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§1. BBE){EHHE 

"){OC1110UHC11160 KBamepHUOH06 noKa 

cocmoum He cmoAbKO 6 peweHuu 
mpyOHbZX 3UOa'l, CKOAbKO 6 liiOM, 
'11110 OHU OU10111 HaM 603MOJICHOC111b 
6UOemb CMbZCA 3aOa'IU u ee pewe-

HUJI". 
,a.K. MaKc6eAA 

KsauToBaJI TeopHJI nonJI c HMnynhCHhiM npocTpaucTBOM 

llOCTOJIHHOH KpHBH3Hhl n<my'IHJia CBOe pa3BHTHe B pa6o

TaX /l -7/. CxeMa, nocTpoeuuaJI J,IJ,ech, ocuosaua ua aKcuo

Ma TH'IeCKOM no,IJ,xo,IJ,e 1ioromo6osa /B -I o~ 
lihiJIO llOKa3aHO, 'ITO MO)I(HO OTKa3aThCJI OT Ofihi'IHO 

HCllOJih3yeMoro llJIOCKOrO HMllYJihCHOrO llpOCTpaHCTBa BHe 

MaCCOBOH llOBepXHOCTH H 3aMeHHTh ero Ha p -npOCTpaHCTBO 

nocTOJIHHoii KpHBH3Hhi. KsaHTOBaJI TeopHJI noJIJI, ocuosauuaJI 

Ha 3TOM npe,IJ,llOJIO)I(eHHH, HellpOTHBOpe'IHBa H JIBJIJieTCJI 

aJibTepuaTHBOH o6hi'IHOH TeopHH. 

PaccMaTpusanuch o6a BOJMO)I(HhiX sapuauTa p-npo-

cTpaucTsa nocToJiuuoii KPHBHJHhl /npocTpaucTsa ,IJ,e CuT

Tepa/ C MeTpHKaMH 

LK 2 2 2 2 2 
gKLP p =p0-pl-p2-p3-p4=-l, 

/1.1/ 

A LK 2 2 2 2 2 
gKLP p = p 0- p 1- p 2 -p3 + p 4 = l /1.2/ 

H C rpynnaMH ,IJ,BH)I(eHHH 80(4,1) H S0(3,2) COOTBeTCTBeHHO. 
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HerronL30BaHHe eBoHeTB rrpe~eTaBneHHH rpyrrrr ~BH~e
HHH HrpaeT KniOl.JeByiO ponh BO BeeH exeMe. AHanH3 <l>yphe, 
OITHpaiO~HHeH Ha oeHOBHYIO eepHIO YHHTapH~X HerrpHBO~H
M~X rrpe~eTaBneHHH rpyrrrr ~e CHTTepa, rroJBonun BBeeTH 
a~eKBaTHoe KOH~HrypauuoHHoe rrpe~eTaBneHHe. Yenoaue 
ITpH'-IHHHOeTH B HOBOM KOH~HrypaUHOHHOM rrpoeTpaHeTBe 
HBnHeTeH ITpHM~M o6o6~eHHeM yenOBHH ITpH'-IHHHOeTH lio
roni060Ba. 

Ba~HOe MeeTO B KBaHTOBOH TeOpHH ITOnH e HeKpHBneH
HhiM p -rrpoeTpaHeTBOM ITpHHa~ne~HT KpHBhiM e~BHraM/1,3/ 
u opue~epuqeeKHM e~BHraM 121 . B ~aHHOH pa6oTe 6y~eT 
pa3BHTa Y~06HaH TeXHHKa ~nH OITHeaHHH 3THX rrpeo6pa30Ba
HHH ITpH ITOMO~H rHrrepKOMITneKeHOH peanH3aUHH HaKphiBa
IOIUHX rpyrrrr 80(4,1) H 80(3,2)*. 3Ta peanuJauuH rroeny~HT 
TaK~e OeHOBOH ~nH HaXO~eHHH eiTHHOpHhiX /KOHel.JHO
MepHhlX, HeyHHTapHhlX/ rrpe~eTaaneHHH rpyrrrr ~e CHTTe
pa /II/. CrruHopHhle rrpe~eTaBneHHH Heo6xo~HMLI ~nH rro
eTpoeHHH ypaBHeHHH ~BH~eHHH H KOH~HrypaUHOHHOrO rrpe~
eTaBneHHH ~nH qaeTHU e HeHyneBLIM eiTHHOM. 

rurrepKOMITneKeHhlMH peanH3aUHHMH M~ Ha3hlBaeM 
rpyiTIThl MaTpHU BTOporo ITOpH~Ka, 3neMeHThl KOTOp~X 

rrpuHa~ne~aT anre6pe lKl rurrepKoMrrneKeHLIX queen /KBa
TepHHOHOB/ Ha~ non eM KoMrrneKeHLIX queen l Zl '. HerronL-
30BaHHe B Kal.feeTBe eKanHpOB KOMITneKeHhlX l.fHeen ey-
~eeTBeHHO: HMeHHO B 3TOM enyqae B03MO~HO paeeMOTpe
HHe Ha 06IUeH OeHOBe Be ex Be~eeTBeHHhiX BeTBeH KOMITneKe
HOH opToroHanLHOH rpyrrrr~. 3TH BeTBH rrepexo~HT o~Ha 
B ~pyry10 ITpH aHanHTHl.JeeKOM rrpo~on~eHHH ITO KOMITOHeH
TaM 5-uMrrynLea. HHLIMH enoBaMH, MLI rronyqaeM arrrrapaT, 
IT03BOnHIOIUHH paeeMaTpHBaTL e~HHLIM o6pa30M 80(4,1) H 
80(3,2) -BapHaHThl KBaHTOBOH TeOpHH ITOnH H aHanorH 
ux eBKnH~OBhlX ~opMynupoBoK. Anre6pa lKl eo~ep~HT 
~enHTenH HynH. 3TOT ~aKT Herroepe~eTBeHHO CBH3aH C 

HanHl.JHeM H30TpOITHhlX BeKTOpOB B ITO~ITpOCTpaHeTBaX, OT
Bel.faiO~HX pe~yKUHH Ha rreeB~OOpTOrOHanLHLie rpyiTIThl HH3-

