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necTOB A.E. P2 - 10393 

Pen!ITHBHCTCKHe yp8BHeHHSI1 peweHHe 38118'111 KowH 

BseaeHbi onep8TOpbi, onpeaenSieMbie seKTOpHbiMH nonSIMB. H a MHOJKec-r.

se T8KHX onep8TOpOB nocTpOOHbl KOH9'1HOMepHb19 pe8ni!38UHH fOKOBCKHX 

onep8TOpOB anSI ¢epMH-'18CTHU H pe8nH38UHSI anre6pbl n11 C06CT88HHOI rpyn

nbi nyaHK8pe. PeweH8 aaa8'18 KowH anSI penSITRBHCTCKHX ypasHeHKI nepsoro 

nopSIIJK8
1 

Bblp&JK&!OWHXCSI qepe3 onepaTOpbl BH9WH911 npOH3801lROI B 06061!leH

HOII aHsepreHUHH. DoKa38Ha TeopeMa o llHRBMH'IecKHX HHBapH8HTax 9THX 

ypaBHeHHII. 

Pa6oTa BblnOnHeHa B na6opaTOpHH TeopeTH'IeCKOII cjlR3HitH OHHH. 
~ 

OpenpBBT Otn.e,IUIBeRBOrO BBCTBTYT& •,lepawx BCcne.lOII&Jllll. JlyC5a 1977 

Pestov A.B. P2 - IQ393 

The Relativistic Equations, the Couchi Problem 

The operators determined by vector fields are intro
duced. On the set of these operators, finite-dimensional 
realization of the Fock operators for Fermi particles and 
the realization of the Lie algebra of the proper Poincare 
group are constructed. The Couchi problem is solved for the 
first-order relativistic equations which are expressed in 
terms of operators of the outer derivative and generalized 
divergence. A theorem is proved for the dynamical invari
ants of these equations. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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BBE,O.EHHE 

B aacTOJilllei pa6oTe H3naraJOTCJI HOBble pe3ynbTaTLI, 

OTHOCJilllHeCJI K peJIJITHBHCTCKBM ypaBHeHHJIM nepaoro no

pJI.ztKa, npe.ztnmKeHHLIM B pa6oTe/I/. B nepaoM pa3.ztene, 

ho 'aaanotail c · onepaTopawa ·saewliefo .ltscWlepeaiJ.ilpoaaliai 

H o6o611leHHoi .ztHBepreHUHR, BBe.zteHW onepaTopw, onpe

.ztenJiewwe aeKTOPHWMR noJIJIMR. B .ztam.aeiweM 6y.zteM aa-

3WBaTb ax aeJCTOPHWMR onepaTopaM&. BeJCTopawe onepa

Topw, B coqeTaHRH c onepaTopaM& aaewaei npoH3BO.ztHoi 

R o60611leHHOi ,ltHBepreHURR, D03BOJIJIIOT DOCTpORTb ODe· 

paTOpLI, CBJI3aHHWe C CRMMeTpRJIMR DpOCTpaHCTBa·apeMeHH 

H .zteiCTBYJOlll&e B DpOCTpaHCTBe peWeHHB BLIWeyDOMJIHYTLIX 

ypaaueual. Bw.ztenJIJI' &3 3THX onepaTopoa nuaeiao ue3a&u

CHML1e, nonyqaeM peanu3auuio anre6pw Jlu co6cTBeHHoi 
rpyDDLI llyaHJCape. KpoMe TOrO, Ha MHOlKeCTBe BeKTOpHLIX 

onepaTopoa nocTpoeaw KoaeqaoMepHLie peanu3aUHH clloJCoa

cJCRX onepaTopoB .ztnJI cilepM&·qacTRU. 
Bo BTOpOM pa3.ztene C DOMOlllbiO cilopMaJIR3Ma BeKTOpHLIX 

onepaTopoB peweaa 3a.ztaqa Kowa c npo&3BOJibHLIMHHaqan~o

HLIMH .ztaHHLIMR .ztnJI npe.ztnolKeHHLIX B7I/ypaaaea&i. BalKHOCTb 

3Toro pelyn~oTaTa o6ycnoaneaa TeM, qyo, KaJC H3BecTHo/2-6< 
JCBaHToaaa&e noneii R peweaue 3a.ztaqu Kowu .ztJIJI ypaaaeaui 

