrnsa)], 
n=v n n (5) 

0 <a< 1 , r > S 
1

/ 5 , 7/ IIpH HeKOTOpOM Bbi6ope a H r. 

0 n pea en e H He 3, Ka)K.QOe aCHMIITOTHtfeCKoe tiHcno a 

aaaaeTCSI KnaccoM rrocneaoaarenbHocreii: a(s) THrra (I) c 

38.Q8HHbiMH CTpyKTypHbiMH HH.QeKC8MH v , v* H KOMIIOHeH

TaMH an, a T8K)Ke C llpOH3BOnbHbiMH OCT8TO'lHbiMH tfne

H8MH; T,e, a 3a.QaeTCSI CBOHMH CTpyKTypHblMH HH.QeKC8Mll 

ll CBO.HMH KOMIIOHeHTaMH, Docne.QOBaTenbHOCTH a(s), COOT

BeTCTBYIOillHe 38.Q8HHOMy 8CHMIITOTHtfeCKOMy tfHCny a , Ha-

30BeM ero npe.QCT8BHTenSIMH, 

flOCKOnbKY rrpe.QCT8BHTenu a(s) .QaHHOI'O tfHCna a CTpo

SITCSI ITO 3aAaHHhiM 3Ha'leHHSIM v ll v*, Mbl He 6y.QeM CtfHT8Tb 

HX C06CTBeHHhiMH ( T,e, CpeAH IIpe.QCTaBHTeneii: a(s) 'lHCna 

a, KpOMe Tex, .QnSI KOTOpbiX v * - C06CTBeHHOe 11 KOTOpbie 

H830BeM C06CTBeHHbiMH rrpe.QCTaBHTenSIMH, MOI'yT 6b!Tb 

ll TaKHe, OCT8TO'lHhie qneHbl KOTOpb!X C8Mll IIpe.QCTaBHMbi 

B BH.Qe (I)), IIO.QCTaBnSISI TaM v* BMeCTO v H HeKOTOpoe tfHC

no 6onbme v* BMeCTO v*, I1x H830BeM Heco6CTBeHHbiMH 

npe.QCTaBHTenSIMH a, I1 X BKnroqeHHe B MHO)KeCTBO IIpe.QCTa

BHTeneii: He06XO.QHM01 TaK KBK HHaqe OHO OKa3anOCb 6br 

HennoTHhiM 1 'ITO npHBe.QeT K ycnO)KHeHHSIM npu onpeaeneHHH 
Aeii:CTBHH, 

Teo p eM a I, Ka)K.QOe aCHMIITOTH'leCKoe ;pcno a c v;;; 0 
aanaeTCSI OAHOH CTpyeii C BepiiiHHOH B 8=0 / 7 

1 
T,e, MHO

)KeCTBOM BCeX lPYHKUHH a(s), KOTOphre OKano TO'lKH S = 0 
paaaHaaeMhr a PM Teiinopa ao rropSI.QKa v*. DpR aToM rrpea

rronaraeM, 'ITO K08lPlPHUHeHTbi lPHKCHpOB8Hbi
1 

a OCTaTO'!Hh!H 

6 

qneH - npOH3BOneH, LfT06bi BKniOtfHTb H tfHCna C v < 0 1 

llOCTaTO'lHO paCCMaTpHBaTb o6o6meHHbie CTpyH, KOI'll8 a(s) 
MOI'YT HMeTh nonrocayro oco6eHHOCTb ABHHOI'O llOpMKa 

npH S= 0 ' a PM Teii:nopa 3aMeHHTb Ha PSIA nopaHa HnH, 

'!TO ace paaHo, paccMaTpHaaTb a(s) KaK tfaCTHOe aayx 

o6br'lHbiX CTpyii: a(s)=a'(s):a"(s) npH v*-v= v*'-v'=v*'~v'~ 

0 II peA en e H He 4, LfHcna a C rrpeACTaBHTenSIMH 
+ v a(S)=a (S)= 0 (s), T,e, 'lHCna, anSI KOTOpbiX V=V*+£ , Ha-

30BeM aCHMllTOTH'leCKHMH HynSIMH o v, DpH v=oo nonyqaeM 

a6coniOTHbiH aynh C rrpeacTaBHTenSIMH 0 ""(s). 

Teo p eM a 2, Knaccbr rrpencraaHTeneii: paanH'!HhiX aCHMn-

TOTHtfeCKHX 'lHCen Hnll B38HMHO qy)Klfe,HnH KnaCC OAHOI'O 

H3 aux, a , rroKphrBaeT rronHOCThiO Knacc apyroro, a' , 

B aToM cnyqae nuiiieM a>- a' HnH a' -<a. H eo6xo.QHMO 

H .QOCTaTO'lHO .QnSI 8TOI'0 1 'lT06hi v*< v *' H an= a~ llpH 

n< v*, Ka)KAOMY tiHcny a' cooTaeTcTayroT '!Hcna a~a', 
= , 

TaKHe, 'ITO a,)- a 1 H Ka)KnOMY 'lHCny a, 3a HCKniO'leHHeM 

a6conroTHOI'O HynSI, COOTBeTCTBYIOT 'lHCna a', TaKHe, 'iTO 

a-<a'. CooTHOIIIeHHe ,~, SIBnSieTCSI qaCTH'lHhiM yrropSillO'le

HHeM B MHO)KeCTBe aCHMIITOTH'leCKHX 'lHCen /7/, 

KaK o6bi'lHO, Mbr asonHM anre6paH'leCKHe neii:CTBHSI, a 

TaK)Ke H 6onee o6mHe lPYHKUHH Han aCHMllTOTH'leCKHMH 'lHC

naMH C llOMOillbiO TeX )Ke lPYHKUHH Han npencTaBHTenSIMH 

apryMeHTOB, E cnR rrpR HeKoTopoM Bbr6ope rrpencTaBHTeneii 

apryMeHTOB AnSI HeKOTOpOI'O 3Ha'!eHHSI S lPYHKUHSI OKa3bi

BaeTCSI aeonpeaeneaaoii ( aarrpHMep, npH neneHHH, ecnH 
npencTaBHTenb aaaMeHaTenSI nnSI HeKoToporo s pasea ay

nro), TO Mbl 8KCTpanOnHpyeM ee llpOH3BOnhHO, 

0 IT pen en e H He 5, cl>yHKUHSI aCRMITTOTH'leCKHX 'lHCen 

orrpeaeneaa, ecnH a TOM cnyqae, Korna npencraBHTenH 

apryMeHTOB npo6eraiOT COOTBeTCTByiOillHe HM KnaCChi, no

ny';feHHhle nocnenoaaTenhHOCTH ITOKpbiBaiOT TO'lHO Knacc 
npeacraBHTeneii oaaoro '!Hcna a - OHO H aanaer peaynh

TaT. DpHMeM, 'ITO aTH rrocnenosaTenhHOCTH MoryT noKpbr

aaTh TOnhKO 'laCTH'lHO Knacc rrpencTaaHTeneii '!Hcna a , 

EcnH HMeeTCSI MHOI'O 'lHCen C TaKHM CBOHCTBOM 1 peaynh

TST aaaaeTCSI TeM H3 HHX, TO'lHOCTb KOTOpOI'O MaKCHManb-
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HB, T,e, TBM, y KOTOpOrO MHO~BCTBO rrpeaCT8BHTeneli 

MliHliManbHO. Ecnll: rroKpbiTlie rronao, pe3ynhTaT aaaoaeM 

rrepcpeKTHbiM, 

Mbi rrpearrono~Rnli, 'ITO MHO~ecTao N a (2) orpaHH'!eHo 

CHii3y, ITOTOMY 'ITO liHa'!e aeliCTBliH YMHO~eHliH li aeneHliH 

He aceraa 6hlnli 6hl orrpeaeneHhl. llelicTalie aeneHli~ ecTecT

aeHHO, orrpeaeneHo aceraa 3a IiCKniD'IeHlieM cny'!aH, Koraa 
u v c 3H8MeHaTenb - HeKOTOpbUI Hynh, 0 . no~eHHe li Bbi'IliT8-

