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CyHpOB y .c .• Xoa>KaeB n.w. P2 - 10537 

Cynepnponararopbl nnsr 3KCIIOHeHuuanbHbiX saauMOll.eA:crsuR 
C MHHHM8JlbHOH CHHT'ynHpHOCTbiD H8 CB9TOBOM KOHyCe 

.QnSI MOA9JlU 3KCITOHeHUH81lbHbiX B38HMO,ll9ACTBHA: llOCTp08Hbl 38fi83,llbiB8-

lOWH9, orrepe>KaiOUUie u npH'IHHHbte cynepnponararopbT. B ocuosy nocrpoeHHSI 
3THX B8JlH'IH~OJlO>K9H M9TOll. 8H8JlHTH'IeCKOA perynHpH38UHH B saATM8KOB

CKOM nonxone u ycnoaue MHHuManbHoA: cuarynHpHOCTH neMaHa-nonMaAepa. 
nony1.f8Hbl TO'IHbie 8H8flHTHt.t9CKH8 IIpellCT8BJ18HHSI JlJlSI 3THX cynepnponaraTo

pOB H IIOK838HO, q T'O OHH Y.UOBJ19TB0p.HIOT BC8M Tpe60B8HHSIM JlOK8JlH3Y8MOA 

KB8HTOBO.fi TeOpHH IIOJlst. 

Pa6oTa BbinOnHeHa B na6opaTOpHH TeopeTH'leCKOA <j>H3HKH OH.RH 

H H.R<I> AH YaCCP. 

Coo6UieHHe 06t.e.D.HHeHHOrO BBCTHTYT& H.D.epBWX BCCJJe.D.OB&HHI. ,lty6H& 1977 

Suyarov U.S., Khodzhaev L.Sh. P2 - 10537 

Superpropagators for Exponential Interactions 
with Minimal Singularities on the Light Cone 

Retarded, advanced and causal superpropagators were 
constructed for the model of exponential interactions 
basing on the method of analytical regularization in 
Wightman approach and at the condition of minimal singu
larities of Leeman-Polmeyer. Exact analytical representa
tions were obtained for these superpropagators, it was 
shown that these meet all the requirements of localizable 
quantum field theory. 

The investigation has been performed at the 
Laboratory of Theoretical Physic~, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1977 
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I. BBJWl,HHE 

B nocJie,zume ro.nH nonBHJIC.fl HHTepec K nocTpoeHHil H 

npHKeKeKH~ cynepnponararopoB B HenepeRopMHpyeMHX TeopHHX. 

Xopomo H3B8CTHO, qTo UOCTpoeHHe cynepnponar&TOpa B 

~8HHOI TeOpHX CBH38BO C Onpe~eJieHHeM ~a B80,ltH03B8~0CTel, 

T8K XBK Be06XO.ztBMO ~CBPOB8TD 6eCKOBeqsoe llHCJIO KOHCTaHT,MJIM, 

~pyrHNH CJIOBaMH,H8KOTopym ~eJiyD ~YHK~HDo 

TaxHM o6pa3oM, O.ztBOI H3 r~aBHHX 3a~aq nocTpoeH~ reo

pHH SBJIH8TCR ~HECXpOB8HH8 3TMX HeO~H03HaqHOCTei,KOTOpOe noa

BOJIHJIO Clii Cpa.BHHTb HX C XOpomo H3B8CTBYMJ! @!3J1118CRIIMH KOHCT8H

T8MH. JieMSH H IloJIMSiep. /I-3/ p83pa6o'l'a.llll onpe.zt8JieRHHe cnoco6w 

BHmeyxa3&HHoro ~CBpOBaBBH B c~ae axcnoaeHQBanDHoro cynep

nponarSTopa. 

Ec.llll nopl'lltox pocra cynepnponararopa pa:sea ~, To OR co

OTBeTCTBJeT 8KCfiOH8~JIDHOMy THny. Tor.zta BM88TC8 O,ltHH CB060.zt

BWI napaMerp. SEcnoBeHUHanDHHe cynepnponararopw BrpaDT BBKHYil 

POJID B fiPHJIOlleiiBIIX cynepnponar8'l'OpHOrO M8TO.zt8 X ~3JIRe 8JI8MeH

T8pHHX traCTBJX. HanpMMep, paccMaTpKBSJI pery.llllpK3YIIIIHe CBOicr:se 

cynepnponar&'l'OpoB fiPJI p83JilfllHI:IX B38JIMO~eiCTBHIIX, MOJKHO np.idtrx 

K BliBO.IlY o rou,qro HaHClonee Clnarononyt~Hall CMryaUMII HMeer Mecro npM 

B38HMO~eiCTBBHX .U8RBO.C 9RCUOH8HQHanDHOI 38BHCHMOCTDilo 

B cnyqae axcnoHeH~ManhHoro narpaHxHaHa B03HHKanmHe cynep

nponararopH B COCTOHHHH JIHKBM,IlHpOBaTh ~Delyn CTeneHHyD paCXO,IlH-



MOCTL.M.K.Bo~OB /4/ HCTIO~L30B8~ cynepnponaraTopHHft MeTO~ ~~ 

no~eHYJI KOHeqHHX pe3yHLTaTOB B HenepeHOpMHpyeMHX TeOpHRX. 0H 

npuMeHWI ero, B qaCTHOCTH 1 K XOpomO £I3BeCTHOI MO~e~H Heitrpa~LH01ti 

nceB~OCR8~HOI M830~HH8MKKH. llOXOEHM MeTO~OM ll0~b30Ba~CH TSRZe 

B CBOHX HCC~e~OBSHBHX 0Ky60 /5/. 

BnepBHe ROppeRTHHe pesy~LTSTH C HCUO~L30BBHH8M 3TOrO M&

T0)\8 6~H no~eHH Bo~OBHM • Ap0y30B H r.lJl.!nJmnoB /6,7/ npHMeHHHH 
;_J 

HeCR~bRO HHOI UO~O~ R U0~06HHM sa~aqaM.CaHaM C COTpy~HHKaMH/8 1 9/ 

Hcno~L30Ba~ cynepnponaraTopHHI MeTo~ ~ nocTpoeHHH xoHeqHol 

a~eRTpO~HHSMKKH C yqeTOM He~HReiHoro B38HMO~eiCTBHH C rp8BHT8nM-

0HHHM no~eM . 

B I972 ro~ nOHBRHSCL cepHH pa6oT neuaHa /2/,Rcno~LsoBaBmero 

cynepnponaraTOpHHI MeTo~,H H8M8TWI8Cb BeCDMS nepcneRTHBHaH TeH

)\eHnWI nepexo~a OT HCC~e.J:IOBBHHH 86CTp8RTHHX MO~e~e:lt C H6nO~HHQ

MH8~LHHMZ ~arpaH~8H8MH R OUHCSHHD pea~BHX ~3~8CRKX HBneHH:It. 

HaH60~ee HHTepeCHHMH HBnHDTCH UOUHTRH OnHOSHBH B38HMO~e:ltCTBHH 

KBSHTOBHX no~e:lt, COOTB8TCTB,YDijKX RBPSnLHQ-CBMMeTpgqayy ~8rp8B3H-

8HSM. B noc~e~He ro~ Bumen ~ pa6oT Bo~oBB • ~rHX no RH

pa~LBHM ~arpaHZH8H8M ·c HCn~LSOB8HH6M cynepnponaraTOpOB /4/. 

