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µenono6HbJX pewenttll (conHTonoe) nn11 CKan11puoro KOMnneKcuoro non11 cue

nHHei\HblM B3BHMOAei\cTBHeM llOBOllbHO o6mero BHllEI B PBMKBX penRTHBHCTCKH

Hl!BBPHBHTHt,IX ypaeueu11ll, 0oKB3Bl!O, 'ITO B cnyi1ae TBK HB3blBB8MOl\ HBCl>lWB

JOWellcR Hel!HHel\HOCTH cywecTeyer o6naCTb' (np napaMeTpy, CBR3BHHOMY c 

U(l) ... CHMMeTpHel\) ycroi!~rnepcTH COIIHTOl!EI, 

Pa6oTa Bbmonueua e JJa6oparopHH e611rncn11Ten1,uott TeXHHKH H aeTo

MaTH3BllllH OIHll-1, 

Ilpenp■HT O61.eAJ11'CJIHOro BHCT■TfTa JACPHWX accneA0BAHHI. ,Uy6ua 1977 

Makhankov V.G, P2 · 10362 

On S~ability of "Charged" Solitons 
within the Klein-Gordop Equation 
with Saturated Nonlinearity 

The stability problem of spherically symmetric par
ticle - like solutions (~olitons) is studied for the 
scalar complex relativistic field theory with a rather 
g~n~ral type of nonlinear interaction. The region of so
liton stability in which the parameter relating to Uq> 
symmetry varies is found to be in the case of the so-cal
led saturated nonlinearity. 

The investigation has been performed at the 
Laboratory of Computer Technique and Automation, JINR. 
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C) 1977 06-.ec)"HeHHWil "Hc•u•y• .. c)epHWXUCC,tec)oeaHUil,l{y6Ha 

I. 1-13 Teo.peMbl ,lJ;eppHKa-Xo66apTa/I/ HJBeCTHO, 'ITO 

HeO,!\HOMepHbie COJIHTOHhl, KaK CTa.QHOHapHbie perneHHH peJIH -

THBHCTCKH-HHBapHaHTHblX /PH/ ypaenenHH, OilHCbIBaIOI.QHX 

B3aHMO,!\eHCTBHe /HJIH caMOAeiicTBHe/ AeiiCTBHTCJibllhlX CKa

JIHpllbIX noneii, OKa3hIBaIOTCH neyCTOH'IHBblMH no OTHOUJeHHIO 

K MaCUJTa6HbIM KOJie6aHHHM *. 
Ilpe,!\CTaBJIHeT HHTepec HCCJie,!\OBaTb Ha YCTOH'IHBOCTb 

He0,!\HOMepHbie COJIHTOHhl, o6na,!\aIOI.QHe BHyTpeuneu CHMMeT

pHeH. K HHM, B YaCTH0CTH, OTHOCHTCH COJIHTOHbl PH ypae

HeHHll AJIH KOMilJieKCH0ro IlOJIH. O,!\Ha HJ Han6onee HJyqeu

HblX TaKHX MOAeneii - JTO ypaeueuHe KneiiHa-ropAoHa c 

Ky6HYeCKOll HeJIHHeHHOCThIO, cnyYaii TaK HaJbIBaeMOH ¢ 4 -

TeopHH IlOJIH. 113 pa6oTbl AHAepcoua-,neppHKa/ 2/ H3BCCTHO, 

'ITO COJIHTOHbl B 3TOll MOAeJIH TaK)Ke ueyCTOH'IHBbl. HH)Ke 

~hi paccMOTpHM BOilpOChI YCTOH'IHBOCTH ccpepnYeCKH -cnM

MeTpH'IHbIX (ss) COJIHTOHOB KOMilJICKCHOro IlOJIH B paMKax 

PH ypaeneHHH Kneuua- ropAOHa C AOBOJlhHO 061.QHM BHAOM 

HeJIHHCHHOCTH: . 
-2 2 I 2 2 

(rJ - a➔ ) ¢ + m ¢ - ¢F (\ chi ) = 0. 
l X IU 

3To ypaeuettHe nonyYaeT5H HJ aapnauuonuoro npHHUHna 

c>S=,0, rAe S=ff(¢,d.i ➔ )dxdt, a 
X 

2 2 2 2 
t ~ Jc!, I - '.c,6 -• l - m Jct, J I . 

X 

I 2 
- l'(I , I 2 J 19 ) ' 

') 

F <1c1r > 
1 dlJ 
- --- /2; 
2¢ dd>" 

H HMCeT nepBbie HHTerpaJibl ** 

*3Ta TeopeMa nerKo 06061.QaeTcH ua BeKTOpHbie non11. 