Hlie orrpeaeneHhi aceraa. 3Tli o6rull:e orrpeaeneHliH ocTaiDTCH 

If B cny'!ae, KOraa TO'IHOCTli apryMeHTOB 6eCKOHe'!Hb!, 

Toraa apryMeHTbi li pe3ynhTlipyrorull:e rrocneaoaaTenhHOCTli -

aCliMITTOTli'!ecKne pSIAhi. EaliHCTBeHHoe ycno~HeHlie a TOM, 

'ITO ocTaTO'!Hhle '!neHhl He aceraa rrony'!aiDTCSI rro'!neHHhlM 

cno~eHHeM. Harrpll:Mep, ecnll: 

If 

00 

a(s) = ."£ 
n=v 

00 

a s n + a*(s) (v* = oo), n 

a '(s)= ."£ a's n + a*'(s) (I/*'= oo) 
n=l/ n 

00 

a"(s)=a(s)±a'(s) = ."£ a" sn + a*"(s). 
n=v n 

To a'~= an ±a'n(v*"=oo), HO aoo6rue a*"(s)~a*(s)±a*'(s)JlnSI 
HaC 9TO He liMeeT 3H8'!eHHH, T8K KBK, TeM He MeHee, ecnH 

a* H a*'(s) ITOKpb!BaiDT MHO~eCTBO BCeX 6biCTpo CTpeMSilUHX

CSI K HyniD cpyHKUHll 0
00 

(s) , TO TO ~e C8MOe 6yaeT HMeTb 

MeCTO H anSI a*"(s). 3TO OTHOCHTCH H K OCTanb-
HhlM anre6pali'!eCKHM aeliCTBliHM, KOraa apryMeHThl -

8CifMITTOTH'IeCKHe 'Ill:Cna 6eCKOHe'!HOll TO'IHOCTH, 

Ecn11 Mhl XOTHM paccMaTpHBaTh aCHMITTOTH'!eCKHe '!liCna 

KBK 0606llleHHe 06bi'!Hb!X 'Ill:Cen a , TO CaMbie eCTeCTBeHHbie 
c 

H30MopcpHbiB BKniD'!eHHSI rrony'!aiDTCSI, eCnH Mbl rrpeacTaBHM 
HX KaK 

ac(s) = ac + o oo (s) HnH ac(s) = ac + o 0 (s)), (6) 

T,e, KBK 'IHCna C oaH08neMeHTHbiM CITeKTpOM N =(0), KOM-

ITOHeHTOll a = a H TO'IHOCTbiD v* = oo (coOTBeTCTBeHHO 
0 c 

8 

v* = 0 ) • AcliMITTOTli'!ecKrre '!licna c v= 0 H830BeM KOHe'!

HbiMli, C l/ > 0 - liHcpliHliTe3ll:ManhHb!Mli, a C V < 0 - 6ec

KOHe'IHhlMli (rronHHOMlianbHOro TliiTa). 

Depexoa K KOMITneKCHbiM 8CliMITTOTli'IeCKliM 'IliCnaM Tpli

BHaneH: an H a*(s) CT8HOBSITCH KOMITneKCHblMli,DO-ITpe~HeMy 
n ocTaeTCH aeruecTaeHHbiM, 

llnH HalllliX Ueneli 6yaeT rrone3HO rrpOii3BeCTli OaHO He

CnO~HOe o6o6rueHHe p83BHTOH 3aeCb TeOpHli. 

0 rr pea en e H lie 6. EyaeM C'!lfTaTh aCifMITTOTif'!ecKifMli 

TaK~e '!lfCna, rrpeacTaBll:Tenll: KOTOpbiX rrony'!aiDTCSI H3 rrpea

CTaarrTeneli paCCMOTpeHHhlX 'Ilicen cpopManbHOll 3aMeHOll S 

Ha s l/N , rae N = 2,3,4 .... 3To 3H8'IIfT, 'ITO uenhie '!Rcna 
1' , 1/* If n a (1) If (3) 3aMeHSIIDTCSI Ha '!lfCna Tlirra N'/N 
( N' - uenoe Rnli +"" , N = 1,2,3 ... ) • Bee BbiBOahi ocTa-

IDTCSI B Clfne 3a liCKniD'!eHlieM Toro, 'ITO llpli 1' > 0 KQ-

8cpcpHUHeHTbi an a (I) MO~Ho paccMaTpHBaTh KaK aeneHHhie 

HB n! ITpOH3BOaHbie a(s) llpli S=0 (yTaep~aeHHe, KOTOpbrM 

Mbi Hrrrae He rronb30BanHCh). 

T e 0 p eM 8 3, 3aMKHYTOCTb ITO OTHOllleHHID K 8neMeHTap

HhlM anre6pBif'!eCKiiM aeACTBliSIM COXpaHHeTC~ 

Ha caMoM aene, ecnH anSI apryMeHTOB paccMaTpHaaeMo

ro aelicTBifSI '!licna N' H N" oarrHaKOBbi, rrpaaHnhHOCTh yT

aep~aeHHSI o'!eBifaHa, a ecnlf pa3nH'!Hhl, To cnyqali cpaay 

CBOalfTCSI K paccMoTpeHHOMY, c aaMeHoA N' H N" Ha N -
HarrMeHhlllee o6ruee KpaTHoe 'IIfCen N' H N ",3To o6o6rueHHOe 

MHO~eCTBO aCHMITTOTH'!eCKHX 'IIfCeti BCe ~e He HBnSieTCH 

H30MopcpHbiM paHee BBeaeHHOMy 1 ITOTOMY 'ITO He CyiUeCTByeT 

'!HCna N , Ko~opoe SIBnHnocb 6bi o6ruHM KpaTHbiM cpaay anSI 
acex 'life en N

1
;=1,2,:3 .... Paali rrpocTOTbi B aanhHeAllleM 6yaeM 

pa60T8Tb C UenbiMH CTeiTeHSIMli, H TOnhKO KOraa ITOSIBHTCSI 

Heo6xoaliMOCTh, HaiTpHMep B cny'!ae lf3Bne'!eHHSI KOpHSI, 

6yaeM rrepexoaHTh K apo6HbiM, 

9 



2. OEI.UA.H TIOCT AHOBKA 3AllNH1 

He 6yneM paccMaTpHaaTh caMoe o6wee noHgTHe acHMn

TOTH'IeCKofi tPYHKUHH Y= f(x) a cnyqae, Korna KaK X 1 TaK 
H y - aCHMllTOTH'IeCKHe nepeMeHHbl8 1 T.e. Koraa CTpyKTyp
Hhie HHneKCbl H KOMnoHeHTbl y gangJOTCg t}JyHKUHgMH 

CTpyKTypHbiX HHneKCOa H KOMllOHeHT X • OrpaHH'IHMCg HeKO
TOpbiM HX nonMH0)!{8CTaOM, 

flycTh apryMeHT x - o6hi'IHag aewecraeHHag nepeMeHHag, 

npo6era10wag ace 3Ha'IeHHg oT -oo no +"" Ka)KAYIO tPYHK
UHlO f( x) 6yneM aanaaaTh KnaccoM caoHx npencTaaHTenefi. 
3To tPYHKUHOHanhHbie nocnenoaaTenbHOCTH HnH tPYHKUHH 

nayx nepeMeHHhiX onpeneneHHoro rHna f( s , x). 3Ha'IeHHg 

cTpeMgwerocg K Hyn10 napaMeTpa s (0 < s ;:s s ~· KaK H npH 
acuMnTOTH'IeCKHX 'IHcnax, yKa3bJaaJOT :aneMeHTbi Ka)Knofi 

nocnenoaarenbHOCTH. CaMH t}lyHKUHH f(s, x) - aewecTaeH-
Hhi, HO MOrnH 6bJ 6b!Tb H KOMnneKCHbiMH! Torna Mbl 6bi 
HMenH KOMnneKCHhle aCHMnTOTH'IeCKHe t}JyHKUHH OnHofi ae

