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fanbnepu IO.C., Cllununnoa A. T. P2 - 10938 

0 auxpeaoll CTpyKType caepxnpoaoaua~oa BToporo poaa 

nocTpoeua TeopHSI B03MyWeHHA ami pac'leTa BHXpeaoA CTpyKTypt>I 
CBepXnpOBOilHKKOB BTOpOrO pOllS, OnHCl>IBSeMl>IX ypaBHeHHSIMK fHH36ypra
nanllay B npu6na~eHHK Bnrnepa-3eATUa llnSI ~neMeHTapnoA BHXpeaoA Sl'leAKH. 
B cnyqae canbuoro MarHKTHoro nonS!: paano~enHe Bt>monuSieTCSI no napa-

Her 
MeTpy A= n- 1 H npnrOJ]HO npH A :s 1. B cny'lae cna6oro nonS! napaMeTp 

paano~eHHII eCTb 3/H cr H PSI:Il TeopKK B03MyWeHHA - aCHMnTOTK'IeCKKll:. 
npellno~eH HOBl>IA npHeM 'CWKBSHHSI' peWeHHA, npHI"'OilHbiX Ha 60nbWHX 
H Ha ManbiX paCCTOSIHHSIX OT UeHTpa BHXpSI. 

Pa6oTa Bbmonueua B na6opaTOpKH TeopeTK'IeCKOA lj)H3KKH QJ1HJ1. 

fipeapBBT OfiwJUIBeBBOro BBCTBTYT& •Jleptil][ BCC.IIeJlOII&JUII. JlyC5aa 1977 

Galpern Yu.S., Filiop0v A. T. 
P2 - 10938 

On a Vortex Structure of the Second Type Superconduc
tors 

A perturbation theory is constructed for calculation of the 
vortex structure of the second type superconductors described 
by the Gins burg-Landau equations in the Wigner-Seitz approxima
tion for an elementary vortex cell, 

For the casB of a strong magnetic field the expansion goes 
over parameter A= ~-1 and is valid for A $ 1 . For the case 
of a weak magnetic field the expansion para meter is B I H cr and 
the perturbation theory series is asymptotic. A new method of mat
ching of solutions, valid for large and small distances from the 
vortex center, is suggested, 

The investigation has been perfromed at the Laboratory 
of Theoretical Physics, JINR. 
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1. BBE,l(EHHE 

3Ta H cne)l.yiOI.I.\aJI pa60Tbl nOCBJII.I.\eHbl Bbi'IHCneHHIO HM

ne)l.aHca CBepxnpOBO)l.HHKOB BTOporo po)l.a B MarHHTHOM 

none, npeBbiWaJOI.I.\eM HH)I(Hee KPHTH'IecKoe none H c 1 • 

Bo3HHKaJOI.I.\ee conpoTHBneHHe, KaK H3BecTHO, CBJI3aHo c 

)l.BH)KeHHeM BHXpeBOH peweTKH, H ero H3MepeHHe ,!J.aeT 

UeHHYIO HH!l>OpMaUHIO 0 CBOHCTBaX CMeWaHHOrO COCTOJIHHJI 

cBepxnpoBO.IJ.HHKOB BToporo po.IJ.a. Hcnonb30BaHHe nepeMeH

Horo TOKa Cyl.l.\eCTBeHHO nOTOMy, 'ITO 3TO n03BOnJieT H3· 

6aBHTbCJI OT 34><i>eKTOB "nHHHHHra", OCnO)KHJIIOI.I.\HX CpaBHe

HHe TeOpHH C 3KCnepHMeHTOM B cnyqae nOCTOJIHHOrO HnH 

HH3KO'IaCTOTHOrO TOKa. Ha OnbiTe MO)KHO H3MepJITb 3aBH

CHMOCTb COnpOTHBneHHJI OT npHnO)KeHHOrO MarHHTHOrO no

nJI, OT 'laCTOTbl H OT TeMnepaTypbi, H 3a)l.a'la TeOpHH -

Bbi'IHCnHTb 3TH 3aBHCHMOCTH. 

fiocne)l.OBaTenbHbiH nO)l.XO)l. K Bbi'IHCneHHIO conpOTHB· 

neHHJI )l.On)KeH, KOHe'IHO, OCHOBbiBaTbCJI Ha MHKpOCKOnH'Iec

KOH TeopHH liKlll-lioronro6oBa It/ /eM. TaK)Ke 12/ /,o6o6-

l.l.\eHHoii Ha HecTaUHOHapHbiH cnyqaii /3/. 063op pe3ynbTa

TOB, nony'leHHbiX Ha OCHOBe MHKpOCKOnH'IeCKOH TeopHH, H 

KpaTKYIO CBO.IJ.KY 3KCnepHMeHTanbHbiX )l.aHHbiX MO)KHO HaRTH 

B He)l.aBHeii pa6oTe ropbKOBa H KonHHHa /4/ *. TaM OTMe

qaeTCJI, 'ITO "MHKpOCKOnH'IeCKaJI TeOpHJI n03BOnJieT B npHH· 

UHne Bbi'IHCnHTb npOBO)l.HMOCTb CBepxnpOBO)l.HHKa B CMe

WaHHOM COCTOJIHHH npH npOH3BOnbHOH TeMnepaType BO BCeH 

o6naCTH MarHHTHbiX noneii; O)l.HaKO cpaBHHTenbHO npOCTble 

*EcnH He orOBOpeHO npOTHBHOe, Mbl HCnOnb3yeM o6o3-

Ha'leHHJI, npHHJITble B 3TOM 063ope. 
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aHaJIHTHqeCKHe Bhlpa)KeHHJI ~JIJI npOBO~HMOCTH MOryT 6LITh 

nonyqeHLI JIHIIlL B ~OBOJILHO Y3KHX ~HanaJouax napaMeTpoB 

B T ., 6 
-- H --- , KOr,IJ.a 3TH napaMeTpLI JIH3KH K Hymo HJIH 
H c2 T c 

e,IJ.HHHI.(e. 3TO YTBep)K,II.eHHe OTHOCHTCJI JlHIIlh K 

MOCTH npH nOCTOJIHHOM TOKe, CBq-HMne,IJ.aHC 

BhlqHcneu JIHIIlh npH B "' H 
2 

H TIT "' 1 /51 
c c • 

npOBO,IJ.H

peaJILHO 

B nony~eHoMeHonorHqecKo~ TeopHH caepxnpoaoaHMo

CTH, OCHOBaHHO~ Ha ypaBHeHHJIX rHH36ypra-JlaHaay 161 
jrJI, CM. TaK)Ke 121/, o6o6meHHblX Ha HeCTal.(HOHapHbl~ 

u /7 I 
cnyqaH lliMH~oM 1 

' ;r Jllll/, MO)KHO B npHHUHne nonyqHTL 

6onee noJIHble pe3yJILTaTbl. B cnyqae csepxnpoaoaJimHx 

cnnaBOB C napaMarHHTHblMH npHMeCJIMH 3TH ypaBHeHHJI 

6LIJIH BblBeaeHbl H3 MHKpOCKOnHqeCKO~ TeOpHH rophKO:SblM 

H 3nHaw6eproM /31 /eM. TaK)Ke 121/. ,nnB o6blqHblx caepx

npoao~JJ:ll.(HX cnnaaoa B CHJILHOM MarHHTHOM none Ma

KH/
8
/ nonyqHJI Ha OCHOBe MHKpOCKOnHqecKO~ TeOpHH ypaBHe

HHJI, KOTOpble npH T->T c nepexoaJIT B ypaBHeHHJI r J1.06o6ll.(HB 

3TH ypaBHeHHJI, no~o6HO r Jllll, Ha HeCTal.(HOHapHbl~ cny
qa~, MO)KHO nonyqHTh Bblpa)KeHHe ~JIJI npOBO~HMOCTH npH 

~- "' 118,91 
H c2 

3TH BblqHCJieHHJI OCHOBaHbl Ha npu6JIH-

)KeHHH, B KOTOpOM peweTKa BHXpe~ ,II.BH)KeTCJI KaK l.(eJioe 

C MaJIO~ CKOpOCThiO. ConpOTHBJieHHe B03HHKaeT KaK 3a cqeT 

penaKcal.(HH napaMeTpa nopB.IJ.Ka, TaK H 3a cqeT pacceJJ.HHJI 

3HeprHH HOpMaJILHO~ KOMnoHeHTo~ I .IJ.)I(oyneacKH~ Harpe a/. 

06a 3TH 3~eKTa npaBHJlhHO OnHChiBaiOTCJI nony~eHOMeHo
JIOrHqeCKO~ TeOpHe~, O,IJ.HaKo ,II.JIJI 06blqHblX CBepxnpOBO,IJ.JI

ll.(HX cnnaBOB cymecTBeHHhiM OKa3hiBaeTCJI TaK)Ke BKJia,IJ. 

