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LJepHHKOB H.A., WaBOXliHa H.C. P2 - 10375 

npliMep peJHITliBliCTCKOii 3a!la'lli !lBYX Tell, l, 06IURH MeTO!l 

H HepellHTliBliCTCKaH MO!l8/lb 

0t~HH Tlin B38liMO!leiiCTBliH liBYX '18CTliU CBO!lliTCH K narpaH*8BOH Cli

CTeMe !lli<l$epeHUI!a/lbHbiX ypaBHeHHii C 'laCTHb!Mli !1p01i3BO!lHbJMI! !lJIA Mlipo

BOli noaepXHOCTI!, CTHrliBaJOIUeii MHpOBble /IHHlili - TpaeKTOpHH '18CTHU, 

npli'leM ypaBHeHHH MeXaHHKH BWCTynaJOT B Ka'leCTB8 rpaHH'IHWX YC/IOBHH, 

noapo6HO paccr..:OTpeH npOCTeiiWI!ll llpliMep TaKOrO poaa - HepenHTliBHCTCK8H 

MO!le/lb, K paCCMaTpHBaeMOMY TH!Iy OTHOCHTCA I! pe/IHTHBI!CTCKaH 3a!la'lt;l 

liBYX Tell, 8H8/IOrH'IHaH paCCMOTpeHHOH HepellSITHBHCTCKOli MQl{e/11!, 

Pa6oTa BblliO/IHeHa B fla6opaTOpHH TeopeTH'IeCKoii ¢1H3HKH OHHH. 

llpenp&HT 06WABJieHHOro BHCTBTYT& .aJlepHWX IICCJieJlOB&HBI • .llY6Ha 1977 

Chernikov N.A., Shavokhina N.S. P2 - 10375 

An Example of the Two-Body Relativistic 
Problem. I. General Method anq Nonrelativistic 
Model 

A type of interaction of two particles is reduced 
to the Lagrange system of partial differential equations 
for the world surface connecting world lines, particle 
trajectories, the equations of mechanics being the boundary 
conditions. The simplest example of this type, nonrela
tivistic model,is thoroughly analysed. The two-body 
relativistic problem, analogous to the considered 
nonrelativistic model also belongs to the type under 
consideration. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1977 

0 1077 OIJ~ec)uHeNNWil IIHC•u•y• ~c)epHWX IICCAf!608QHUI1Jly6HG 

1 

\I 
'I 

~ 

" 

1. Jla2paHJ1Cee nooxoo K 3aOa'le 

Ja~aqa penHTHBHCTCKOrO OllHCaHHH CHCTeMW ~BYX Ten 

6wna Bbi~BHHyTa llyaHKape/1/. 0Ha OKa3anaCb HaCTOllbKO 

TPY~HOH, qTo He nonyqHna He TOllbKO y~ooneTBopHTenbHOro 
perneHHH, HO H TOqHQH llOCTaHOBKH: ~0 CHX nop HeH3BeCTHbl 

ypaBHeHHH ~BH~eHHH penHTHBHCTCKOH CHCTeMbl ~BYX qac

THU. 

CTapaHcb ycTaHOBHTb ypaBHCHHH ~BH~eHHH, 6y~eM cqu

TaTb, qTo qacTHUbi B3aHMO~eHCTBYJOT TOllbKO ~pyr C ~py

roM. B CBH3H C 3THM B pa6oTe / 2 / O~HOrO H3 aBTOpOB 

OTMeqanacb cne~yJOIUaH TPY~HOCTb. KaKHMH 6bi ypaBHCHHH

MH HH Onpe~CllHllOCb ~BH~CHHC ~BYX qacTHU, B pe3yllbTa

TC HX pelUCHHH Mbl ~Oll~Hbl nonyqHTb napy MHpOBbiX Tpa

CKTOpHH. B03HHKaeT BOllpoc: B KaKOM cnyqae 3Ta napa 

npe~cTaBnHeT ~BH~CHHC ~BYX B3aHMO~CHCTBYJOIUHX TOllbKO 

~pyr c ~pyroM qacTHU? B HepenHTHBHCTCKOM cnyqae 

OTBCTHTb HCTpy~HO. MHpOBaH runepnnOCKOCTb t = to 

nepeceKaeT 3a~aHHbie TpaeKTOpHH B ~BYX MHpOBbiX TQqKaX. 

Coe~HHHM 3TH TOqKu OTpe3KOM npHMOH H paJ~enHM ero 

B OTHOlUCHHH Mace m 1 K m 2 · MeHHJI to, nonyqaeM MHO

~eCTBO ToqeK ~eneHHJI. Ecnu 3To MHo~eCTBO JanonHJICT 

MHpooyJO npJIMyJO, TO - c He6onblUHMH orooopKaMH - pac

CMaTpuoaeMaJI napa qacTHU npe~ocTaBneHa caMOH ce6e. 

B npOTHBHOM cnyqae Ha Hee ~CHCTBYIOT BHClUHHC CHllbl. 

3~CCb CYIUCCTBCHHO, qTo rHnepnnOCKOCTb t =to HHBapHaHT

Ha OTHOCHTenbHO npeo6pa3oBaHHH ranuneJI. EcnH ~e no

cne~HHe 3aMeHJieM npeo6paJoBaHHJIMH JlopeHua, TO Bonpoc 
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CTaHOBHTCJI Tpy)l.HhlM, KOnb CKOpO HMeeM )l.eno He C TpH

BHanbHbiM cnylfaeM, KOr)l.a o6e 'laCTHIJ,bl )l.BH)I(YTCJI npJIMO

nHHeHHO H paBHOMepHO HnH KOr)l.a OHH npeTepneBaiOT nHIIIb 

KOHTaKTHOe CTOnKHOBeHHe )l.pyr C )l.pyrOM. 