B ~aHHol pa6oTe B ocHoB,Y nocTpoeHM cynepnponaraTopoB 6y

~T OO~OlleHH ~ BaiTM8H8 11! HX CBO:ItCTBB )VJJI 8ltCnOH8HitliB~ 

BSSHMO~eftCTB:e:lt 

~¢()1') ~ 
lP rxJ= G,. e - 1.: ::: G L

a_t'n -t- h = .1. 

i7_ ,J..h.. 
/} .''f'(')<).', 

(I. I) 

r~e G - "6~:r.maH", a j - "Ma~M" xoscTaHTH cBHsH, cpc X') -Be

~ecTBeHHoe CR8~H08 no~e COOTBeTCTBymmel qaoT~ ay~eBOI MSCCH. 
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IT. CYIIEPBA.ATMAHOBCKHE IYHI<UHH H HX 

CBoRCTBA 

CynepBBITM8HOBCltll8 ~H )VJJI 81tCnOHe~~HWC BSSHMo

~elcTBd {!) 118 CB8TOBOM ROayOe lflopM8JIDHO onpe.n;enSIDTCSI cor~80HO 

if¢t~) · Nrx~; . f-J 
WCYc x'"')=:<:Q;[: e - ~" e - :L' ICJ/=-/Er.k'r~l 

J :L. I I ' (2. I) ~ 

r~e 
}. 

00 -1._ h 
(-).) 

h. ! ( )( ~ /q-;(~) 11_. ., 

• f-) 1\ ·- X L • v ~ { E tx)= @ -ro~ :f. :=..L._ 
, =i. 

(2.2) 

.A.= _Lt. 
I 

x l.._ c)(.,)~ r>?).t_ 
),1j'- (2.3) 

A 
Cm.mM = osHaqaer paBeHCTBO B oxpecTHOCTH CBeToBo-

ro xoayca X ._ = o • 

Alla.llOl'JAHO mteeM 

Wr".,~}: <o /: QJ"/'r~.)-i! :r/JI><.J , {o >~-<'E1..-'1 
e - i. <2.4> 

l",lte 

• ff} 1\ 
- t E ()LJ = 

_>.- "'""' (->.)"- L "'. 
,.,. ,. ..,. , "' L ttr ()(_..,. ""'· )2 5) e _ ~ ~~! t. 

B lfloJNYMX (2.2) • (2.5) oCSIIIJ!e VJeHH paSJioumm 

h-l. Q rn-t) 
' :;- q> _r_ Tt/ _ c-1) 6 rYe) 6 ()(~ 

(XL:tio~o}tt..- (Y'-)"- ~ fn-J..)( (2,6) 

eCTh 0000-eHHaR ~yHX~SI yuepeHHOrO poeTS HS npoCTp8HCTB8 WBap

na if ('Ji(_"~} H BM811'1' C~8.ztYIIQJII8 008:KTpanBHe npe,n;CT8BJI8HBII ." 
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:L :i _ l d. _' .. "~n-Yz/"'1-"'l ]
~ n-1 

1
~ 

[ hrr~, ( .. ~ ,·" "'J Gc" .. ) r ( n-1) r (n) 
_ _ _ qo u 0~~_ , 

0 

(2.?) 

])(':t) ( ) 
r~e _ Cf.._ X -JiopeH~-II:HBapHaHTHOe peWSHII:e ypaBHSHHJI 

Knethia-roAAQHa 

{0·-6'~ Tf-:1) ex):= o f)fl)(x)= ~.fr//; e_ ~~~Po) ~(p~6'~ 
l' o-9.- ; oil.. {:7T) c <2.a> · 

(:t) 
CymecrBOBaHv.e cynepBailTMaHoBCIUlX W"HI<'Uidt E ('><:) , 

oiTpe~e~eMHx,cor~acHo (2.2) H (2.5), B RHacce CTporo ~oxa~~~:sy

eMLIX 0606!118HHHX Qly~H B CMHC~e ,Ul!aqxpe !;;_/ ( ~1,1), M0a8T 
-.! 

6HTb ~OKa3aHO MeTO~OM BHB~HT~eCKOI pery~H38QHH. ITO~b3YHCb 

rrpeo6pasoBaHHeM 3oMMeptle~~a-BaTCOHB , MH ~a~HM cyrrepBaiTMBHOB-

cxHM rPYIOOll1JIM E fL.)(~) HHTerpa~bHHe rrpe~cTa~eHHH: 

~(i:) )- I (d (-)J-'& (~./L.::!t'oYof~ 
'- (X -·- - j C: ~ './ , 

c1..-L r{-2:-+J..)--f§llr <2. 9) 

r~e L - KOHTyp, oxpyJEBDI(HI no~llCa, BOSH.IIRBmtHe B HY~ "9'..rz2-, 
O~l'IH pas ITO ~BCOBOH CTpe~e. llapaMeTpHSOBBHHHe 060Cl!lleHHHe ~HK-

ItHH ( )( ~ ::L I' 0 X'1) ) - 2- E;- r:i:/ f ( ~ ~ orrpe~eJIID)TCH rrpm: 

ITOMO!IIJJ COOTHOW6Hd 

(.x ~ ;t t'o )(.) =- -ft' It-( [ ( Y' ut!}-?-
(-7 0 1 

(2.IO) 
r~e ( -BpeUSHII:ITO~OClHHH BeKrop, t·"7 0. 
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C~e~H Bo~oBy /4/, BBe~eM B pacCMOTpeHHe pery~HsoBaH
(:t-J 

HHe ITO if qiylmrnrH E ¥ (~) comacHo <jlopuyne 

E ~:fix)= - i j cl~ r-.A) 1 C~lii' (x.! :f(Okc)-r 

L r(l+1J.Stl/ii".tr ' <2.n> 
r~e /? e (/ ?:. d. . 

ITpe~nonaraH renepb,qro ~Jill ~ocraroqHo Clonbworo ~ ROH-

TYP L MOUT 6uu BHllpiiMJieH, (flopMy~ (2. II) MOlKHo rrpe~cTaBwrb 
B BJI,ll;e <X+ i oa l 

{::tJ 1 J 1y t-.AJ C~ii-1 ( .t + . --i' 
_ - - Of< X - l OJto Ev {x)- -1 · r(-1+1 1 StnViil v 

o ot-tc- / a"· 

(O.cvt~· : , l?e~?-1). 

TenepD MOaeM nepeiTH K npeo6peaOBSHHm ~ypbe B 

paBeHCTBe (2,I2),no~syscD (flopuy~ol 

q -l :J,-3 j].l 1-,t 
.J(X.t -±iOXo) = .· 11 B(+/Jo}8ffJ·t)(-"') 

rtlJrf?-iJ .., . 

Tor~a ITOJIY'IHM 

(2~I2) 

(2.I3) 

~~it>o lil . - ?-.t 
-'"'-f:JJ =TJ_..fjclr e Ct;JilSth#lrf.J-cJ e(:rf>o)BrP.t;(-dP.!). 
EJ'fjJ) ot-ioa StiJfiilrf.l)r(l+i) 4 

-f:!) (2.I4) 
OrlleTilll BaaHeAIIIHe CBoAcna E ¥ ( P) - W"HRin~•. 

I.l!HrerpHpyeMocn, r. e. senHqHHH 

...--.. (~J j ;v ,....__ --... r :t J 
£){ (lJ = e: f /fPJ E '<r' r P) = 
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ol+ i (>.:> • I r-.t 
-7iliV:r e'Tlt~H.fiiJi?ra-iJ fd%sr +foJ£HfJ.tJ/tPJ(-$flJ • 
- )' Sinj"iil rtl}rt?+:i) J" 

ol-too 

(2.15) 

"""" R'~ .ItJ111 V /tP) f hJ11/ ~ JIBJJJDlTCJI .m.meiBHMH aenpepHBHIOOI ~~ 
HanaJm JHipOCTp8HCTBe mf;/R11), T.e. CTporo JIO:KSJIHSyeMHMH 0600111811-

HHMH ~JI: 

r~e 

/'\. (.+) I .f 
Ey{p) E 117_,13 (R). 

--::: (:t) 
2. £ y fP)== 0 npw p.lL 0. 

J.Cy~ectB~BaHHe npe~ena 

~. .,....,. (:i:) -(:f) 4 
ltm £ v ffJJ = E rPJ , ReY?:-, 
¥71 (J 

(2.16) 

(2.17) 

(2.18) 

·--l 
,...r::tJ 111 ( r e" C!Hil rtJ-rJ .A ~-,t 
£ ( PJ= 7il.A Ja-1 B(+Po)8fP·l)(-rp.t) 

, L ri~Jrfl+!J ~ . 