*rurrepKoMrrneKeHaH peanuJaUHH rrpeo6pa3oBaHHH rpyrr-
ITLI 80(3,2) rrpHMeHHTenLHO K TeOpHH ITOnH e HeKpHBneH-
HhiM p -rrpoeTpaHeTBOM paceMaTpHBanaeb B/7/. 
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WeH pa3MepHOeTH. KnaeeuqeeKHe Be~ e e T Be H H hie KBa
TepHHOHhl B03HHKaiOT rrpH ITOCTpOeHUH YHHBepeanLHOH Ha
KphlBaiO~eH rpyrrrrhi ~nH 80(4, 1) I 121 /rrono~HTenLHO onpe
~eneHHaH KBa~paTHl.JHaH ~OpMa p~+p1 +p~+p ~' OTBel.JaiOIUaH 
pe~yKUHH SO (4, 1) =:> 0(4) eoBrra~aeT c HOPMOH raMHnLTo,oBa 
KBaTepHHOHa/. YHuaepeanLHaH HaKpLIBaro~aH 8L<2,C) I 3,I4/ 
rpyrrrrhl JlopeHua rronyqaeTcH rrpu ey~eHHH Ha rro~anre6py 
KoMrrneKeHhlX queen elK! /eM. ~-ny /2.12d I/. 

0TMeTHM, '-ITO KBaTepHHOHhl MHOrOKpaTHO paceMaTpHBa
nHeb KaK l.JHenoBaH eHeTeMa ~nH KBaHTOBOH MeXaHHKH /15/ . 
B pa6oTax/16/ KBaTepHHOHhl Herronb30BanHeb ~nH aHanH3a 
rrpe~eTaBneHHH rpyiTIThl JlopeHUa H TIOeTpOeHHH BOnHOBhiX 
ypaBHeHHH B rrpoeTpaHeTBaX ITOCTOHHROH KpHBH3Hhl. 

§2. OCHOBHblE OIIPE)l,EJIEHH.Jl 

PaecMoTpHM anre6py IKl rurrepKoMrrneKeHhlX queen 

a BH~a 

a a0 + aia i (i= 1,2,3), /2.1/ 

r,lJ.e l a i \ - eHeTeMa Tpex "MHHMhlX e~HHHU" C TafinuueH 

YMHO~eHHH 

a.a. = o .. +ic.kak 
I J lj IJ 

/2.2/ 

CHCTeMa !a.} MO~eT fiLITh peanH30BaHa e ITOMO~hiO ~BYX-
I v 

pH~HLIX MaTpuu llaynu. Iloene.IJ.HHH ~aKT 6y~eT HaMH uc-
rronLJOBaH rrpH ITOCTpOeHHH eiTHHOpHhiX rrpe,lJ.eTaBneHHH. 

YMHO~eHHe KBaTepHHOHa Ha KOMITneKeHoe l.JHeno zf,!Z}, 
eno~eHue H BLil.JHTaHue orrpe~enHM cne~yromuM o6pa3oM: 

za = za 0 + za i a i , /2.3a/ 

a+ b = (a
0 

+ b 
0

) + (a i + b i )a i , /2.36/ 

a- b = (a
0

- b
0
)+ (a.- b. )a.= a+(-b). 

I 1 1 
/2.3B/ 

IlpOH3Be~eHHe KBaTepHHOHOB BHOBh HBnHeTCH KBaTepHHO
HOM. OrrepauuH eorrpH~eHH.R Ja~aeTeH ~opMyno8 
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\ 

a__. a = ao - ai a i /2.4/ 

,[J.m1 mo6biX a H b 

ab = ba /2.5/ 

HopMa KBaTepHHOHa llall onpe~enHeTCH COOTHOIIIeHHeM 

II all = a-;; = -;; a . /2.6/ 

QqeBHAHO, qTQ HOpMa HBnJieTCJI KOMllneKCHbiM qHcnoM; 
OHa MO:>KeT 6b1Tb, B qacTHOCTH, OTPHUaTenbHOH HnH paBHOH 
uymo. B cnyqae, Kor,zJ,a llalll= 0, cyll.{eCTByeT o6paTHbiH 
no OTHOIIIeHHIO K a 3neMeHT anre6pbl lKI .' 

-I a 
a 

11 all 

aa-1= a-1a = 1. 

/2.7a/ 

/2.76/ 

3neMeHTbi anre6pbl lK l , o6na~al0Il.{He uyneaou uopMou, 
Ha30BeM CHHrynJipHbiMH,HnH ~enHTenJIMH HynJI. ,[J.nJI CHH-
rynJipHbiX 3neMeHTOB ue onpe.LJ.eneu o6paTHbiH a- 1 • 

Onpe.D.enHM onepaUHIO 3pMHTOBa conpJI:>KeHHJI KBaTep
HHOHOB /3Be3AoqKa o6o3uaqa·eT o6blquoe KOMnneKcl:loe co
npJI:>KeHHe/ 

+ a =a* + a*a 0 i i. /2.8a/ 

+ + + 
(ab) = b a /2.86/ 

a TaK:>Ke onepaUHIO KOMnneKCHOrO COllpJI:>KeHHH KBaTepHHOHOB 

~ =a* -a* a , /2.9a/ 

(ab) =a b. /2.96/ 

llocne~oBaTenbuoe npHMeHeHHe ni06blx ~ayx onepauHu -, 
+ HnH .. paBHOCHnbHO npBMeHeHBIO TpeTbeH. HanpBMep, 