B O)l.HOM HeTpHBHanbHOM cnyqae OTBeTHTb Ha nOCTaB

neHHbiH Bbiiiie BOnpoc H YCTaHOBHTb ypaBHeHHJI )l.BH)I(eHHJI 

nOMOraeT H3y'leHHe noBepXHOCTH, HaTJIHYTOH Ha MHpOBhle 

TpaeKTOpHH H OrpaHH'IeHHOH HMH. 3Ta noBepXHOCTb npe)l.

CTaBnJieT co6oii a6cTpaKTHyro cxeMy nepe)l.a'IH B3aHMO

)l.eHCTBHJI Me)l()l.y 'laCTHIJ,aMH. 

H3nO)I(HM o6muii narpau)l(eB no.D.XO.D. K H3y'leHHIO TaKoii 

cHcTeMbi. Ypaaueuue noaepxuocTH, KaK H caMHX TpaeKTo

puii, 3anHIIIeM B napaMeTpH'IeCKOM BH)l.e 

X = XO ( U, V ) , X = x 1 ( r I), X=X
2

(r
2
). /1/ 

3)l.eCb U , V - napaMeTpbl Ha noaepXHOCTH, r
1 

H r 
2 

napaMeTphl Ha TpaeKTOpHJIX, X - COBOKynHOCTb KOOp)l.HHaT 

B 'leTbipexMepnoM /unu, ecnu yro)l.HO, B N-MepuoM/ Mope. 

CocTaBHM li!YHKIJ,Hro .D.eiicTBHJI cucreMbi I l/ B BH.D.e 
CYMMbl 

s =so +51 +s 2 , r.D.e 

axo axo 
So = f f ~o( Xo, ru---, -av----) du dv 

s. dxi 
f ~I ( X l • ----- ) drl 

drt 

dx 2 S =f~ (x -----)dr 
2 2 2' dr 2 

2 

/2/ 

/3/ 

/4/ 

3)l.eCb ~I H ~ 2 - O)l.HOpO)l.Hbie nepBoro nopJI)l.Ka 4JyHKIJ,HH 

dx · 
npOH3BO)l.HblX X I = .....::_:_:_j__ H x

2 
= 

d r I 

dx 2..__ 

-·~r;:-2 
COOTBeTCTBeHHO. 

liTo KacaeTCJI ~o, TO npu 3aMeue napaMerpoa oua npeo6pa-
3yeTcJI no npaauny 

ax 
~ '(x __ o 

0 ° , au, 

4 

_ax0 ) 

av' 

ax axo a(u,v) 
~ (x __ ..!!_,--)----. 

0 0' au av a(u',v') 

TaKoMy ycnoBHIO Y.D.OBneTBOpJieT li!YHKIJ,HJI BH.D.a 

~o (x, ~
au 

~-)=F(x,J) 
av 

r)l.e J - COBOKynHOCTb BenH'IHH 

a{3 axa axf3 axf3 axa 
J = -- -- - ---- ---

au av au av 

/5/ 

/6/ 

a F - O.D.HOPO.D.HaJI nepaoro nopH.D.Ka 4JyHKIJ,HJI aenH'IHH J a f3 . 
<l»yHKIJ,HH J' I H J' 2 OnHCbiBaiOT MexaHH'IeCKHe CBOHCTBa 

qaCTHIJ, CaMHX no ce6e, a 4JyHKIJ,HJI ~ 0 OnHCbiBaeT HX 

B3aHMO.D.eiicTBHe. HnTerpan /3/ 6epeTcH no uanpaaneuuo

MY B 6y.D.ymee oTpe3KY At A 2 MHpoaoii TpaeKTOPHH nepaoii 

qacTHIJ,bi, HHTerpan /4/ - no uanpaaneuuoMy B 6y.D.ymee 

OTpe3Ky B 1 B 2 MHpoaoii TpaeKTOpHH BTopoii qacTHIJ,bi, a 

HHTerpan /2/ - no opHeHTHpoaauuoMy KycKy A
1 

B 
1 

B
2 

A 
2 

A 
1 

noBepXHOCTH X=Xo (u, V) /eM. pUCYHOK/. 

Az 82 

A, 81 
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PaccMorpuM sapuauuro <l>YHKUHH .LJ.CHCTBHH. HMeeM 

a£ 0 a a fo a a£ 0 a 
oSn = If(---- ox + --- oa + -- ob )du dv ,/7/ 

ax a aaa ab a 
r,LJ,e 

a a 
ax a ba a xa -av--- /8/ 
au 

3aTCM 

" 

r) S 
1 

A2 a f I a a f I . a 
f ( --- 0 X + --:--- 0 X ) d T I 

A
1 

r)xa axa 
/9/ 

112 

r'lS2 = f 
Ill 

-~!f::_ __ oxa + ~=-- 0 ~a ) dr2. 1101 
·a rJxa r) X 

BhiBe,LJ,eM ypaBHCHHH .LJ.BH)I(CHHH. )],nH :noro npoHHTer
pupycM /9/ u /10/ no qacnM: 