(2.19) 

3~ec& KOHTYP 

COBOl CTpeJI:K-e. 

L C>ltPYD8T noJIIICS rauua-~ O.IU'IH pas no t~a-

Henocpe~CTBeHBHM BYTIHCJieHBeM no~BM c.ne~~ee npe~-

cTaDJieHt1e .nJIJI cynepBaiTMaaoBCKJa: WIJU<Ltd : 

~ (~) .3 I < 
[ ( p) == (ft) i-A 6J(+Po)[ cHf.t)+8fP.l)jtP.1J}, 

8 

r~e 

I { pl) = ~ £ i ( .d .t \ 1/ 
4 »=o rtn+·l)rtn+J.)rtMJ) If p J -

(2.21) 

- cntJtTpaJildiU ~ 1!3 Macoa ltD~ /lJ 1~3 ( R-'~) , T8K 

[fJ.l) f;3 

J>f p.tJ ./), e np• pl..., -f ~ 

Jt8Jt 

(2.22) 

( npJ! p.J > 0 • p-f ~ + c:>c:> 

"'"'-(:f) I 

3To osaa11eeT, no E { /)) f= h71j3 (RII) . T8K K8K 

). 

~ 4(' ......... (-}( !f·fl.t) wr Pt,P.l) == r ftJ or Af~J E -y 
(2.23) 

• W (PJ.,Pt) = (Jl)ffrA+P.tJEt+J( ~;P.t), 
(2~24) 

TO B 
~ P. ~ I R" wrP~, :.t), W(lj.P~) t-m113 ( ), or.e. 

CJDipBihllao:aout ~ JIBJIQITOJI O'l"ppl'O .10Jt8JIH3YIUIDUI OOOCSIQtB
~ 

IIIDIB ~BilK. ~eo:r. npes W ooosHa'leHo npeodpasoBIJDtt 

~:r.· w ' '1' ••• 

- _!_ If d'J1Jlfp_ -it /J,ki+&~J 
W (X-t, X,~.)-(Ji)i jj ~ e w (IJ,,fJ.t) . 

. (2.25) 
Tu xex 

£ 1/~; =gt-fPJ 
TO B3 (2.23) B (2.24) o.n..,eT, liTO 

...... ~ 

WtP~) P.t) = w(P.t)P-t) 

• 

llp.H p ...tc::' 0 , 
(2.26) 

.1 
up•(P,-P~J<O. 

(2.2?) 



I 

II 

ID. KOMMYTATOPH!iE ~ H IDe CBOa;TBA 

3. I. Tenep:& Bbl'fHOJIJJM BaKyyMHHe ope.rume oT ROMMyTaTopa 

~ 3ROUOH8~Jl:&HHX B36HMO~e~CTBHH cornaCHO 

~ J¢tYt} jrP{J<'.t) 
/((Yt,Y.t)=L off: e -1:,: e _ 1:}JO>::= 

= W{_jx{, X.t)- w (Xj ,x1) = l E {XrX'.t), 

(3.I) 

r~e t+J (-) 
£(xJ= E rx)-E txJ = 

oO ) A \ (17-1} 

=- ;2 7i 2_ . . £ ( Xo) 0 (x.lj 
h=-t r (17J rtnHJ · ' (3.2) 

.t 
~ X .c 0, Etx) = o (3.3) 

E (- X) ;:::; - E (X). (3.4) 
CytqeoTBOBaHHe Erx) -~ B Knacce. '-e ~;3 (R.") 

TBKJKe MOlleT 6HT:& ~OK638.HO MeTO~OM 8H8JlHTJ.flltOROI~eryMpH88ni-!H. 

PaOOMOTpHM o6061!18HJ1Yil ~ll efx.l){x·t) ~j/1/R'I) ,I<OTOpaJI 

VlMeeT UpoOTHe DOJIJ)08 B r = ..;.IJ 0 /7 = -f, .f, '" J1 

BYtr. (Y{x.t){x'-)l= (-d)h-1 dlll-1).1 
~::-n rrn) fx J 

(3.5) 

KpoMe Toro' 3aMeTHM. 'ITO rawa-tflyHKIUUI r (~+I) Ta.K:a:e HlleeT 

npooTHe noJIJ)oa B TOtrRe 'l =- )J , r.ne IJ = 11 .f. 1 "' , o BbltreTOM 

(-1.) 11-1 
BY'l. rrl-r-tJ = ---
l=-n rr 11 J 

ITOJI:&3YJIO:& 8TKMH OOOTHOW8HHSMH
0 
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(3.6) 

DOJiy'IIHM 

-r 
ecx1) ( x.t) I = 

rrr+1 J z=-Jt 

/561-z. Btx.t) (X-f)? 
r=-IL 

Ett/l. rr-l+-IJ 
?=-n. 

c {11-/.) 
o {x.tj. 

(3.7) 

3aMeKWJ npoHsBO.IV~He d- WHRW B (3.2) IIIX BHpaJKeHHeM (3.7), 

DOJIY'f!IIM 

- t:>e> _All c0tD) 8(Jt.l){x.t)-ll 

£(x)=-111J; rtn)rt11+1) r{-t-n) 
(3.8) 

,1lM pery.llllpH38:nHH BHpSXeHHII (3.8) RCIIOJU.8Y8M npeo6p880B8HII8 3oM

M8~JU.~BaTCOK8: 
r -l - ·j I A c()(o} (j(x.t) (x.t) 

· =-ttl al 
E (x) z rC/lJ r(r-t1) rr-1-r)'7''~ I 

(3.9) 
r~e nO.J{IlHTerpaJILHOe BHpalleKJie JIM88T DOJIIIC8 TOJI:&KO B HYJIJIX 1fiil , 
rs:: I,.J, .... ,1lM ,ltOCT8TO'IIHO 60Jilolll01'0 ¥ t BHIIpiiMJIJIJI ROKTyp {, 

0 

nony11HM: 

ot+io-

£ (P)==-iiij dl AlC~iil f(Yo)e(x.IJ(x.t)-r 
'I . ('. ot-t 0o Jtllftll rtlJrtlf1) r{1-l) 

r~e 0Lt:XL j_ 
)f .x Re >I~ d.. 

(3.IO) 

STOT BRTtrpaA CYI!I8CTBY8T H npe,nCT8BnR8T C06oR JIHHeRHHR HenpepHB-

HHI ~OH&JI B <e-t13 ( RY). Tenep:&,nepexo.~t~~ x npeo6pasoBBHir!J) . • 

~:&e B (3.IO) l'l DOJU.SYJIOI> ciJopYJJIOI 

t:r -r 
:; [(X'D) {Y(X.l) (X.l) = 

iiil p.t ~-.1 
= I! i r(1-rJ r(J.-l J e Siniil er;u; (-"' ) , 

11 
(3.II) 



H3 paB6HCrBa /3,10/ no.nyqHM: 

d+l~ . t'#l t-.t 
..._ ~= 7i.1J...tjJl [91ii-? Sll7iil e ·ftPo)tJtP") (-d p.t) ' 
Elf { p ol-i.oo SiiJ(F-? r(l)rfl+f) "' 

(3.!2) 

l',Jt8 
OLu<L.!.. ' Rej'zd. 

iJ /'-
Ko...YTaTOjlBSJI ~ £yfP) J',JtOBJIITBOplliT c.ne~YDIIIHM 

CBORCrBa.u: ~ I 
r. £¥{P) ~/J71/3(R'IJ npll Rt'l7, 1., 
2. E;,tP) = 0 .. np• p.t.c 0, 

.,.._ . -r-J .,... --.r+J 
3~ Btfl,JE~t{J) ~E't' {p) 1 Br-P.)£~(fl)= -E ¥ (P) 

EyiP) = E~+'rp;-E';iPJ . 
4. 

lm £ rPJ = ?rPJ, (3.r3> 
-t-tl '(/ 

/'\. -.1 t.tjclr {/H:if e'#-lr(J-?J ;~;;.;tHP·!Jf- ,-~ p.t)?-.J. 
£(fJJ-::/I /1 r!l;rfl~-IJ 4 ' 

L (3.I4) 

r.Jte L - KOIITJP, ottpymllJIIHI 111.0 r~-~ O,ItiiH pas no 

liiCOBOI CTpl.11lt8. Ha (3.14) BIDOCpi,JtOTBIJIJIIiDI BIA:XOJJIDIIII Do-

.nyqJDI 

EtfJJ == -(~ii) ~·_A f(fJ.) r rr 'J)-fB( piJJHP-'1. 
(3.15) 

l',Jtl jJ ( p.J) - CDIKTpiJIHM Wllltl\U. ODpi,Jtl.lllliiWI DO fiJoiJIYJII 

/2.21/. 