3THX nonei - B3a&MOCBJI3aHHLie 3a.ztaqu. B TpeTbeM pa3-

.ztene pa6oTbl onpe.zteneHLI cJCanJipHLie npoH3Be.zteHHJI a npo

CTpaHCTBe peweHHii &3yqaeMLIX ypaBHeHHii H ,ltOJCa3aHW 
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paoeucToa, cos3MBawmxe cpeAHHe 3HalfeHHS reuepaTopoo 

C06CTBeHHOB rpynnhl IIyaHI<ape OTHOCHTenLHO 3THX CI<ansp

HhlX npOH3BeAeHHB C Bhlpa)l(eHHSMH AHHaMHlfeCI<HX HHBapH

aHTOB qepe3 TeH30p 3HeprHH-HMnynLCa. 

Mhl HcnonL3yeM B TO'IHOCTH o6o3HalfeHHS /1/ H no3TOMY 

He 6yAeM OCTaHaBJIBBa.TI.C.I Ha onpeAeneHHSX H pa3'LSCHe

HHSX, I<OTOphle TaM AaHhl. Cchlni<H ua ypaoHeHHS B pa6oTe 11 I 
6yAeM nHCaTJ. C 1, HanpHMep, /1.7/. 

~ 

1. HCXO,llHIJE HOJIO)J(EHHR 

AHTHCHMMeTpHlfHOe TeH30pHOe none BaneHTHOCTB p 

I p - oei<Top/ o6o3uaqaeM F , a ero I<ooapuaHTHhle I<OM
<.P.l 

noHeHThl fa a (x). MeTpHI<a npocTpaHCTBa MHHI<OBCI<o-1 ••• 
ro onpeAenseTcl TeH30POM 11 afJ : 

af3 00 11 22 33 
11 = 0, a 1- f3' 11 =-11 =-11 =-11 = 1 · 

B npocTpaHCTBe- opeMeHH 0~ p :S: 4. On epa TOphl d , o , * 
p -oei<Top F nepeBOAJIT B (p+U -oei<Top dF , (p -1> -

(p) {p) 
Bei<TOp oF ' (4-p) -oei<TOp * F ' I<OMnOHeHThl I<OTOPhlX . 
paBHhl (p) (p) 

4 

(dF) 
(p) al ••• a 

p+1 
= (p+l>a[a fa 

1 2 
... a ] ' 

p+1 

afJ 
(oF) a =-11 af3faa1''' a -1 (p) a1 ••• p- 1 P 

a , 
=- a faa1 ••• a p - 1 

1. 
(* F > =- ({3 [.J 

{p) a1 •••• a4 -p p! 1 ... ~-"p a .... a 4- p 1 

. i 

{Jl ••• fJ P 
f 

/1.1/ 

/1.2/ 

.. 

rAe I<BaApaTHhle CI<06I<H [ ... ] o6o3uaqaroT anJ.TepHHpooa

HHe, fa1 liz a3 a 4 - nOJIHOCTLID aHTHCHMMeTpB'lHhlB TeH30p, 

(0123 =1. 
IIpsMhle cyMMhl 

4 
F=l:e~F 

p= 0 (p) 

ci<an.llpHoro, Bei<Topuoro, 6HBei<Topuoro, 3-oei<Topuoro, 4-
Bei<Topuoro nonei HnH, An.ll I<paTI<OCTB, c - non.11, nOAlfB· 