A2 "'') d 
u,~ I --

oS = f (--a-- dr, 
I • dx :t I 

a.~), a J,~), a i\2 
----)ox dr +----fix I 
~·a I a ·a A uX X I 

0~ 

112 
a,~2 d at)2 a a!f2 a 112 

f ( ---- - -- ----;----) o x d r 2 ~ ---- o x I 
IJ a a d " a a · a B 1 I X r 2 uX X 

Bapuauuro )I(C /7 I c DOMOlllhlO <l>opMynhl rpuHa npHBC,LJ,CM 
K aHanoruqHoMy BH,LJ,y: 

BSo=ff< afJL_ a 
axa du 

r),~() 

aaa 
-~ ~-~) oxa du dv + 
av aba 

a fo a fo 
+ cf> ( --- dv - --- du )ox a 

a a a a ba 

r,LJ,e KOHTypHhiH HHTerpan paBeH 

B2 

fj f 

"• 
6 

A 2 B 2 

f - f 
AI A2 

B l 

+ f 
A I 

• 

.. 
'P' 

llpHpaBHHBaJI Hymo BapHaUHlO 0 S = 0 S 0 t 0 Sl + 0 S 2 
BCJO.LJ.Y, 3a ucKmoqeuueM orpe3KOB AI B I H A2 B 2 , nonyqaeM 
ypaBHeHHJI ,LJ,BH)I(eHHJI: 

a afo a a£0 a£ 0 
0) -- ---+- ------- =0 

au aaa a V aba a X a , 

d aft a£. afo du afo dv 
1)- ---- -- = -----------d ·a a ad ad Tl ax ax ab Tl aa Tl 

/11/ 
d a£2 a£2 afo dv afo du 

2) -- ---- -- = ------ -- --

dr ·a ax a aa a dr ab a dr 
2 

ax 
2 2 

MLI BH,LJ,HM, qro ypaBHeHHH 1/ H 2/ ,LJ,nH MHpOBLIX TpaeKTO
pHH qacTHU BWCTynaJOT B KaqecTBC rpaHHqHWX ycnOBHH 
.LJ.nH MHposou noaepxuocru, 3a,LJ,asaeMou ypaBHeHHeM 0/. 

Ecnu ypaBHeHHH .LJ.BH)I(eHHH /11/ Y.LJ.OBneTBOpHJOTCH, To 

B2 
a!ft a af2 a a!fo ai' 0 a 
--Sx (A ) +----ox (B2) + f(--du--- dv)r'>x -
axa 

2 
axa A2 elba ()aa 

ss 

a£1 a a£2 a Bt afo iJfo a 
---ox (A 1 )- ---ox (B1 )- f \---du- -- dv)ox . 

axa axa A1 aba aaa /12/ 

0TCJO,LJ,a nonyqaeM onpe,LJ,eneuue HMnynLca cucreMLI 

a!f, a,~2 " afo afo 
P = ---(A)+ ---(B) +j (---du- ---- dv). a ·a ·a a a a X i)X ab aa /13/. 

PaccMoTpHM TenepL, KaK B ,LJ,aHHOM cnyqae peanu3yercH 
o6Il.laH reopeMa Herep. BwnonHHM npeo6pa3oBaHHe Koop
.LJ.HHaT 

r,LJ,e 

ia = xa + ,\a( x) £, 

f - 6eCKOHeqHO ManLIH 

8 x a = ,\a £ , 

Baa 
a >._a 

axf3 
a (3 £ , 

napaMeTp, H o6o3HaquM 
a 

•a a>.. '(3 ox =---X£, 
axf3 
a>..a 

8 ba = ----bf3£. 
axf3 
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IlpH noACTaHOBKe 3THX Bbipa:>KeHHH B 17 I, 191 H 1101 
MO:>KeT cny'IHTbCH, 'ITO o S = 0 . TorAa, cor nacHo 1121, 
B npoi.J,ecce ABH:>KeHH.R CHCTeMbl coxpaH.ReTC.R BeJIH'IHHa M , 
paBHa.R 

M =Aa a~ 1 
ax. a 

a a~2 B a 
(A ) + ,\ -- (B ) + f X 

aX.a A 

(~~ du- ~~Q_ dv). 

aba aaall41 

HanpHMep, ecnH ~YHKI.J,HH ~ 0 , £1 , ~ 2 He JaBHCHT 

HBHO oT KOOPAHHa Tbi xI , TO nono:>KHM x I = xI + f H 

x a ,. YP. , ecnH a .J 1 . HeTpVAHO yBHAeTb, 'ITO B TaKOM 

cnyqae o S = 0 . 3Ha'IHT, coxpaH.ReTc.R KOMnoHeHTa PI HM

nynbca I 131. 

2. 3a6UCUMOC1Tlb MeJKOy ypaeHeHUJIMU 06UJKeHUJI 

)J,OKa:>KeM, 'ITO B CHCTeMe 1111 JieBa.R 'laCTb ypaBHeHH.R 

01 opToroHaJibHa K aeKTopaM aa H ba , a o6e qacTH 

ypaBHeHHH 11 H 21 opToroHaJibHM K i1 Hi~ ,COOTBeT

CTBeHHO. 