WeCraeHHOfi nepeMeHHofi x (napaMeTp s acerna aewecrae

HeH). 8hi6op MHO)KeCTaa F(s,x) t}lyHKUHH f(s, x) R ero paa-

6ReHue Ha Heo6gaaTenhHO a3aHMHO 'IY)!{He KnaCCbi 1 KOTOpb!e 
aana10T MHO)KeCTao F(x) aCHMnTOTH'IeCKHX t}lyHKUHfi f(x), 
3aaHCHT OT Uenefi, KOTOpbie Mbl ce6e CTaaHM 1 OT MHO)KeCT

aa t}JyHKUHH 1 06bi'IHbiX R 0606WeHHbiX1 KOTOpbie Mbl XOTHM 
aKnlO'IRTb, H OT Kpyra nefiCTaRfi, anre6paH'IeCKHX H aHanH
TH'IeCKHX, KOTOpbie Mbl XOTHM COaepwaTb Han HRMH, lleficr
aRg, KaK 06bi'IHO, 6yneM CaOnHTb K TeM )Ke nefiCTBHgM Han 

npencraaRTenHMH apryMeHToa, npH'leM Knacc npencTaaRTe
nefi t}lyHKUHH, aana10wefi peaynhTaT, non)KeH coananaTh c 

MHO)KeCTaOM nocnenoaaTenbHOCTefi, nony'IeHHhiX nyTeM 

llpHMeHeHHg paCCMaTpHaaeMoro nefiCTaRg Han pa3nH'IHbiMR 
npencTaaRTengMH apryMeHToa. B 6onee o6weM cnyqae 

Mbl MO)KeM noTpe6oaaTb 1 'IT06bi MHO)KeCTaO nony'IeHHbiX 

tPYHKUROHanbHhlX llOCnenoaaTenhHOCTefi 6hlnO nOAMHO)KeCT

aoM Knacca npencTaBHTenefi tPYHKUHH, aana10wefi peaynh
TaT, Ho npH :aToM noTpe6yeM ewe, 'IT06bi caM Knacc npen
cTaauTenefi peaynhTaTa 6bm MHHRManbHhiM KnaccoM c 9THM 
caofiCTaOM, T,e, 'IT06bi OH 6hin nonMHO)KeCTaOM Knaccoa 
npencTaaRTenefi acex npyrHX tPYHKURfi C 3THM caoficTaOM, 
EcnH npR HeKoTopoM ahi6ope npencTaBRTenefi apryMeHToa 

10 

r 

nng HeKOTOpbiX 3Ha'IeHHH S H X nefiCTaHe He HMeeT CMbiC

na, TO Mbl MO)KeM 9KCTpanonHpOaaTb peaynbTaT npOR3BOnb
HO (a paMK8X 06WRX orpaHH'IeHHfi nng t}lyHKUHR f(s, x)). 

Mbl npennO)KHM aapHaHT, KOTOpbiH RMeeT cnenylOWHe, 

Ha Haw aarnga, ueHHbie Ka'IeCTaa: 
a) F(x) aKnJO'IaeT o6hi'IHbie 6ecKoHe"'HO nHt}lt}lepeHUH

pyeMhie tPYHKUHH 1 a TaK)Ke nl06bie nHHefiHbie KOM6HHaURH 

tPYHKURfi llupaKa H RX llpOH3aOnHhiX, 3TO 03Ha'!aeT, 'ITO 
ecnH f(x) - npOR3aonbHag nocTaTO'IHO MHOrO pa3 nHt}J
t}JepeHUUpyeMag tPYHKUHg /s/ , TO cpeAH F(x) HMeJOTcg 

t}lyHKURR f(x), nng KOTOpbiX f(x) - n106ofi npencTaauTenh 

+oo 

J f(s,x)f(x)dx 
- (k) 

c(s)f (x
0
)+o 0 (s), (7) 

-<X) 

rne f(s,x) , c(s) H o0 (s) - npencTaaHTenH KOHe'IHOro 

aCHMnTOTH"'eCKOrO 'IHCna C H aCHMllTOTH'IeCKHH Hynb 
cTeneHH o , a (<k)(xJ- k -ag npoHsaonHag f(x) npH 

X= x . KoHe'IHO, cpeAH F(x) non)KHbi HaXOAHThCg H npo-
o 

H3aOnbHbie nHHefiHbie KOM6HH8UHH tPYHKUHfi CO CaoficTaOM 
(7) npu paanH'IHhiX k H x 0 • 11MeeTcg aoaMO)KHOCTh pac
CMOTpeTh H ApyrHe o6o6WeHHhie t}JyHKUHH 1 HanpHMep pa3-
pbiaHbie f (x)= l(x-%)(k) npH x > 0 H 0 npH x <0 I . 

b) Kpyr nonycrHMbiX neficraufi, no OTHoweHHlO K KOTo
pbiM MHO)KeCTao t}lyHKUHfi F(x) aaMKHyTo, wupoK: oxaaTbi
aaeT cnO)KeHHe H ahi'IHTaHHe, yMH0)!{8HHe H neneHHe t}JyHK

UHH Ha HeHyneabie aCHMllTOTH"'eCKHe 'IHCna, AHt}Jt}JepeHUHpo

aaHHe H HHTerpRpoaaHHe, YMHO)KeHHe tPYHKUHH Me)KAY co6ofi, 

a TaK)Ke H neneHHe, ecnH 3HaMeHaTenh a onpeneneHHOM 
CMbiCne Hurne He eynh, H3ane'IeHHe He'IeTHbiX KopHefi, a 

npH KOMnneKCHbiX t}JyHKUHgx - H nl06biX 'IeTHbiX KOpHefi. 
BoaMO)KHa T8K)Ke aaMeHa HeaaaucuMofi nepeMeHHofi x Ha 

npyry10: y = y(k) , onpeneneHHYlO npH acex x , aoapacTalO
WYlO no a6conJOTHOMY 3Ha'IeHHlO no KpafiHefi Mepe nRHefiHo 
llpH X -+ ± oo H 6eCKOHe'IHO AHcp¢epeHUHpyeMylO, nHWb 6hi 

ace llpOK3aOAHbie He aHHynKpOaanKCh a HeKOTOpOfi TO'!Ke, 
flpH HeKOTOpbiX He O'IeHb )KeCTKHX orpaHH"'eHHgX H8 poeT 
f(s, X) llpH · X -+ ;I: oo 1 He 38TparHaalOWHX a03MO)KH0CTb 3a-
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AaBaTb 0 -<lJyHKUJU! H HX IIpOH3BOAHbie, Mbl MomeM BbiAe

nH:Tb HeKOTOpoe IIOAMHOmeCTBO tPYHKUHA f(S,X) H TBM ca-

Mb!M tPYHKUHH f(X), TaKHe, 'IT06bi OHH HMenH CKanHpHOe 

IIpOH3BeAeHHe, T,e. 'IT06b! AnH ni06biXf(S,X) H g(s,x) H3 MHO

meCTBa npeacTaBHTeneA f(x) a g(x) HHTerpanbi 

+oo 

I(s) = f f(s, x)fg(s, x)dx ( 8) 
--oo 

GanasanH MHomecTBo rrpencTaBHTeneA HeKoToporo aCHMITTo

TW-IeCKoro 'IHCna, B TOM )Ke CMbiCne AnH HHX OIIpeaeneHbl 

TaK)Ke BenH:'IHHbl 

b b 
I (s) = f f(s, x) g(s,x) dx, 
a a (9) 

rae a , b - 3aAaHHbie 06bi'IHhie HnH na)Ke KOHB'IHbie aCHMIT

TOTH'IeCKHe 'IHCna, ACHMITTOTH'IBCKHe tPYHKUHH 3TOro ITOA

MHO)KeCTBa HMe!OT 4Jypbe-o6pa3bi, O.QHaKO OHH IlpH Haane1KaT 

He TOMY )KB CaMOMY, a HeKOTOpOII.IY ApyroMy, TClK11\B BIT On He 

OIIpeaeneHHOMy MHO)KBCTBy aCHMITTOTH'IBCKHX tpyl!Klli!H -

aCHMIITOTH'IBCKHM tPYHKUHHM BTOporo pona. 

