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DparOBH'I E.r .. Maano n.n •• <PHnHnnoa A.T. P2 - 10344 
l1ccneuoaaHRe perneHHii ypaaHeHHSI DaiicoHa-illBHHrepa anSI 
aneKTpOHHOrO nponaraTopa B KB8HTOBOii aneKTpOL!IIH8MIIKe 

PaccMaTpHaaeTCSI ypaaHeHHe DaiicoHa-illaHHrepa anSI aneKTpOHHoro 
nponaraTopa a "KOHe'IHoii" KBaHTOaoii aneKTPOLIHHBMHKe DlKOHCOHa H up. 
noupo6HO HCCneuyJOTCSI perneHIISI COOTBeTCTBYJOllleii HenHHeiiHOii LIH¢'¢lepeH
UII8nbHOii Kpaeaoii 38!l8'1H B IIMTiynbCHOM UpOCTp8HCTBeo noK838HO, 'ITO 
aneKTpOHHb!H nponaraTOp IIMeeT OC06b!e TO'IKH B KOMnneKCHOii nnOCKOCTII p2 

'ITO paCXO!liiTCSI C YTBeplK!leHHSIMII npeurneCTBY!Oll!HX pa60T H8 3Ty TeMy. 
B caSI3H c aTHM o6cylKuaeTCSI npo6neMa npoHCXOlKLieHHSI ¢'113H'IeCKOl! MaCChi 
aneKTpOHB B TeOpHH C Hyneaoii 38Tp8BO'IHOii MBCCOl!. 

Pa6oTa BhrnonHeHa a fla6opaTopHH TeopeTH'IeCKoii ¢>H3HKH OIHU1. 

npenpHHT 06b8}lHH8HHoro HHCTHTyTa H}l8pHbiX HCCJI8}l0BaHHK 

,Liy6Ha 1976 

DragovitB.G-:-,- Mavlo D.P., Filippov A.T. P2 - 10344 
On the Electron Propagator in "Finite" Quantum 

Electrodynamics 
The Dyson-Schwinger equation for the electron propa

gator in the "finite" quantum electrodynamics of Johnson 
et al. is considered. The problem is formulated in the 
form of a one-dimensional integral equation, from which 
some properties of the solutions are derived, and in the 
form of a nonlinear second-order differential boundary 
value problem, which is investigated in detail. The solu
tion is represented as a power series in p 2 , which is 
proved to be convergent within some finite circle of the 
complex p2 plane. The c onver gene e proof as well as numer i
cal results for the radius of convergence are given. 
These make it possible to conclude (contrary to the 
previous author's ~/ statement) that electron propagator 

has singularities in the complex p2 plane. The behaviour 
of the solution in the limit of the small "bare" coupling 
constant en is considered and a non-analytic dependence 
of the solution on e~ for eg ~ 0 is demonstrated. In con
clusion the problem of generating a non-vanishing physical 
electron mass in the theory with vanishing unrenormalized 
electron mass is discussed. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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§ I. BBe.nelUfe 