**B OTJIH'IHe OT AeHCTBHTeJibHOro IlOJIH IlOHBJIHCTCH HH
Terpan 3apH:Aa, ce11JaHHh1ii c U(l)-cHMMeTpueii. 
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a/ Jap.a,na 

➔ 

Q =-i J(¢;¢ - ¢*¢. )dx, 
1 I /3/ 

6/ HMnynLca 

p -,-J(¢*¢ ➔ +¢!¢)a;, 
t X X t 

/4/ 

B/ 3HeprHH 

2 2 2 2 2. ➔ 
E=Jll¢ I+ 1¢ I +m 1¢1 +U(i¢1>ldx. 

t ➔ 
X 

/5/ 

MmKHO noKaJaTh, qTo perneHHe 

1 ➔ -iµt 
¢ = --= 'I' (x) e 

-,12 
/6/ 

MHHHMH3HpyeT. <l>YHKUHOHan 3HeprHH IlPH atµ = 0 ' a B 
co6CTBeHHOH CHCTeMe KOOPJJ:HHaT conHTOHa, KpOMe Toro, 
a~ = at IJ1 = 0 3,neCh H HH)Ke IlOJJ: COllHTOHOM Mhl IlOHHMaeM 

X 

noKanHJOBannoe B npocTpancTBe perneHHe /I/, HMeJOU\ee 
KOHeqnhie Q,P HE/ HH)Ke Mhl 6y,neM· Ha3bIBaTh HX Q
COllHTOHaMH/. 

· Ilo,ncTaBn.a.a /6/ B /1/-/5/, nerKo naxo,nnM 

11 q, - K 2 111 + l{I F ('P 2) = 0 ' K 2 = m 2 - 11 2' 

1 2 2 2 2 
£ = -1{111 -➔) + K q, + U('P ) l ' 

2 X 

-> 

p = 0' 

E = ..!__ JI (µ 2 + m 2 )'P 2 + ('P ➔ ) 
2 + U ('P 2) I d; . 

2 X 

/7/ 

/8/ 

/9/ 

/10/ 

YpaBHeHue /7 / MO)KHO nonyqHTh c IlOMOU\hlO Bapua -
uuonnoro npunuuna :os= 0 · c narpaH)KHaHoM /8/, nonara.a 
BapHaUHH non.a q, npOH3BOllhHhIMH. KpoMe Toro, /7/"nony
qaeTC.H TaK)Ke HJ ycnoBnoro 3KCTpeMyMa 

4 

oE 1
0 

= o /11/ 

npH ITOCTO.HHHOM Q . .5.ICHO, qTo B 3TOM cnyqae BapHaUHH 
nomI ,nomKHhl y,noBneTBOP11:Th .nononHHTenhHOMY ycnoBHIO 
opToronanLnocTH 

2 ➔ ➔ 
oQ =o(µf'l' dx)= 2µ f'Po'l'dx = 0. 

3TOT )Ke npHHUHil MO)KHO ccl>opMynHpOBa Th Hnaqe, Bhipa-
)Ka.H c noMOU\hJO /9/ µ KaK IPYHKUHonan OT '-I', -

-1 
µ = QS- ['P], /12/ 

/3/ 11 no,ncTaBn11:R ero B /1_0/ . Teneph y)Ke Q=const BhIITOnHH· 
eTCH aBTOMaTHqecKH, IlO3TOMY Bapuauuu o'P MO)KHO Oil.HTh 
cqHTaTh npoH3BOllhHhIMH. 

liTaK, nonara.H 'P = 'P s + o'P , _ HaXOJJ:HM oE I Q = 0 . .· 
,ll;n.a uccne,noaaHH.H BonpocoB yc-ro:ii:qHBOCTH conHTOHHoro 

perneHH.H 'P s Ha:ii:,neM · 

3 
2 1 ,. ➔ µ ➔ 2 

o E = 2 Jo'PHo'Pdx + 2 Q (f'-l\o11'dx), /13/ 

r.ne 

' • 9 

H =-A+ K 2 + q,~ 
s 

9 
dlJ 

d(q~2 jll'
5 

KpoMe Toro, npu nonyl.femrn /13/ MLI yqnu /12/, OTKy,na 
cne,nyeT, qTo 

o(µ 2 s > 
Q2 

4(S['V ]) 2 (-2JIJ\8
1
Pd,7 _ 

s 

- J (olJI) 2d ➔ [f'l' stt, d;J 2 
· X + 2--s __ _ ) . 