6 

- + " 
(a) =a. /2.10/ 

KpoMe Toro, HaM noHa~o6HTCH onepauHH qacTHqHoro co
npH)KeHHH 

a = a
3 

aa 
3 

= a
0 

+ a
1 

a 1 + a 2a 2 - a 3a 3 , /2.lla/ 

-
(ab)=ba. /2.116/ 

Anre6pa KOMnneKCHbiX KBaTepHHOHOB /2.1/ C0)1.ep:>KHT TpH 
JaMKHYTbiX no,IJ,anre6pbl. 3anHIIIeM 

a= (aOl +i~2 )+(ail +iai2)ai' a ~ lZ I, 
tt /2.12a/ 

b = b0 + bk ia k , b ft "-I HI, /2.126/ 

c = CO + c I a I + Cz a 2 + C 3 JU 3 ' cfl~!RI, /2.12B/ 

d =do+ d 1 ia3 , doJ~ lRI, /2.12r/ 

rAe lR! - none AeHCTBHTenbHbiX qHcen. CHcTeMa /2.12r/ 
HJOMop<iJua o6bJqHbiM KoMnneKCHbiM qHcnaM. CHcTeMa 
/2.126/ COBlla)1.aeT C KnaccHqecKHMH /Bell.{eCTBeHHblMH/ 
KBaTepHHOHaMH I 17/. TpH MHHMbie eAHHHUbl ; , ; , lc, o6pa-
3Yl0Il.{He CTaH)1.apTHbiH 6aJHC KnaccHqeCKHX KBaTepHHOHOB, 
CBJIJaHbl C a i <iJopMynaMH 

i=-ia 1 , j =-ia2 , k=-ia 3 • /2.13/ 

B OTnHqHe OT CHCTeM /2.12r/ H /2.126/ CHCTeMa /2.12B/ 
co.D.ep:>KHT .D.enHTenH uynJI. HH:>Ke Mbi YBH~HM, qTo aeTBH 
/2.126/ H /2.12a/ ecTecTaeuuo BOJHHKaiOT npH auanHJe yuH
aepcanbHbiX uaKpbiBaiOil.{HX rpynn 80(4,1) H 80(3,2). 
PaCCMOTpHM Tenepb MaTpHIJ.bl BTOporo llOPJIAKa 

a b 
u=(cd)' /2.14/ 
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r,LJ;e a, b, C, d - KBaTepHHOHbl BH.D;a /2.1/. 0603Ha'IHM 
qepe3 u+ "3pMHTOBO conp1DKeHHyiO" MaTpHIJ.Y 

- -
a c 

u =<- -), 
b d 

/2.15/ 

+ 
,lJ;JI.H 3pMHTOBbiX MaTpHIJ.(U =U)O.D;H03Ha'IHO onpe.D;eJieH,LJ;e-
TepMHHaHT 

det u = ad - be , 

T .K. B 3TOM CJiyqae ad= da, be = cb . 

§3. THIIEPKOMIIJIEKCHA.R PEAJIH3~H.R 
YHHBEPCAJibHOH HAKPblBAIOH(EH 
TPYIIIlbl 80(4,1) 

BBe.D;eM 3pMHTOBbi MaTpHIJ.bi BToporo nopH.D;Ka 

/2.16/ 

0 1 k 0 -a 4 -I 0) (k=1,2,3). r 0 =( ), T ='( k), T = ( 
1 0 ak 0 0 i 

IIOCTaBHM B COOTBeTCTBHe 5-BeKTOpy p L MaTpHIJ.Y 

p = p r L - ( - ip 4 p 
L -

p ip 

0'1eBH.D;HO, 'ITO 

+ p = p 

K L det p =- g p P 
KL 

4 

/3.1/ 

/3.2/ 

/3.3a/ 

/3.36/ 

IlyCTb U - YHHTapHble KBa TepHHOHHbie Ma TPHU.bl ( u+ = u -1) 
BH.D;a /2.14/. 

113 YCJIOBHH 
+ 

uu = 1 ' 
u+ u = 1 
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/3.4a/ 

/3.46/ 

noJiyqaeM .D;Be I 3KBHBaJieHTHbie/ cucTeMbl orpauuqeuuii 
Ha 3JieMeHTbl MaTpHIJ.bl U: 

aa + bb = c~ + dd 

ac + bd = 0 

I , l /3.5a/ 

H 

- -
aa+cc =bb + dd = l, 

ab+cd = o. ! /3.56/ 

HaJimKHM TaK)I(e ycJIOBHH 
I -

a = d, 

b+ -=c. 
/3.6/ 

JlerKO BH.D;eTb, 'ITO COBOKynHOCTb MaTpHU. U, Y.D;OBJieT
BOpHIO~HX YCJIOBHHM /3.4/, /3.6/, o6pa3yeT rpynny U 3a
BHCH~YIO oT 10 8e~ecTBeHHbiX napaMeTpoB. Ilpeo6pa3~Ba-
HUe 

p' = upu+ /3.7/ 

coxpaHHeT KBa,LJ;paTH'IHYIO clJopMy /3.36/. 0'1eBH.D;HO, 'ITO 
nape MaTpHll, U H -U OTBeqaeT O.D;HO H TO )l(e npeo6pa30BaHHe 
5-seKTopa pL. TaKHM o6pa3oM, MaTpuquaH rpynna U ecTb 
YHHBepcaJibHa.H HaKpbiBaiOill,aH no OTHOWeHHIO K 80(4,1).0npe
,LJ;eJIHM TaK)I(e rpynny MaTpHIJ. V, CBH3aHHYIO C ll npeo6pa-
30BaHHeM nO.D;06HH: 

v =sus -l' /3.8/ 

r.D;e 

1 1 
S= -( 

v2 i 
EcJiu MaTpuu.a 

v = 
(a {3) 

y 3 

I 

1 ) /3.9/ 

/3.10/ 
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CBH3aHa C U npeo6pa30BaHHCM /3.8/, TO HMCCM CJIC.IJ.YIO
~He COOTHOUICHHH MC:>K.IJ.Y 3JieMeHTaMH Ma TpHU V H U: 

a = _l_ (a- ib + ic + d), {i = L (- ia + b + c + id), 
2 2 

y = ~ (ia+ h+ c-id), o = ~ (a+ib-ic +dL 

MaTpHua v- 1 HMeeT BH.D. 

c) l5 
-I _ 82 1 s-z _ < ) v l v - - -

y I! 

3neMeHThi u , fi, y , o llO.IJ.'IHHeHhi ycnoBHHM 

uo + {5y = 1 ; u{J + f3a = yo + oy ~ 0 

HJIH, 3KBHBaJieHTHO, 

ou + {Jy = 1 ; ya + ay ~ 8{3 + {Jo = 0 . 

KpoMe Toro, H3 /3.6/ H /3.11/ cJie.D.yeT 

+- +- +-+-a =a,{J =f3,y =y,o =D. 