HepaBHOBeC'hl/ B036y)K,IJ.eHH~ B 3JieKTpHqecKH~ TOK 191 , 
KOTOphl~ B S He yqHThlBaeTCJI. flo 3TO~ npHqHHe Ka)KeT

CJI uenecoo6pa3HhiM u B 3TOM cnyqae ucnonL3oBaTL ypaa

HeHHJI r Jllll, HO cquTaTL, qTO OCHOBHhle napaMeTphl TeOpHH 

/HanpuMep, K (T) u y(T) I 6epyTcJI H3 onLira unu H3 

CpaBHeHHJI C pe3yJILTaTaMH MHKpOCKOnuqeCKO~ TeOpHH. 

,ne~CTBHTeJILHO, eCJIH B ypaBHeHHJIX r Jllll 3aMeHHTh K Ha 

K 2 (T) H B3JITh y (T) nponopl.(HOHaJILHhiM . L D (T) , TO 
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MO)KHO BOCnpOH3BeCTH TOqHbl~ pe3yJILTaT 19/ MHKpOCKO

nHqeCKO~ TeOpHH ~JIJI npOBO~HMOCTH OfihlqHblX CBepxnpo

BO~JII.UHX CnJiaBOB npH HyneBO~ qacTOTe B CHJlhHOM MarHHT

HOM none /cp. Bhlpa)KeHHJJ. /4.16/ H /4.4a/ B 141/. Ypaa

HeHHJI r Jllll C 3a~aHHhiMH TaKHM o6pa30M napaMeTpaMH 

n03BOJIJIIOT cpaBHHTeJILHO npOCTO BblqHCJIHTL npOBO~HMOCTh 

npH mo6hlx qacToTax. 3aMeTHM TaK)Ke, qTo o6nacTL npHMe

HHMOCTH TaK noHHMaeMblX ypaBHeHH~ r Jllll MO)KeT OKa-

3aTLCJI 6onee IIlHpOKO~ H OHH MOryT CTaTL none3HblMH 

H B TeX CJiyqaJIX, KOr~a HX He y~aeTCJI BblBeCTH H3 MHKpo

CKOnHqeCKO~ TeOpHH. 

llepBaJI nonhlTKa BhlqHcneHHJI CBq- HMne~aHca caepx

npOBO~HHKOB BTOporo po~a Ha OCHOBe ypaBHeHH~ r Jllll 

npHHa~Jie)KHT KynpHBHOBY H JlHxapeay I lO~B 3TO~ pa6oTe 

noJiyqeHbl ypaBHeHHJI, OnHCblBaiOI.UHe Me~neHHble ~BH)KeHHJI 

peiileTKH BHXpe~ B CBepxnpOBO~JII.Ue~ nneHKe, TOJill.(HHa 

KOTOpO~ MeHLIIle rny6HHbl npOHHKHOBeHHJI MarHHTHOrO no

JIB H TOJII.UHHLI CKHH-cnoJI. CymecTBeHHo, qTo peweTKa 

~OJI)I(Ha ~BHraTLCJI KaK l.(enoe; 3TO npe~nOJIO)KeHHe MO)KeT 

He BhlnOJIHJITLCJI npH oqeHh MaJiblX 3HaqeHHJIX _B_ u npu 

H c2 

~-1 
Hc2 

B Henocpe,II.CTBeHHO~ OKpeCTHOCTH KpHTHqeCKO~ 

B T 
TeMnepaTypLI /Kor.na 1 - -- » 1-- /. 11cnonL3oBaHue 

Hc2 1 c 

npu6nu)KeHHJI BurHepa- 3eihua, cocToJimero B 3aMeHe 3Jie

MeHTapHo~ JJ:qe~KH TpeyronLHO~ peweTKH Ha KpyrnYJO I 111, 
no3Bonuno aBTopaM pa6oThl I 101 caecTu Ja.naqy o Bhl

qucneHBH nonpaaoK K napaMerpy nopB.IJ.Ka a K 3JieKTpo

MarHHTHOMY nomo K peiileHBIO JlHHe~HO~ HeO,IJ.HOpO,II.HO~ c:ii

CTeMhl 06hiKHOBeHHblX ,II.H~epeHI.(BaJILHblX ypaBHeHB~, K03~
~Bl.(BeHThl KOTOpbiX - 6BJIBHe~Hhle ~yHKI.(BB CTal.(HOHapHhiX 

3Haqeuu~ napaMeTpa nopB.IJ.Ka ~ a aeKTOpHoro noreHuaana 

Q. TaKBM o6pa30M, .n.nB peweHHJI Ja.naqu o noae.neHBB 

caepxnpoao.n.HaKa BToporo po.na B nepeMeHHOM none Heo6-

xo,nuMo npe)K.IJ.e acero nonyqaTL ~o7TaToqHo xopowae npa-

6JIB)KeHBJI .n.nB 1~1 a IQI. B 10 3Ta Ja.naqa pewaercJI 

qucneHHO npa K >> 1. AHanBTaqecKHe npH6nB)KeHBJJ. B3-

BeCTHbl JIHWh ,II.JIJI CBJihHOrO MarHBTHOrO ITOJIJJ., Kor.na 

5 



(1- ~)<<1 0HH HaR~eHLI ei.Qe B pa6oTe A6puKoeoBa11 21B Ko-
Hc2 ' 

TopoR BnepBLie 6LIJIH o6Hapy)l(eHLI BHxpeBLie pemeHHH ypaB

HeHHR r JI. llpHMeHeHHe npH6JIH)I(eHHH BHrHepa- 3eRTIJ;a no-

3BOJIHeT HaRTH 6onee npoeTLie BLipa)l(eHHH H B 3TOM eny
qae, O~HaKO OHH 6LIJIH 4JaKTH'Ie eKH noJiy'leHLI JIHlllb npH 

yeJIOBHH K >> 1, KOr~a HeO~HOpO~HOeTLIO MarHHTHOrO noJIH 

MO)I(HO npeHe6peqL I 111 

3a~aqa ~aHHOR pa6oTLI - noeTpoeHHe ~oeTaTO'IHO npo

eTbiX aHaJIHTH'IeeKHX npu6JIH)I(eHHR ~JIH lt/11 H IGI, KOTOPLie 

B eJie~yiOUJ;eR pa60Te 6y~yT HenOJih30BaHbl ~JIH Bbi'IHeJieHHH 

CBq-HMne~aHca. MLI noKa)l(eM, 'ITO 3TH BeJIH'iHHLI MO)I(HO 

pa3JIO)I(HTh B pH~LI no eTeneHHM napaMeTpa H c2 
A=(--- 1), 

B 
KOTOpLie ~aiOT HennoxHe npH6JIH)I(eHHH npu A <:. 1 /Bo3-

MO)I(HO, 'ITo oHH npuro~HLI H npH 6onLmHx 3Haqe.HHHx A I. 
fipH 3TOM 3Ha'leHHe K MO)I(eT fihiTh npOH3BOJihHhiM, Ma

JIOeTL BLielliHX npHfiJIH)I(eHHR onpe~eJIHeTeH MaJIOCThiO 34J-

4JeKTOB HeJIHHeRHOeTH. EenH A >> 1, 'ITO B03MO)I(HO JIHWL 

npH K>> 1, 3qxpeKTLI HeJIHHeRHOeTH ypaBHeHHR r JI eTaHo

BHTeH O'leHL eyUJ;eCTBeHHLIMH H pa3JIO)I(eHHe B pH~ no ere

neHHM A HenpHro~Ho. B 3TOM enyqae HaM y~anoeL HaRTH 

xopomee aHaJIHTH'IeeKoe npu6JIH)I(eHHe ~iiH ll~l, aKKypaT

HO onHeLIBaiOI.Qee eTpyKTYPY BHXPH KaK Ha MaJihiX, TaK 

H Ha 6oJILWHX paeeTOHHHHX oT ero ueHTpa. Ha 6oJILlliHx 

paeeroHHHHX MO)I(HO HaRTH j lj) I B BH~e pH~a no eTeneHHM 

n 
~-, HO 3TOT pH~ He exo~HUJ;HRCH, a aeHMnTOTH'IeeKHR. 

Hc2 

B 3aKJIIO'IeHHe OTMeTHM, 'ITO npHHHTaH HaMH nocraHoB

Ka 3a~a'IH 0 BHXpeBLIX pellleHHHX B eBepxnpOBO~HHKaX BTO

poro po~a HHTepeeHa eiUe H TeM, 'ITO MaTeMaTH<JeeKHe 

npo6JieMbl, KOTOphle npHXO~HTeH npH 3TOM pema Tb, BCTpe

<JaiOTCH TaK)I(e B KBaHTOBOR TeOpHH nOJIH H B TeOpHH eBepx

TeKy<JeCTH. fioeTpOeHHble HaMH npHfiJIH)I(eHHH MO)I(HO no3-

TOMy npHMeHHTh MH pellleHHJI 3a~aq, BeebMa ~aJieKHX OT 

TeOpHH CBepxnpOBO~HMOCTH /eM. KOHeU 3TOR pafiOTLI/. 