S['P -] 
s 
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,l].nH OTBeTa Ha Bonpoc 06 YCTonqHBOCTH COilHTOHHOro 
perneHHH q, s /ecnH TaKOBOe cyI.QeCTByeT/ HaM npn,neTCH 
nccne,noaaTL,. 3a,naqy Ha co6cTBeHHLie 3HaqeHHH /C3/ ,nnH 
onepaTopa H: 

.. 
lly. "' .\. y .. 

• I I. I /14/ 

B cnny TpaHCilHU,HOHHOH CHMMeTpHH BMeCTe C perneHHeM 
'11 s (;) ypaBHeune /7 / HMeeT perneHHe '11 (x➔ + 7). A ,nnH 
c << I 

II' 
k 

(~- 'I' 
- s iix k- · 

(k · 1,2,:0 

HBm1eTCH perneuneM /7 / c ,\ i = 0, qTo npoaepHeTcH npo
CTLIM .nmt><l>epeuu,npoBaHHeM ypaBHeHHH /7 /. TaKHM o6pa30M, 
TpaucnHU.HOHHaH Mo,na npe,ncTaBilH!("f co6ou TpH,K)J;hl BLI
pO,K,neHHOe cocToHHHe onepaTop~ II c uyneaou 3ueprneu. 
B ss-reoMeTpHH C ee nOMOll.{hlO MO)KHO nocTpOHTh p -co
CTOHHHC C f = 1 : 

il'l' s rn . 
y p = car- y r I C - KOHCTaIITa HOPMHPOBKH/ 

.. 
/one pa Top H ecTL one pa Top lllpe,nnurepa/. 3To 03HaqaeT, 
qTo cyI.QecTayeT no Kpauueu Mepe o,nuo S -cocTOHHHe 

(r = 0) c 6onee HH3Koii 3ueprueu~ 

,\ < 0 . 

.. 2. CqmpMynupyeM TeopeMy. Ecnn TeCTOBLIH onepaTop 
H HMeeT He 6onee o,nHoro oTpnu,aTenLnoro C3 /a o,nHo 
cyI.QeCTByeT, KaK MLI BH,nenH, Bcer.na/, TO 3HaK npOH3B0)J;HOH 

µ 

Q 

dQ 

dµ 
< 0 

onpe,nenHeT o6naCTh ycTouqnaocTH uccne,nyeMoro conn
TOHHoro perneHHH /no KpanHeH Mepe no OTHOllleHHIO K B03My
I.QeHHHM, He MeHHIOI.QHM ero CHMMeTpHIO/. 11 Hao6opoT, .nn!I 
HeycToHqHBOCTH Q -conHTOHa .nocTaToqHO HanHqHH y H 
,nByx _ OTpuu,aTellhHhlX C3 HilH (dQ/dµ) > 0. 

6 

!:, 
.[ 
r 

I 

( 

l ij' 
·. il 
·IA 
\ 
V 

,l].oKa3aTenLCTBO 

(11) aq, s 

,lJ.n<l><l>epeHU.HPYH /7 / no µ H aao,nH 0603HaqeHHe 'I' ,.,-\ 
HMeeM ~ 

... (µ) (,µ) . 
H'I' = 2µ. q, • /15/ 

Pa3Il0)KHM 'I' H 'I'(µ) no OpTOHOPMHpOBaHHOH CHCTeMe c.4>. 
S A 

onepaTopa H. 

H 

(µ) • 
q, = I a.y. 

. I I 
I 

q, = I b.y. 
s . 1· I • I 

J Y. Y. dx = 8 .. 
I J t J 

113 /15/, /16a/ H /17/ cne.nyeT 

.\.a.=!q1b., 
l I l 

T.e. b .=0 npH ,\. = 0 . KpoMe Toro, 3aMe 1meM, 1no 
I I 

f'l' (11\1 'I'(µ) dx➔ = 2 a.).. 
j l I 

no3TOMY B cnny./15/ 

(11) .. (;I) ➔ •. d 2 ➔ 1 d n 
J'P H'l' dx = /t -- f'I' dx = - -- 1 

. dµ s 2 d/t µ 

HilH 

2'a~.\. =2µ 2 2'(b~/.\.) = E._ J!_ .9__ 
I I • I l 2 ,l, 

I ~l µ 

/16a/ 

/166/ 

/17/ 

/18/ 

lllTpux y 2 03HaqaeT, qTo npn cyMMHpoBaHirn iii.16pacL1: 
BaIOTCH qneHLI c ,\ i = 0. 