Bae.D.eM MaTpuuy p no $opMyne 

p = p L rr L = ( ~ 0- p 4 ip k a k y' 

-lp k a k p 0 + p 4 

det p = - g p K p L , 
KL 

/3.11/ 

/3.12/ 

/3.13a/ 

/3.136/ 

/3.14/ 

/3.15/ 

/3.16/ 

r)1.e B Ka'leCTBe 6a3HCa B3HT CJIC.D.YIOIUHH Ha6op 3pMHTO
BhiX MaTpHU: 

10 

0 _ ( 1 0) . k_ ( 0 iak ) 
1T- ,TT- ' 

0 1 -iok 0 

L S L og -1 
77 = T 1 

IIpeo6pa3oBaHHe 

.1' J. + JP = VfJV 

7T 4 = 
-1 0 

) ' 
0 1 

/3.17/ 

/3.18/ 

TaK:>Ke coxpanHeT KBa.IJ.paTH'IHYIO $opMy /3.16/. Mcxo.IJ.H 
H3 /3.13/ H /3.14/, JierKO )1.0Ka3aTI. CJie)1.yiO~yiO JieMMy: 
BCJIKHH 3JieMeHT v c;. V , Y.D.OBJieTBOPHIO~Hii ycJI()BHIO [!all f. 0, 
MO)I(HO npe.IJ.CTaBHTh, H llpHTOM e)1.HHCTBeHHhiM o6pa30M, 
B Blt)1.e 

t/? 1 0 e - 0 !; 0 1 fl 
v ~ ( z 1 ) ( 0 l,-t/2 ) ( 0 ~) ( 0 1) 

/3-.19/ 

r.D.e. 

Z - I Z a , fl = itt a , 
k k k k 

;: (: •/": 111:11 <:2 t:"2 s ~ s(} + ts k a k , f s = s 0 ; s k = 1 , /3.20/ 

t,zk,/1k.t;
0

,t;k ~ IRl. 

113 /3.19/ nonyqaeM ecTecraennyro napaMeTpH3aUHIO .IJ.JIH 
3JieMeHTOB MaTpHUhl V /npH \lull f..(} /. 

a t/ 2 ;: 
e s' 

t/2 y = e zf;, 

t/? 
{J=e- !;11, 

"' t/ 2 t:" -t/2 t:" 
u = e Zs/1 + e s 

/3.21/ 

CooTHoUieHHH /3.20/ o6ycnoBJIHBaiOT npBHa.IJ.JIC)I(HOCTh 3Jie
MCHTOB MaTpBU vt;. V K ll0)1.aJire6pe /2.126/, T.e. K an
re6pe KJiaCCB'ICCKBX KBaTepHBOHOB. 
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KpoMe roro, Ba)I(HO, "ITO, 6naro,IJ;apg 4laKTopH3aU.HH 
/3.19/, Mbi IIOJIY'IHJIH pa3JIH'IHbie IIO,II;rpyrrrrbi rpyiiiibi V . 
PaCCMOTpHM IIO,IJ;rpyrrny 0 C V, COCTOHIIJ.YIO H3 MaTpHIJ. 
BH,IJ;a 

1 0 e t /2 0 e t/2 

w = ( z 1) ( 0 -t/2) = ( . t/2 
e Izka k e 

0 
e-t/2) · /3.22/ 

Ha3oBeM opuc4lepoii rrpocrpaacraa ,IJ;e Currepa /1.1/ coso
KYIIHOCTb TO'IeK, IIOJiy'laiOllJ,HXCJI H3 ,IJ;aHHOH 4JHKCHpOBaHHOH 
TO'IKH p runep6onou,IJ;a I 1.1/ no,IJ; ,IJ;eHCTBHeM npeo6pa3o
aaHHH 

-1 
VW =V WV, /3.23/ 

r,IJ;e u) rrpo6eraeT BCJO no,IJ;rpyrrny 0 I cp. c / 14/ I. Mbi 
BH,IJ;HM, 'ITO opuc~i~epa 3a,IJ;aeTCJI TO'IKOH IIpOCTpaHCTBa ,IJ;e 
CHTTepa H 3JieMeHTOM v rpyrrrrbi ,IJ;e CHTTepa. 

qeTbipexrrapaMeTpuqecKaJI rro,IJ;rpyrrna 0 c V npeo6pa-
30BaHHH, nepeBO,IJ;JillJ,HX OpHclilepy B ce6JI, HMeeT B3)1(Hhle 
4JH3H'IecKHe npHMeHeHHH /2,5/ /eM. TaK)I(e /IS//. llonaras, 
"'TO 5-BeKTOp IlpHHa,IJ;Jie)I(HT runep60JIOH,IJ;y /1.1/ H HMeeT 
BH,IJ; p = <0,0,0,0,1), a v=w, nony'IHM H3 /3.7 I cooTHo
weHue, OT06pa)l(aJOllJ,ee COBOKYIIHOCTb napaMeTpOB rpyiiiibi 
0 Ha rurrep6oJIOH,IJ; I 1.1/ . 

-10 
P = w( 0 1 )w + · /3.24/ 

llpHpaBHHBaJI COOTBeTCTBeHHble 3JieMeHTbl MaTpHIJ. B /3.24/, 
rrpu,IJ;eM K opuc4lepuqec:Koii cucreMe Koop,IJ;'uH:aT Ha runep-
6onou,IJ;e /1.1/ jcp. 121 /: 

t 
p4- Po=e ' 

P + P = e -t - e t z 2 
4 0 k /3.25/ 

Pk= e zk 

rpynrra npeo6pa30BaHHH 0 HH,IJ;YIJ.HpyeT HeKOTOpyJO 
rpynnoay10 orrepau.uro aa rurrep6onou,IJ;e /1.1/ - rpyrrrry 

12 

opuclllepuqecKHX C,IJ;BHroa. B rrpHMeHeHHH K 5-BeKTopaM 6y
,IJ;eM 0603Ha'laTb 3TY onepalJ,HIO CHMBOJIOM $ : 

p, = p&q. /3.26/ 

3TO paBeHCTBO 3KBHBaJieHTHO COOTHOIIIeHHJIM 

t'=t+s, 

, -s 
z e z +-w , 

k k k 

/3.27/ 

r,IJ;e {t,z k), (t',z'k) H {s,wk)- opHclllepuqecKHe Koop,IJ;HHaTbi 
5-aeKTOpOB p, p' H q COOTBeTCTBeHHO. 