6 

2. OCHOBHhiE YPABHEHHJI 

B 3TOR pa6oTe no~po6Ho o6ey)l(~aeTcH JIHlllh eTaTH'Iee

KHR cny'iaR. O~HaKo, 'IT06LI B ~aJILHeB:meM He B03BpaUJ;aTL

eH K BOnpoeaM BLifiopa e~HHHU, 0603Ha'leHHHM H T .n., 

Mbl BhlnHllleM 3~eeh OeHOBHble ypaBHeHHH B 06UJ;eM, He

eTauuoHapHOM enyqae. PenaKeauHH napaMeTpa nopH~Ka 

tP 06bi'IHO BBO~HTeH e nOMOIIJ;hiO 4JeHOMeHOJIOrHqeeKOrO 

;t.l. o~lt/11 
COOTHOllleHHH - y ..::::t:...... = ----

dt ot/J • 
6o~HaH 3HeprHH eHCTeMbl /eM. 14,71 

~f lt/1 I BLipa)l(eHHe r JI 161 noJiy'IHM 
' 

r~e ~lt/Jl - eBo-

I. llpHHHMaH ~nH 

Jt/f -12 12 - y- = c It/! + c It/! t/1 
1 -> e->2 

+ -(- i V - 2-A) t/1 + 2iey<llt/f. at t 2 2m c 

lloJIO)I(HM 3~eeL t/1 = 1~~ I e iO H ~OnOJIHHM 3TO ypaBHeHHe 

ypaBHeHHHMH MaKeBenna ~JIH 3JieKTpoMarHHTHLIX noTeH

uuanoB A H ¢. BBe~eM 6e3pa3MepHhle nepeMeHHhle, BLI-

6paB B Ka'leeTBe OeHOBHhiX e~HHHU CJie~yiOUJ;He: BpeMH -

r ~- 477a 
0 2 

n c 2 
~JIHHa - ,; , 

17C 
MarHHTHhiR nOTOK - cp 

0 
= -e-

/MLI noJIL3yeMeH eueTeMOR h = 1 /. B pe3yJILTaTe nony

'IHM eHeTeMy ocHOBHLIX ypaBHeHHR /KaK H B I 3 I , 

.... 211t .... c ae ae 
Q = --- (A - - ---::;) , p. = r ( -:-- + 2e<ll) , 

<P 2e Jr dt 
0 

r~e r H t BLI-

pa)l(eHhl B 06LI'IHhiX e~HHHUaX/ 

uF = F - F 3 + V 2 F - Q 2 F, /2.1/ 

uMF 2 + V (QF 2) = 0, /2.2/ 

-> -> ........ 4 ...... _, 

+ j , j =-F2Q, j =-(Q 
s s n 

~ ->-

+V'p.). /2.3/ = j .. 
-> 
H 

-> 
rot~, 

-> .... 

K 2 rot rotQ = j . /2.4/ 
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3AeCL F= 1-i:._l 
lf;o 

1
, 1, I :?:_ me 2 2mJ:" 2 

, 'P -· --- H U - ;, . 
0 1677e28 2 - ---;.- y ' 

HJMepHIDTCB COOTBeTCTBeHHO B eAHHHQaX 
2 

E, H H 

~ 
2,;' 2 

H 

2ll/J ol e ¢ 0 c 
----- ---- Mhl, KaK ofihlqHo, npeHe6perna 

m,;' 877 20 2,; • 

B ypaBHeHHBx MaKcBenna qneHOM ..!..i H onycTHnH ypas-
_, c /3' HeHHe divE~- p, KOTOpoe HaMH He HCnOnLJyeTCB /eM. 3/ /. 

B cTaTaqecKoM cnyqae E = j = divj = ii --0 H co-n s 
CTOBHHe CBepxrrpOBOAHHKa B MarHHTHOM none onpeAenBeTCB 
ypaBHeHHBMH 

LlF + F(1 - Q 2) - F 3 = 0 , /2.5/ 

-> -> 
K 2 rot rot Q =- F 2 Q /2.6/ 

PaCCMOTPHM CMeWaHHOe COCTOBHHe HeorpaHuqeHHOH CBepx • 
npOBOAB~eii nnaCTHHhl B MarHHTHOM none, nepneHAHKynBp· 
HOM ee noBepXHOCTH, HcnonLJyB AnB OnHCaHHB BHXpeBOH 
peweTKH npa6nH)KeHue BurHepa-3eiiTua !tt('06oJHaqaM pa
AHYC :meMeHTapHoii Kpyrnoii BqeiiKH 6yKBoii R. ~nB cKa
nBpHhiX BenHqHH H AeKapTOBhiX KOMnOHeHT BeKTOpHhiX H 
TeH30pHhiX BenaqHH AOn)I(Hbl BhlnOnHBThCB ycnOBHB nepHo· 
AftqHOCTH 

P(R, ¢) = P(R , ¢ + 77), /2.7/ 

a a 
- P( r , ¢ ) I = - --P( R , ¢ + 77) I 
ar r=R ar r=R /2.8/ 

rAe r, cp · UHnHHApHqeCKHe KOOPAHHaThl C OChiD Z, Ha· 
npaBneHHoii BAOnL npano)KeHHoro MarHHTHoro nonB. llpa 
3TOM 

1 F=F(r), H =H(r),H =Hrl-=O,Q =G =O,Qrl-=-p(r). 
z r 'f' z r 'f'f 

YpaBHeHHB /2.5/, /2.6/ CBOABTCJI K CHCTeMe ABYX 06b1K· 
HOBeHHhiX AHclJclJepeHQHanLHhiX ypaBHeHHH 

8 

1 I 

d
2

F + ..!_ ~ + (1 _ P
2
(2._) F(r)- F 3(r) = 0, 

dr2 r dr r 2 

d 2p 1 dp 

dr 2 r dr 

F2p 

2 
K 

/2.5/* 

/2.6/ * 

lb ycnoBHii /2.7 I H /2.8/ BhiTeKamT rpaHHqHhle ycnoBHB 

F'(R) = 0, p(R) = 0. /2.9/ 

3HaqeHHe p(O) nerKO CBB3aTL CO cpeAHHM 3HaqeHHeM Mar

HHTHOrO nonB /HHAYKQHeii/ 

, 1 2Rdn 2 
B = <H / =- fH(r)d r = - f dr...::.t".- ·=- -p(O), 

z 77R2 R2 o dr R 2 

1 dp 
rAe Mhl BOCnonhlOBanHCh TeM, qyo H(r) =- -- , p(R)·-0 . 

r dr 

C Apyroii CTOpOHhl, HCnOnh3YB ycnOBHe KBaHTOBaHHB Mar
HHTHOrO nOTOKa, nonyqaeM /B 6e3pa3MepHhiX nepeMeHHhiX/ 
R 
f dr rH(r) = 1, OTKyAa 
0 

p(O) =- 1 H R =· (2/B) 1h /2.10/ 

/npu B = Hc
2 

= 1 nonyqaeM R = v 2/. M.J ycnoBHB /2.10/ 
H ypaBHeHHJI /2.5 */ cneAyeT, qyo F (r) - r . ~eiicTBH-

r -• o 

TenLHO, npH r _; 0 F(r)-r c, rAe C = ±p(O)= +1, H ycnoBHID 
orpauaqeHHOCTH F(r) npH r ... o YAOBneTBOpBeT nHwL C=+l. 
TaKHM o6pa30M, nonHaJI CHCTeMa rpaHHqHhiX ycnOBHH HMeeT 

BHA 

p(R) = 0' F'(R) = 0, p(O) =- 1, _F(r) 
r 
~ const. 
r-> o 

/2.11/ 

HJI)I(e Mhl HJyqaeM peWeHHB KpaeBOH JaAaqH /2.5 */, /2.6 */, 

21h -
/2.11/ B cnyqae CHnhHhiX (R = (-) >y2) H cna6hiX (R »y2) 

B -
MarHHTHhiX noneii. 
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3. TEOPH.H B03MYll(EllH.H B CJIYlJAE 
CHJihHOFO MAFHHTHOFO IIOJI.H 

B 2 2 H c2 2 
llono:>KHM < 2 = ( 1 - --) , T. e. R = - = 2 -- = ---

Hc2 B B 1-E2 

H nepeB)],eM B ypaBHeHHJIX /2.5*/, /2.6 */ I< HOBbiM nepe· 
MeHHbiM 

r2 -'h 
x = --, x u(x) co F (r) , p(x)"" p(r). 

R 2 o 
KpaesaH 3a)],aqa Teneph HMeeT BH.D. 

u"(x) + - 1-[_!..::-p
2

(x2_ + R 2(1- ~~L)]u(x) =0, 
~ X X 

/3.1/ 

R2 
p "(x) = --- u 2(x)p(x), 

4K 2 x 2 /3.2/ 

p(0)=-1, p(l) = 0, x- 1 u(x) -> const, u'(1)=__!_u(1). 
X-> 0 2 / 3 .3/ 

llpH B -> Hc 2 < -> 0 H MO)I(HO nonhlTaTLCJI HCI<aTL peweuue 

:noB: 3a)],aqH B BH.D.e PH.D.OB no CTeneHHM <. Mhl nocTynHM 

HeCI<OJihi<O HHaqe, Bhl)],eJIHB B u(x) MHO)I(HTeJib E H pa3 • 

(2 H 2 naraH peweHHH no cTeneHHM napaMeTpa ,\ :cc --- oc _--.9_ - 1 
1 _ ( 2 B 

/Mbl HCnOJih3yeM 6yi<By A, Tal< I<ai< rny6HHa IIpOHHI<HOBeHHJI 

MarHHTHOrO nOJIJI B )],aJILHeBWeM He BCTpeqaeTCJI/. 3TO 

IIO)],CI<a3hlBaeTCJI TeM 06CTOJITeJibCTBOM, qTo p (x) H 

v(x) == u(x) Y.D.OBJieTBOpJIJOT CHCTeMe 
( 

, 1 1-p2(x) ,\ v2(x)) v (x) + --v(x) + ----v(x) + --(1- --- v(x) = 0 
2x 4x 2 2x x 

/3.4/ 

,\ 
p"(x) = ---v2(x)p(x). 