HJIIDTCS ypaBHeHHSM /1/: 

oF - dF = ..\1 F, 

oF + dF = ..\2F 

illfc me 
..\1 = ± -- ' A 2 = ± -

1\ 'h 

,AeicTBHe onepaTopoo o , d, *I , * 2 , A 
eTCS 4JopMynaMH 

4 4 

oF= l e~ oF, 
p =0 (p) 

dF = I. e~ dF , 
p = 0 (p) 

4 

*1 F = I. 
p= 0 

4 

e~(-l)p(p+U/2 
*F 
(p) 

ua F 

*2F=l: 
p=O 

$(-l>p(p-l)/2 
* F 

(p) 
..\F"" l e~ ..\F 

p=O (p) 

rAe A - CI<ansp. 

2. BEKTOPHIJE OHEPATOPJJ 

onpeAen.ll-

IIycTL K - oei<Topuoe none H k (x) - ero I<ooapH-
(1) ~ 

aHTHhle I<OMnOHeHThl. 3aMeHJIS B npaBhlX 'laCTJIX paBeHCTB 

/1.1/, /1.2/ onepaTOp AH4J4JepeH:UHPOBaHHS d~ a 
ax~ 

ua 
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k/L (x), npa.u.eM 

t) nepeBO.ZVIT 
fp + 1) -seKTOp 

x on epa To paM K 0 , K d , xoTopLie p - sexTop 

cooTseTcTseuuo s (p-1) -sexTop K0tl u 
K F P 

d(p) 

/L 
(K F) =- k f 

o(p' ~ ••• ap -I p.a1 .•• a p -1 

<K F > = (p + 1> k[ f ] 
d(p) a 1 .. , a p + 1 a 1 a2 .... a p + 1 

~ 4 
OnepaTopLI K 0 , Kd , c-none F = ~ e F 

p=O (p) none 

4 4 
K

0
F ~ eK F, 

p=O O(pl 
K F ""~ eK F 

d p =0 d(p) 

nepeBO,ZJ.JIT B C-

B TaKHM o6pa30M ,ZJ.eBCTBYIOT B npOCTpaHCTBe :nux fiOJieB. 

1ie3 Tpy.u.a nposep.ReTc.ll cnpase.u.nusocn. cne.D.YIOillHX cooT
HoweuuB:: 

K 8 K 0 = 0, K d K d = 0 . 

,lJ.anee, ecna B paseHcTsax 11.181, 11.201, 11.221-11.251 
3aMeHBTb onepaTOpLI 8 H d COOTBeTCTBeHHO onepaTopaMB 
K 8 , K d , TO nony'IBM cooTuoweua.ll 

* Kd * = Ks' 111 

wK0 + K0 w = 0, wK d + Kd w = 0, 121 

Kd *I - *1 Ka = 0 • 131 

Ko*1 -*1 Kd = O, /4/ 

Kd*2+*2 Ka = 0, /5/ 

Ka * 2 + * 2 K d = 0 • 
/6/ 

6 

I 

.. 

•· 

cnpase.u.nasocTb KOTOpLix ycTauasnasaeTcJI TeM >Ke nyTeM, 

'ITO B B paCCMOTpeHHOM cny'lae. 

H3 onepaTopos 8 , d, K0 , K d cocTaBBM onepaTopw 

K I = K0 d + dKc5 , 

K 2 = Kd8 + 8Kd • 

O'leBB.D.HO, 'ITO 

Kid - dK1 = 0, 

~o-SK 2 =o. 

17/ 

181 

llpuMeH.II.II cooTHoweHHJI I 1.221-I 1.251, a TaK>Ke cooTHowe

HB.II 121-17 I, nony'laeM 

*1 K 1 = K2•I ' 
191 

*2K2 = K1*2 1101 

,lJ.OKalKeM, 'ITO 

. K1 = K 2 , 1111 

ecna xoMnoueuTw sexTopuoro non.11 K y.u.osneTsop.IIIOT 
(f) 

ypasueHB.IIM Kannaura 

a k
13

+a
13

k = o. 
a a · 1121 

,lJ.eicTBBTenLHO, cornacuo onpe.u.eneHBIO onepaTopos K
1 

,K
2

, 

<K F) =-(p+Uk11 a[ f ] 
I(p) al"' ap 11 "r·· ap 

_ na k 11 r 
1 

~ 
1
• 

•tal P.ia2•••ap 
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I 

,.,. 
(K F ) = - (p+ 1) a k[ f J -
&'"l(p)al'"ap p. ai"'ap. 