Ha'IHeM c neBbiX qacTe:H ypaBHeHHH II H 21. IlyCTb 

~ ( x, x) - npoHJBOJibHa.R AH~~epeHI.J,HpyeMaH ~YHKI.J,HH oT 

xa H X. a . IlycTb x a .. xa ( r ) - HeKoTopa.R KpHBa.R H 

X a d xa (r) 
=~ 

.. a d ·a 
, x "" <r;:- x ( r ) • Tor Aa 

d a~ ·a a~ 
--~=---X + --
dr a X a ax a 

.. a 
X 

a JHa'IHT, 

.a d 
X ( -

dr 

a~ 

a~ a 

a~ d .a a~ 
-----) =--(x --- ~)· 

·a axa dr ax 

EcnH ~ - OAHOPOAHa.R nepaoro nopHAKa ~YHKI.J,HH OT ap

ryMeHTOB X a IKaK 3TO H npe,!l;llOJiaraeTC.R OTHOCHTeJibHO 

~YHKI.J,HH ~~ H ~ 2 I, TO no TeopeMe 3:Hnepa 

xa aS?. 
=~. 1151 ax. a 

8 

.. 

.... 

.. 

CneAOBaTeJibHO, AJIH TaKHx ~YHKI.J,HH HMeeTc.R TO:>KAeCTBO 

xa(~ a~ ~~)=0. 1161 
dr ax. a ax a 

PaccMoTpHM Tenepb neayiO qacTb ypaaHeHHH 01. IlycTb 

£ (X, a , b ) - npOHJBOJibHa.R AH~epeHI.I,HpyeMa.R ~YHKI.J,H.R 
OT YP. , a a , b a. IlyCTb xa,.. xa ( u, v ) - HeKoTopa.R noaepx-

dxa a xa 
HOCTb H a a .,. ___ , ba,.. ---. Tor,!l;a 

au av 

a~ a~ a a~ aaa a~ aba 
--- = ---a + ---- -- + -- ---
au axa aaa au ab a au 

aba 
a TaK KaK 

au 

aa(j}_
au 

a~ 

aaa 
(}y-,TO 

+-a-~-~ 
aaa av aba 

a~-) 
-ax a 

~-(a a_!_~ - ~) + -~-(aa _!_~-) . 
au aaa av aba 

ECJIH apryMeHTbl a H b BXOAHT B BMpa:>KeHHe AJI.R ~ TOJib

KO B BHAe KOM6HHai.J,HH 

J a f3 on a a b f3 - a f3 b a , 1171 

TO eCTb eCJIH 

~ (x,a,b) .. F(x, J) I1BI 

TO, KaK HeTpy,!I;HO llOAC'IHTaTb, 

a~ a a~ 
aa ---,. 0, I:) --- ~ 0 . 

ab a aaa 
1191 

9 



3TO KaK pa3 Te CaMbie KOMfiHHaiJ;HH 161, OT KOTOpbiX 3a

BHCHT lilYHKIJ;HJI ~ 0 . CneAOBa TenhHO, AnJI TaKoH liJyHKUHH 

aa( _!_ 
au 

a~ a 
+-

av 
a~ a~ a a~ 

---) :-(aa---~). 
aa a aba axa au aaa 

Ecnu Tenepb F(x,J) - OAHOPOAHaJI nepBoro nopJIAKa liJyHK

UHJI OT J a{3, TO liJyHKIJ;HJI 1181 fiyAeT OAHOPOAHOH nepBoro 

flOPJIAKa liJyHKIJ;HeH OT apryMeHTOB a a H b a B OTAellbHOCTH. 

)..J.nJI TaKou llJynKIJ;HH, auanorH'IHO I 151, nony'laeM 

aa a f 
= f ' 

aa a 

a 3Ha'IHT, 

a a ( .i__ a~ ---
au aaa 

ba }}!__ = ~ ' 

aba 

~!-) =0. a a~ 
+ --------

av aba a xa 

1201 

1211 

fiOCKOllbKY napaMeTpbl U , V 3AeCb BXOAHllH CHMMeTpH'IHO, 

TO H 

a af a ai) a~) 
ba ( -- ----- + --- ---- - -·--) = 0 · 1221 

au aaa av aba axa 

Cor nacHo 151, liJYHKIJ;HJI f 0 JIBnJieTCJI KaK pa3 TaKou liJyHK

u;ueu. ll03TOMY AllJI Hee HMeeM ABa TO)I(AeCTBa 1211 
H 1221. 

HaM ocTanoch AOKa3aTh, 'ITO npaBbie 'laCTH ypaBHeHHH 
· a ·a 11 H 21 OpTOrOHallhHbl K BeKTOpaM X l H X 2 , COOT BeT-

CTBeHHO. 3TO HeTPYAHO CAenaTb, HMeJI Bblpa)l(eHHe 

dxa a du a dv 
---- "' a --- + b ----

dr dr dr 1231 

AllJI CKOpOCTH B Bblpa)l(eHHe 

f 
af 

1241 
af dv du 

a a;a- d";- - ab"U <r;--

10 

' ' 

l 
J 

AllJI CHllbl. YMHO)I(aJI 1231 H 1241 H CBepTbiBaJI npOH3Be

AeHHe flO BHAeKCY a, HaXOAHM 

. a 
X f a 

= (a a__!__£ 
aaa 

dv 
--J;-

a a~ du 
b---)---ab a dr 

a 
- a 

a£ du 2 a af dv 
---- (--) + b -- (---

aba dr aaa dr 
)2 . 