2K 2x 2 /3.5/ 

10 

' 1 

Kai< MLI noi<a)l(eM HH)I(e, TeopHH B03MYII.\eHHB no napaMeTpy 

A npHMeHHMa J],a)l(e npH 3HaqeHHJIX A - 1 . 
fiOJIO)I(HM 

00 "" 

v(x) = ~A 0 v (x), p(x) = ~ ,\ 
0 p (x). 

n=o n n=o n 

HeTPY.D.HO noi<a3aTL, qTo 

-x/2 v (x) = C xe , p (x) = x - 1 , 
0 0 0 

/3.6/ 

/3.7/ 

a npH n > 1 HeH3BeCTHble 4JyHI<UHH V H p onpe)],eJIJIIOTCJI - n n 
H3 ypaBHeHHB 

" ct2vn 1 1 d)Jn(x) 
Lv (x)"" --+(-- --)v (x)=g (x).---=f(x) /3.8/ 

n dx 2 2x 4 n n dx 2 n 

C rpaHHqHbiMH yCJIOBHJIMH 

v (0) = 0, v'(1) = _lv (1), p (0) = p (1) = 0. 
n n 2 n n n 

/3.9/ 

fipaBble qacTH ypaBHeHHB /3.8/ HMeiOT BH)], 

1 3 1 1 n 2 
g = -(v ) - -v + --- ~ (p ) v 

n 2x2 n-1 2x n-1 4x2 m=1 m n-m 

f 
n 

1 n-1 
-- ~ (v2) 
2 K 2 x 2 m=o m P n- m - 1 · 

/3.10/ 

/3.11/ 

Ko34>4JHUHeHThi (v 2) m , (v 3) m , (p 2) m onpe.D.eJIHIOTCH pa3-

JIO)I(eHHHMH COOTBeTCTBYIOIUHX 4JyHI<UHB V 2 , V 3 , p 2 B pH· 

.D.hl no CTeneHHM ,\ : 

00 00 

v2(x) = ~ ,\ n(v2) n • 
n=o 

v 3(x) 
n=o 
~ ,\ n (v 3) n 

r.D.e 

(v 2)
0
= v~. (v 2)

1
=2v

0
v 1, (v 2) 2 =2V 0V 2 +v~, 

2 3 3 3 2 
(v )

3
= 2v 

0 
v 

3 
+ 2v 

1 
v 

2
, ••• ; (v ) 

0 
= v 

0
, (v ) 1= 3v 

0 
v 1 , 

(v3) = 3v2v +3v v 2, (v 3) =3v 2v 3+6v v v 3 +v 3 , .••• 
2 o2 ol 3 o o1 1 

11 



BbillHIUeM B BBHOM BH.D;e ypaBHeHHB .D;JIB nepBbiX .D;BYX llpH· 
6JIH)I(eHHR 

v v 2p 
.. 0 [ 2 ] , 0 0 L v '= -- v - X + p p ' p '= --- ' 

1 2x 2 o o 1 1 2K2x2 

Lv
2 

p" 
2 

v v 
__ o [ (p p +

2 
1 p 2) + _1 (3 v 2 _ x + p p ) ] , 

2x2 o 2 1 v
0 

o p 1 

v2p p v 
0 0 1 1 --[- + 2--]. 

2K2x 2 Po v o 

/3.12/ 

13.13/ 

PeweHHe ypaaHeHHB p" = f , y.D;oaneTaopBIOmee rpaHHl.fHbiM 
n n 

YCJIOBHBM p (0) ~ p (1) = 0, MO)I(HO npe.D;CTaBHTL B BH.D;e n n 
1 X 

p (x) = x f dyf (y) (y -1) + J dy(x-y)f (y). 
n 0 n 

0 
n /3.14/ 

3TO BLipa)l(eHHe ll03BOn.JieT HaRTH Pn ' eCJIH H3BeCTHbl 
p H v npH m < n - 1 . ,. m rn -

PeweHHe ypaBHeHH.II L v n = g n' 

rpaHHl.fHOMY 

cl>opMe 

ycnoaHIO npH x .... 0 , 
y .D;OBne TBOpJIIOll.{e e 

MO)I(HO npe.D;CTaBHTb B 

1 e Y Y -zhl 1 
v (x) = v (x) IC - J dy- 'f dze ' --z g {z)l. 13.151 

n o n x y2 0 C 
0 

n 

~Hcl>$epeHUHPY.II 3TO BLipa)l(eHHe, HeTpy.D;HO y6e.D;HTLCJI, 'ITO 

rpaHHl.fHOe YCJIOBHe V' (1) ~- lf2 V (1) BblllOJIH.IIeTCB B TOM 
n n 

H TOJibKO B TOM CJiyl.fae, eCJIH 

1 --zl 2 
(v ,g )~C fdze zg (z)=O. o n o 0 n 13.161 

TaK KaK g 3aBHCHT nHWL oT v npH m < n - 1, TO 3To 
n ~ -

YCJIOBHe ll03BOJIBeT onpe.D;eJIHTL K034>$HUHeHT C 
1

• 
n-

~JIB onpe.D;eneHHB C 
0 

.D;OCTaTol.fHO HaRTH p 
1

. HeTpy.D;Ho 

llOKa3aTL, 'ITO 

c2 
p (x) ~, --

0
{-1 +X(1- ~) +e-x(l + x)l. 13.17/ 

1 2K2 e 

CooTBeTCTBYIOIUaB nonpaaKa K MarHHTHOMY noJIIO nponop-

12 

UHOHaJILHa npOH3BO~HOR 

BHTb B BH.D;e 

dpl 
dX' KOTOpylO MO)I(HO npe.D;CTa· 

v2 
'( ) 1 ( 0 2 p X "'-- <--> 
1 2x2 x 

v2 
0 

-X-), 

1 v2 
-< 0 2 
c2 x-> 

0 

1 v2(x) 2 
f dx __£__ __ "' (1 - e) = y L' 
o c2 x 

0 

13.181 

llonpaaKa TaKoro BH.D;a 6blna anepable HaR.D;eHa A6pH

KOCOBblM I 121. 3aMeTHM, 'ITO BLipa)l(eHHe .D;JI.Ii MarHHTHoro 

nonH c nonpaaKOR 13.181 He coana.D;aeT a TOl.fHOCTH c no

npaBKOR A6pHKOCOBa, TaK KaK Hawe pa3JIO)f(eHHe BblllOJI· 

HBeTC.Ii no .D;pyroMy napaMeTpy A I A 2 
co ( 

2 
nHWL npH 

c -· o I. 
TenepL H3 ycnoBHH (v 

0 
,g 1)=0 MO)f(HO HaUTH nocTO.HH· 

HYIO C 
0

• llpH Bbll.fHCJieHHH Y.D;06HO BOCllOJib30BaTbC.II TO)!(· 

.D;eCTBOM 

112 21 2 1 2 J dx--v p p 1 ~ 2K J dxp'
1
'p

1 
=- 2K Jux(p'

1
) . 

o x2 o o o o 
Yl.fHTLIBa.ll 13.71, 13.121 H 13.181, ueTpy.D;HO noKa3aTb, 

'ITO 

2 -C oYL-
2K 2 

(2K2-1){JL+1 
{J L = 

v4 

<-<2-> 
x2 

v 2 2 
< -<2-> 

X 

1 - 5 

e2 

4(1- _L) 
e2 

13.19/ 

3To Bblpa)l(eHHe TaK)I(e 61.1no nonyl.feHo a I 12/, r.D;e .D;JIB Bbl" 

'IHCJieHHJI HCllOJIL30BaJIHCL peWeHHJI, COOTBeTCTBYIOIUHe 

KBa.D;paTHOB peweTKe BBXpei. 3Ha1.feHHe {iL B npH6JIH)I(e· 

HHH BHrHepa-3eiTua paaHo f3 L = 1,1576, 'ITO nHWL Ha 0,2~ 
OTJIB'iaeTCJI OT TO'IHOrO 3Ha1.feHBJI /3L .D;JIJI TpeyrOJibHOB 

peweTKH I f3 L = 1,15961 I ul. 
~JIJI Bbll.fHCJieHHJI K034>cl>HUHeHTa C n llpB n > 1 Heo6 • 