3.2. BBI.Jtllll B paCCMorpeHH6 BIKJ11111&8 Opi.JtDI OT aliT._ 

KOMMyraropa ~ 9KODOIIIIIQHIJJAKYX B3aHMO~eiCrBHI 001'~010 .. 

12 

(1.} af/>fYt) o,PtX.t) k (X(,XJ)::LO/{:e~ -1:,:e~ -{:}+107= 
(3.16) 

• - (+} 

= W(X-tl>t.t.)+W(Y,t,X'1)== { c (Yf-Jt..t), 

(1) ·r . (+J (-) 
r.Jte E (X) = - t E (X) + E (X)}. 

HaM He06XO.JlHMO 6y,JteT 8H8nHTzqecKZ peryJJ!pOBBHHOe 

:BHpiDHHe rax:a:e H ~JIB aaruowy:raropa 

{1) 00 {->.)h _£ 
E ('X}:= ~ L fJ I !fJ ()(.tjn 
. h=" . r 

('fJ ·jJ.z f-,·U (x.t)-~ 
E tx) = t '- 1 rlr+IJf;iil · 

(3.17) 

(3.18) 

IIom.ayJic:& npe,nJi.JtYIIIMMH peaym.TaTaMH, DOJIYlfHM 

• ~+it>e ·-, ht 
""'f1J - -.t,.,!.l·jd; e" C'~H r(,t-?J Btfl.tJfdP1 
£'¥(P)-- 11 ~-ie.o Sinjii-trtr;rf?-i) "' · 

- (·0 (3. 19) 

Pery MpHSOBeliiiHI aHTmtOMMYT&Top E '(( ( P) y,JtoBJieTBOpJieT ycJio-

BJJJDI: ,_ { () I .f 
I • E y iP) 6: ltJ 1!3 (R ). (3.20) 

2 • 
- (·{) ---(1} I fR" lrm E ¥ tfJJ::: E r PJ f m.,13 ), 

)'-t1 -.(1} (3.21) 

r,Jte 8HTIIltOMMYT8TOP E ( P) onpe.Jte.lllleTOJI uo /llOIMJJI8 

i r f~ J = r .t~i:J 3 ~ $' r P~ J + 
3 A..t oo 1- .A It 

+ (}t7) - 2.. (}(p1J( ), ;;
1
) 

1f J1= 
0 

r{IH.f )rtn+..t)ffiJ+~ J .., (3.22) 

13 



JfJIH 

/V(1} 3 L-< I 7 £ { p) = (iii)~ cHf.l) + 8(fJ.IJfjJ·l)~ 
(3.23) . 

r.zte jffJl) - CI!8RTp9Jil>JI8Jl ~. ODp8,11;8JIR8llasJ I!O lfx>PMJJI8 

(2.21). 

IY. 3AIIA$lliBAI100l H OilEPEIAIIIIHE CYIIEPIIPOIW'ATOPH 
~ 

IY.I.ITocraHoBKa s~aqH 

CJie,It1H SKCHOM8T~8CROM,y I!O,ItXO.ztY BorOJIIdOBS /11-IJ/, 

onpe.zteJmM ,D;:syXT0118'1JB111 38I!83~J111111 4)ymanm I'pJIIHa 8RCI!OH8Hnlf8JI:&

HHX B38HMO,zteiCTBHI, T.e. 

j¢fX't) i¢tY.J.) 
I{ ( x1; )(.t J = L o I R (' e -1 : : e - 1:) I o / 

(4. I) 
I 

B 1t11acce CTJ)Oro JIOMJIHsyeMHX o6o61JleHHHx ~ C..C 113 ( R"J , 
Tpe6yH BNI!OJIH8HHR YOJIOBHI OT BSRY,YMHHX Cpe,D;HHX 38U83~~ero 

I!pOH3B8,Il;8HM: 

I.PeJIRfHBHCrCXOA HHBapHaHrHOCrH 

.z {;f1{Yj-ti)j t(Yx.[a)) = ~ o--t;X.t) I y (~A) ~~~I 
(4.2) 

r.zte a - '18THp8X-B8KTOp TpSHOJISUtHI!, II - npeo6pasOBSHJ48 co6-

CTB8HHOI rpymw .1IOpellll8 L ~ , 5J./ - co6CTBeRHSJ{ rpyn-

na IlyaHKape. 

Hs Tpaao~oaaoa HHBSPHSHTHOCTH cne,D;yeT, q~o 

'? ~ 
? ( x .,. x .t ) = E ( x1 - Y.t) = E { x), x == X1 - Y.t 

) (4.3) 
H 

E 1 
(A)() == £ ~(X') I ¥ 11 f L: . (4.4) 

14 

2.B81J18CrB8HHOC%H 

*. ) 't ( )(,li )( ,~.J == -z ( Yt.; x~ (4.5) 

i' '1' ;z r -t .7*-E (X}= E (X} E (X}= LE (><)j 
1 r.zte . • 

JtD 

(4.6) 

J.PaapeiiiB.IIocn 

~ (Y1; Y.1.)-IZ (X.J.i X1) = i { WfYt 1 >f.t) -tv' (Y~/Y1)j = 
00 .A" ({h-1) =- iii x:~-Y.· () {ll .1 J :!; rfllJrttH-1) E ( 1 .1.J ( ~-Y.t) ~ <4•6>' 

4 • 3anas,n!BaHJUI 

/((X1jX.t)=0npH )(.t £. X'1 (4.7) 

£ 11
( AY}= 0 np.11 X~ 0. (4.8) 

IToJJaraH 

JrJIJI 

1 q tl 
'l tx1.;Xf)= E {Jit-X1)==E (Jt1-X.t)=E t>rJ1 x=Y,->t.t, 

r.zte E ~ (JI} = 0 I!pB X 2:. 0 I f::r6) 
E 4 (A X')~ E 4{x) 1 /1 ~ L ~, (4.II) 

4 4 - li-E {>f) = E {x) 
1 

£ a(x) = [ t Q(xJ] , (4.!2) 

llH MODM 38ImC8TL ;y'CJIOBJ48 paspellllDIOC'l'JI (4.6) B Btme 

E""txJ- Eq{x)== ErxJ, 
(4.!3) 

rlte 

{+) (-) 0<' A II ("fh-t) 
E {x)== E (x}- E tx)::::.-}ir.J;- rtn)rlh+1) f{Yo) b {x~) 

14
- 1 (4.14) 

• 
E t-x J == - E t x). (4.!5) 
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KaK 6HJIO ~oRasaHo B pas~eJie II, BeJIWIHHa E (X) , onpe~eJIJieMaa 
qepe3 p83HOCTM ~BYX cynepB8tTMBHOBCKHX ~~ (4,14), HBJIJieTCH 

I ~ 

crporo JioRaJIMsyeMOI o6o6meHHol IPJ'HKnHel J/13 npocrpaHCTBB !.f1 1;3 ( R '). 