Xopowo R3B8CTHO, qTQ CT~apTHHi ITO~Ol[ T80pilll B03MY~e

HIDI: K JIOKMbHO~ KBa.HTOBOii 3JI8KTp0l[MH8.MRK8 llpllBOl[JIT K Jiora.pRclr

MJ!qecKID.I pa.CXOl[MMOCT.fiM l[JUJ:C06CTB8HHoit 3HeprMR 3JI8KTpoHa. 8m 
/1/ 

R KOHCTa.HT rrepeHopMI!poBKH Z1.-= Z2 .1'1 Z3 . TeopH.fi rrepeHOpMH-

poBOK YCll8lliHO ycTpa.H.fieT 3TH pa.CXOl[HMOCTM, HO BOllpOC 0 CTpyK

Type ToqHHX pellieH.I'Iii l[O CMX llOp OCT8.8TC.fi OTKpUTllM. HaMClOJiee 

llpMBJI8K8.T8JibHOit K~8TC.fi B03MO*HOCTb KOHeqaoii rrepeHOpMRpOEKll 

38.P.fil[8. B TOqHoit T80pHH. HfiTepeCHuR llOl[XOl[ K llOCTpoeHMID TB.KOH 

"KOHeqaoa" KBa.HTOBOH 3JI8KTpO.![MHa.MRKM Clwr rrpel[JIOJKeH ,lVKoHCOHOM 
/2 3/ 

R .![p. ' • B OCHOBe 3Toro llO~Ol[a. JI8JK.I'IT M.I[8.fi llpMMeHeHH.fi He-

CT~apTHoit Teop.l'l.l'l B03MY~eHIDI: llp.l'l pa.BHoit HyJIID 38.Tpa.Boqaoii 

Macce 3JI8KTpoHa. mo . llpH 3TOM 38.Tpa.Bo'IHuR 38.p.f{l[ 3JI8KTpOHa. e. 
l[OJIJK8H orrpel[8JI.fiTbC.fi .1'13 YCJIOB.I'Iii KOH8'IHOCT.I'I a<f4eKTOB llOJI.fipMsa

U.I'IH BaKJYMa. B TO'!Hoii TeopKH 3TO COOTB8TCTBOBa.JIO Clu oClp~eHMID 

B HYJib tpyHKUHM feJIJI-Ma.HHa-Jioy ":i'(&) llplll KOHeqHoM 3Ha.qeHM.I'I t: cz~Jl"· 

llepBUM wa.roM aToll rrporpaMMH HBJI.fieTc.fi peweHMe HeJIHae~oro 

o.nHopo.n;Horo ypa.BHeH.WI l[JI.f{ aJieKTpoHHoro rrpona.ra.Topa (2.6). Co

oTBeTcTBYDmB..fi H8JI.I'IH8~8..fi l[~8p8HUHa.Jil>HaR Kpa.eBB.Ji 3~8.'!8. BT0-
/2-5/ poro llO.P.f{l[Ka. H80l[HoKpaTHO o6cy~a.JI8.Cb B JIHTepa.Type , HO 

ORB. l[O CMX llop OKOH'I8.T8JibHO He .I'ICCJI8l[OBa.Ha. B pa.CloTe / 2/ pac

CMOTpeHO llOB8l[8lU18 peweH~ B o6Jia.CTH CloJibWMX rrpoCTpa.HCTB8HHo-
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U0~06HHX HMnygocoB E ManHX 3Haqeaaft ro~ol KOHeTaHTH eBH3Ho B 

pa6oTax /2' 4/ HeC~e~OBaHHe He~eibioro y paBHeHM eBO,ItHJIOeb K 

HCC~e~OBaHED ~HeapH30BaHHOI 3~aqH 3aMeHOH KB~aTa HeKOMOH 

if,yHKIJ,HH Ha KOHeTaHTYo EcTeeTBeHHO, TaKOH MeTO~ He IT03BOMeT 

ITOMOe~bD BHHeHHTb rrpHpO~ Toqagx pemeHHI He~HeiHOI 3~aqHo 

B ae~aBHel pa6oTe ~KY~ H Kyro / 5/ He~aeiHaH KpaeBaH sa

~aqa BToporo noPH~a eBe~eaa K a~aqe nepBoro no~Ka H pewe

HHe rroe~e~ei HBXO~HTCH MeTO~OM if,a30BRX TpaeKTOPHlo Ha OeHOBe 

qHe~eHHoro aH~3a aBTOpH rrpHXO~T K BHBO~ 0 TOM, qTQ 8~eKT

poHHHi nponaraTop He HMeeT oeo6eaaoeTel rrpH -oo < P'< oo o Ha 

eaMOM ~e~e 8TO YTBepJif,D;eHEe B pa6oTe / 5/ He ~OKaaHBaeTeH, a He

HBHO npe~O~araeTeHo B ~efteTBHT~bHOeTH, ITOKa3aHO ~Wb, qTQ 

nponaraTop He MOEeT HMeTb no~eao Ma paeey~eHHI, npHBe~eHHHX 

B 8TOI pa6oTe,He eHe~eT, qTQ nponaraTOp 8~eKTpOHa He MOEeT 

HMeTB TQqKH BeT~eHHH Ha BemeeTBeHHOI OeH, a TaicaH TOq&a BeTB

~eRaa H onpe~~a 6a KOaeqayD wacey aneKTpoaa. 