~ v 
XO~MO CHal.faJia HaHTH __ n_ - C n 

vo 
H, Ha nepBLiiB B3TJIJI.D;, 

13 



Bbl'lHCJIHTb p n + l • 0)l.HaKO Ha CaM OM )l.eJie p n + 
1 

Bbi-

'IHCJIRTb )l.JIR 3TOrO He HY)l(HO, TaK KaK p n+ 1 BXO)l.HT B g n 

JIHWb B KOM6HHai.J,HH 
v p + tP 

__ o_n_~-,' a npaaaR qacTb ypaBHe-
2x 2 

HHR , - f 
Pn+l-- n+l CO)l.ep)l(HT 'IJieH -- V0p n_ lloKa)l(eM, 

2K 2x 2 

KaK HCDOJlb3yeTCR 3TO 06CTORTeJibCTBO, Ha npHMepe Bbi

'IHCJieHHR C 1. 113 ypaBHeHHH /3.13/ H rpaHH'IHbiX ycnoauB: 

)l.JIR Pn cne)l.yeT, 'ITO 

2 
1 vo 2 vl 21 

f dx --(p + 2p p ---) = K f p " p dx 
o 2x 2 1 o 1 v o 2 1 

2 1 1 v oP o P 2 
= K 

2f dxp p" = f dx ----
o 2 1 o 2x 2 

llo)l.cTaBJIRR 3To TO)I()l.eCTBo B ycnoaue (v 
0

, g 
2

) = o. nony

'IHM ycnoaue .D.JIR onpe)l.eneHHR C 
1 

: 

1 v 2 v 1 v 2 v 2 v 
f dx-.-9(p 2 + 2p p --1) + 2 r dx--.9( _ _2- _!_) _ ___!=0./3.20/ 
o x2 l l 0 V "a X X 3 V 

0 v 0 
)];JIR Bbi'IHCJieHHR C HaH)l.eM CHa'laJia --1- - C DO tPOp-

Myne /3.15/. 1 
v o 

4. BTOPOE IIPHEJIH)J(EHHE. 
f/HCJIEHHb/E PE3YJibTATh/ 

B npe)l.biJl.Yll.J,eM pa3)l.eJie Mbl HaWJIH RBHhie Bblpa)l(eHHR 

MR V 0 , p
0 

H p
1

. 3)leCL Mbl BLI'IHCJIHM v 1 .~JIR ynpoll.l,eHHJI 

pacqeTOB Y.D.OGHO B Bblpa)l(eHHB /3.15/ nepecTaBHTh npe

JJ;eJihi HHTerpapoBaHHJI, BOCDOJlb30BaBWHCL TO)K)l.eCTBOM 

1 y X 1 1 1 

f dya(y) f dztx_z) = f dz b(z) f dya(y) + f dz b(z) f dya(y). 
X 0 0 X X z 

Y'ITeM TaK)I(e, 'ITO 

14 

~ 
1 

~ 

~ 

r)l.e 

1 -2 Y ex 
fdyy e =--e-lnx+¢(1)-¢(x), 
X X 

oo xm 
¢(x) = L ---- = Ei{x)- C -lnx, C = 0,577216, 

n=l m! m 

H onpe)l.eJIHM $yHKI.J,HIO 

X 2m+ 1 
¢ (x) == L ----- = %[ Ei(x)- Ei(-x)]. 

- m=o(2m+1)(2rr+ 1)! 

3Ha'leHHR <f_, (x), cp _ (x) JierKO HaRTH C DOMOll.l,biO Ta6JIHI.J, 

)l.JIR HHTerpaJibHOH DOKa3a TeJibHOH tPYHKI.J,HH Ei (x). 

v 1 
Bbipa)l(eHue /3.15/ .D.JIH MO)I(HO npe)l.CTaBHTb Te-

nepL B BHJJ.e 

v 1 1 
- - = C + --I (x) -+ v 1 ') 1 

0 '-' 

v 
0 

c2 c 2 
--2I (x) + _ ___£___I (x), 

4 2 4K 2 3 /4.1/ 

r)l.e qneHbi I 1 H 1 2 Y'~HTbiBaiOT JIHHeiiHyiO H HenuHeiiHyiOno

npaBKH K pacnpe)l.eJieHHIO CBepxnpOBO)l.Rll.J,HX 3JieKTpOHOB, a 

13 - nonpaBKa, CBR3aHHaR C HeO)l.HOpO)l.HOCThlO MarHHTHOrO 

DOJIR. 

llocne BbiDOJIHeHHR 3JieMeHTapHbiX HHTerpai.J,HH .D.JIR In 
MO)I(HO DOJIY'IHTh Bblpa)l(eHHR 

1 X 
I (x) =¢(1)-¢(x) + --{e -1) + 1- e 

1 X ' 

-x 3 I (x) = 6 (x)- <P (1)- sh x + e + lhe - -, 
2 - - 2e 

2 3 2 e 1-1 I (x) = -[¢(1)- ¢(x)] - --[¢ (1)- ¢ (x)] +- -- + 
3 e 2 - - e 1. 

1 ( x -x) 1 -x 2 ) 3 1 + - 4 - 3e - e + --e - { 1- - x- 2 + -e--. 
4x 2 e 4 4e 

/4.2/ 

15 



3TH TO'IHble Bbipa)l(eHH!I DpH npai<TJPieCKHX paC'IeTaX He

Y~06Hbl, ll03TOMY Mbl annpOI<CHMHpyeM HX DOJIHHOMaMH 

'leTBepToii cTeneHH no x, nonyqaeMbiMH cne~yiOI.ItHM o6-

pa30M. llyCTb Mbl XOTHM annpOI<CHMHpOBaTb tiJyHI<l.(HIO f(x) 
DOJIHHOMOM f(x) Ha 0Tpe3I<e 0 <X< 1, Tal<, 'ITO f (0)=f(0), 
f ~(0) = f'(O) a, fa (1) = f(1) , f; (l) =;-- f '(1). )J,n1.1 I<oppei<l.(HH 

3Toro npH6JIH)I(eHH!I B cepe~HHe HHTepaana noTpe6yeM 

fa(liz) = f(llz) /3TO YCJIOBHe, B006Il.(e rOBOp!l, He ODTHMaJib" 

HO, HO o6ecne'IHBaeT ~OCTaTO'IHYIO TO'IHOCTb H O'leHb 

y~o6Ho/. 

HeTpy.n.Ho nposepHTb, 'ITO perneHHe 3TOH 3a~a'IH ~a
eTcJi DOJIHHOMOM 

f (x) = f(O) + x f'(O) + x 2 [3f(l)- 3f(O)- f'(1)- 2f '(0)] + 
a 

3 2 2 +X [2f(O)- 2f(1) + f'(O) + f'(l)] + ,-1 ax (1- x) , 

A = 16f(llz)- 8(f(O) + f(1)) + 2(f '(1) - f'(O)). a 

l1pHae~eM 3Ha'leHHJI BeJIH'IHH, Heo6xo~HMble npH nocTpoe

HHE TaKoro npH6JIH)I(eHHJI ,D.nx I : 
n 

I (0) = 0,599620; I' (O) ~ -liz ; I ( 1) = 0 ; I '(1)=2-e;I (liz)= 0,326913; 
1 . 1 1 1 1 

I 2(0) ~0,249929; I; (0) = 0; I 2(1) = 0; r;(1) = : - :e ; 1
2 

(1/z)=-0,178594; 

1 3 I (0)=0,662820;1'(0)= llz--;I (1)=0;1'(1)=-4+ -e; 
3 3 e 3 3 4 

I 
3 

(liz)= 0,020924. 

llocTpoeHHble Tai<HM cnoco6oM npH6JIH)I(eHH!I 

11 =0,5996- ~ x -0,0832x 2 -0,0138x 3 -0,0026x 4 , 

12 ~0.2499+ 0,3312x 2- 0,1022x 3 + O,OaJ9x 4 , 

13 =0,06638- 0,13212x + 0,10439x2- 0,04762x 3 + 0,00907x 4 

16 

/4.3/ 

i 

I 
\ 
i 

r 
t 

l 

06ecne'IHBaiOT ~OCTaTO'IHYIO ~JI!I ~aJibHeHWHX paC'IeTOB TO'I

HOCTb. C llOMOII.(biO 3THX npH6JIH)I(eHHH MO)I(HO 6e3 OC06biX 

3aTpy~HeHHH Bbi'IHCJIHTb C (K) H3 COOTHOWeHH!I /3.20/: 
C 1 (oo) =- 0,009761, 1 

0,2070 1,8810 
C 1 (K)=C

1
(oo)ll+ + I. /4.4/ 

(2K 2-1)f1 +1 [(2K 2-1)2,-s +1J2 
L L 

fipH6JIH)I(eHHOe Bblpa)l(eHHe ~JIJI ~!._ nocne 3JieMeHTap-
vo 

HbiX npeo6pa30BaHHH Y~06HO npe~CTaBHTb B tiJopMe 

r~e 

v lx) 1 
-- =[1 +----· 
v (x) ( 2K 2-1){1 + 1 

o L 

+ 
I 4 (x) 

(2K 2- 1) /~ L + 1 

v ""(x) 
J-1--+ 

v ""(x) 
0 

0,01835 

[(2K2-1)fiL + 1]2 

I 4 (x) = 0,0054 + 0,0112x 2- 0,0129x 3 + 0,0041x 4 , 

C 2 (oo} v7~ =: vl(x) IK=oo =C1(oo}+llzl1(X)++I2(x). 
v 

00

(X) v (x) 
0 0 

/4.5/ 

/4.6/ 
C 2 (oo) = ({3 y )-1 = 3,2691. 

o L L 

rpatiJHI< tiJyHI<.UHH V 71 V;; npe,D.CTaBJieH Ha pucyHKe. 
fiOJib3Y!ICb llOJiy'leHHbiMH pe3yJibTaTaMH, MO)KHO Bbl

'IHCJIHTb p 2 H V 
2 

H T .,D. •. )J,JI!I npai<TH'IeCKHX npHJIO:>KeHHH 

17 

...,.. __ ___ 



.f.~ 
vl 

Fpa{fiUic 
vo npu K .... "". 