Tenepb MH MOllteM ,n;an onpe.n;eJieHHB' sanas.n;uBalllliHX ll onepeJ:aD

mllx cynepnponararopoa, JIICXO~ H3 aKCHOMBT~ecKoro no~~o~a. 
·- ( q OITPE:ILEJ!EflliE. BeJIHqmm I= X) H E (><) 6y}I.eM HB3LlBBTI> sanas-

~-t 

,n:LlBBI!IIliiMH K onepelKBDJ1HMU cynepnponararopaMH, ecJIH OHH o6Jia~allT 

CJie~yl!llliiMH CBOIGTBBMII: 
1,nopeHU-HHBapHaHTHOCTJI 

(a'~) E (d) ALL"' E {AX)= (X) I /1 c- + 

2,llemecraeHHOCTH -
r,i"J (iJ (iJ r-r1J,J~ 

E ~x) =E rxJ, E tx)=Lc (x)_; 

J. PaspeumMocrH 
/[ a. E (X)- E (X)= E(x), 

r.ne . II 
_ _ r+> t-J _ C>O ,\ <'III-I) 

t (x)== 1: {x) -£ (x)=-)iE.rth)rfiJ+I) f(Jf.)tJ fx·lJe
"=1 

H 

E(-x) = Efx) 

4, noKaJibHO CTH 

(4.!6) 

. (4.!7) 

(4.!8) 

f rJ I . 4 
"t;h(R ) 

(4,!9) 

(4.20) 

1 E (xJ= o x~O (yCJIOBHe 38nB3}1.1iB8HWI) , npH 
f) 

E (X}= 0 npK X~ 0 (yCJIOBMe onepellteHWI) ( 4. 2!J)' 

5.MMHJIIMaJibHOA CHHryJIHpHOCTJI neMaHa-ITOJIILaRepa 

(}I.OllOJIHHTBJII>HOB ,IJ;HHaiLJIIqeCKOe yCJIOBHe) 

16 

'I 

'!'l. 

+ , 

;ft 

.
,l. 
1~ 

~~I 

3ro osHBqaer, qro sanas~LIBBm!I{Ke H onepeJKBI!IIlHe cynepnpona-
.z Q \ 

raTOpii E (X) H E (X) oBo6o,ruw or tJ -o6pasHoA CI-IH-
C>"'» ( 

ryJIJipHoro BMB LC'n O"dX) B Roop}I.HHBTHOM npocrpaHCTBe. 
/1$t;, 

B :RMnyJII>CHOM npocrpaHCTBe ycJioBMe MHHBMBJII>HOI mrnryJIJipHOCT!i 

JieMaHa-IIoJIMalepa /I-3/ osHBqaeT, qro 

,-,.(d) E ( p) ~ 0 npH p.! ~+= . (4.2!) 

(cM,!lpe.n;Ll,IJ;ymHR pas.n;en). 
Tenepb pemeH~e ypaBHeHWI (4.15) H (4.19), y.noBJieTBOpHE!IIee ycJio-

BKIIM( 4, 20)1,~pM8JIDHO MOliHO npe~CT8BHTI> B Bll}I.B 

0.0 A II ~(17-1) . 

E fx) = f::)(Xo)E(x) = -;li" I, ,-/nJrtiiHJ 8fx'o) (xlJ. 

(4.22) 

a . . . · t>= J 11 . ['11-0 
E {x)=-er-x~) E (x)= -}iiL rf1J)rth+1J et-YD) fx.t). 

1!::1 (4.23) 

MY DOllliT8eMCH ~OR838TI>, qro pa3JIOJ:6HHS (4,22) H (4,23) ,IJ;JIJ'I BBJ!ll-
'l q 

'iHH E (X) H E (X) Ha caeToBOM ROHYOe oytQeCTBYilT :a KJiacce 
I 

cTporo JIORaJIHsyeMYX o6o6111eHHHX ~ l(; "!:~, { R'~) n y~oBJieTBOpR:IlT 
yCBOBHSM JIOpeHq-HHBapHaHTHOCTH (4,!6),aemecrBeHHOCTH (4,17) ll pa3-

pellllWOCTB ( 4. 18). TaKHIL o6pasoM, sa.n;at~a, nocraBJiemma ,nByxroqeqaol 

98nB3~tm8111181 ljlyHK!UiBA '? {Y-t j 'Y-t_) B RJI8CCe '-£'1/-/ '/l8) 

onpe.n;eneHHaH rpopllaJibHO cornacHo (4,1) ll y.n;oanerBopH~aH 

ycnOBHHIL (4,2)-(4,7),CBO,IJ;HTCH K sa,naqe DOCTpOeHMH 3a!la3,IJ;LIBaiJmHX 

H onepeaaii!IHX cynepnponaraTOpoB E 7 ( x) H E t/ { x) B KJisc-

ce <-e 
1
113 (R~ /14/. 

1Y.2.ITocrpoeHHe sanas.n;uaa~x H onepexanmHx 

cynepnJlnararopoa H HX caoRcraa 

rr0JI&3JJlCI> BHp8DHH8M (3, 2) .n;M XOMMYTaTOp&ol ~ 

£ {>t) , IAI uozeu npe~CTSBHT:& sanas,nHBall!IIHB H one pe:z:aDmHe cynep-

17 



nponararoPH 
f/J 

E (X) • ~· 

(/) 00 \h L\ + E (x)==-.Jii L /1 v(-)(o) {J()(.l)(X.lj-1? 

11=1 (4.24) 
.lLI1II P81"7.1111p.ll38~ p83Jio.uJIM (4.24) EDOJJI.SJeM Dpto6paSOli8JIJI8 

3oMMe~~TCOH8: 

f1J j, .X1 eti"Y~JetX'.IJ rx-lJ- ~ 
X =-Tl al - . 

E ( ) L rf-7Jr(U1)rff-t)'Jn. 
(4.25) 

llO)(LIHrerpa.n.aoe BYpa.UHHe :a (4.25) llleDT DOJIIJCH 'l'OJJI.KO B QJUU: 

'Jl"i , ~="'.£,,, , ne L - XOJI'l'YP, oxpyzallii!HI no

JJOD1:'8JWIJI! BeJQeCTHIIQI) oc:r. O,lVUI pas DO 118COBOI CTpe.ure. 

CJit,JtYII BoJIKOBy /4/, BBO~ Jl paCCJIOTJ)eue fll!7JUipBSOBaml1Jl 

sanas~DIIHX • oaepe.UDIIHX cyuepnponaraTOpo:a E' Px-) DO ~Jie 

~) \~ -? 
(a_ -j 1 C~liiA &f::tYo)Sfx'.LJ(x.t) n~v;;J E (X) - -Ill tir 1 Kt 6 "/ • 

;y - StnJ'tT~ rr:z) rt~+-tJ rr-r--l) 
L (4.26) 

Ilpt.IPIOJIOUM Teaep:r., 'ITO )(JUI .JtOCTaTouo 6o.llillloro '(/ KOIITJP L 
MO.UT 6HT:r. BH!IpiDI.ItR; 

ot+ioo --l 
(a} j 1 )trCeJli-f$(i'Xo)(}fK.I){X.t) ( E {x)=-lit a? • 0<~~- . 
~ ot-ioo S'tn(iii r(l-Jr(?+1)r(1-lJ k' 

(4.27) 
Tenep:& nepelt)(eu K npeoCipasoJiaHHil typ:&e 11 ( 4. 27), nonayxo:r. «oi*.Y.aol 

-?-:.! J:[ er:tx-.) s Pr.fJ rx·LJ -7= J r (f-l)r(.t-l} f: ( ~ ::r t'tJP.j 

(l =! 1.,.5, "'). (4.28) 
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llOJIYllHM 
/.q ..,t ot'+tt>o I ?-.1 

gct~J= b.!J Jell . ~£Hii-l rrJ-~) [-~rp.t::rio//,)1 . 
~ )i oe-loo SI!Jfii-1 rflJ rt-lfiJ 1 1 

. (4.29) 
Jierxo BH)(en, 'ITO HJIII'iiDUl 

~ {Jt/) == J JV, .{OJ) E ~/)( PJ = 
cx-+iex> . .l-.l, 

=-lfijcl~ C6JJtffl(.t-~J (cl~?rPJ{-) (fJ~+ioPoj 
. _St;,v/i; rf.ZJrfl+·1) )·" 4 

ot-loo 1' 