§4. FHIIEPKOMIIJIEKCHAJI PEAJIH3Af..!HJI 
HAKPblBA/Oll(EH FPYIIIIbl S0(i3,2) 

JaMeTHM BHa'laJie, 'ITO 3aMeHa p 4 -> ip 4 nepeBO,IJ;HT 
KBa,IJ;paTH'IHYIO <lJopMy /1.1/ B /1.2/. 3Ta 3aMeHa MO)I(eT 
6biTb HCIIOJib30BaHa ,IJ;JIJI IIOJiy'leHHJI H ,II;pyrHX 4JopMyJI B paM
Kax aHaJIH3a HaKpbiBaJOIIJ.eii rpyrrrrbi 80(3,2), aHanorH'IHoro 
npoae,IJ;eHHOMY B §3 ,IJ;JIH 80(4,1), HarrpuMep, 3aMeHgJI B 
/3.2/ p 4 -> ip 4 , IIOJiy'IHM 

P4 p L 
p=( )=pr' 

L 
/4.1/ 

p -p 4 

A )(_ L 
detp =- g KtP11 , /4.2/ 

r,IJ;e 3pMHTOBbl MaTpHIJ.bl r L HMCIOT BH,IJ;: 

0 l 0 -a 
r o = ( ) , T k = ( k) , 

1 0 ak 0 

l 0 
T 4 = ( ) 

0 -1 
/4.3/ 
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HaKpbiBa~yiO U .D.JUI 80(3,2) o6pa3yiOT Tenep~ yuu-
TapHbie MaTJ>Bll.bi u , Y.D.OBJieTBOpJIIO~ue ycJIOBBJIM /3.5/ 
B COQTHOWeHBJIM * : 

+ -
a = d , 

+ 
b =-c. /4.4/ 

llepexo,D, K rpynne V coaepwaeTcJI npu noMo~u npeo6pa3o
aauuJI 

-I 
v=TuT , /4.5/ 

T = -~ ( 
1 

-a3}. /4.6/ 
v12 a

3 
1 

3JieMeHTbl MaTpHI.J. U H V CBJI3aHbl COOTHOWeHHJIMH 

a=l(a-ba -ac+(Tda),fi=~(aa +b-aca -a d), 
2 3 3.13 2 3 33.1 

y = ..!..(a a ~a ba +e-da ), o =_!_(a aa +a h+ca +d). 
23 .13 3 23 3.1 3 

/4.7/ 
MaTpuu.a v-1 BMeeT BB.U. 

-1 2 + -2 
v = T v T = 

-{3 
-)' 

0 
/4.8/ 

-y (l 

r.ne - -onepau.uJI 'laCTB'IHOro oTpa:>KeHBJI /2.11/. 3JieMeHTbi 
a, (3, y, o HO.U.'IBHeHbi ycJIOBBJIM: 

a8 - f3; = 1 , r8 - o; = f3a-;-- af3 0, /4.9a/ 

BJIB 3KBBBaJieHTHO: 

"YuuaepcaJibHaJI uaKpbiBaiOI.QaJI rpynnbl 80(3,2) BMeeT 
6ecKoHe'IHbiH .u.ucKpeTHbi:ii u.euTp. O.u.uaKo uaii.u.euuaJI "Mu
HBMaJibHaJI" HaKpbiBaiO~aJI 0Ka3biBaeTCJI ,D,OCTaTO'IHOH ,D,JIJI 
nocTpoeuuJI acex cnuuopublx npe.ncTaaJieuuii 3Toii rpynnbl. 
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I 
I 

1 
l 

- - - - - -
oa - fJ y = 1, ay - ya = o{J -a o = 0 . /4.96/ 

KpoMe Toro, B3 /4.4/ u /4.7/ cJie.u.yeT 

+- +- +- +-
a =a ,(3 =(3, y = y, o =O • /4.10/ 

Bae.u.eM BeJIB'IBHY p no r!lopMyJie 

L (P3+p4 p0-plal-p2a2) p=p 1T = 
L 

P +p a +p a p - p 
0 II 22 3 4 

/4.11/ 

"' K L 
det p = - g K L P P • /4.12/ 

0 1 0 0-(J 1 4 ( ) 0 1 I 2 ( 1,2) 773 = ( ), TT = 0 1 • 0=( ), 1T' = ' () 1 -77 

1 () q,2 ° /4.13/ 

,lJ,JIJI npeo6pa3oBaHBH B3 rpynnbl V 

p'= vpv+ /4.14/ 

cnpaae,D,JIBB aHaJIOT JI e M M bi npe,u.bl,u.y~ero naparpar!la. 
BCJIKBH 3JieMeHT v ~ V, y,u.oaJieTBOPJIIO~Bii ycJIOBBIO llal !.iO, 
MO)I(HO npe,U.CTaBBTb, B llpBTOM e,U.BHCTBeHHbiM o6pa30M, 
B BH,U.e 

1 0 e t/ 2 0 . · .; 0 1 f1 
v = ( z 1) ( 0 e-t/ 2) ( 0 {) ( 0 1)' /4.15/ 

r.u.e 

z = z 0 + z I a I + z 2 a 2 ' f1 = fL 0 +fL 1 a 1 + 11-2 a 2 ' 

.; =.; 0 +.;1 al +.;2a2 +i.;3a3' 
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2 2 2 2 
II t"ll = t" 0 - t" I ~ 2 +t" 3 = ± 1 ' 

z 0 ,Z k 'J1 0, '\ ' t" 0 't" k' t ~ I R I . /4.16/ 

CooTuoweHH11 /4.16/ noKa3J.IBaiOT, 'ITO napaMeTpbi rpynnbi 
V B CJiyqae 80(3,2) npHHa)J.Jie)f(aT K BeTBH /2.12B/. 

fiepeBO)J.11 CKa3aHHOe B §3 OTHOCHTeJibHO OpHctiJep Ha 
113biK rpynnbi 80(2,3), npHJJ.eM K nceB)J.oopuc!jlepuqecKHM 
KOOPJJ.HHaTaM 

I 
P3+p4 =e , 

p - p = (z 2 - z 2 - z 2 ) e t - e -t 
3 4 0 I 2 

t 
p = e z 

0, I,2 0, !,2 

H K nCeB)J.OOpHctiJepH'IeCKHM C)J.BHraM 

p'=pEllq' 

t' =t+s, 

·s 
z~ =e z k + w k . 