c) Muo*eCTBO rrpencTaBuTeneA scex aCHI\111TOTH'IecKHX 

tPYHKUHA 'laCTH'IHO rrepeKpbmaeTCH aHanorH'Illbll\1 MHO)KBCTBOM 

anH <PYHKUHH Co6onesa-Wsapua /2.6/. Ecnu cpeau <PYHKUuo

nanbHhiX nocneaosaTenbHOCTetl, rrpencraMHIOIUux onHy ¢YHK

UHIO Co6onesa-Wsapua ¢(x), H rrocnenosaTenbiJOCTeii:, npeu

CTaBnHIOIUHX OAHY aCHMITTOTH'IBCKYIO tPYHKUHIO f(x), HMBIOTCH 

06IUHe sneMeHTbl, TO f(X) Ha30BBII.I aCHMnTOTI!'IBCKI!M aHa

noroM <PYHKUHH Co6onesa-Wsapua <f>(x) H Hao6opoT, (B aToM 

CMhiCne Mbl rOBOpHnu, 'ITO B nyHKTe a) aCHMIITOTH'IBCKHe 

tPYHKUHH BKnJO'IaJOT tPYHKUHH ilupaKa H HX npOH3BOHHhle), 

C ApyroA CTOpOHbl 1 B F(s,x) HMBIOTCH nocnenosarenbHOCTH 

f(s, X), KOTOpb!B He HBnHIOTCH npe.QCTaBHTenHMH HH OAHOH 

tPYHKUHH Co6onesa-Wsapua. B o6IUeM, MHO)KBCTBa nocne

AOBaTenbHOCTetl, 3anaiOIUH:e ¢YHKUHH Co6onesa-Wsapua u 

aCHMnTOTH'IBCKHe tPYHKUHH, KaK Mbl YBHAHM, 'laCTH'IHO nepe

Kpb!Ba!OTCH, 0Ka3biBaeTC.H1 'ITO OAHOH cflyHKUHH ilHpaKa HnH 

HeKOTOpoA ee npOH:3BOAHOA COOTBeTCTByeT MHOrO aCHMnTo

TH:'IeCKHX tPYHKUHH (co CBOHCTBOM (8)), H B TaKOM CMbiCne 

pa36HeHue F(s,x) Ha KnaCCbi oKa3biBaeTc.H 6onee neTanb

HhrM, 3ro MO)KHO OUBHHTb KaK HBAOCTaTOK aCHMnTOTH'IeCKHX 

j 

1 

' J 

tPYHKUHA no cpaBHeHHJO c ¢YHKUHHMH Co6onesa-LUsapua, HO 

HaM Ka)KBTC.H1 'ITO OTCyTCTBHe TaKoro AeTanbHOro pa36He

HHH .HBnHeTc.H rot\ npH'IHHotl, no KOTopoA ¢YHKUHH Co6onesa

LU Bapua Henb3H yMHO)KaTb H no KOTopoti Bbrpa*BHHH Tuna 

o(x2
) He HMe!OT CMbiCna H T.A. Bee )Ke KnaCCbl npencTaBI!

Tenet\ Ka)K[lOH aCuMnTOTH'IeCKOH tPYHKUHU .QOBOnbHO o6wupllb! 

U eCTeCTBBHHO BbiAeneHbi 1 H fl03TOMY Mbl C'IHTaeM, 'ITO 

3TH HOBble tPYHKUHH MoryT 6b!Tb rrone3Hbl, 

d) ACHMnTOTfi'IBCKHe tPYHKUUH UMBJOT cne.QyJOlllee UBIIHOe 

CBOliCTBO. 0HH BBBABHbl KaK tPYHKUHH OAHOt'J 06bJ'!HOJi (He

aCUMnTOTU'IBCKOti) nepeMBHHOli, HO OHH Bf!OnHe OIIpeaenel!bi 

H AnH BCBX KOHB'IIIh!X (c l' = 0) U HHtPHHHTB3HManbHbiX 

( C l' > 0 ) 3Ha'IBIIUH 

v' 
X L 

n=u 
X S 

11 

n 
I X *(s) ( 1/ > 0) 0 

CooTBeTCTByJOuure 3.Ha'leHHH f(x) 

( 10) 

OKa3LIBaiOTC51 T011\8 

aCHII.IllTOTH'IBCKUI\111 •mcnaMH, Eonee rcro, STHX 3Ha'IeHnii 

H L\[I)KB HBKOTOpOll AOBOnbHO orpaHH'IBH.IOii UX 'WCTH L\0-

CTaTO'IIIO, 'IT06b! OIIpeaenHTb cflyHKUHJO f(X) : UCX0£151 113 

HHX MO)Kf!O OAH031IB'IHO BOCC TaHOBHTb Knacc npeJlCTBBHTe
net\ f(x). 

3, Onf'EilEflEH~IE KflACCA nPEUCT AB~ITEflE~1 
ACYIMnTOTV!4ECKHX <PYHKUH 11 

3aaaHHM KOHKpeTHO MHO)KBCTBO F(5,X) npeHCTuBHTeneil 

f(s, X), KOTOpbie ABIOT MHO)KBCTBO F(x) aCHMnTOTH'IBCKHX 

tPY HKUH A f( X) o 

0 n peA en e H He 7, ¢yHKUHH f(S,X) 3aAaJOTC.H B BHAe 

L Mf 
f(s,x)=f (s,X)+ l l f

0 
(S,t

0 
), 

0 e = 1 m [ffi [ffi 
( 11 ) 

t - ( -m fm- x-xe)·s ( 12) 



PasnHqarowHeeg MeMay eo6ofi ¢HKeHpoaaHHhle sHaqeHHH x£ 
nepeMeHHofi x HasoaeM oeo6biMH ToqKaMH f(s, x), a TaKMe 
H f(x). Mx MHOMeerao KOHeqHo: £ = 1,2, •.• ,L<oo. Harypanb
Hbre qHena ill, eOOTBeTeTBYIDWHe KaMaofi oeooofi TOqKe X£, 
H830BeM BHyTpeHHHMH ereneHHMH. npH KBMgOM £ OHH npo-
6eraroT H8KOTOpoe KOHeqHoe MHOMeeTBO 3HaqeHHfi M£ 
eneKTp BHyTpeHHHX ereneHefi. ¢yHKUHID f 0(S,X) H830BeM pe
rynHpHOfi qaeTbiD, HnH perynHpHOfi KOMnOHeHTOfi, a f£m (s,t)
eHHrynHpHbiMH qaeTHMH, HnH eHHryngpHbiMH KOMnOHeHTaMH 
cpyHKUHH f(s, X). 

T aK, saaaHHe Knaeea 
neHHID KnaeeOB ¢YHKUHfi, 
paTh f o (s,t) H f (s,x). 