Pa3narax npOH3B0IlhHOe B03Myll.{CHHe o\Jl no c.4>. y. , 
. I 

o'l' = Io. y., 
j l I 

H3 /13/ HMeeM 
3 

2 1 ,2 2µ , I o E = - ! o . .\ . + -Q-.!. b. b. o. o . = -
2 

2 o. T.. · o . , 2 l I • • . I J T J • . I IJ J 
I J I J 

/19/ 
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r.n;e TecToBaH MaTpHu;a T ij onpe.n;em1eTCH qiopMynoii 

4 3 
T.. =A.o .. +-Q11 b.b .. 

IJ I lj I J 
/20/ 

2 
3Ha1< B E onpe.n;enHeTcH C3 MaTpHUhI Tij' 1<0Topb1e naxo-
AHTCH H3 ypaBHeHHH 

~ Tiio i =fli\. 
J 

Hcnonh3YH onpe.n;enenue ·Tij / CM. /20//, naii.n;eM 

1 Q4 
µ

2b. I'b.o. =o .. n - ,\. 1 • 1 J , 
l l 

,lJ;oMHO)KaH na bi H cyMMHPYH no i , nony,rnM 

f(n) 
b 2 

_ .!_µ 2 I, i 

Q 0-,\i 
- 1 = 0. /21/ 

Hanuime oTpHu;aTeJibHhIX 1<opneii y ypaBnenHH /21/ 0311aqaeT 

HeycTOH'IHBOCTb COJIHTOHa no OTHOlllen.qro 1< COOTBeTCTByro
meMy B03Mymemno. IlyCTb onepaTop H HMeeT JIHlllb 0,ll;HO 
C3, MeHblllee ny1rn, nanpHMep, ,\ 1 ~=-A, Tor.n;a npu n < 0 

2 
4 2 b · 

f(n) =---11 I'--1- -1. 
Q s i IDl-A 

EcnH rpaq>HJ< :noii q>yHJ<UHH nepeceqeT OCb a6CUHCC, TO /21/ 
6y,n;eT HMeTh OTPHUaTeJibHblll 1<opeHh. Ta1<oe nepeceqenHe 
MO)KeT 6bITh JIHlllh B o6nacTH 0< !DI<,\ B 1<0Topoii f(D) HJ

MeHHeTCH OT +oo AO HYJIH, eCJIH g(0)s: 0, H OCTaeTCH nono-
)KHTeJibHOH, ecnH g(O) ~ 0. 

lfa /18/ HaXOAHM 

g(0) = - ~ 11 2 I' (b ~ /,\. ) - 1 = _ ~~ jQ 
·"< S j I 1 Q dµ ' 

/22/ 

8 

T. e. OTpHIJ;a TeJibHblH 1<opeHb BMecTe C HeycTOH'IHBOCTblO 
HMelOT MeCTO npH 

µ dQ 
- -- > 0 
Q dµ . ' 

B npoTHBHOM cnyqae Bee C3 MaTpHIJ;bl T ij nOJIO)KHTeJihHbl, 

a conHTOH ,.YCTOH'IHB. HanH'IHe ABYX oTpHu;a TenhHhIX C3 y 
onepaTopa H ,,\ l H ,\ 2 , HeMHHyeMO npHBOAHT 1< OTPHUaTenbHO

My 1<0pHIO ypaBHeHHH /21/' Jie)KameMy Me)K,n;y ,\ 1 H ,\ 2. 
TeopeMa .n;o1<a3ana. 

" 3. OcTaeTCH BblHCHHTb, 1<or.n;a TeCTOBbIH raMHJibTOHHaH 
_ H HMeeT TOJihJ<O o.n;Ho OTPHUaTenLHoe C3. Hcnonh3YH Me

To,n;u1<y, H3JIO)KeHHYIO B / 4 / , MO)KHO no1<a3aTb, 'ITO, ecnu 

noTenu;HaJI u npH MaJiblX 11' HMeeT OTJIH'IHYIO OT HYJIH 

BTOpyro npOH3B0AHYIO (d2U/ d (111 2;)~0npH 111= 0, TO COOTBeTCT
BYIOmHii eMy TecTOBhIH raMHJihTOHHaH HMeeT nHlllh o.n;no cqie
PHlleC1<H - CHMMeTpH'IHOe pelllenue C OTPHUa TeJibHOH 3Hep
rHeii. 