/4.17/ 

/4.18a/ 

/4.186/ 

BbiBO)J. ti>opMyJI /4.17/, /4.18/ OCHOBaH Ha TpeyrOJibHbiX 
Ma Tpuuax <o (,:. V BHJJ.a 

( 

e'/
2 

0 ) 
t/2 -t/2 ' 

ze e 
/4.19/ 

r)J.e z 3a)J.aeTC11 ¢opMynoii I 4.16/. 

§5. CIIHHOPHb/E llPEJ(CTABJIEHH.JJ 
FPYIIII S0<4.U H 80(3,2) 

HaHHH3wee cnuuopuoe npe.IJ.cTaBneuue rpynnbl S0(4, 1) 

nonyqaeTCH, ecnH B runepKoMnneKCHbiX MaTpuuax /eM. §3/ 
BTOporo ll0p1l)J.Ka 3aMeHHTb KBaTepHHOHbl U j Ha COOTBeTCT-

16 

BYIOili.He MaTpHll.bl llayJIH. llpH TaKOH 3aMeHe MaTpHll.bl rL 
/3.1/ nepeii.IJ.YT B Ma TPHI.I.hl r L , npuua)J.Jie)f(alli.He anre6pe 
Ma TPHI.I. ,LJ;upaKa * 

,J1 11 4 5 r = y , r = y <JL = 0,1,2,3>. /5.1/ 

llo CBOHM TpauctiJopMali.HOHHbiM CBOHCTBaM OTHOCHTeJILHO 
rpynnbl 80(4, l) 15 MaTPHll. ,I:(upaKa pacna.naroTCH ua 5-

r, L -BeKTOp H aHTHCHMMeTpH'IHbiH TeH30p 

MKL= i_[l'K ,l'L]. 
4 

/5.2/ 

,l1;JI11 onpe)J.eJieHHbiX TaKHM o6pa30M Ma TPHI.I. r·L cnpaBe)J.JIHBO 
COOTHOWeHHe 

I' - 1 K - - ~ ( 1 ,L1, M.- N s 
4! KLMNS I' f'' , /5.3/ 

r)J.e E KUINS - aHTHCHMMeTpH'IHbiH TeH30p (EO 1234 = 1) . 

MaTpHll.bi /5.2/ HBJIBIOTCB HHtPHHHTe3HMaJibHbiMH onepaTopa
MH 'leTblpexpHJJ.Horo npe.IJ.CTaBneHH11 rpynnbl 80(4,1). Ko
H~'IHbie npeo6pa3oBaHH11 H3 rpynnbi 80(4,1), . OTBe'laiOili.He 
run:epKoMnneKCHbiM MaTpuuaM u , o6o3Ha'IHM qepe3 A . 
OrpaHH'IeHH11 /3.5/, /3.6/ JJ.JIB MaTpHll. A npHHHMaiOT BHJJ. 

l 
t'ATt='-IA = 1 , 

r· A+r A = 1 
0 0 ' 

r.11.e 

e < c 0 ) = ~~ f' 2 I' 4 ' c = - i a 2 • 
0 c 

/5.4/ 

/5.5/ 

lf3 /5.4/ BH)J.HO, 'ITO MaTpHll.a KOHe'IHoro npeo6pa30BaHBB 

L 1 L -I 
A M = -Sp(l' Af'MA 

4 

YJJ.OBJieTBopHeT ycnoBHBM 

*Mbl .fiOJib3yeMCB peaJIH3ali.Heii MaTpHll. )l.HpaKa, 1IpHH11-
TOH B /!0/ /eM. TaM $-ny /2.4.15//. 
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! 
;\ (~ 0' 

;\L A M 
M K 

o L 
K • 

)J.JHl Bhi,lleJieHH.H O;lJ.HOCBJI3HOH rpynnhl HaJIO:>KHM eme ycno

BHe deti\ = } , COBMeCTHOe C /':>.4/. TaKHM o6pa30M, 

rpynna 'leThipexp.H.llHhiX MaTpuu, Y.llOBJJeTsop.HJOlUHX ycnosu

.HM 

t'ATt'-~ c 1, 

10A
1 

1'0 A ~ 1, 

detA c l, /5.6/ 

o6pa3yeT yuusepcanbHYIO HaKpbLBaiO~YIO rpynnhi S0(4, H. 
Bse,lleM cnuuopbi f, 1 , f,tt , 1J·. , 11 ;1 , npeo6pa3yromuec.H 

c c. T I 1 
cooTseTCTBeHHO c noMOIUbiO MaTpHU. A ,<A >-, A 1 

, (A 1 >-. 
QqeBH,IJ,HO, 'ITO BCJie,llCTBHe COOTHOllleHHH /5.6/ BCe 3TH 

npe,!.I,CTaBJieHH.H 3KBHBaJleHTHbl. fl03TOMY Mhl fiy ,lleM pac

CMaTpHBaTb TOJibKO CllHHOpbl C HH:>KHHMH HenyHKTHpHbiMH 

HH,lleKCaM.H. B Ka'leCTBe MaTpHUhl llO,ll'LeMa HH,lleKCOB Bbi

CTynaeT MaTpuua e : 
c -· tJ t: {3 t: a- (,.:-1) a(} ;: ,,, Tc __ ,:: 
S a - ~ a{3 s , s - ~ s {1 ' '- ~ • 

llpu nocTpoeuuu cnuuopuhiX npe,llcTasneuuii Bhlcrnero paura 

CJie,llyeT npHHJITb BO BHHMaHHe, 'ITO BCJie,llCTBHe orpaHH'te

uuii /5.6/ ua MaTpHUhl A uMeeTc-.H .llBa uuaapuaHTHhiX cnuu

TeH3opa: cnuu-TeH3op s-Toporo paura t'af3 u aHTHCHMMeT

pH'IHhiH cnuu-TeH3op 'leTaepToro paura la/:3 ,0 (f 1234 =H. 
Henpuso.n.uMbie npe,llcTasneuuH rpynnhi SDt4,1) peanu-