LID 0 

¢yHKUHfi f(s, X) eaoaHTeH K onpeae
epeaH KOTOpb!X Mbl MOMeM Bb!OH-
0HH saaaroreg eneayroWHM 

OnpeaeneHHeM 8 
A. Bee ¢YHKUHH f o H f HMeroT ereneHHhre pasnoMe-Lm o 

HHH ITO S , T,e. OHH IIpeaeraBHMhl B BHae 

v* 
Em 

fe (s,t)= I f fmn 
m n =vern 

n 
(t) •S + flm (s, t), 

f (s ,x) 
0 

v* 
0 

I 
n=v 

0 

f (x)s n + f* (s, x) . 
on o 

(13) 

( 14) 

3aeCb v0 , V , ve* H v* - SaaaHHbie uenbre qHena HnH + oo -
LID 0 ID 0 

eTeneHH H TOqHoeTH ff H f . npH 8TOM v 11 < V ~ + f H 
* ID 0 LID= LID 

v 0 ;S v ·o. + f , a 

v* 
"* ( ) Em O l£m s,t :s -> , 

v* 
0 

f*(s,x):s ->0 
0 

(15) 

(eM, SaMeqaHHe K ( 4)). MHOMHTenH f 0 (t) H f (x) 
LIDO OU 

Ha30BeM K08¢¢HUHeHTHbiMH ¢YHKUHHMH, a f~ (s,t) H f* (s,x)-
liD 0 

OCTaToqHblMH qneHaMH f o (s,t) H f (s,x), HnH, qro Bee pas-
liD 0 

HO, f{s, X) .Toraa ( 11) MOMHO sanHC8Tb B BHae 

,1~ 

I 
t 

v* 
Em 

v* 
0 

f{s, x)= I 
n=v 

n n 
f£ (t£ )·s +fl (s,t£ )+ I f (x)·s +f*(s,x), 

mn m m m n=vo on o 
Em 

to =(X-X) -m 
liD £ s . ( 17) 

B 6onee o6meM enyqae cyMMHpoaaHHe no n saeeb, KaK 
H B (13) H (14), MOMHO npOH3BeeTH no HeKOTOpb!M eneKT
paM! n<;.No , eooraeTeTBeHHO n ~ N (eM. (2)). Toraa 

LID* N 0 

BMeero l cneayer sarrHCaTb I .. 
n=v n 

EenH vern HnH 

V 0 - KOHeqHhi, a vtm H eOOTBeTCTBeHHO V *0 - 6eeKO
HeqHhi, cyMMhi no n npespawaroTeH B 6ecKoaeqHhre pHahr. 
Mbr 6yaeM eqHTaTb HX aeHMnTOTHqecKHMH - He 6yaeM npea
nonaraTb HHKaKOfi exoaHMOCTH, T.e. He 6yaeM HaKnaahiBaTb 
orpaHHqeHHfi Ha poeT K08¢¢HuHeHTOB f 0 H f . TeM He 

Lmn on 
MeHee CornaCHO (5) Mbl MOMeM eonoeTaBHTb HM eyMMhi, 
IIpHqeM pasnoMeHHH (13) H (14) OeTaroTeH /5/. 

B. KaMaofi ¢YHKUHH f(s,x) eoorserersyer qHeno s 
0 

> 0, 
< S , TaKoe, qTo npH KBMJ:IOM ¢HKCHpOB8HHOM S<S H . 
- 1 0 (1).. 

ripH: t;60 ¢YHKUHH f£m(s,t) HMeiDT npOH3BOJ:IHbie no t-femtS,t), 
a npH t = o - neBhre H npaahre npoH3BOJ:IHhre r ?) ( s , +0) 

H fii)(s,-0). 0603HaqHM fi(s,t)=l_f(i\st)H nycTb m 
m i! , 

i i i 
M Em (s) = f em ( s, + 0) - f em (s, - 0) ( 18) 

pasaeneHHhre Ha i! paspbiBhi npoHsaoaHhrX no t eHHry

nHpHhiX qaeTefi. 0603HaqHM qepes vim H ve~* HX ererreHH 
H TOqHOeTH, TaK qro 

i* 
vErn 

M i (s) = I . 
m n=vem 

Mi ·8° +~fi*(s) 
Emn em !m ~Me 1 • ( 19) 

QqeBH):IH01 

i i * > v * v i <vi * + f • (20) v > v ' v 
Em = em em = Em ' Em= em 
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Bee 8TH BenH'-!HH~>I HMeiOT CMbJCJI H rrpH m = 0. Torna OHH 

OTHOCBTC.H K f 0 (S ,X~ rrpH'-!E\M pa3pb!Bbl /'..ff j ITO.HBJI.HIOTC.H llpH 

tp0 :-cX-Xp=0, T.e. rrpH X=Xp.TaK, (18) J (19) HMeiOT 
MeCTO llpH 

l (0 ,M p), ecJIH f 
0
(s ,x)" 0 , 

mi;Mn = 
l ,o 

Me' eCJIH fo(s,x) == 0. 

CreneHH l'ii H TO'-IHOCTH v j* o'-!eBHilHO, onpeneneHbi 
m fm ' 

He npn Bee P= 1,2, ... L II m~ M Po a TOJibKO npa rex, llJI.H 
KOTOpL!X f ~ 1i f 1 HMe!OT pa3pb!Bblo 

/ill 0 

c. DyCTb 

v* 
Pm 

ff* (s,t)= L f 0 , (t)sn +f;i' (s,t) lvn -l::;n~%*1,(21) 
mn • rmn rm rm - - rm n = n+ 1 

]! * 
0 

f' (s,x)= l f ,(x)sn + f*(s,x) lv -1<n<v* 1-(22) 
on n '= n + 1 on o o = = o 

ocraTo'IHLie cyl\lMbT p.HilOB (13) 1:1 (14). (Dpn n=uJ* H n=J'* 
m o nony'-!aeM ocraTO'IHbie '-IJieHbT ~ (s, t) H f* (s, x)) • Dpen-

. [~ 0 
fiOJ10fKHM 1 '-ITO ff~n(S,t) llpH JI!ObOM 8~(0, s

1
],KOrt:ta t-+ ±QO 

CTJlGM.HTC.H K HyJI~ 6wcrpo - 6wcrpee JII06oft OTpHUaTeJib-

HOA crerreHI:! It 1- H '-ITO cymecrByiOT nonofK.HTeJibHbie Sn , 
rmn,o 

TBKHe, '-ITO llpH 0< S< So OHH llOfiYCKa!OT MafK.opaUHH THfla rmn,o 

If~* cs.t)l <S_;n (s) r} (t) 
rmn - rmn rmn 

Dpu sToM 

16 

fim; (s):sn = 0, 
s -+o fmn 

I vn -1:swsv~ I . rm - - rm (23) 

(24) 

A 

a cpyHKUHH f J (t) rmn orp8HH'-18Hbl H rrpH t-+ ± oo 6b!CTpO 
cTpeM.HTC.H K HYJIIO. Dono6Hy!O MafK.OpaUHIO llOflyCKa!OT TaKfK.e 

f* (s x): OCTaTO'-!Hbie cyMMbl on ' 
A 

lfi *(s,x)l < 0 (s)f i (x), (25) 
on on on 

rae 

A 

o (s): s n -> 0 . 
on 

(26) 

A i 
¢>yHKUHH f on (x) orpaHH'-!eHbl B KafK.JlOM KOHe'-!HOM HHTep-

BaJie ( Ha HX pOCT llpH X-+ ± oo He HaKJiaJlb!BaeM HHKaKHX or
paHH'leHHH). 