-pk[ I r
1 1 1, ai p.a 2 ... ap 

p = 0,1,2,3,4. 

Hcnon&3YJI TO>K,necTBa 

<p + ua.. r 1 =a r -
-L¥" a I ... a p p. a I ... a p 

- P~ai f lp.la2"'"p J ' 

( P + l)k [p. fa l ... ap J = k P. fa I .... a p 

-pk[a/IP.Ia2'"ap] ' 

nonyqaeM oTc10.na 

<KIF - K 2 F) 
(p) (p) ai ... a p 

=-f .Jl a I'" a d k _ p ,.,. 

- p k fa/ Jp.la 2 ""a J' 
r.n~ 

k~ =aakp. + ap.ka 

TeM caMwM pasencTBO /11/ .noxa3auo. llonara.11 B TaxoM 
cnyqae 

K=KI=K 2 

H o6pamaJICb x /7 I- /10, BHAHM, 'ITO onepaTop K KOMMYTH
pyeT xax c onepaTopow 

A=8+ed, e""±l. 

8 

I 
' 

''iV 

'(,.'~ .. ;· '\, ·~ 
,,; 

i . ·~ 

·,' 

~~l.> 
·(' 

io 

.. 

Tax H c onepaTopaMH *I , * 2• PaseucTBo HYniD KOMMyTaTopa 

KA- AK 03Ha'laeT, 'ITO on epa Top K .neiicTsyeT B npocTpaH

CTBe peweHHB ypaBHeHHB /1.6/, /1.7/. YpaBHeHHJI /12/ 
HMeiOT ,neCJITb nHHeBHO He3aBHCHMbiX peWeHHB 

kp.=op. 
(a) a ' 

k
p. ,.,. 

=8 X -8p. 
(a {3) a {3 {3 X a ' 

a,f3 = 0,1 ,2,3, X = T7 {3x 
a a 

{3 

0TBe'laJOmHe HM onepaTopw K o6o3Ha1fHM Ka, Kaf3. One

paTopw K , K {3 y.nosneTBOpJIIOT nepecTaHOB01f1!WM cooT-a a • 
HOWeHHJIM 

[K ,K ] = 0, [K ~ ,K 11] = 11{3 K - rt Kf3, 
a {3 a,_. r p. a ap. 

[K K 1 = Tf K + 11 K - rt K - TJ K 
af3' p.v av fJp. ap. vf3 f3v ap. p.f3 va 

H, cne.nosaTen&Ho, 3a,naiOT peanH3aUHIO anre6pw JIH co6cT

BeHHoii rpynnw llyauxape. llpH nepexo.ne K o6meii TeopHH 

OTHOCHTenbHOCTH nony'leHHble BbiWe paBeHCTBa /1/-/10/ 

TaK>Ke HMeiOT MecTo, o.nnaxo onepaTop K, soo6me rosop.11, 
BBeCTH Henb3JI. 

B n - MepHOM nces.noesxnH,nosoM npocTpaHCTBe En , 

ID (~n) BeKTOpHbiX none it, KOBapHaHTHLie KOMROHeHTbl KOTO

pwx o6o3Ha'IHM (~P. , a= 1,2, ... ,m,onpe.nenJIIOT 2m sexTop

HbiX onepaTopos (~8 , ~) d· rpe'lecxHe un.nexcw npo6eraiOT 
Tenep~o 3Ha'leHHJI O,l, ... ,n-1. 
H:w:eeM 

,.,. 
< K K ~ F ) . =-- p k k[ f ] 