Ha OCHOBaHHH 1191 H 1201 3aKniO'IaeM OTCIOAa, 'ITO 

;.a f .,., 0 . 
a 1251 

MTaK, Bee YTBep)I(AeHHJI AOKa3aHbl. )..J.nJI AOKa3aTenb

CTBa HaM flOTpefioBanOCb TOllbKO, 'ITOfihi liJyHKIJ;HH V 1 H 

f 2 YAOBneTBOpJinH ycnoBHIO I 151, a ll!YHKIJ;HJI \.' 0 - yc

noBH&M I 191 H 1201. TpefioBaHHJI ,KOTOpbie Mhi c caM oro 
(,) (,) (,) 

Ha'lana npeA'bJIBHllH K ot (I , ,,t 1 , ~2 , OKa3biBaiOTCJI 3KBHBa-

neHTHblMH 3THM ycnoBHJIM. )..J.eHCTBHTenbHO, ecnH liJyHKIJ;HJI 

f YAOBneTBOpJieT ycnOBHIO 1151, TO, KaK H3BeCTHO, OHa 

JIBnJieTCJI OAHOPOAHOH nepBoro nopJIAKa llJyuKu;ueu OT ap

ryMeHTOB xa . Ecnu liJyHKIJ;HJI f YAOBneTBOpJieT ycnOBHJIM 

I 19 I, TO oua 3aBHCHT TOllhKo oT KOMfiuuau;uu I 17 I, T. e. 

HMeeT BHA 1181. Ecnu K TOMY )l(e oHa YAOBneTBOpJieT H yc

noBHJIM 1201, TO lj;lyHKUHJI F ( x , J ) MO)I(eT 6h1Th TOnhKO 

OAHOPOAHOH nepBoro nopJIAKa llJyuKu;ueif OT apryMeHTOB 

1171. 
HanH'IHe ABYX JaBHCHMOCTeu Me)I(AY ypaBHeHHJIMH 01 

oTpa)l(aeT npoH3Bon B Bhifiope napaMeTpoB u , v , a OAHOH 

3aBHCHMOCTH B Ka)I(AOH H3 rpynn ypaBHeHHH 11 H 21 - npo

H3Bon B Bhl6ope napaMeTpOB r 1 H r 2 • B JaBHCHMOCTH OT 

BHAa liJyHKIJ;HH f o , ~ l , ~ 2 H ApyrHX ycnOBHH 3aAa'IH OKa-

3blBaeTCJI YAOfiHhlM TOT HllH HHOH BhlfiOp napaMeTpOB U , 

v,r 1 ,r 2 
Bo BCJIKOM cny'lae, MO)I(HO nonO)I(BTh 

v -= r
1 

,., r 
2 

"" t , 1261 
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0 
r.ne t "" X - KOOp.IJ;HHaTa BpeMeHH. IlpH 3TOM BMeCTO 111 
llHWeM 

k k k k x ,. x
0 

(u,t), x .,x
1 

(t), xk ~x; (t), 1271 

r.ne k = 1,2,3, H nonyqaeM 

t ,., 1, a 0 
"" 0, be -, 1 . 1281 

B cuny I 161, 1221, 1251 H 1281 a cucTeMe I 111 ypaa

HeHHH C HH,IJ;eKCOM a= 0 HBJIHIOTCH CJie,IJ;CTBHeM OCTaJibHhiX, 

TaK 'ITO .IJ;OCTa TO'IHO peWHTb CJie,IJ;ylOIUHe ypaaHeHHH 

a a~o a a ~o a ~o 
0)- --- + -- ------ ---- =0' 

au aak at abk axk 

1) _:i_ a~L _ __£~ = __£_~o ~- _ _ a~!L , 
dt ax.k axk abk dt aak 1291 

d a~2 a~2 a~o a~o du 
2) -- --k - -- = ---- - --- --- • 

dt ax axk aak abk dt 

CornaCHO 1211, B CHCTeMe 1291 OCTaeTCH O,IJ;Ha JaBHCH-

MOCTb 

a k( _a _ _J~o - +_a_ !._~o - _a~~) "'0 
au aak at abk axk 

1301 

OTpa)l(aiOll\aH OCTaBWHHCH npOH3BOJI B Bbi60pe napaMeTpa U 

HaKOHeU, JaMeTHM, 'ITO B HHTerpane 1141 MO)I(HO C'IH-

ra Tb t = const, TaK 'ITO 

M a a~I (A) a a~2 ) ~ .\ ---- +A ---(B + 
axa ai!l 

3. HepeAJunueucmcKa.R MooeAb 

0603Ha'IHM 

J k = J k o = ak b o _ ao b k , 

12 

B a a~O-du.l31l 
f ,.\ aba A 

... 
J 

... 
X lxl,x2,x31, 1Jl,J2,J31 

----+""t I I 2 b 2 3 b 3 ao =a b + a +a , \
... ... ... xJ ,.. yx x 

H DOJIO)I(HM 

... 
fl

0 
( x , a , b ) = -G \J I , 

~ 4 
1321 

. 1 
~ (x x) =--mn n , 2 

X X 
n = 1,2 , 

r.ne m l, m 2 - MaCChi 'laCTHU, G - KOHCTaHTa HX B3aHMO

,IJ;eHCTBHH. 11MeeM 

a~o 
--... --a a 

... 0 

=-G _l b 
111-

~~o =G jb -, 
aa 0 I J I 
a~ 
-.E"""-
a~ 

. 
~ 
X 

m ---, = n . 
t 

... 0 
a~o J a 

-ar-= Gill-· 

a~o 

abo 

a~ 
n 

ar 

=-G j7t 
~--

\ J I 
1 ;2 
-m ---n • 2 . 
2 t 

1331 

Ha 3TOM npHMepe a nopx.nKe ynpa)I(HeHHH noneJHO .ne

TaJibHO npocne.nHTh xo.n paccy)I(.IJ;eHHH, npuae.nwuH: Hac K 

ypaaHeHHHM 1291. Mbi 3Toro J.IJ;ech .nenaTh He 6y.neM, JaTo 

.IJ;OBOJihHO llO.D;p06HO paCCMOTpHM CaMH ypaBHeHHH 1291. 
BLI6Hpax napaMeTphl 1261, npu KOTOphiX BhlllOJIHHIOTCH pa

aeHCTBa 1281, H3 1331 nonyqaeM 

a£ __ o 

ai 

... 
a 

-G --, 
Ia! 