i 
D. Pa3pb!Bbl t:..f em(s) (m ~M eo) B3aHMHO KOMfi8HCHpyiOT-

C.H, TaK '-ITO cpyHKUHSI f(s, X) B UeJIOM Herrpepb!BHa CO BCeMH 

ee llpOH3BOJlHbiMH flO X llpH BCeX X ( H llpH S < S 
0 

) 1 BKJII0-

'1851 H X=Xe- i 

Pa3pb!Bbi i\f fm (s) Heo6XOJlHMbi 1 '-IT06bi COBMeCTHTb HH

TerpHpyeMOCTb cpyHKUHH fpm(s,t) C ee 6biCTpb!M CTpeMJie

HHeM K Hy JIIO rrpH t-+ :1;_ 00 • 0TMeTHM ewe, '-ITO BeJIH'-IHHbl 

S fmn , a TaKfK.e H 0 fmn (s) He MoryT 38BHCeTb OT i H 
OT t • 0HH MoryT 3aBHCeTb OT n ( rrpH n -> oo So MOryT 

A l..ffiQ. 0 
crpeMHTbCSI K Hymo, a Ofmn(s) Moryr BoapacTaTb}. To, 'ITO 

rrpH 3aJl8HHbiX f, m, 2oi H t, KOrJla S-> 0, l£\fp*(i)(t)l 

6yayr HMeTb nopSIJlOK 'On (s), cnenyer H3 (13) H ~~4). 
CMbiCJI (23) H (25) B TOM, 'ITO MafK.opauHSI paBHOMepHa -

rrep~MeHHbie pa3JleJISIIOTCSI: ~fmn (s) He 3aBHCSIT OT i H t 1 

a f fmn (t) - or s • DpHMepoM cpyHKUHOHaJibHbiX nocneao
BaTeJibHOCTeii, HMe!OlUHX MafK.OpaUHIO yKa3aHHOrO THfl8 1 MO
ryT CJIY}!(HTb 

i ~ (~1---- 1 i 

r ( s . t) = ~ s + :o + s;; lf 

-4 2 
-i t 

e npH 

npH 

s .;,. s . 
0 

S=S 
0 

(rae v=1,v*=ooH fi- tiHcna, KOTOpbie Moryr pacrH npo

H3BOJibHO 6biCTpO rrpH i->oo) 1 a cpyHKUHH 1 He HMeiOIUHX yKa-

3aHHOH MafK.Op8UHH 1 
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. ~(-1 1 . 

r'(s,t)o~ s-s, :s:-)1' 
-i-4 2 

e t npH s f, s i , 

(27) 

npH s = si • 

TipH'IeM S i-> 0 1 KOI',[la i ->oo, TipHMepOM ¢>yHKUHH1 KOTOph!e 

He Ma)l{opupyeMhi npu s>s , MO)I{eT 6biTb (27) 1 ecnu Is .} 
0 1 

cocraansnoT MHO)I{eCTB01 nnoTHoe B HHTepaane oT s 0 .no 

s ~~ s 1 • YcnoBHe KoMneHCaUHH D Mhi MO)I{eM OTMeHHTb. 

Tiony'IHM 6onee o6ruHH Knacc aCHMTITOTH'IeCKHX ¢YHKUHH1 
KOTOphie T8K)I{e MOI'yT cyrueCTBOB8Tb 1 HO T8KOe o6o6meHHe 

HaM He Hy)I{HO. 

(i) (i) 
_0 n p e .n en e H !I e 9. TipoH_3BO.l:lHhie ~ fmn (t) 1 f on (x), 

f~ ( 1
) (s, t) 1 f* (1) (s, x) 1 f*0 ( 1) (s, t) 1 f~(I) (s. x) ; i = 0,1,2, ... 

Lm o Lmn wn 
HMelOT pa3pb!Bhl nepBOI'O po.na npH t = 0 H COOTBeTCTBeHHO 

npH X= X f .nng onpe.neneHHOCTH npHMeM1 'ITO HX 3Ha'IeHH51 

B TO'IK8X pa3pb!B8 38,[l810TC51 ycnOBHeM nHpHXne: OHH paB

Hhl cpe.nHeMy apu¢MeTH'IeCKOMy neaoH: H npaaoH: rpaHHU1 
HanpuMep 1 

f* (i) (s, x ) = fim _l_[r * (i)(s ,x -d + f* (i) (s, x H)]. 
fon f->0 2 fon e fon e 

T e ope M a 4. <PyHKUHH f o (t) H f (x) 6ecKoHe'IHO AH¢-
Lmn on 

¢epeHUHpyeMhl npH t f, 0, COOTBeTCTBeHHO X f,x f, DpH'IeM 

npH t=0, COOTBeTCTBeHHO X = X f 1 HMelOT neBhie H npaBhie 

npOH3BO.l:lHhie n106oro nop51,l:lK8 f p) (± 0), COOTBeTCTBeHHO 
f (i) (x 0 ±0). Lmn 

on L 

l1s Tex )l{e coo6pa)l{eHnH:, 'ITO H B TeopeMe 9 1 cne.nyeT 

yTBep)l{,l:leHHe 1 'ITO pa3pb!Bhl 
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i 
M fmn 

Mi 
on 

1 (i) (i) 
-(f 0 (+0)-fo (-0}) Jm~Mo j, 
~ Lmn Lmn w 

1 (i) (i) 
-(f (xo +0)- f (x o -0)) 
~ on L on L 

(28) 

(29) 

paBHhl Hyn10 npH n<v0 i , COOTBeTCTBeHHO npH n < V oi , 
Lffi W (") 

CHHI'ynSipHbie KOMTIOHeHThl f o (t) H HX npOH3BO.l:lHhie f o 1 (t) 
tmn rmn 

6biCTpO CTpeM5ITC51 K HynlO npH t .... ± oo , 

3ro cneayeT H3 COOTHOWeHHH 

f* (s,t)=f (t)sn+f* (s,t) 
fmn - 1 fmn fmn 

f* (s, x) = f (x) s n + f* (s, x) 
on-1 on on 

ln<;_v* 1 
- fm ' 

In~ v~ J, 

(30) 

( 31 ) 

KOTOphie cne.ny10T us (21 ) H (22) H us npeanonaraeMhiX 
Ma)l{opauuH: (23) H (25). 

TeopeMa 5. CornacHo C 'IHcna So ,sa.naiDmHe HH-
tmn,o 

repaanhi1 B KOTOphiX npeanonaraeTcSI Ma)l{opaunSI, MoryT 

yMeHbill8TbC51 C B03pacTaHHeM n H MOI'yT CTpeMHTbC51 K 

Hyn101 ecnu v fm HnH v ~ 6ecKoHe'IHhi. TioKa)l{eM, oaHaKo, 

'ITO ecnu 9TO TaK, TO MO)I{HO H8HTH H S 
0

, KOTOpoe OT n 
He 38BHCHT. 

Ha caMoM aene, us (30) H (31) BHAHo, 'ITO f* (s, t) 

H f* (S, X) B HHTepBanax Sfmn,o <s<Sfm n ·l,o 1COOTBeTCTBeHHO 
S < S < S 1 , 51Bn5IIOTC51 nHHeHHhiMH KOM6HH8UH51MH KO-on, o on- , o 
He'IHhiX K09¢¢HUHeHTOB aByX ¢YHKUHH1 KOTOpb!e M8)1{0pHpyeMbi 

B 9TOM HHTepBane. Cne.noBarenbHO,So =So ,s =S .. 
rmn.o Lm n·l,o on,o on-l,o 

3THM YTBep)l{,l:leHHe ,[l0K838HO, 3aBHCHMOCTb OT f H ID Hecy

ill8CTB8HH81 T8K K8K KOM6HH8UHH 9THX HHAeKCOB npo6eralOT 

KOHe'IHOe MH0)1{8CTBO 3H8'IeHHH. CneaoaarenbHO, s 0 
Lmno 

MO)I{eT 38BHCeTb OT Bbi60pa ¢YHKUHH f(s, X), HO He OT 

HHaeKCOB e I m' n. Mbl MO)I{eM B351Tb s fmno = s 0 

T e 0 p eM a 6. Tipu KOHe'IHb!X v e H v ~ oc T8TO'IHbie 

'IneHbl f~ (s, t) H f* (s, X) HMelOT %aoil:CTB8 ¢YHKUHH 
Lm o 

itf* (S,X) H f* (S,X) npH ll=vn* , COOTBeTCTBeHHO ll=v*, 
mn o tm o 
PH v :!' =oo unn v ~ = oo ycnoBHe C He HaKna.nhiBaeT orpaHH-rm 0 

'IeHHH Ha ft ,COOTBeTCTBeHHO f* ,3To YTBep)l{,l:leHHe 51B-
Lm o 

nSieTCSI cneacTaueM Tpex npe.nhi.nymux TeopeM. 
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Teo p eM a 7. OcraTO'IHhie cyMMbJ paapbiBOB 

vi* 
fm . . 