. (._) d (b)u {p) al""ap. (b)(a) a I lp.la2 ... ap ' 

( K !:' K F ) -=- (p + 1> kp. k ( f ] , 
(b) 0 (a) d(p) ai ... ap (a) (b) P. a I"' ap 
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~ 

p. p.a p.a 
r,Ae (~ = g (\h a , g - MeTpH'IeCKHii TeH30p En. llpH-
HHMa.ll BO BHHMaHHe, 'ITO 

(p + 1) k[ f ]= k f 
(a) ll ap••ap (a)ll al'''ap 

H o6o3Ha'la.a 

BeHCTBa ~-' 

- P(~)[a/IP.Ia2'''ap] 

ll <K,Kl=k k 11 , 
(a) (b) (a) (b) 

nony'laeu 

K K 0 + K 0 K =-<K ,K ). 
(a)d(b) (b) (a)d (a) (b) 

cne,AyiOUUie pa-

/13/ 

Kpoue Toro, HeTPY.AHO y6e.AHTLC.II B cnpase,AnHBOCTH cooT

HOWeHHii 

K~K~+K~K~=O, 
(a)u(b) u (b) u (a)u 

K d K d + K d K d = 0. 
(a) (b) (b) (a) 

B n - MepHOM esKnH.AOBOM npocTpaHCTBe m <::; n) BeKTopHWX 

noneii MOlKHO BW6paTL OpTOrOHanLHWMH B HOpMHpOBaH

HWMB Ha e,ABHHUY. llonara.ll B TaKOM cny'lae 

K = iK 8 ' 
a (a) 

+ 'K K =I d • 
a (a) 

a = 1,2, .•• , m, 
nony'laeM KOHe'IHOMepHyiO peanB3aUBIO .OKOBCKBX onepa
TOpOB ,An.ll .epMB-'IaCTBU: 

+ + 
KaK b+ KbKa = 8ab' 

K aKb + K b K
8 

= 0, 

+ + + + 
KaKb+ KbKa= 0. 

10 

./14/ 

/15/ 

/16/ 

:·' 

.,:;; 

l ·\ ~~ 

.\ 
~~ 

3. PBH/BHHB 3.A,llA YH KOH/H 

06o3Ha'IHM na(x) BeKTOpHoe none, HOpManLHoe K npo

cTpaHCTBeHHo- no.A06Hoii ranepnosepxHocTB I. . On epa Topw 

TBna K 8 , K d, onpe,Aen.lleMwe BeKTopHWMB non.IIMH "a (x), 

aD(x-y) 
r,Ae D<x-y)- nepecTaHOBO'IHa.ll •YHKUB.II llayna-

axa ' 

Hop,AaHa c B3BeCTHWMB csoiicTBaMB / 7/, o6o3Ha'IBM cooT

seTcTBeHHo N 8 <x>, Nd(x), D 8 <x-y), Dd(x-y>. Ecna c
none F 3aBBCBT OT nepeMeHHwx y a , F = F (y), TO BMeiOT 

MeCTO paBeHCTBa /3.AeCL B B ,AanLHeiiWeM .AB .. epeHUH

pyeM no nepeueHHWM xa /: 

dD d(x- y )F(y) = 8D
8

<x- y)F(y) = 0, 

8D(x- y)F(y) = D0<x-y)F(y), 

dD<x- y)F(y) = Dix-y)F(y), 

8 D d (x- y)F (y) + dD 8 <x- y)F(y) = o D<x- y )F(y). 

/17/ 

/18/ 

/19/ 

/20/ 

.l(oKalKeM, HanpaMep, nocne,AHee paseHCTBo. C :noi uenLIO 

BWnHWeM KOMnOHeHTW P - BeKTOpa 8D d (x- y) F (y): 
(p) 

ll 
(8Dd<x-y).F(y)) -=-(p+I>a a[ D<x-y)f ] (y), 

(pl al'"ap ll al'"ap 

a = _a_ ll p.a 
IL axiL ' a = TJ a a 

TaK KaK 

-(p+ Oar.. D<x-y)f ] =-a D(x-y)f (yl+ 
lf' a 1 ... ap p. a 1 ... ap 

+ P~a 1 D(x-y)fl~tla 2'"a P ] (y)' 
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TO 