4. IlycTh qiy111<UHH F (1JJ 2) orpanH'leHa CBepxy npH 111 ➔oo, 
3anHllleM ee aCHMilTOTH1<Y, nanpHMep, B BH,D;e 

F (\jl 
2
) = M - 1(1) 2k 

(c 2 

# 
cl 

(k = 1,2,3, ... ) . /23/ 

IIo.n;cTaBJIHll 3TO Bblpa)Kenue B ypaBnenHe /7 /, ner1<0 Haii.n;eM, 
'ITO 31<CTpeMaJibHbie TO'IJ<H noTeHIJ;HaJia 

1 { 2 2 2)) U = - 2 K ljl + U (111 , 

onpe,n;eJIHIOmero Tpae1<TOpHIO pellleHHH Ha q>a30BOH IlJIO

CJ<OCTH, naxo,n;HTCH H3 ypaaneHHH 

du - = 111(-K 2+ F(111 2)) = 111(-K 2 + M 
d111 

C l 

~ c 
2 
l(J) 2k ) = O · 

OT1<y.n;a, 1<p0Me 'l'=0, uMeeM 
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l)l =+_!_ ( Cl l/2k 
m - C - -·----) 

2 M - K 
2 

Il03TOMY 

0<K 2 <M. 

/24/ 

/25/ 

<l>opMyJia /24/ cnpaBe.D.JIHBa npH K 
2 ➔ M. 

P~ccMoTpHM Teneph noae.D,eHHe HHTerpaJia S[IJI] B 

3aDHCHMOCTH OT K. B CJiy'lae MaJiblX K npH nepexo.D,e K 
111 9 2 2 $ ~ - HI; =°KX B CJIJIY (d-Ujd(III)) f (} 
K 

2 -) 
S ~ J11' clx K J <I> 

2 
cl t + 0 (K) -

const 
K 

pacTeT c yMeHbUieuueM K. IlpH K 2➔ M-0 noae.D,eune S 6y-

.D,eT onpe.D,eJI.RTbC.R 3KCTpeMaJibHblMH TO'IKaMH 111 ' no-
m 

CKOJibKY OHH onpe.D,eJI.RIDT MaCUITa6 peUieHH.R KaK tYHKUHH 

napaMeTpa K. Ilo3TOMY 

s (X 'I' 2 _.!_ 
m ' 

K 3 
OTKy.D,a CJie.D,yeT. l{TO .D,JI.R ypaBHeHHH C HaCbIIUaromeiic.R He -

JIHHeHHOCTbID B03MO)Kllbl peUieHHH, .D,JI.R I<OTOpbIX 8 pacTeT 

npH K
2 -• M. IlocKOJihKY S .D.OJI)KHa 6bITb uenpephIBHoii tyu1<

UHeii napaMeTpa K, OHa HMeeT MHHHMYM npH HeKOTOpOM 3Ha

'leHHH Ker' B KOTOPOM npou3BO.D,Ha.R dS/dK Me1rneT 3HaI<. 

3TO 03Ha'laeT' l{TO B MO.D,eJI.RX C HaCbIIUammeiicH HeJIHHeiitto

CTbID cymecTByeT BeTBb Q(11), KOTOpoii COOTBeTCTBYIDT ycToii

l{HBbie COJIHTOHHbie peUieHHH. CJie.D,yeT OTMeTHTb, 'ITO npe.D,eJI 
•) 

µ- , . 
K 2 ➔ M HJIH m 2 (1---)➔ M HMeeT MecTo, ecJIH l\1-:.: m 2 , a 

m2 

acHMilTOTOH .D,JI.R Q npH MaJibIX /1 6y.D,eT np.RMa.R 11=y'm2-~1. 
Cna.D,aroma.R BeTBb Q COOTBeTCTByeT YCTOH'IHBOMY peUieHHID. 

B Ka'leCTBe npHMepa MO)KHO paccMOTpeTb 

l)I 2 

F = 
I + 'I' 2 

.D,JI.R KOTOpoii 

10 

/( 

l)I = ± ,,/ ---
rn 1-K2 

lfa TeopeMLI 2 cpa3y cne.D,yeT pe3ym,TaT pa6orLil 2/ o 

ueyCTO~'IHBOCTH ss Q- COJIHTOHa B MO.D,eJIH cp 4 , a TaK)Ke 

pe3yn1>rar pa6oTLI /s/, a Koropoii 61,ma onpe.D,eJieHa o6nacTL 

y9roii'IHBOCTH nnocKoro Q-conuroHa: 

2 I 
µ > 2· 
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