a~o .. o, 
a1> 
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afo 7.b af0 .... 
G -- , --=-G[aj, 

aaO ... 
abo Ia! 

af dx 
/34/ 

afn 1 dx 2 __ n_=m --, --=--m(--). ..... n . 2 n dt 
dx dt at 

TaK KaK K ToMy )l(e IPYHKIJ.HH /32/ He 3aBHC.HT OT x , TO 

ypaBHeHH.H /29/ npHHHMaiOT CJie)J.yiOIIJ,HH BH)J.: 

0) _!!__ _!_ = 0 , 
au tit 

d2.... -+ x 1 a 
1) m --- = G 

I 2 .... 
d t I a I 

/35/ 

2) d2x G 
2 ~-m ----

2 d t 2 
1 a 1 

.... 
a 

113 ypaBHeHH.H 0/ cpa3y nonyqaeM, 'ITo ... 
a ,-a I = " ( t > • /36/ 

r.n.e [; ( t) - npoH3BOJihHa.H IPYHKIJ.H.H BpeMeHu, Y.IJ.OBJieTBOP.HJO
IIJ,a.H ycJIOBHIO 

,;.;(t)J,.1, 
/37/ 

a TOr)J.a H3 1/ H 2/ CJie)J.yeT, 'ITO CYMMa 

d
... ... 
X I dx 2 -+ 

m ---- + m ---- ,. P 
I dt 2 dt /38/ 

.HBJI.HeTC.H HHTerpaJIOM )J.BH)l(eHH.H. 3TOT )l(e pe3yJll.TaT no.ri'y

qaeTC.H u no TeopeMe HeTep. )J.eiicTBHTeJILHo, nocKOJihKY 

BeJIH'IHHLI /32/ He 3aBHC.HT OT X COXpaH.HIOTC.H TpH KOM---> , 

noHeHTLI P HMnynLca /13/. BLI'IHCJI.H.H ux no !llopMyne /31/, 
nonyqaeM /38/. 

14 

He TaK npocTo BbirJI.H.IJ.HT KOMnoHeHTa fb =-- E , KoTopa.H 

TO)l(e COXpaH.HeTC.H, nOCKOJibKy BeJIH'IHHLI /32/ He 3aBHC.HT 

OTt • 113 !llopMyJILI /31/ CJie)J.yeT, 'ITO 

E ml d~ 2 m2 dx2 2 
= --( --) + -(----) +G 

2 dt 2 dt 

3TO eCTb 3HeprH.H CHCTeMbl. 

"2( t) 

fl ; < u , t > 1 d u . 
"I (t) 

no TeopeMe HeTep noJiylfaeM TaK)l(~, 'ITO coxpaHHeTCH 

MOMeHT KOJIHlfeCTBa )J.BH)l(eHH.H, paBHbiH 

m [ x dx I I __ j_ 
dt 

. • dx2 ' + m 2 I x 2 -dt __ _ 
' 

M 

/40/ 
)J.eHCTBHTeJibHO, paCCMOTpHM, HanpHMep, npeo6pa30BaHHe 

xn=Xn ·;I 
"' X I COSf 

2 . 
-X Stn f , 

x:l X :1 "' , ~2 I . = X Sin t t x 2 cos ( 

r.n.e ( - napaMeTp. llpu TaKoM npeo6pa3oBaHHH BeJIHlfHHbi 

/32/ He MeHHIOTC.H. llo:JTOMy npu o xa =A a f, r.n.e 

0 I .2 2 I :l 
A = 0 , A =-X , A = X , A "' 0 , 

Bapuan.u.H o S paBH.HeTcH uynro. 3HalfHT, coxpau.HeTc.H Be
JIHlfHHa , paBHaH 

d 2 I 2 I 
M I X 2 d X I dx 2 d X 
• 3 = m 1 ( x ~ - x ---)(A) + m 2 ( x -- _ x --- ) (B) . 

u t d t dt dt 

lloJiylfeHHLiii pe3yJILTaT 3anucLIBaeTc.H B BH.IJ.e /40/. Ho 

H3 ypaBHeHHH )J.BH)l(eHH.H 1/ H 2/ CJie)J.yeT, 'ITO 

dM -+ -+ -+ 

-- = -G [x 2 -XI ,n ] . /41/ 
dt 

15 



-+ 
3Ha'IHT, BeKTOp n )l.On:>KeH 6biTb HanpaBneH no BeKTOpy 

x2 - xI 
K 3TOMY 3aKmo'leHHJO MO:>KHO npHHTH, MHHyg TeopeMy 

HeTep. ,ll;eiicTBHTenbHO, Mbi .n.on:>KHbl pewHTb cHcTeMy ypaa-

--> 
HeHHH /36/, r.n.e a = 

ai 
---. Koop,nHHaTa t 
au 

urpaeT B Heii 

ponb KOHCTaHTbl, TaK 'ITO no Cyll(eCTBY HMeeM ,neno C CHC
TeMoii o6biKHOBeHHbiX .n.udxlJepeHI.J.HanbHbiX ypaaHeHHii. Ee 
o6ll(ee peweHue ecTb 