M!* (s) 
LIDO 

!, M! , s n + M: * (s) 
n '=n+ 1 Lmn LID 

I m ~ M e I ' ( 32 ) 

KOTOpbie MO)KHO BBeCTH Ha 083e ( 19), aonyCK810T M8)!{0pa

UHIO THna (23): 

" " IM i * (s) I ::; o (s) f 
fmn - ~fmn ~fmn 

(33) 

llocTaTO'IHO B3HTb 

~An (8) = ~O (S), f:iO =f! (-0)+ f: {+{)). (34) 
l't.( Inn LIDO LUIDO (fill LIDO 

B .uyxe onpe.ueneHHH !i Mbi o6o6IIUIM WHKUHH f(s, x) 

H f(X) BBe.UeHHeM .UpOOHb!X CTerieHaH S C OllHHM H TeM 

)1{8 3HaMeHaTeneM N so acex npeacrasuTenHx aaHHoil: ~YHK

UHH f(x), T.e. ~OpM8J1bHOH 3aMeHOH S Ha S 1/N • 3HB'IHT, 

ace '!Hcna v, N * , n 6yaeM C'IHTBTb apo6HbiMH, c OllHHM 

H TeM )Ke 3HaMeHaTeneM N (onpeaeneHHelO). 

8Ta 38MeHa SJ1eMeHTapHa, HO HeJ1b3H C'IHT8Tb 1 'ITO STO 

HOBOe MH0)!{8CI'BO ~YHKUHH H30MOp~HO HCXOllHOMy, TBK KBK 

3HaMeHaTenH N llllH pa3J1H'IHbiX aCHMnTOTH'IeCKHX ~YHKUHH 
HeoauHaKOBhi. Paau npocTOThi a aanbHeil:weM, ecnH He CKa

aaHo apyroe, 6yaeM pa6oTaTb c uenbiMH creneHHMH s , 

H TOJ1bKO KOI'll8 6ylleT HBOOXOllHMO - npH H3BJ1e'leHHH KOpHH 

H ripH 3BMeHe He38BHCHMOil: nepeMeHHOH X, - 6yaeM nepe-

XOJlHTb K JlpOOHbJM noKa3aTeJ1HM S, (Bee Hy)!{Hbie llOKa-

38TBJ1bCTBa OOOOWB!OTCH BBTOMBTH'leCKH no COOopa-

)KeHHHM, npHBelleHHhlM B KOHUe nyHKT4 1 llJ1H 8CHMriTOTH

qeCKHX 'IHCeJ1), 

Teo p eM a 8. Ka)KJlBH ~YHKUHH f(s, x) H3 MHO)KeCTBa 

F(s, x) HMeeT cneayJOWHe xapaKTepHCTHKH: 

a. OcHOBHhie crpyKTypHhie napaMeTpbi N, L , x f , 
Me (f = 1,2, ... L). 

b. OCllOBHble crpyKTYPHhie HHlleKChi v 0 , v , v: , 
n LID 0 . LID 

C, OriOJ1HHTeJ1bHbie CTpyKTypHbie HHJleKCbl v 1 , 

* i c· , M ) f"m vern m "" fo . 
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v* 0. 

d. Kos~~HUHeHTbi f ~f! pa3pbiBHbiX ~YHKUHil: (32) 
LIDO 

(m ~ M fo ) • 
e. K oa~~HUHeHTHbie cpyHKUiflf fn (t) (13) 11 f (x) ( 14) 

LIDO On 
perynHpHOil: If CHHf'YJ1HpHb!X KOMriOHBHT (c COOTBeTCTBY!OWHMH 

paapbiBaM!f). 

f, OcraTO'IHbie 'lneHbi L\fl * (s) paapbiBHbiX ¢YHKU!fil: (18) 
(m~ Meo) • m 

g. OcTaTO'IHbie 'IJ1eHbl f* (s,x) If fern (s,t)(~M e) perynHpHofr 

If CHHrynHpHhlX KOMriOHeHT fc COOTBeTCTBy!OWHMH pa3phl

B8Mif). 

8ro ewe He oaHa'laer, 'ITO pa3J1H'IHbiM Bbi6opaM STHX 

Bell!f'IHH COOTBSTCTBYIOT p83J1!f'IHb18 cpyHKUHH f(s, X) - cy

WBCTByeT HBOOJ1blll8R HBOllH03H8'1HOCTb B p83J10)KeH!flf (11), 
KOTopyiO YK8)!{8M IT03)Ke, 

Bee ST!f sen!f'IHHhl He rrpoH3BOJ1bHhl: KpoMe rpe6osaa11A 

B 11 C onpeaeneHHH 8, aarpar!fsaJOIIIHX KB*LlYIO H3 HHX 

B oTaenbHOCTH, aon*HO BbmonHHTbCH erne ycnos11e D roro 

)Ke onpeneneHHH, nanarammee HeKoTopbie CB5131f Me)KJlY 

HlfMH, Bonpoc, KBKHe H3 HlfX B KaKoil: Mepe npoH3BOJ1bHbi, 

oya~T paCCMOTpeH IT03)Ke. 

4, DOHRTJ.1E AC11MDTOTJ.14ECKOM <PYHKUJ.1J.1 

0 n p ell e 11 e H 11 e 11. Ka)Kaag acHMnTOTH'IecKa51 cpyHKUH51 

f(x) aaaaercg 'Iepea cso11 npeacrasHren!f f(s ,x) - re, KOTo-

phle COOTBeTCTByiOT cplfKCHpOB8HHhlM 3H8'1eHH5IM napaMeTpOB 

a, HHJleKCOB b, C, K09cpcpiiUHeHTOB If KOacpcpHU!feHTHbiX ~YHK-
UHil: d, e H npOII3BOJ1bHOMy BbiOOpy OCTaTO'IHbiX 'IJ1eHOB 

f,g. 