8Dd (x-y).F(y) = oD(x-y)F(y)- dD 
0

(x-y)F(y), 
(p) (p) (p) 

a TaK KaK 

4 

8D/x-y)F(y) = £ «II~Dd<x-y)F(y), 
p = 0 (p) 

TO 

~-' 

oD d(x- y lF (y) = o D<x- y)F(y)- dD 0 <x- y >F (y), 

'ITO B Tpe60BaJIOC~ ,llO~a3aTio. 

IlonaraJI, uaxoae:q, 

FN(y)= {eN 0(y)+ Niy)]F(y), e = ±1, 

noKa>KeM, 'ITO peweuae 3a.D;a'IB Kowa ,D;JJJI ypasueuai I 1.61, 
I 1. 7 I .u;aeTcJI 4JopMynoi 

3 
F(x) = l d v[D0(x- y)+ eDd (x- y)+ .\D (x- y>lF N (y), 

r,IJ;e d
3
v - BHBapaaHTHaJI Mepa ua runepnosepxuocTH I. , 

A= A = + lme 
1 ----h 

me 
,u;nJI e = 1, A= A + +--

2 - h ,D;JJJI e=- 1 

~eicTBYJI onepaTopoM 8 + ed -..\ ua F(x) H acnon&3YJI pa-

sencTBa 1171-/20/, nony'laeM 

3 2 
(o+ed-A.}F(x)= fd v[eoD(x-y)-.\ D<x-y)JFN(y). 

. I 

IlepecTaHOBO'IHaJI f!JyHK:QHJl Y,D;OBJJeTBOpJieT ypaBHeHHIO 

me 2 
oD(x-y)- (h-) D(x-y) = 0, 

12 

cne.u;osaTen&uo, F (x) y.u;osneTBOpJieT ypasneHHJIM 11.61, 
11.7 I. OcTaeTcJI AoKa3aT&, 'ITO F(x) npHHHMaeT ua I. 3a

.u;annhle 3Ha'leHHJI. Cornacuo 1131, 

p. 
D 0(x-y )Nd(y) =- n (y)a ILD(x- y)- Nd(y)D 0 (x- y), 

D03TOMY 

(D 0(x- y)+ eD d(x- y)JFN (y) = 

= e[D0 (x- y)N 0(y)+ D d (x- y )Nd (y) lF (y) + 

+ [D8 <x- y >N d (y)- N d (y) D
0 

<x- y >lF (y)- niL (y)a ll D (x- y).F(y). 

PaccMaTpasaJI 3Ha'leHBJI F(x) ua ranepnosepxuocTB I. B 

acnon&3YJI csoicTBa nepecTaHOBO'IHOi f!Jyux:qaa D (x- y), 

06Hapy>KBBaeM, 'ITO DpH 3TOM BHTerpanhl 

f d 3v[ D 0 ( x- y) N 0 ( y) + Dd ( x- y) Nd ( y)] F(y), 
£ 
f d3v[D d (x- y)N 0(y)- Nd(y)D 8<x-y )]F(y), 

I. 
3 f d vD(x-y>.FN(y), ac'le3aJOT, a 

I. 

- f d 3vn ll(y)a D(x- y) F(y) = F (x). 
£ ll 

TeM caMhiM 3a,u;a'la Kowa peweua. 