3yiOTCH cnuuopaMu, Y.llOBneTsopBIOJ.lUIMH ycnosuro 

(t'-\ a{3 X = 0 
a 1 ••• {3 ... a ••• an 

no n106oii nape HH.lleKCOB B, KpoMe Toro, o6na,llaJOIUHMB 

onpe,lleJieHHOH CBMMeTpHeii OTHOCBTeJibHO nepecTaHOBOK 

BH,lleKcoa. Hanu<n~e aHTBCHMMeTpuquoro cnuu-TeH3opa < af3yo 
,llaeT B03MO)I(HOCTb ITOCTpOBTb BCe CITBHOpHLie npe.llCTaBJieHBB 
rpynnhl 80(4,1) , BCITOJib3YB TOJibl<O CllBHOpbl C CBMMeTpu

eii, OITBCbiBaeMOH CXeMaMB IOura CJie.llylOll.(ero Tuna: 

18 

B uacTo.Hmeii pafioTe Mbi orpaHB'IHMCH paccMoTpeuueM 

CBMMeTpB'IHbiX CITBHOpOB, KOTOpbie npe,D.CTaBJIJIIOT HaB

fiOJiblliHH BHTepec .llJl.ll IPB3H'IeCKHX npHJIO)I(eHHH. flpe,llCTas

JieHHe, peaJIH3yeMOe CHMMeTpH'IHbiM CllHHOpOM paura n 

<llal ••• a n 

uMeeT pa3MepuocTh (n+ l)(n t2)(n + 3)/:3! . OnepaTopbi Ka3u

Mupa C] H C 2 /Jgj npHHHMaiOT B 3TH X npe,llCTaBJieHH.HX CJie

.llYIO~He 3Ha'leHH.H: 

n(n+4) c =..LM MKL= 
l 2 KL 2 

/5.7/ 
C = W W K- n(n+ 4) n ~ 2 2 

2 K - --- (---) 
2 8 ' 

.. 
npuqeM reuepaTOpbi MKL HMeiOT BH.ll 

.. n 

MKL =. ~ (MKL) i ' 
t= l 

/5.8/ 

a onepaTop Wk onpe,llen.HeTc.H paseucTBOM 

n 
n+2 ~ (I' ). ---- .:.. K t 

4 i= l 
WK = _!_( MLM M N~ 

8 KLMNS /5.9/ 

flepeii.lleM K HOBOH HyMepaUHB KOMITOHeHT CllBHOpOB: 

-+F (.!'_ h-f 
fll 2' -2-), /5.10/ <tJ 

al'''a2 

r.lle L + p 
2 

- qucno HH.lleKcos 1, L -p - qucno BH.lleKcos 2, 2 ' 
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n-f 
--+a-

2 
n-f 

qucno HH~eKCOB 3, -- ~ - qucno HH~eKCOB 4. 
2 

QqeaH~Hhl cne~yiOJ.J..tHe orpaHuqeHHJI Ha f, p, a: 

o f . f n-f n-f D<t < n,- -<p< -,---<a<--- - 2- -2 2-- 2 
B JIBHOM BH~e 

e e n -f n -f 
z-+P T- P -2-+a -2- -a 

F (l_,~)= ¢ --- --- ---- ..-.-.. 1 ••• 12 ••• 2 3 ••• 3 4 ••• l 

pa 2 2 

y(.f__+p)!(.f_-p)!(E.__::_i_+a)!(n -f-a) 
2 2 2 2 ' 

/5.11/ 

Ko3~HUHeHT B /5.11/ nonyqaeTCJI H3 Tpe6oBaHHJI HHBa
pHaHTHOCTH CKanJipHOrO npOH3Be~eHHJI 

l F pa (f__ ,__!!.__::!_) F (f__, ~) = 

f=O 2 2 pa 2 2 

<ll al .• . an <ll /5.12/ 

a •••• a 
I n = lllV = -------

n! 

IlpH npeo6pa30BaHHJIX H3 rpynnLI 80(4,1) 3TH KOMnOHeHTbl 
npeo6pa3yiOTCJI no JaKoHy 

o p 0 m·rcp 
F' (.:___, ~) = :i D(A) ' F (_!!!_, n- m), 

pa 2 2 m = 0 f ; pa rep 2 2 
/5.13/ 

r~e "MaTpHua" D(A) m; rep 
f;pa 

o~H03HaqHo onpe~enJieTCJI 

MaTpuueu A . HeTpy~Ho JaMeTHTL, qTo npu npeo6pa3oaa
HHJIX JiopeHua 

m· rrl. f ·rrl. 
D<Al ' '~' = D<Al ' '~' 

f ;pa r; pa 
bm 

p ' /5.14/ 
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TO eCTb KOMnOHeHThl C pa3nHqHbiMH f npeo6pa3yiOTCJI 
He3aBHCHMO. TaKaJI HyMepaUHJI KOMnOHeHT OTBeqaeT pe
~YKUHH 80(4, 1) :J 80(3, 1). 0TCIO~a TpHBHanbHO cne~yeT, qTO 
HenpHBO~HMOe npe~cTaaneHue rpynnLI 80(4, 1), peaJIH3ye-
MOe CHMMeTpHqHbiM CnHHOM paHra n, pa3naraeTCH B 
IIpJIMYIO CYMMY HenpHBO~HMbiX npe~CTaBneHHH rpynnLI Jlo
peHua 

(n)S0(4,l) 

n :i ED (_i_ n- f 
r =o 2 ' ---2--) · /5.15/ 

B cnyqae cnHHOpHLIX npe~cTaaneHHH rpynnLI 80(:3,2) H3 
/4.2/ nonyqHM cne~yiOIUHH 5-aeKTOp l' -MaTpHU: 

I ' IL IL l' 4 . s 
=}' ' ~ely /5.16/ 

A KL 
BLipa)KeHHJI ~nJI reHepaTopoa M coana~aiOT c /5.2/, 
a BMeCTO /5.3/ Tenepb HMeeM 

I' = - - 1
-t I'Ll, Ml, Nf' S, /5.17/ 

K 4 ! KLMNS 

AHanorHqHO /5.6/ MaTpHUhl KOHeqHbiX npeo6pa30BaHHH 
A y~oaneTsopJIIOT ycnoBHJIM 

(;)A Te-l A = 1 , 

I'0 l' 4A+l' 4 l'OA =1 

detA = 1. 