.IS 

•r-~--~--~~--~~~~--~~--~ 

,1:\0CTaTO'IHO, 0,1:\HaKO, HaH,L\eHHOrO IIpH6JIH)I(eHHH cto. )],eJIO 

B TOM, 'ITO B 06JiaCTH IIpHMeHHMOCTH TeOpHH B03MyiQeHHH 

H 2 
(A =c ( -~ - 1)< 1) IIOIIpaBKH BeCLMa MaJILI, a ,1:\JIH HCCJie,L\o-

B 

BaHHH pellieHHH IIpll A >> 1 HY)I(HO HCIIOJIL 30Ba Tb COBCeM 

HHble rrpu6JIH)I(eHHH /eM. cne.n,yromuu paJ.n.en/. IIpHMeHu-

MOCTL TeOpHH B03MyiQeHHH IIpH A - 1 CBH3aHa C TeM, 

v . v v (0) 
'ITO 1--...L I « 1 , B qacTHOCTH 1-...Li = --L...:.<O, 1. MmKHo 

v V0 i!lax v (0) 
0 v v 0 

noKaJa n., 'ITO aoo6me I ___ !1.::!-..L I « i __ 12_! , o.n.HaKo aonpoc o 
v 0 v 0 

CXO,L\HMOCTH pn.n,a IIO CTerreHHM A Mbl He HJY'faJIH. /IIpH 

.n.ocTaTO'IHO 6oJILlliHX JHa'leHHJIX K P11A, aepoJITHO, pac-

* Ha caMoM ,IJ.ene, Heooxo~HMO HaiiTH p 2 , 'IT~ c.n.enaTL 
HeTpy,IJ.HO, H Mbl He npHBO,IIHM COOTBeTCTBYIOUUIH peJyJib
TaT. IIpH nro6wx JHal.feHHJIX K 2 > Y2 H rrpH A< 1 3Ta 
rronpaaKa ..n.aeT Manhlii BKJia,IJ. a H. 

18 

I 

( 

H 
xo.n,HTCJI/. II pH He6onLwHx JHa'leHHJIX K aenH'IHHa ( ____QJ;L -1) 

H cl 
HeBeJIHKa H IIOCTpOeHHaJI TeOpHJI BOJMyiQeHHH IIpHrO.n,Ha BO 

aceM HHTepaane JHa'leHHH B : H < B < H • EcnH 

H " 
c 1 - - c2 

, 1 c2 2K ~ R 
K _..,> , To, T .K. --"' ---- , napaMeTphl u A rrpH 

H c 1 lnK 

yMeHLllieHHH rronJt B .n.o H c 
1 

MoryT eTa TL O'leHL 6onL

lliHMH H Hallia TeOpHJI BOJMyiQeHHH HeiipHMeHHMa. 

B CJie.n,yiOIQeM paJ.n,ene Mbl IIOKa)l(eM, KaK IIOCTpOHTb 

rrpu6JIH)I(eHHble peweHHJI a 3TOM cnyqae, a J,IJ.eCL cl}lopMy

nHpyeM OCHOBHOH peJyJILTaT, IIOJiy'leHHbiH Bblllie: 

u(x) B Y. 
F (r)"" -- =C (1- --) 

0 X 0 H 

__ -x/2 H 
2 

v 
1
(x) 

y'x e 11+(-~-1)-=-+ ... 1, 
B v (x) 

H(r) 

B 

r.n.e x == 

0 

C 2 H -x 
dp ( ~ _ 1) (y - xe ) + ... • dx = 1 + 2x 2 B L 

r 2 H 
R 2= 2_c2 

R 2 • B H Bblpa)l(eHHJI )l,JIJI OCTaJILHLIX 

BeJIH'IHH BbiiiHCaHbl B /3.19/, /4.1/, /4.2/, /4.4/. 3aMe

THM, 'ITO BTOpOH 'IJieH B Bblpa)l(eHHH )l,JIJI 1-l(r) IIpH 

( ~ c2 _ 1) _ 1 
B 

H MaJibiX 3Ha'leHHJIX K 2(2'< 2 ?: 1) He Man 

no cpaaHeHHIO c rrepBhiM, ecnH x Mano. O.n,HaKo cne.n,yJO

maJt rronpaaKa, onymeHHaJI HaMH, y)l(e BeCLMa Mana, npH 

yKaJaHHLIX JHa'leHHJlX B, K H x OHa He npeawwaeT 
0,05. 

IIpe.n,no)l(eHHaJI B n.3 TeopHJI BOJMYI.l.leHHii noJBOJIJieT 

Bhl'IHCJIHTL npH6JIH)I(eHHe JIJ06oro nopJI.n,Ka. O.n,HaKo Bhl'IHC

JieHHe CJie.n,yiOI.l.lHX npH6JIH)I(eHBH (V 
2

,p 
3
,v

3
, ... ) JIY'Illie BLI

DOJIHJITL 'IBCJieHHO. IIpeHMYIQecTBO TeopBB B03MYI.l.leHBii 

nepe.n, 06LI'IHbiM 'IBCJieHHLIM peweHBeM paCCMOTpeHHOH He

JIHHeHHOH KpaeBOH Ja,&a'IH - B03MO)I(HOCTL DOJiy'leHBJI o6-

UUIX a~r~pa)l(eHBil, npBro.n,HblX npB npoB3BOJILHLIX 3Hal.feHHJIX 

K
2 

H B )l,OCTaTO'IHO WBpOKOM BHTepaane 3Ha'leHBH B, a 
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TaK)Ke HarnJl,IJ.HOCTL l}IB3B'IeCKOH BBTepnpeTaUBB pe3ynL· 
TaTa: BCer,IJ.a MO)KHO npocne,IJ.BTL, OTKy,IJ.a B03HBKaeT Ta 
unu BHaJl nonpaBKa. 

5. IIPHEJIH)J(EHHME PEHIEHH.R B CJIAEOM IIOJIE 

KaK oTMe'lanocL BLIWe, ecnu K 2 >> 1, a MarHBTHoe 
none 6nB3KO K BB)KHeMy KpBTB'IeCKOMY Hc 1 ' nocTpoeHHaJl 

BLIWe TeOpBJl B03MYIUeHBH HenpBMeHBMa. llpB'IBHa 3TOrO 
O'leBB,IJ.Ha: TeOpBJl B03MYIUeHBH OCHOBaHa Ha ManOCTB cpe,IJ.
Hero 3Ha'leHBJl nnOTHOCTB CBepxnpOBO)J.JllUBX 3neKTpOHOB 
<F 2>,a B cna6oM none 3Ta BenB'IBHa 6nB3Ka K e,IJ.BHBUe. 
MO)KHO nonLITaTLCJl pa3naraTL BCKOML!e l}lyHKUBB B PJI.D. no 

CTeneHJIM napaMeTpa ___!_. 0,IJ.HaKo TaKaJl TeopBJl B03My· 
R2 

IUeHBH HepaBHOMepHa, T .e. HenpuMeHBMa npu r< 1 B cep,IJ.
ueBBHe BBXpJl. B 3TOM pa3,IJ.ene MLI noKa)KeM, KaK nOCTpO· 
BTL paBHOMepHoe nepBoe npu6nu)KeHue, npuro,IJ.Hoe npu 
Bcex 3Ha'leHBJIX r B cny'laJlx R-+ oo /u K -+ oo /. 

llonL3YJICL npu B - H ManocTLIO napaMeTpa 
R 2 

H ~ 
c2 1 

- --- - --, nonO)KBM B nepBOM npu6nB)KeHBB p "'P =X - 1 
2K 2 B ln 2

K 
0 

B paCCMOTpBM nBWL ypaBHeHBe ,IJ.nJl napaMeTpa nopJl,IJ.Ka 
/3.1/. Ecnu HaM y,IJ.acTCJl nocTpOBTL xopowee npu6nu-
)KeHBe u ,IJ.nJl peweHBJl 3Toro ypaBHeHBJl npu p = p , no-

o y y 0 
npaBKY K p 0 MO)KHO HaBTB, pewaJl nBHeBHOe ypaBHeHBe 
/3.2/ ,IJ.nJl p. c ManLIM napaMeTpoM R2 /4K 2 B npaBoii: 
'laCTB. 