(4.3:)) 

.IWI V f( P) E 111113 ( 1/1) eoT:r. JIHRelmil ••IIpepllBJIHI: IWJm~aaJI 
• m t;~/ R'~J • 
OTMeTIIN BamteiJIIHe o:aoloTBa napaMtTpJISOBSIDIIlX aaaas,ItHBaiiQRX H one-

-? .-....q 
pe.uaqu OJDtpnpouara'l'opo:a E J ( fJ) H E >I ( P) .ltJVI l?e lr"~ i: 

I.HarerpupyeuocrH 

f/i)(P) 6 ll7 ;Ia ( R~) ¥ R~.Y~ 1., 
T.e. B8JIR'liiiJilll 

-'"'- (i) ;· /'1, ~ ..-.. ft:~~ 
E)' f/) = a 'P trPJ E ?I rPJ =. 

ot'+lt:>o - 4 . _-1-.l. 
=-iilj cl? Lei//~ r(~-lJ jc/P jrJJJf} ffJJ+ioPoj, 

/ · Sthl/7;-tr(l-Jrt-t+l) · 
oc.-{C>o <1" 

(4.3!) 
.IWI ¥ f( p) 6 h71fl R't_; JIJIJfJIIJTCJI JDIIIIIIRIDol KIIIplpiiBRYMJ! \PYHK
ItHOHaJJawH Jl h71;3 ( R't) • 0 c:: C7(' <:: : . 

2.PaspeiiiiUlOCr.H 
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,.....,_7 ....--.a 
E'lf (jJ)-Ey(P)== 

1 
olfian 

=i~J fJ
1 

CMli-l rfl-r) I; .A 1 . r-.i _,~ r-.t 
1 l o<cl,., !Unyn r{l) rt<+~) l h/ P -toP.ff-FzilP-¥ioP.J j . 

(4.32) 
~_j 

ITOnb3JRCL wapuy~oft 

/ii't' 
·?' 1:- .ilii e f'-

( p!..iofoj-{P1-+lDflc) = fl/o)tH/U)(I'~) 
rf-?-J rr-t-+1) ' 

(4.33) 
X3 ( 4. 33) ROJlY'{JJM 

......... 7 ·'"'-C/ 
, E'yrPJ-E¥rPJ=-

o/+te>o 

= 
1
.tY j dr e 'li' c~Jn ~,;; u r (1-?J A i'·.i 
o~-i ,_ Si;,p U f i'J r ( i'T.f) [t I. )Bf P"Jf;;P'): lrP)flh, 'rf+J. 13 ~ 

r.zte 
I 

{)L o<' L ~ 

3. 3aila3,JtLIBaHHII 

• 
'l 

E)l( X) == () npx 

_a 
t'tf{X) = 0 np• 

4.He~eCTBeHHOCTH 

Re'l ~ i. 

X£ a, 

X~ 0. 

tJJ ~ raJ 
[ E y (X1 = E 't (X). 

20 

(4.34) 

(4.35) 

(4.36) 

5.C~eCTBOBaHHII npe,~tena 

.ZJ . (/l) 

!tm E{aiPJ = E 't PJ. 
't-?i y 

-~ .-

(4.37) 

KpoMe roro, npH :BIAKC~eJUIH fl - TO'!le'IKYX xoa(fxll~eaTHWC ~~ 

o6o6~8HR01'0 r8ManLTOKH8B8 6y,It8U HCRQnL30BITL pery~BSOB8H-

JIH8 sanas,ItHB&IIQBe • oneptDDIIJI& oynepnponaraTOpH BII,J{a ( 4.39). 

Tenep:&,B03Bp8111MC:& x xoatypy L H nepexo~ x npe.zte~ 
npH '/ -7 1 , no.nyq101 

2 
/\.c{d) _ g-.t..-11 rj, CtHi7r [-:- .dol:rioPo} 
£ { p)- a· / St11i;l rtr-ti)F(l-t..t)rt?t5J 'I '1' 

~L f . 
(4.38) 

rJl8 lCOil'l'JP L 11111HBI8TCII H KOB'I88TOJI B -f ~ H OKpyzaeT 

nomica - 1 J 0
1 
+ 1 , , ,, 

HenoOpeJlOTBIIKYU BY'IHC~8 .. 8M 9T01'0 HHT8~~ no COOTa8TCT~ 

ROJJIIOIM OltOH11aTen:&HO noJyqae:u h . ) f) 

........ (.-t' 1 ~ (-1.) (-- P.tj 
E a; l-.t \ ~ 'li~-:I .If x 

( P)=-~11 
/ pl +LoP

0
-" h:o rttlfl)rth-U}r/hf3J 

x:{ f11 [~ ~ (fJ.t; t.ofo)]- ·tjllnt1) -1/1(11+ J,) -1/IU1+3)} , 

r' t lJ C4.39) 

r.-e ~(l) = r{-?) -~ Sbtpe. BHpa:uue: (4.39) 

npe.-crauaeT G- <f>YRit!lHil lleepi. OHa odJI8Jl88T xopomo B:mtCT&-

101 CBOIOHIIDI. 3TK OliOIOTBI MOI'JT 6w'l'lo BIDI,It811Y TUD KenocpeJl

OTB8DO K3 ( 4 • 39) • 0co6Jd DTepec np8JlCTIJL1111DT OJ18.Jl11111K8 TpB 

CBOICTBa 38Da3 .. YBa .. IIX K OU8p8UIIUU CJU8pnpoll8raTOpoB: 
-'l ""'Q 

I • E { P)- • E. ( P)-: ~ JllOUeTBOpll-

m yOJIOBDI paspeiiJIIIOou, or.e. 
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""" '(' ;""- tl """'-£ f;JJ- E tPJ = ErP), 
(4.40) 

r.~te 

E ( PJ= (,i;J] i tt!o)[JrfJ1J-+ stP1JtP·IJ}fbJ~fRltj. 
(4.41) 

3To 03H8'1l8eT, "'TO 

..-..1/ ."'- t; -'"'\. ~ 
E tPJ-'-E tPJ = ErPJ /\.-

(Jl) J e llpJI P '--?'·1-~ • 

r---1' 
E //))-

(4.42) 
~4· 

• E (,P) -~ YJtOBJJITBOpmr 2 • 

yc~OBJID ~HJIMS~~HOI CBBrJnRpHOCTH, T.e. 

-? 

E-'"'- (a)/) J IIpH ;J-'~ +~. 
( r/ ~ 0 (4.43) 

./"-I.-"?). 
3. E a'(j))- ~· aemT pa3pe3 uo A B Toq-

xe A = 0 . 3aMeTJDf, qro CBOICTBO I o~eJtYeT Reuoope,~tc'l'Jiellllo 
H3 (4.39),rAe HCDOHb30BaHH ~PKYHH 

1 I 
-,1 :t i Of'. = 'fJ X .L :r iii Eff.) c;{ P-'), 

(4.44) 

/n{-;;1 "!:loPo)= & ErPJ!1 ~ l"i fCI'..Jt}(P.tJ. 