MHO)Kecrso F (s,x) scex ~YHKU!fOHanbHbiX nocneaosarenb

HOCTeil: f( S, X) If MHO)KeCTBO F(x) BCeX BCHMriTOT!f'IBCK!fX 

cpyHKU!fil: f(x) nony'laercg B TOM cny'lae, Koraa MeH5IeM 

CTpyKTypHbie lfHJleKCbl b , C , KOacp~HUHeHTbl H K09cp~HUHeHT

Hbie cpyHKUiflf d, e H OCTBTO'IHhle 'lJ1eHbl f, g, COXp8H5151 

npH aToM cTpyKrypHbre napaMeTpbi a (on pea en e H He 12). 
TeM He MeHee HHoraa (HanpuMep, npu !f3BneqeHHif Kop

Heil: H 38MeHe He38BHCHMOH nepeMeHHOil:) riOH8Jl001fTCH 

MeHHTb If CTpyKTypHbie napaMeTpbl a • DoaTOMy MHO)KBCTBB 

F(s,x) H F(x) (onpeaeneH!f51 12) aaaoseM nepB!f'IHhiMH, 
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a Te, KOTOpbl8 IIOJly'IaiOTCSI IIpH: 3aMeHe eme H CTpyKTypHb!X 

rrapaMeTpOB a, aaaoaeM pacumpeHHbiMH ( orr p ellen e H He 13). 
TaK rronyqaeTCSI caMoe o6mee rroHSITHe aCHMIITOTH:'Ie

CKoii tPYHKUHH. 06bi'IHO 6yueM pa6oTaTb C rrepBH'IHbiMH MHo

)KeCTBaMH, Aa)Ke c N = 1 , H TOJlbKo TOrAa, KOrAa rroaaAo-

6HTCSI, 6ylleM IIepeXOllHTb K paCWHpeHHb!M MHO)KeCTB8Mo 

Mb! 3AeCb B SIBHOM BRAe yKaaanH Te KJlaCCbi tPYHKUHo

HaJlbHbiX IIOCJlellOBaTeJlbHOCTeil: f(s, X), KOTOpbie IIpeACT8BJ1SIIOT 

3allaHHYIO ac H:MIITOTH:'IeCKYIO tPY HKUHIO f(X ). 06b!'IHO KOrlla 

BBOllSITCSI o6o6meHHSI IIOHSITHSI tPYHKUH:H: HJlH ApyrHX IIOHSITHH 

MeTOAOM a6CTpaKUHH, KJlaCCbl rrpeucTaBHTeneil: 3allaiOTCSI 

6onee TOHKHMH KpHTepHSIMH 9KBH:BaJleHTHOCTH, CJ1a6oil: CXQ

llHMOCTH H T,IJ., TaKOH IIOAXO/l B03MO)KeH H 3/leCb, HO Mbl 

llaAHM 9TH KpHTepHH: Il03)Ke, 

Teo p eM a 9. KorAa s cTpeMHTCSI K ayn10, rpa¢HK o6-

mero 'IJleHa f fmn ((x-~)s-m)sn ocTaeTcSI IIOA06HbiM ce6e: 

CTaHOBHTCSI 6onee Y3KHM H B TO )Ke BpeMSI 6onee BhiCOKHM 

HJlH MeHee Bb!COKHM- 8 3aBHCRMOCTH OT Taro, KaKHe 3Ha'Ie

HHSI rrpHHHMaeT n : n <0 HJlH n >0. EcnH n=O, opAHHaThi 

( rrpH AaHIIOM t ) coxpaHSIIOT cao10 aenH'IRHY. H o 6btCTpOThi 

9THX ABYX rrpouecCOB, cy)KeHHSI H Il0Bb!Ill8HHSI HJlH IIOHH)KeHHSI, 

MOryT 6b!Tb pa3JlH'IHbl B 3aBHCHMOCTH OT 3Ha'IeHHH m H n, 

To )Ke caMoe OTHOCH:TCSI H K oTuenbHhiM qneaaM pery nSipHoti 

KOMilOHeHTbl f on (X) S n, OAHaKO HX rpatiJHKH He cy)KBIOTCSI, 

a TOJlbKO opllHHaTbi MoryT paCTH HJlH yMeHbrnaTbCSI, BBHAY 

9TOrO Mhl MO)KeM Ha3BaTb BBelleHHbie H8MH aCH:MIITOTH'Ie

CKHe ¢YHKUHH aMop¢HhiMH. TotiHee, BBHAY Taro, 'ITO rrpH 

38AaHHOM t rnaBHbie 'IaCTH SIBJlSIIOTCSI IIOJ1H:HOM8MH ITO S 1 

OHH IIOJlHHOMH:aJlbHQ-aBTOMOptPHhl, 

Ka)KAaSI acaMIITOTH'IeCKaSI tPYHKUHSI f(x) aauaeTcSI aenH
'IHHaMH a - e 1 TaK K8K IIapaMeTp S 

0
, a TaK:lKe H OCTa

TO'IHhie 'IJ18Hhl ee perynSipHOH H CH:HryiiiSipHhiX KOMIIOHeHT, 

KaK H OCTaTO'IHhie 'IJleHhl COOTBeTCTBYIOlllHX pa3pbiBOB, 

rrpoHaaonbHbi ( rrpH aauaHHhiX TO'IHOCTSIX v * , v ~ ( m ~ M 0 ) 
. 0 Lffi L 

H v( * (m ~ M fo ) ) • u 

\i>yHKUHIO, y KOTOpOH BCe K09tPtPHUH8HTHhi8 tPYHKUHH pe

rynSipHOH H CH:HrynSipHhiX KOMIIOHSHT, KaK H BCe K09tPtPH

UH8HTh! COOTBeTCTBYIOlllHX pa3pb!BOB, paBHhl HYJliO, Ha30BeM 

Hyneaoti aCH:MIITOTH'IeCKOH tPYHKUHeH ( 0 II peA e J1 e H He 14), 

2J. 

Hyneay10 ¢yHKUHIO, y KoTopoil: TO'IHOCTR v * H v t oc-o Lffi 
TaTO'IHh!X 'IJ18HOB perynSipHOH H CH:HrynSipHb!X KOMIIOHSHT 

(a CJ18AOBaTeJlbH0 1 H BCeX pa3pb!BOB) 6eCKOHe'IHhl, Ha30BeM 

a6COJ110THOH HyneBOH aCH:MIITOTH'I8CKOH tPYHKUHSH ( 0 II p e

ueneHHe15). 

Teo p eM a 10. A6coniOTHaSI ayneaaSI acH:MIITOTa'IeCKaSI 

tPYHKUHSI aauaeTCSI IIOJlHOCTbiO MHO:lKeCTBaMH nap f ,m 1 KOTO

pb!M COOTBeTCTBYIOT HeHyneBbJe tPYHKUHH fem(s,t)R f~ (s, X), 

H TeMH, KOTOpb!M COOTBeTCTBYIOT HeHyJleBbl8 pa3pb!Bbl y 

HHX H y HX IIpOH3BOIJ.HbiX re~i)(s,t) IlpH t= 0 (m~Me0 ). 
( 3 TO eme He 03H8'IaeT 1 'ITO pa3JlH'IHbiM Bbi60paM 9TH: X 

MHO:lK8CTB COOTBeTCTByiOT pa3JlH'IHhle a6COJ110THhle HyJleBhle 

tPYHKUHH:), 

3aMKHYTOCTb MHO)KeCTBa F(x) acaMIITOTH'IeCKH:X tPYHK

UHH f(x) ITO OTHOWeHH:IO K yKa3aHHbiM BhiWe anre6paH'IeCKRM 

H aH8JlHTH'IeCKHM OITepaUHSIM IIOK8:lKeM B llpyrofi pa6oTe, 

rAe TaK:lKe paCCMOTpHM BOI!pOCbl 0 cymeCTBOBaHH:H: aCH:MII

TOTH:'IeCKHX ¢YHKUHH (a KaKoti Mepe ycnoaHe D orpaHH'IH:BaeT 

BeJlH'IRHhl a-e ) H ellHHCTBeHHOCTH (B KaKOH Mepe pa3JlO

:lKeHHe (11) llJlSI uaaaoil: ¢yHKUHH: f(s,x) orrpeAenSieT ee pe

rynSipHyiO H ee CHHrynSipHhie 'IaCTH). Tiocne a Taro 6yuyT 

paCCMOTp8Hbl 06lUH8 CBOHCTBa 9THX tPYHKUHH, a TaK:lKe HX 

OTHOWeHHSI K llpyrHM H3B8CTHhlM 0606lll8HHSIM ITOHSITHSI 

"tiJyHKUHSI" • 
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