YpaBHeHue /3.2/ c p = p 0 = x - 1 Y.D.06Ho npe,IJ.cTaBBTL 
B BB,IJ.e 

R2(x-u2(x))u(x) + 4(8 ~-8x) u(x) +(2x-x ~u(x) = 0, /5.1/ 

d 8 -x-. r,IJ.e x= dx 8 O'leHL 
X 

HcnonL30BaHue onepaTopa 

Y.D.06Ho, T.K. 8 x = vx, 8 xv= vx v, 8 (xvf(x))=X v(8 +v)f B T.,IJ.. 
X X X 

20 

llonO)KBM 

oo -2n 
u(x) = ~ R u (x). 

n=o n /5.2/ 

llO,IJ.CTaBnJIJl /5.2/ B /5.1/, nerKO y6e,IJ.BTLCJI, 'ITO l}lyHKUBB 
Un MO)KHO onpe,IJ.enJITL peKyppeHTHO: 

1 2 3. 2 
u (x)=-14(8 -o )u (x)-[(uJ -3u ul+ 

n 2x x x n-1 n o rr' 

+ x(2- x)u n _ 
1 

I , n > 1; /5.3/ 

'!: -
u (x) = x 2 

; (F = u I .Jx = 1). 
0 0 0 

C nOMOI.LtLIO /5.3/ MO)KHO 6e3 Tpy,IJ.a HaHTB npu6nB)KeHBJI 
mo6oro nopJI,IJ.I<a. HanpBMep, 

2 2 4 !f2(1-x) 1f2 (1-x) (1-x) 2 
U =-X ---; U 2 =-X f---+--- + -J 1 

2x x 2 8x 2 x 
/5.4/ 

1h (1-x) 
2 

1 2 4 2 
u = x I 1- ---- ---[8(1-x) +(1-x) J--- ... I. 

2R 2 x 8(R2x) 2 R 4x 

JaMeTBM, 'ITO nepBLie ,IJ.Ba 'lneHa npa6nB)KeHBJI /5.4/ TO'IHO 
Y.D.OBneTBOpJIIOT rpaHB'IHOMy ycnoBBIO u '(1) = 1h u(1). B 
cne,IJ.yioi.LteM npu6nB)KeHBB, y'IBTLIBaJOIUeM qneHLI - 1/ R 4 , 
3TO rpaHB'IHoe ycnoBue Y.D.OBneTBOpJleTCJI nuwL acuMnTo
TB'Ieci<u. )J.eHCTBBTenLHO, u

2
(1) =- 2 B U ;(1) = 1, OTKy,IJ.a 

cne,IJ.yeT, 'ITO c y'leToM u 2 npu6nu)KeHue ,IJ.nJI u(x) Y.IJ.OB-

neTBOpJleT ycnOBBIO ~ = _!_(1 + _!_+, .. ).B 3TOM npu6nu-
u(1) 2 R4 

)KeHBB 
p (x). 
Il_. oo, 

X= 1 

1 

HenL3JI, O,IJ.HaKO, npeHe6peraTL OTnB'IBeM p(~ OT 
TaK Kai< Hac BHTepecyeT nuwL acuMnTOTBKa npu 
MLI MO)KeM C'IBTaTL, 'ITO rpaHB'IHOe ycnOBBe npu 
BLinOnHeHO, B paCCMOTpBM 3Ha'leHBJI X B BHTepBane 

-<<X« 1. BLipa)KeHBJl ,IJ.nJl u n npu 3TBX 3Ha'leHBJIX 
R2 
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X OKa3biBaiOTC.II O'leHb npOCTbiMH H llOJiy'laiOTC.II H3 COOT
HOWeHH.II /5.3/, B KOTOpOM OT6poWeH 'IJieH x(2- X)U • 

n- 1 
HeTpy~Ho HaRTH, 'ITO B 3TOM npH6JIH:>KeHHH 

% 1 9 W3 u(x) = x !1---- --- --
2R 2x 8(R 2x) 2 16(R 2 x) 3 

1355li__- •.• ). 

64(R2 x) 4 

/5.5/ 
Ko3cW>HUHeHTbl npH cTeneH.IIX (R 2 x) -n OTPHUa TeJibHbl H no 
MO~yJIIO 6biCTpO pacTyT C pOCTOM HOMepa n, ll03TOMY p.ll~ 
MO:>KeT 6b1Tb JIHWb aCHMllTOTH'IeCKHM pa3JIO:>KeHHeM, H CJie
~yeT O:>KH~aTb, 'ITO u(x) HMeeT CyJ.UeCTBeHHYIO OC06eH
HOCTb no R 2 npH R 2_, "". KaK H3BecTHO, TaKHe p.ll~bl ~aroT 
pa3yMHOe llpH6JIH:>KeHHe, eCJIH nepBbiR H3 OT6paCbiBaeMbiX 
'IJieHoB He npeablwaeT nocne~Hero y~ep:>KHBaeMoro, H Tor
Aa owH6Ka - nop.11~Ka BeJIH'IHHbl nepaoro oT6pacb1BaeMoro 
'IJieHa. TaK, HanpHMep, TpeTHR H qeTBepTbiR qneHbl B 

/5.5/ paBHbl npH R2x~ 163,g, T.e. npH R 2x>9 
18 

cne~yeT 

OCTaBHTb B /5.5/ TpH nepBble 'IJieHa pa3JIO:>KeHH.II, a OWH6-

Ka llpH 3TOM 6y~eT - 163 163 < ----0,014.AHaJIOrH'IHO 
16(R2x)3 16 • 9 3 

2 
npH R X> 21 MO:>KHO OCTaBHTb 'leTblpe nepBble 'IJieHa B 
/5.5/, a OlliH6Ka 6y~eT < 1,1 x 10-3 

llpH Manblx 3Ha'leHH.IIX R2 x pa3Jio:>KeHHe /5.5/ He ~aeT 
llOJie3HOR HH4JopMai.{HH 0 llOBe~eHHH u(x) H He06XO~HMO 
HaRTH ~pyroe pa3JIO:>KeHHe. fipH X-->0 pemeHHe ypaBHeHH.II 
MO:>KHO, O'leBH~HO, HCKaTb B BH~e CTeneHHOrO p.11~a 

00 

u(x) = !- a x n + 1 . 
n=o n 

ITo~cTaBJl.IIX 3TOT p.11~ B ypaaHeHHe /5.1/, MO:>KHO nony-
'IHTb peKyppeHTHOe COOTHOWeHHe ~JI.II K03cW>HUHeHTOB 

a = 
n 

-
1
-I-(R

2
+2)a +[R 2(a~ +a ]l, n>l. 

n-1 n-2 n·-2 4n(n + 1) 
/5.6/ 

C llOMOJ.UbiO /5.6/ BCe K03cW>HUHeHTbl MO:>KHO Bblpa3HTb qe
pe3 a . fiepBble K03cW>HUHeHTbl HMeiOT BH~ 

0 
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a 
1 

2 2 R 2 +2 a o R 2 + 2 2 R a o + 1 
=-a --,a = -1( ) + -----1. 

0 8 2 3 8 8 

/'5.7/ 

a =- ~(-R 2 +2 )! (-R2+2 2 5R 2a~+ 2 
3 18 8 8 ) + __ 4 ___ l. 

llpH R __,"" napaMeTp a ~oJI:>KeH 6b1Tb nopR,IJ,Ka R. ,ll;eiicTBH-
%. o 'A r TeJibHO, F (r) -c x -- 2 u(x) "'llo.X 2 =a -, TaK KaK pa3Mep 

o r->o oR 

cep~l.{eBHHbl BHXpR B HaWHX e~HHHI.{aX - 1, TO ~OJI:>KHO 6biTb 

ao 
R --1 H 3a~aqa cocTOHT B TOM, 'IT06bl HaiiTH 

a 
0 

TO'IHO. 
R 

llpH R__,"" pa3JIO:>KeHHe u(x) nonyqaeTCR H3 /5.7 I. 

R 2x (R2x)2 ao 2 1 
u(x) =a xl1- --- + -- ((--) + -)-

o 8 24 R 8 

5(R2x)3((~) + _1_) + ... !. 
- --- 80 

(24) 2 R 

/5.8/ 

Q 

llpH ~ocTaTO'IHO Manblx 3Ha'leHHRX R~x 3TOT pR~ cxo~HT-
CR, O~HaKO OH, no-BH~HMOMy, HMeeT KOHe'IHbiR pa~HYC 

cxo~HMOCTH H npH R2x > 1 HenpHro~eH. llpH Rl?x...1 CYJ.UecT
ayeT 06JiaCTb, B KOTOpOH pa3JIO:>KeHHR /5.8/ H /5.5/ llpH 

a T- 1 6JIH3KH ~pyr K ~pyry. O~HaKo B :noR o6nacTH Q6a 

pa3JIO:>KeHHR HenpHMeHHMbl, H Mbl He MO:>KeM BOCllOJib30BaTb
C.II MeTO~OM CWHBaHH.II ~JIR onpe~eJieHH.II a/R H llOCTpOeHH.II 
peweHH.a:, npHro~Horo npH acex 3Ha'leHH.IIx x. 

rpy6yro OUeHKY a jR MO:>KHO llOJIY'IHTb CJie~YIOJ.UHM 
o6pa30M. llpOHHTerpHpyeM ypaBHeHHe /5.1/ OT 0 ){0 1 H 
nepeR~eM K npe~eny R .... "". Tor~a nony'IHM cne~YJOI.Uee 
TO:>K~eCTBO: 

~=lim (u'(O~= 1 tdz u(x)[l-( u) ]. 