(4.45) 
qTO K8C88TOJI o~eDJI (4.43), TO ORa DOJIY'IBeTOJI Ba OOBo-

Be <}lopMyJIH CTHpJII!HI'elo ,lVIJI ,ltOK838Te~CTB8 CBORCraa 2 38Ne-

TJDI, 'I{ TO DpH p.t > 0 

~ff} 7 3.-J.t fJr (Mil< (-.dp..f 
£ (fJ}= Jli j' ...)i;,7fr(?HJr(l+.J)rt?+:1J ~ <

4
•
46

> 
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KoHTYP L; MOlleT 6HT:r:. BHilpRMJieH napaJIJieJII>HO MHHMOit ocH, co

xpaaaa npH 3TOM CXOAHMOCTb HHT8rpaHa.~eitCTBHT8JibHO, DOJIL3YHCL 

JJ8)1[8.111eR Ha KOHType B o~aCtH c = { i: R e ~~0 f OI\€HKOI 

I r (X-ftj) I ·"V- e-:J IJI lipR ~~I 7 + 00 • noJiyqHM 

d l ~ T r d (-A .tl J x r tl. -1 (!1 -!£ 1 rtz+1Jr/lf.i)r/lf3J -4 P ;/VIP I j~1Je · 
[ (4.47) 

CJie.n;oBaTe~Ho, 

Er1{p; ~ o npH jJ .1 ~ + c.-= 
' (4. 48) 

TaR KaK (-I e:: X <! {)) • 

IlOCH8AHee COOTHOWeHll:8 (4.48) o6ecne'lll:B8eT BlifiOJIHeHHe JCJJOBHR MH

Hll:MSJII>HOA Cll:HryJIHpHOCTH ~eMaHa-lloJIMaftepa B HMUyJIDCHOM rrpOCTpaH

CTBe /l-3/, T.e. j'K831m8eT HS OTCyTCTBl'Ie Cll:HJ:'yJIHpHOCTl'I THD8 :f' -
qi~ BHa'laJie ROOp.n;mraT X= 0 B Roop~mra'rHOM rrpocTpaHCTBe. 

HaROHel\
1 

cBOitCTBO 3 cJie.IJYeT Henocpe,JJ,CTBeHHO H3 npe.n;cTaBJrelll1li 

( 4.39). 

Y. IlPI11!¥HIHUE CYiillPIJPOilAI' ATOPU 

Y.I.IlocTaHOBKa 3~aqH 

CJie.n;ya aKCHOMSTH'leCKOMY no,JJ,xo.n;y EoroJimdoBa /II-IJ/, 

MO.EHO Olip8,ll,8JIRTL )\BYXTO'leqHYJ> lipH'UmHYJ) qiyHIUUW I'pmra 3RCUOHeH

IUf8JILHHX B38llMO,D;eftCTBua 

. I jcPtXf~ 1 j¢f<t)l 
0{X1· X.t)~~ o/T( e -1., f -1.)/0/ 

J (5.1) 

B KJI8CCe CTporo JIORSJIH3Y8MSX 06o6meHHHX qiyHRI\HR, Tpe6yH BlifiOJIHe

HM CJI8.IJ.Yil!IIDC YCJIOBH!: 

I.PenaTHBHCTCKOR HHBapHaHTHOCTH 

CC ( ;1 )(,-ttl; A )(.,t-fa) == C['(X1 j )(.t) V { 0 1/1) f: 1J_, t 
23 (5.2) 



H3-3a TpaHc~oHHol HHBapzaHTHOCTH c~e~yer,qro 

'?'(Y.,·X..t) l:::: -l E ~X't-X..e) ~ . , 
(5.3) DpH STOM 

E ('(I;) := E (!(f) I A f:. L: . 
(5.4) 

2. CHlOletPHH 
~-" 

~(Y1; X.f) = f:{X.,t
1
Y1). 

(5.5) 
J.YHHTapHOCTH 

*" . 0..:. (-,..\Ill d. q ( x1. xj_) + 1'-(X,_, ><'.I,)= }1/~ Jf.L)f W (¥.J ,K fj =.il_ -=.:!...!Jr,..--__,., 
~ h: I IJ f '[f¥-~J':}h J 

r~e (5.6) 

* . c c r: c 'J* ~(XI; Jf.t)= {. E (Y,-Jf~) I E (X}:::: LE (X)J. 

4.IlpK'IHHHOCtH 

CC{Xt;><;t) :=: 
{

- h/(X,,Y.t)npz .)(..t ~ Y.t? 

W{~,~,)npH x 1 ~x...t. 
Ilpeo6pasoBaHBe ~:&e DpH'UDIHol ~ I'p&a 

onpe~e~RercR no ~puy~e 

(5.7) 

(5.8) 

/f"'(X' ~}(~) 

~ / 4 ( .-.(' 
C[(fJ,J&)== · t:£1) o{fJ,+~) E (/t~P1, 

(5.9} 
r,Jte 

I(-(X1 X..t l = _4_~ f.J'lJ. dilp_ -if/fYt+f!tK..e) 
') / CJ!i).l JJ , ~ e . ~r~~; ~) 

(5.IO) 
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II 

C' 1 jl't ·-iJJx C' 
E rxJ = /--:: 4 a 'P e E rPJ. 

l'J11) (5.II) 

Tenep:& MH M03eM ~aT:& onpe~e~eHHe DpHqHRHoro cynepnponaraTopa 

E C(X) B aKCHOMSTJAecxoM no~xo~e. 
OIIPFJtEJIEHHE. Be.nJAHHY E {'(X J 6y.n;eM HB3HBBT:& 

npwqHHHHM cynepnponaraTOpoM ~ SRCUOHe~~HOro B3aHM0~8"CTBHR, 

ec~ OH8 06~8~88T c~e~DmRMH CBOICTBaMH: 

I.HopeH~-HHBapHaHrHocrH 

c c L~ E (A X) ::::: E (X) A 6 + . 
I {5.I2) 

2.CWIUetpJIH 

c (' 
E (-x) = E (x). 

(5.13) 
J.YHHrapHOCTH 

(" c . (-'/) 
E (X)-E (X)= l E (X), {5.I4) 

r~e 

{1) • ~ {+) (-) ']- tl ~ ~ j_ ( iJ I 
£ (Y)=-tLE tx)-fE f>t)J-,<,;f, n! [x1)11f ~t;~fR"J. 

(5.15) 
4.IlpHqHHHOCrH 

(-J 

{ 

Etx)npn 

E ~)(J = E1}; np• 

xz:.o 
J 

XL 0. {5.16) 

5.Yc~OBH8M MHHHIIM:&HOA CHHrYJRPHOCrH ]{eMaHa-Ilo~:uallepa 

(~OUOnBHTe~HOe ~HHSMHqecKOe ycnoBHe) 

,..._(I .l 
ReiElP}~O npH p ~+c:-:-. {5.I7) 
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v .2. ITOOTPOEHHB IIPWOOIHOrO CYIIEPITPOIIArATOPA 

DBeD;eM B paccMorpe1me rrapaMeTpHaoBaHw:li IIpJj1:JJmHliit cyrre~ (! . 
nponararop E>l ( P) )J,JUI Re >I;>; 1 npH IIOMOIIIH cooTHomeHM 

(' ..--...(+) ~~ 

~y(P)::::: E y !PJ·- Ey{PJ) 

"'""'- (' . ,-.._(-} ~ 4 
E¥ tPJ = £ >(fPJ- E>f (fJ), 

~" 

(5.I8) 

(5.I9) r.n:e 
ol+itx.._l 

/'-rt-J . 1 ,.tf 1_7 e'ltC~H.Sii11Hrtf-lJ 1...JI\ . .l~ E (fJ)=li A jtTr . er:r~)BfP.i)c-r J r ot~icx. ~5t~Jfi1 rtrJrl?+·tJ Lf , 

. / . (5.20} 
oc-f(.On 

£(/) = W.tjc/-1 C~il? r{,i--1) - A -' _ . l-;t 
d' (f} .;,·:. Sinp~rtlJrtluJ f-;; (fJ + toi{,Jl, 

.X-{On '/ 

r.n:e 0Lo<'L _1.. 
X 

(5.21) 

Ma (5.I8) 11 (5.2I) CJie,nyeT, qro npH MaJIWC HlliiYJI:&cax 
~ ~ -~ r.A,~ D ~P.be-OC!paau BCex Tpex ~ Ey ( PJ , Ey(P) H 

;: Q ( p) OOBIIB}l,BIJT: 
-y 

--::c. -'l_ --...a .t 
E¥ rPJ = EyrPJ= Ey (P J rrpr: P <' 0. (5.22) 

fiO,IJ;CTaB~ (5.20} H (5.2I) B (5,I8) H (5.I9), 6y,IJ;eM HM9Tb 

o<' 1- l 0, ? -.l. 
EcrPJ= j"JA.t;jclz L'tHiur.t-iJ [-), rfol+loj, 
~ ~ ot-io.t:~ Sinfui rtlJrfNIJ " 

(5.23} 
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r.ue 
" . "L i t7r:: 1"' 

{pi-riD) = { p1 :ttofo)-,1.i e S;-"n,~tf'(5)(:tf!,)Bfj).lj(j)1 

(-dL/(eq-ceo). 