4. COXPAH.RIOJJ!HECR BEJIHqHHJJ 

Ilape peweuai F , H ypasueHHJI I 1.61 MO>KHO nocTaBHTb 

B COOTBeTCTBBe BeKTOp 8 C KOBapBaHTHbiMH KOMD0-
(1) 

HeHTaMB 

4 1 - a 1 •• • a - a 1 ••• a 
s = £ - (f ph + f h p ). 

ll p =0 p! /La 1 ••• a P /La 1 ••• a p 

13 



I 

~HsepreH:UHJI :noro aeKTopa pasHa Hymo o S = 0. Cne

AOBaTeJILHO, HHTerpaJI l 8 p. dall He Jaai~kT OT BLI60pa 

npocTpaHcTBeHHO- llOA06Hoi rHnepnosepxHOCTH I. HMeJI 

3TO B BHAY, onpeAeJIHM CKa~JipHoe llpOH3BeAeHHe B npo

CTpaHCTBe peweHHi ypasHeHHJI 11.61, nonaras 

<F,B>= f s dall. 
I p. 

1211 

llape AeiicTBHTeJILHLIX peweHHii R , Q ypasHeHHJI 

11.71 MOiiHo llOCTaBHTL B COOTBeTCTBHe BeKTOp (l: C 
KOBapHaHTHLIMH KOMllOHeHTaMH 

4 
p ~ I 1 a]''' a 

11 --(r p 
p=O p! 

a
1 

••• a 
q -r q P 

p.a 1 ... ap p.a 1 ... ap 

H paBHOH HYJIJO AHBepreHUBei. AHTHCBMMeTpH'fHOe CKa

JIJipHOe npoaJBeAeHae s npocTpaHCTBe peweHai ypasHeHHJI 

I 1. 7 I onpeAeJIBM, nonaras 

<R,Q) = J p da p.. 
I p. 1221 

BseAeHHLie cKanspHwe npoaJBeAeHBJI xapaKTepBJYIOTCJI ps

AOM sa:>KHLIX csoicTB. Bwwe 6wno AOKaJaHo, 'ITo onepaTop 

K AeicTsyeT s npocTpaHcTse peweHai ypasHeHBJI 11.61, 
To ecTL, ecna F- peweHae ypasHeHHJII1.6I,Toa KF TaKlKe 

peweHRe Toro :>Ke ypasHeHBJI. HMeeM 

rAe 

14 

<KF, H> = f <K 8)
11 

da p.- <F, KH>, 
I (l)r 

a a 
<KS> 11 =<K 2 S>11 =-a <kas 11 -k 11 sJ-~a sa. 

(l)r (1) r 

TaK KaK kaS 
11 

- k11 Sa - aHTHCBMMeTpH'IH.bli TeH30p, TO no 

TeopeMe CTOKCa ero ABBepreHI.{HJI He AaeT BKJiaAa B HHTe

rpaJI. TaKBM o6pa3oM, 

<KF,H>+<.F,KH> = 0, 

BJIH 

<LF, H> = < F, LH>, 1231 

rAe noJio:>KeHo L = iK. HcnoJILJYJI MeTOA AOKaJaTeJILCTBa 

Bei.QeCTBeHHOCTH BeKTOpa C/L B Ill, MOlKHO TaK:>Ke llOKa3aTL, 

'ITO 

<•
2

F,H> =<F,•
2

H>. 1241 

liTO KacaeTC .. CKaJIJipHoro npOB3BeAeHBJI 1221, TO AJIJI Hero 

cnpaBeAJIBBLI paBeHCTBa 

<KR , Q > = (KQ , R ) , 

(*IR,Q) = <•IQ,R), 

AOKa3aTeJILCTBO KOTOpLIX llpOBOABTCJI aHaJIOrB'fHO AOKaJa

TeJILCTBy paseHCTB 1231, 1241. TeHJOPLI3HepraH-BMnyJILca 

11.371, 11.381 YAOBJieTBOpJIIOT ypaBHeHHIO a11 Tp.v =0. Qy

CIO,la cJieAyeT, 'ITo ecna k11 • peweHae ypasHeHHi 1121, 
TO ABBepreHUHJI BeKTOpa lfT HC'feJaeT H HHTerpaJI p.v 