/5.18/ 

QqeBH~HO, qTo B ~aHHOM cnyqae, TaK )Ke KaK H ~nJI 
rpynnLI 80(4,1), ace HH3WHe cnHHOPHLie rrpe~cTaaneHHJI 

3KBHaaneHTHLI. Henpliao~HMLie npe~cTasneHHJI peanHJy
IOTCJI CnHHOpaMH, o6na~aiOIUHMH HyneBOH CBepTKOH no 
n1060H nape HH~eKCOB H CHMMeTpHeH, OIIHCbiBaeMOH TeMH 
)Ke cxeMaMH IOHra, qTo H a cnyqae rpynnLI 80(4,1). 

PaccMoTpHM 6onee no~po6Ho npe~cTaaneHHJI, oTae
qaromue CHMMeTpHqHbiM CnHHOpaM. CHMMeTpHqHbiH cnHHOp 

<lJ a l ... a n paHra n peanHJyeT npe~CTaB.l\eHHJI pa3-
MepHOCTB (n+ l)(n~ 2)(n+3)/3!. reHepaTOpbl MKL onpe~enJI
IOTCJI Too )Ke $opMynou /5.8/, qTo H ~JIJI rpynnhl 80(4, 1) , 

a onepaTop WK/5.9/ HMeeT BH~ 
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W =- i 11 + 2 X 0' ) .. 
K 4 i~ I K I 

/5.19/ 

OnepaTopbi KaJHMHpa C 1 H C2 npHHHMaiOT B CHMMeTpuq-
HbiX npe)J.CTaBneHH.IIX 3HaqeHH.II 

c = 
I 

c cc-

2 

n (n ~ 4) 

2 

2 n(n t 4) (nt 2~ 
---

2 H 

/5.20/ 

CooTHoweHH.R /5.10/-/5.15/ nepeHoc.RTC.R Ha cnyqaif rpyn
llbl soc~.2) 6e 3 H3MeHeHHH. B qacTHOCTH, pa3RO)KeHHe 
uenpuso.rut:Moro CHMMeTpHqHoro npe.ncTasneHH.R rpynnbi 
8()(;~,2) flO npe,ncTaBneHH.IIM rpyllllbl Jlopeaua HMeeT BH)J.: 

(n) 
S0(3,2) 

n 
}; $ (i.., ..!~) 

P-o 2 2 • 

AsTopbl npHJHaTenbHbl B.r .Ka,nbiWescKoMy H A.A.Jlo
ryHoBy Ja BHHMaHue K pa6oTe H none3Hble JaMeqaHH.R. 
ABTOpbl TaK)Ke Bblpa)KaiOT CBOIO 6naro,napHOCTb )l,.J1.)1Ce
rro6eHKo, A.H .Jle 3HOBY, C .Ill. Maspo.nuesy, M .)],. MaTeesy, 
M.11.Casenbesy H H.li.CKaqKoBy Ja o6cy)l{,neHHe pa6oTbl. 

JlpUAOJICeHue 

IlpHBe,neM .IIBHbiH BH)J. MaTpHU U, OTBeqaJOIUHX KOHeqHbiM 
llOBOpOTaM B pa3nHqHbiX llROCKOCT.IIX. 

I. rpynna 0(4,1). 
a/ TpexMepHoe spai.UeHHe 

yron w: 

22 

u ... (w) 
n 

-· BOKpyr OCH n Ha 

( 

(J) ...... w 
cos-+ i(an )sin-

2 2 
u (w) = ... 

n 0 ) 
. /Il.1/ 

(J) .~~ .w 
cos- + 1 (an ) sm-

2 2 

0 

6/ qHCTO nopeHUOBbl U ... (x) 
... ... 0 n 

-npeo6pa3oBaHH.R, oTse-

qaiOIUHe CKOpOCTH V = n thx: 

(

chK ( ...... 
u )x) = 2 - an)sh~ 

On 2 

0 

0 )' 

ch ~ + (7, ;,'),h)(_ ' 
2 

/II.2/ 

B/ IlOBOpOTbl u4~ (0) B llROCKOCT_I! (1, ~), T .e. KpH-
Bbie C.li.BHrH/3/ Ha BeKTOp kL = (k

0 
~ (), k ~· n sino, k 4 =coso): 

u ... (8) = 
4n (

cos~ 

... ... 0 
-i(an)sin-

2 

... ... 0 
-i(an)sin2 

0 
cos-

2 

) /Il.3/ 

r/ rurrep6onuqeCKHe llOBOpOTbl u04 (t/J) B ~RO_fKOCTH 
(0,4), T.e. KpHBble C.li.BHrH Ha BeKTOpkL=(k 0=sht/J,k=0,k 4 ·cht/J): 

t/1 t/1 

u (t/J) = (ch'2 -i sh2 ) 
04 • /Il.4/ 

i shj:_ chi:. 
2 2 

II. r p y n n a 0(3,2) 
MaTpHUbl, oTseqaJOIUHe cnyqa.RM a/ H 6/ .nn.11 0(3,2), 

cosna.naiOT c /II. I/ H /Il.2/. 
s/ runep6onuqecKHe nosopoTbl B nnocKOCTB (4, ~), T .e. 

KpHBble C.li.BHrB Ha BeKTOp kL = (k
0 

= 0, k = sht/J ';, k 4 = cht/J '): 
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u -'> (lfr ') = 
2 (

ch~ 

4n 

(~ J) sht!!__ 
2 

c>-> ljF' (an)shz) 

!};' 
ch-·-

2 

/ll.5/ 

r/ fiOBOpOTbl u 04 (o') B lliTOCKOCTH-" (0,4). T.e. KpHBbie 

C)l.BHrH Ha BeKTOp kL = (k o= sino', k = 0, k 4 = coso'). 

(
cos~ 

uo4 (o ') = 2 

. 3' 
sm-

2 

JIHTEPATYPA 

-sin~) '2 

o' cos--

/ll.6/ 

2 
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