(5.24) 
ITpHBe,n:eM BalKHefimHe coo:licTBa rrapaMeTpliaoBaHHoro npn'iHHHoro cyrre~ 

""-C 
rrponaraTopa E v { P) , orrpe.u;eJIJieMoro corJI8CHo ( 5. 23). .IlJIH 

" ....... (' R e ¥ ~ 1 IIp>llii1HHI:lit cyrreprrporraraTop E y ( p) y.n;oBJieTBOpHeT 

CJ19)zyl!lllliM yCJIOBMM: 

I.Cxporoa noxanH3yeMOCTH 

E; ( p) E liJ ;1.3 ( R 4). 
(5.25) 

2. AHaJIHTHqHoCTH no )f' 
.IlJIH cpopMymlpOBI<H ycnoBHR YHHTapHOCTll onpe,L(eJIHeM I<OMIIJJeKCHO

corrpHxeHHH:li cyneprrporraraTop rro qopMyJie 

- "If i ~+t'ba . l-.l 
fctPJ={E.crpJl = p/1 : Vl {fHi'l r(J-~) [- j_ (P-!.io)l. 
Y 't 1 li ~'- 5tit07rr(l)r(-lf1J .f J 

d-to..c> d" 
(5.26) 

J.YHHTapHOCTH 

oe'-ft 00 i-J f-1 

Exc{P)-4~P) ~ T~j,k C'Hi"l rtN) 1{-Jf;J{iog-f~tPlioj j-
~l ot-iC>O Sthp~ rf~Jrtru;/L (5.27) 

llOJ!D3YHCD WOPMYJIOft 

H F~ ifl ?~ 
{ pl.;L o)- {jJ!-loJ==-li e SriJlil f)(fJ·9 (fJ.tj • (5.28) 
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nonytlHM: 

"'-C -i:~P)=-/13),~! cit C~iil B{/U) ( JP1l-)l 
E¥ tfJJ )' L~ Stnfia rrz-·f)rtvrtl+1J " ' 

(5.29) 
r.I(eL'}I -KOHTyp, OKpyaaiiiliDl IIOJIIlCa r=-d. ,l:::-..f+ IJ-f-1 

1 ~~ ~ 

IJ::: 1.1 ,, or..:m pa3 no 11aconol CTpeJIRe. IIoaTONY yCJIOBHe YJII'I-
' I 

TSpHOCTH MO~T 6HTb IIp6ACT6BJI6HO B B~e 

f:t't P J-Ect P) == ( .fii) 3 -~ ~( fJ.t)+ 
y :y . l!f.l .A h+.t 

(Jii? ,.\Jl L(-1./' { e''J ~ 6(fUJ{ 27P.tj -v-~ 
-f ) X h=o -( h+.t_i)r(fl+.t)rth+.L+i) 

I .Y cY .Y (5.30) 

r.I(e 

4.C~eCTBOB6HHa npeAena 

/) "'- C(C) - C(C} I ~ 
lim E {D)== E ( P) ~ ln 1, (R / 
>f'-7> 1. ¥ r ,3 J 

(5.3!) 

f 
,....crCJ = ;g.t).l}th !~ill r{- r) f,.\ {PJ ilo)j. 
E ( PJ ~i L. Sinii-t r{ltJJ{lt3J 4 · 

(5.32) 
r.I(e L -KOHTYJl, OJtPYDiliiiHA · noJIIlca <PYmanm SthT-i, O,D;BH 

pa3 no qacosoB cTpe~e. 

BHQHCJIRR BHQ6TH 3THX ABOBHHX IIOJIDCOB,MH MOK6M npeACT6BHr• IIpH-
,.._(' -~ 

t~l!HHHe cynepnponaraTOJlH £ ( P) · PI £ ( P) lipPI nOMOIIIH 

6ecKOHetiHHx psmoB BPI,D;a 
11 

· II 

"'"NC) ~-~ 1 · _ ~J.)/·.f {-i) [-dtpl:tioij)J( 
E tPJ=~11 p.l'ilo 

11 
n,()rth+l}rth+J)rfii-H) 4' •]' 

x{ fh{- ~ (pltlo)j-'\ftllHJ-'If{llfi)-'!fOtH)} . 
{5.33) 
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.--..(' ·"- c 
<}ypt>e-o6pa3H np~t~HHHHX cyrrepn;xmaraTopoB E {I) nE ( f>) 

MMeiOT cJie,rr,yllll{:vre rrpe.ncTaBJieHrur ; 

11 1 - __d_ _ere; . ~ r-.~\J = i I x.t n'o ) 
C {X)'= t

1
2f 11 _I (Xl :rt'oj11 l e -1 

(5.34) 

llp:vr BHBOJ\9 3TOrO rrpe,I(CTSBJieHIDr ML: BOCIIOJih30B8Jil1Co npeo6-

p830B8HPieM <}yp:I:.e o6061JleHHHX WHKnHii {x.l:::;: tO) t:C 6 ce I { R-'~) 

J(xl + iof'< _,.~ua-71[: t ,.~ ±to;f-1. 
r ('C) 

(5.35) 

0TMeTPIM CJie,IJ.YIIW'!e BSXHHe CBOHCTBa fipHliHHH!:lX cyrrepnponaraTOpOBo 

I.Crporan noKanHsyeMOCTb 

E~t"(P)c/lJt {f<4, 
1/3 /. 

2.YHHTapHOCTb 

""'- c ./>.- F ,..._ { 1 J 
E {fJJ-E (fJJ= iE (PJ. 

~e~OTBHTeJI~HO, Henocpe~CTBeHHO M3 npe,I(CTSBJieHIDr (5.3J) 

IIOJIYliHM '""' • ..-- c(fJ - I - 3 I ("(' n .i J J/nt E ) _ ~II / c r / + 

(5.36) 

(5.3'7) 

. oo 1 ,1 n · /"\.f1J 
-f ;f3,-\ ..I f:;fPlJ {4 P1) = !:... E ( P). 

11: " r /11+-1 }rtllf J }T(II+~} . 1 
(5.38) 

M3 paBeHCTBa (5.38) MH BPI.I(HM, liTO ycJIOBI1e YHHTapHOCTH qJMKCHpyeT 
~(' 

MHPIMYil tracTI> cynepnponaraTopa E {P) , T.e. 
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"'f ·"- ~ d """ { 4) I 
JmiEtP)= .1 E tPJ EIJ7"13 rR~tJ. 

(5.39) 
rro~hsyRch ~pMY~oa CTHPnHHra ,Moxuo yctaHOBMTL o~euxy 

t/\-1. ""- ra f fJ .~ J ~ 
J/)')t' E {jJJrve npH fJ 1 __, -f eo<:> • (5.40) 

J~fdHHHM6nLHaR CHHryHRpHOCTL 

Rei E ('(fl}-'> onpH fJ ,~ -7> + c::-=> • (5.4I) 
~OR939Te~bCTBO B TOqHOCTH COBIIa~aeT C ~OR939TeALCTBBMH yc~OBED 

,..... '7. -----4 ') 
MHHHMB~hHOi1 CHHryMpHOCTH .nM E (jJ) H E { P cynep-

nponaraTopoB. 
4, AHaJ!HTM'tiHOCU 

o""\.{' 
ITplilllHHHH! cyrrepnporrararop E ( P) HMeeT paspe3 no ,;\ 

TO'tfRe A'::= {) , 'ITO B~HO Henocpe~CTBeHHO JII3 paBeHCTBa 

ABTOpH BHpaEBDT 6naro~apuoCTL M.K.Bonxony sa 

CTHMJ~MI>YIDIIlHe o6cyJ~QJ;eHIDI H ~eHHHe saMe'IaHHR. 

] H T e p a T y p a 

B 
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