R R->00 R 2y2 ° yz yx yx 
/5.9/ 
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r~e 
R2 

Z= -2 
2 

B <iJYHKUBJI u (x) npu R .... "" 3aBBCBT JIBWL 

vx 
OT z. ECJIB HaM B3BeCTHO KaKoe-nu6o npu6n~eHue ~.II 

~X) , HenpepLIBHOe npB BCeX 3Ha"'eHBJIX z TO MLI MO:>KeM vx . 
onpe~eJIBTb napaMeTp a

0
, B3JIB BHTerpan B /5.9/. Hanpu

Mep, npB Z < Z MO:>KHO B3.11Tb pa3JIO:>KeHBe /5.8/, a nj)B 
- 0 

Z :::_ Z 0 > 0 -pa3JIO:>KeHBe /5.5/, BLI6paB TO"'KY z
0 

TaK, 

"'TO 3Ha"'eHBJI o6oux pa3JIO:>KeHBH a TO"'Ke z
0 

cosna~aroT. 
CooTBeTcTsyromue BLI"'BCJieHBJI rpoMo3~KB u He o"'eHL 

3clJclleKTBBHLI, B MLI nOCTynBM BHa"'e. 

Ilo~6epeM KaKyro-Hu6y~L cneuuaJILHYIO <IJyHKUBID, pa3Jio

:>KeHBe KOTOpOB npB MaJILIX Z BOCnpOB3BO~BT HeCKOJibKO 

"'JieHOB /5.8/, a npB 60JibWBX Z - HeCKOJILKO "'JieHOB /5.5/. 
TaKaJI <IJyHKUBJI ocyiUeCTBBT rna~Kyro BHTepnoJIJIUBID pa3no

:>KeHBH /5.5/ u /5.8/ npu scex 3Ha"'eHBJIX z. KoHTPOJib 

noJiy"'eHHOrO npB6JIB:>KeHBJI MO:>KHO OCYIUeCTBBTL, BLI"'BCJIBB 

BHTerpan a /5.9/ B cpaBHBB nony"'eHHoe TaK 3Ha"'eHue 

a 0 C TeM, KOTOpoe onpe~eJIJieTCJI BHTepnOJIBPYIOIUeH <IJyHK· 

uueii:. )).ocTaTO"'HbiH 3anac <IJyHKUBH, BMeiDIUBX HY:>KHLie 

HaM CBOHCTBa, MO:>KHO nOCTpOBTL C noMOIULID o6o6IUeHHOH 

runepreoMeTpuqecKoii: <llYHKUBB F . PaccMoTpBM <IJyHK-
P q 

UBB 

'!:! -hz a 1 '"aN 
z e F (f3 (3 l.\z). 

N N 1"' N 

IlpB Z --> "" 3TH <iJYHKUBB pa3JiararoTCJI B aCBMnTOTH"'eCKBe 

p.ll~bl TBna /3.5/, a npB Z --> 0 - B CXO~JIIUBeCJI p.ll~bl TH· 

na /5.8/. Ko3clJclluuueHTbl 3TBX pa3JIO:>KeHBH B3BeCTHbl a 

JIBHOM su~e /eM. lls/ I. C noMOIULID <IJyHKUBB NF N npu 

~ocTaTO"'HO 6oJILWOM N MO:>KHO annpoKCBMBposaTL ~l 
..;x-

c BbiCOKOH TO"'HOCTLID, HO, K CO:>KaJieHBID, ypaBHeHBJI ~JIJI 

onpe~eJieHBJI napaMeTpa a i , {3 i , h o"'eHL CJIO:>KHbl, a ~JIJI 

NF N npu N 2:_2 He cyiUeCTsyeT Ta6nuu. Ilo3TOMY nonpo-

6yeM annpOKCBMBpOBaTL 

MeTpB"'eCKOH<iJYHKUBeii: 
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u(x) 

vx 
Bblpo~eHHoii: runepreo-

u (x) - a - -hz 
_o__ = y 2 ( - 0

- ) v z e ¢ (a , b ; hz) , z ·-: 
-- R vx 

R 2x 
R 

/5.10/ 

HcnoJIL3YJI B3BeCTHLie pa3JIO:>KeHBJI ¢ npu z .... 0 u z .... .,., 

MO:>KHO HaUTH napaMeTpbl a , b' h B 

~BYM "'JieHaM B pa3JIO:>KeHBJIX /5.5/ B /5.8/. 
B pe3yJILTaTe nonyqaeM 

~.!2 
R 

a -
h = 1 , a = ~. b ~ 2, - 0

- c ..j !!_ :: 0,627. 

no nepBLIM 

2 R 8 
IIO~CTaBBB 3TO npB6JIB:>KeHHe B /5.9/, nonyqaeM ~JIJI a

0 

MeHLwee 3Ha"'eHHe, OTJIH"'aiOmeecs oT y' i npuMepHo Ha 

20o/o, no3TOMY npu6JIH:>KeHHe /5.10/ cne~yeT YJIYlfWHTb. 

qT06bl He nepeClfHTbiBaTb 3aHOBO napaMeTpbl a, b, h, 
B03bMeM npH6JIH:>KeHHe 

_uo(x} ~ j}_ _vrr e-zq,(...Q.,2 z)-1 +az_2_ 
/x a 2 2 . 1 + {3z 2 

/5.11/ 

H onpe~eJIHM a H (3, noTpe6osas, lfT06LI pa3JIO:>KeHHe 

3TOrO Bblpa:>KeHHJI BOCnpOH3BO~HJIO H TpeTbH lfJieHLI B 
/5.5/, /5.8/. B pe3yJILTaTe nonyqaeM 

1 1 3 /1 2 
48(a-{->) -l 2c --TT. 

• (1 2 . 
OTKy~a (l 16 

a {3 ---
" "'0,30813; (3 "' 0,29130; - 0

- c -- \/ !!_"' 0,592. 
R a 8 

BbllfHCJieHHe ajH no <IJopMyJie /5.9/ c 3THM npu6JIH:>KeHHeM 

ao u 
~.II --- ~aeT 

vi-
"' 0,57. "'TO OTJIB"'aeTCJI OT 0,592 R 

MeHLwe "'eM ua 41o. TaKHM o6pa3oM, Mbl nony"'BJIB Henno

xoe npu6JIB:>KeHue ~JIJI u(x) npu scex 3Ha"'eHHJIX z. Ilpu 

X« 1/R2 MO:>KBO nOJIL30BaTbCJI PJI~OM /5.8/ C Haii:~eHHbiM 

HaMB 3Ha"'eHBeM 
ao 
R • npu 

1 
X>> -- - aCBMnTOTH"'eCKBM 

R2 

pa3JIO:>KeHBeM /5.4/, a B nepexo~HOH 06JiaCTB X - _.!. 
BHTepnonupyro}Ueii: <iJYHKUBeii: /5.11/. R I? 
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HeXOAB H3 nonyqeHHhlX npa6n~eHBH ARB U(X) MO)KHO 

u ln(ln 2 K) 
Terre ph HaRTH nonpaBKB K MarHBTHOMY ITOJDO (- ---'----

lnK 

B B006I.Qe nonyqBTh YTOqHeHHhle Bhlpa)l(eHBB ARB U (x) H 
p(x). IIoeTpoeHHOe B 3TOM pa3Aene aHanaTaqeeKoe npa-
6n~eHBe ARB u(x) MO)I(eT eoeTaBBTL OeHOBY ARB HaAe)l(
HhlX B 6hleTpO eXOABI.QBXeB qaeneHHhlX paeqeTOB BHXpeBOH 
eTpyKTYPhl B ena6oM MarHBTHOM none. 

B 3aKmoqeHBe OTMeTBM, qTo npeAnO)I(eHHhle B 3TOH 
pa60Te MeTOAhl ITOeTpOeHBB BBXpeBhlX peWeHBH B eaepx
npOBOAHBKaX BTOporo POAa MoryT HaRTH ITpBRO)I(eHHB B 
APYrBx npo6neMax. HanpaMep, ypaBHeHBe, onaehlBaJOmee 
BBXpH B eaepxTeKyqeH )I(BAKOeTB, nonyqaeTeB 83 /2.5/, 
eena 3aMeHBTL p2(r) Ha (1-ar 2) /eM. /14//. BeeLMa 
ITOXO)I(BMB ypaBHeHBBMB OITBehlBaiOTeB BBXpeBhle peWeHHB 
B penBTBBBeTeKOH MOAenB ronAeTOyHa/15/ H B TeOpHB 
J!Hra-Mannea/16/ /eM. TaK)I(e /17/ /. Mhl npeAnonaraeM 
paeeMOTpeTL peWeHHB eOOTBeTeTBYIOI.QBX ypaBHeHHH 
a Apyroa pa6oTe. 
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