T = f 1fT p.v da v 
I 

He JasacaT OT sw6opa ranepnosepxHOCTH I. ~oKa:>KeM, 
'ITO BMeiOT MeCTO paBeHCTB& 

<F,LF> = f k11 T
11
vda .... ;· 

I 1251 
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1 ~ v -(KR,R>=f k T do, 
2 ~ ~v 1261 

r~e T ~v paBeH COOTBeTCTBeHHO 11.371 ana 11.381. fiepe
rpynnapOBblBaJI cnarae:wwe B acnoJJJa3ya ypauaeaaJI ~ua

:>KeHBJI, npe~cTaBBM TeH3op 3Hepraa-a:wnyn~aca 11.371 B 
Ba~e 

4 -a •.• a 
T "'i ~ ..!..( ao f f I P 
~v '¥"'0 p! o11a I ••• a p v 

o- a 1 ... a 
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0TCJO~a nonyqae:w 

kv T = ~ _l_(f a I"'~)> (LF} + 
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11 (p) a I ••• ap 11 0/1 
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)J.anee, cornacao /I/ k~ 2I = k~ 2I + k~ o&l , r~e (1\ A seK
Top C KOBapaaHTHbiMa KOMDOHeHTaMa a/1, paBHbiMa 

. 4 
1 

a 1 ... a _ _ a I"'a 
a = ..!.... ~ - (f P f - f P f ) . 

11 2 0 PI ~a I'" a ~a I'" a 
p== . P P 121 I 

TaK KaK 

0 0 

<K A) = - a (k a - . k a ) - k a a , 
(1)/1 0!1 /10 11 0 

TO, npaHaMaJI BO BHaMaHae, 'ITO Ha peweHBJIX ypaBHeHaJI 

11.61 2 1"' 0, nonyqae:w 

0 
k 2 

1 
= <K A ) + a (k a - k a > • 

11 (1) 11 ° 11 11 0 

Ecna Tenepb yqecTb, 'ITO, cornacao 127 I, 

<KA) =..!..~ _!-(fa 1 ... ap<LF) '+ 
(1)11 2p=oP! ~ (p)ai"'ap 

ai ... a --
+ f P (LF) 

(p)a1 ... ap 
-al"'ap(LF )p.a ... ap 

- f (p+l) 1 

a ••• a --
- f 1 

P <L F ) ) , 
(p+ll ~a I • .. a P 

To B BTore nonyqae:w 
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~ ~v 2 2 

0 11 
+ f a (q + k a - k a )d 0 • 
~ 0!1 ~ 0 0 11 
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Tea3op q ap. + k
11

aa-kaa
11

- aHTBCJ!MMeTpH'IeCKHH H no3TOMY 

no TeopeMe CToxca HHTerpan oT ero AHBepreunuu paaeu 

aymo. TeM caMbiM paaeHCTBO /25/ AOKa3aao. AuanorH'IHO 

AOKa3b1BaeTCS H paBeHCTBO /26/. ~OKa3aHHble paBeHCTBa 

/25/, /26/ HMeJOT Ba)I(HOe 3Ha'leHHe, TaK KaK CBS3b1BaJOT 

AHHaMH'IeCKHe HHBapHaHTbl C -nona CO cpeAUHMH 3Ha'le

HHSMH onepaTopa K OTHOCHTen.bHO BBeAeHHbiX CKanapH.biX 

npOH3BeAeHHH /21/, /22/. TaK, Mbl HMeeM 

P fr--~1. d3 F .JF 
~ x=< ,1-->, 

o oo at 

3 ar· 
P = [T d'x=<F, i---> 

k · Ok iJx k 

B DOnHOM COOTBeTCTBHH C OCHOBHbiMH KBaHTOBOMeXaHH'Ie

CKHMH npeACTaBneHHSMH. 

ABTOp rny60KO 6naroAapeH npo~. H.A.qepHHKOBY 3a 

neHHble 3aMe'laHHa. 
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