~ ...... ~ ~ 

x "'x (u,t) =X (t) + n (t)t(u,t) 0 . /42/ 
--> 

r.n.e X ( t) - npoH3BOnbHag cilYHKI.J,HjJ apeMeHH, a cilYHKI.J,HjJ 
~ ( u, t) Y.ll.OBneTBopgeT e,nHHCTBeHHOMY ycnOBHIO a a au> 0 
MOHOTOHHOrO B03pacTaHHjJ no apryMeHTY U. H3 /42/ Ha
XO.ll.HM 

...... ....... . ...... 
x (t)-x (t),.[t(u (t) ,t)-~(u (t),t)]n(t), 

2 I . 2 I /43/ 
... ... ... 

a 3Ha'IHT, aeKTOpbi x2 -xi H n KonnHHeapHbi. H3 /41/ 
H /43/, He3aBHCHMO OT TeopeMbi HeTep, 3aKnroqaeM, 'ITO 
coxpaHgeTcg aenH'IHHa I 40/. 

Ilepeii,neM Tenepb K rnaBHOMY BbiBO.ll.Y, nepeKpbmaro
ll(eMy BCe npe)l.bl.ll.Yll.\He: ypaBHeHHjJ .ll.BH:>KeHHjJ 1/ H 2/ CYTb 
ypaaHeHHjJ HbiOTOHa 

2,( ...... ...... 2-+ ...... _, 
mi ~~- = G ~.2.::---~- m

2 
~~ = G _xI-=.~ 

dt2 lx -i 1 ' dt 2 lx -x 1 
2 I I 2 

/44/ 

,nng .ll.BYX MaTepHanbHbiX TO'IeK, Me:>K,ny KOTOpblMH ,neiicT-
ByeT cuna, paBHag no aenH'IHHeiG I H HanpaaneHHag no 
COe.ll.HH1110ll(eH HX nHHHH, llpH'IeM 'laCTHI.J,bl npHTjJrHBaiOTCjJ, 
ecnu G> 0 .3To Henocpe,ncTBeHHO nonyqaeTcg H3 /43/ H /36/. 

BH.ll.HM, 'ITO .n.aHHag cuna, TaK cKa3aTb, MaTepuanH3y
eTcg a au.n.e MHpoaoii noaepxHOCTH I 42/, uenHKOM cocTog
ll(eH H3 MHPOBblX TpaeKTOpHH HepengTHBHCTCKHX TaXHO
HOB I 3 I - npgMonHHeHHbiX OTpe 3KOB f ( t), coe.n.HHHIOII.\HX 
MHpOBble TO'IKH i I ( t) H -; ( t) . B pe3ynbTaTe Mbl npH
illnH K TOH yKa3aHHOH B pal>oTe / 2/ KOHcilHrypal.I,HH, 0 KO-
Topoii roaopunocb a Ha'lane CTaTbH. 
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Cpe.n.u acex HHTerpanoa .ll.BH:>KeHHjJ P, M HE MHpoaax 
noaepxHOCTb /42/, cTgruaaroll(ag MHpOBbie TpaeKTopHH qac
THI.J,, BHOCHT caoii BKna.n. TOnbKO B 3HeprHIO E. HeTpy,nHo 
no,nC'IHTaTb, 'ITO HHTerpan .ll.BH:>KeHHjJ /39/ paBHjJeTCjJ ra
MHnbTOHOBOH cilYHKI.J,HH 

d
.... ... 

m x I 2 m d x2 2 -> _, E = -1( --) + __ ::..2 (----) + G I X -X I /45/ 
2 dt 2 dt 2 I 

,nng ypaaHeHHH HbiOTOHa I 44/. ,ll;eiicTBHTenbHO, cor nacHo 

/42/, 
a 

=-- ~{u,t). 
au 

;(u,t)l /46/ 

H3 cllopMyn /39/, /46/ H /43/ nonyqaeM /45/. 
l.JTo6bl ny'IUie H3Y'IHTb noaepxHOCTb /42/, aocnonb3yeM

cg OCTaBUIHMCjJ npOH3BOnOM B Bbi6ope napaMeTpa U , 6na
ro,napg KOTOpOMy HMeeM TO:>K.ll.eCTBO /30/, B ,naHHOM cny-
qae 03Ha'laiOll(ee, 'ITO 

_. a ; 
a ----- -...-- = 0 . 

au 1 a 1 
/47/ 

HMeHHO, 3aMeHHM napaMeTp u Ha ~ = ~ ( u , t ) . 3Ta 3a
MeHa cilaKTH'IeCKH 03Ha'laeT Hano:>KeHHe ycnOBHjJ 

I a'l = 1 /48/ 

Ha Bbi6op napaMeTpa u. HHa'le roaopg, napaMeTp u, y.n.oa
neTaopgiOll(HH ycnoBHIO /48/, Ha3biBaeM ~. Tenepb BMeCTO 

/42/ H /43/ Mbl MO)I(eM HallHCaTb 

-) --} ~ 

x =X(t)+n(t)~, /49/ 

~(t) -xi(t) =[~2 (t) -~I(t))~(t). /50/ 

Ecnu 6bi Mbi cpa3y npuHgnu ycnoaue I 48/, TO ypaaHeHug 
.ll.BH)I(eHHjJ 0/ 3anucanHCb 6bi B BH.ll.e 

a2 i! 
--a--~2- = O, /51/ 
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--> 
H Mbl cpa3y 6bi npHWJIH K /49/ H /50/, r.n.e aeKTOp n ( t) , 
cornacHo ycnoaHJO /48/, .n.on:>KeH 6biTb e.IJ.HHH'IHbiM. 

KaK aH.IJ.HO, napaMeTp ~ ecTb opHeHTHpoaaHHag .n.nHHa 
Ha TaXHOHHOH MHpoaoii TpaeKTOpHH e (t). IlOCKOJlbKY Ha 
npgMoii, ~o.n.ep:>Kameii OTpe3oK f(t), He yKa3aHo Haqano 
OTC'IeTa .n.nHHbi, a abi6ope napaMeTpa ~ ace eme ocTaeTcg 
HeKOTOpbiH npOH3aon. lfMeHHO, ecnH 3aMeHHTb ~ Ha 
(' = ( - ¢ ( t ) , r.n.e ¢ ( t )- npOH3aOJibHag llJyHKUHg ape
MeHH, TO llJopMyna /50/ He H3MeHHTCjl, a a llJopMyne 

/49/ lilYHKUHjl X(t) 3aMeHHTCj! Ha X'(t) "'X(t) + n (t) ¢ (t) ' 
'ITO HecymecTaeHHO aaH.IJ.Y npoH3aonbHOCTH lilYHKUHH X ( t) . 
lJT06bi YCTpaHHTb H 3TOT llpOH3aOn, llOMeCTHM Ha'lano OT
cqeTa a ueHTp Mace qacTHU, T .e. nono:>KHM 

x c t > ~ -~~i.:2_~~ x i.!l_ . /52/ 
m I + m 2 

lf3 ypaBHeHHH HbJOTOHa I 44/ HnH npocTo H3 /38/ cne.n.yeT, 
'ITO aeJIH'IHHa 

N =ffi-; (t)+m-; (t)-t [m 
I I 2 2 I 

d ""' d -> 
--X (t)+ffi ----X (t)] 

d t I 2 dt 2 
/53/ 

He 3aBHCHT OT t. Cne.n.oaaTeJibHO, MHpoaag TpaeKTOpHg /52/ 
UeHTpa MaCC 'laCTHU eCTb npgMag JIHHHg 

-· X ( t) N + Pt /54/ 
ml + m2 

TaKHM o6pa3oM, Ha noaepxHocTH /49/ ne:>KHT npgMag /54/. 
flo.n.cTaangg /54/ a /49/, nonyqaeM ypaaHeHHe no

aepxHOCTH B aH.IJ.e 
-+ --> 

__. N +Pt __. t: 
x "' ------- + n(t) s, • 

m I+ m2 

llT06bi HaUTH aeKTOp ~( t), aae.n.eM aeKTOp 
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__. ml m 2 _. __. 
K ( t) ,. ------ [ X 2 ( t) - X I ( t) ] 

m I+ m2 

/55/ 

/56/ 

lfl ypaaHeHHi HbiOTOHa /•4/ cne.n.yeT, 'ITO OH y.nosneTso-
pseT _ypaaHeHHIO 

d
2 i: -+ 

K 
--r-•-G 

dt..:< If!" 
PewHa 3TO ypasHeHHe, Hai.n.eM ... 

_.( ) K(t) 
n t • 

il:(t)l 

/57/ 

/58/ 

ToMy, KTO xo11eT cTaT~ MexaHHKOM, Annen~ peKoMeH~Y.
eT ypasHeHHe /57 I .n.ns caMOCTOJJTeJibHoro yupa)I(HeHHJJ / 4/. 

HHTepecHo nony'IHT& JaKOH coxpaJteHHJJ seJIH'IHHbl /53/ 
H3 aapHaUHOHHoro npHHlUlna. PaccMOTPHM npeo6paJoaa
HHe raJIHJieJJ 

"!. ... 
t = t X =X 

... 
-(t' 

... 
r.n.e ~ - napaM:eTp. IIpH TaKoM npeo6pa3oBaHHB KOM6u· 

HaUHJI 

ax at 
au av 

ax 
av 

at 
au 

He M:eHJJeTcJJ, a 3Ha"'HT. He MeHJJeTCJI i'o . BeJIH'IHHa :>Ke 

m t2 ... 
-2 T- llPH 6eci<oHe'IHO Manwx e nonyqaeT npHpameHHe 

... !o 
- m f X . 3Ha'IHT, 

__. -+ __. t B 
oS=-dm 1 x 1 +m 2 x 2 )J · /59/ 

tA 

C .npyroii cTopoHw, H3 o6meii llJopMynw I 12/ cne.n.yeT. 'ITO 

... dx ~-x~ to o S .. - d ( m1 ....:.:.:L...d + m2 - ) I · /60/ 
t t t A 

CpaaHHaaJJ /59/ H /60/, nonyqaeM, 'ITO seJIH'IHHa /53/ 
co ape,MeHeM He MeH.IIeTcJI. 

HepenJITHaHcTcKyJO Mo.nenlt Mbl no.n.po6Ho paccMoTpe
JIH OOTOMY, 'ITO peweHHble 3.IJ.eC& aonpOCbl He06XO.llBMbl 
.llJIJI DOHHMaHHJI peJI.IITHBHCTCKOH npo6JieMbl .llayx Ten. 
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