HacTOHmaH pa6oTa noeBHmeHa zee~e~oBaHHD pemeHKA ae~eiHHX 

HHTerpanbHOro ypaBHeRHH (2.6) H COOTBeTeTBYDmel ~peHUHaHb

HOI KpaeBOI 3~aqH (2.7),(2o8), B §2 UpHBO~ETeH BHBO~ 8THX 

ypaBHeHH~ Ha OCHOBe ypaBHeHHH ~aHCOHa-hlBHHrepa ~HH 3AeKTpOH

HOrO rrponaraTopa B nepBOM npH6~eHHH. B §3 IIO~qeRH HeROTO

pHe o6mze eBORCTBa perueHHft KaK Henoepe~eTBeHHO H3 O~OMepaoro 

~!HrerpaJibnoro ypaBHeHHH, TaK z noepe~eTBOM aa~aa ae~el

aoro ~~epeHUHaHBHOro ypaBHeRHH. §4 eo~epEHT ~OKa3aTe~eTBO 

exo~HMOCTH CTeneHHHX ~OB, npe~eTaB~ pemeHM zee~e~e

MOrO ypaBHeHRff, B HeKOTOpoM Kpyre KOHeqaoro ~yea e ueHT

poM p2=0. llpHBo~zTeH rro~qeHHaH B peay~TaTe qzc~eHHoro aaa

AH3a 3aBHeBMOeTb p~ea exo~eTH yKa3aHHRX eTerreHHHX pas-
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~OEeHHI OT KOHeTaHTH CBH3H, OeHOBBHe pesy~bTaTH ~aBHOR pa60TH 

cyMMHpyDTeH H 06ey~aDTeH B KpaTKOM 3~qeHHH ( §5 ), 

§ 2o He~HHeiHHe ypaBHeHM 44ff a~eKTpoHHoro 

nponaraTopa B nepBOM npH6~eRHH 

YpaBHeRHe ~eoaa-illBHHrepa ~ no~aoro a~eKrpoaaoro npona

raTopa B KBaHTOBOH 3~eKTpO~HaMHKe HMeeT e~e~DmHH B~: 

s-(p;""S~(p)-:z;:v jdl(c(O'''S(<{)[(p,q;k) D,...vU<)' (2.I) 

r~e S H So - noMaH H CB060~aH if.YHKUHH fpHHa a~eKTpoaa, D,... .. -
llOMaH ci;yHKUM fpHHa ci;oTOHa, f" - llOMaH BepwEHHaH qacTb H 

K= p-9 o ,ltJuJ Taro, qTo6a (2.!) 6~o ypaBHeHEeM OTHoeHT~bHO 

o~oi aeHaBecraol ~YHKUHH S(~. aeo6xo~HMO no~eTaBHTb B aero 

HeKOTOpble HERbie BHpaEeHM ~ r" H D,..... • KOTOpHe MOryT 6b!Tb 

no~qeaH no TeOpHH B03MYmeHKA.B "Koaeqaol" 8~eKTpO~HHaMHKe 

nepBOe ReTpHBHaHbHOe npH6~EeHHe no~qaeTeH 3aMeHOI llO~HHX 

~YHKUHI fpHHa if,OTOHa D,..,v H BepwHHHOI if.YHKUHH rv Ha HX CB060~

Rble qaeTH n; .. H b". B 8TOM np.H6~EeHHH, yqHTHBaH, qTo 

_s-CP) = m. + L (PJ- p ;a ti(-p')- p j3(-p'), 
rt-1 " 
;;:, o (P): mo-p , (2.2) 

D,...o .. (I<J = ~. [ fJ"'• - Kk~r (1.- de) J , 
r~e de onpe~eMeT BH6paHHyD Ka.TW6poBKY, llQ~qaeM CHeTeMY .rtBYX 

aemme:I!HHX HRTerpan:flHHX ypaBaeRHI ~ d. (-p'-) H ~ (- P') 
o(( ')- ie: (d" d.(-</') O+de) 

-p -m.+~ J 4 d.·(-tf')-'l''lH'f 1<.' (2.3a) 

~(-p•J = i + ifL_ Jdvq J>(-q•) [ 2 (P'I) 
1,2.1(J"p• <><.

2(-q')- q2'j>•(-</') (p-q)z + (2.36) 
+ (P'+<I')(Pq) -2.P'<t' ( 1. -d J] 

( p-q )" e . 
CHeTeMa (2.3) MOllteT 6HTb npeo6pa30BaHa B eHeTeMY O~OMepHHX 
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RHTerpanbHHX ypaBaeHHA noc~e nepexo~a K en~oBcKoa MeTpKKe 

( 1•-ti</._,-C/'-::.Cfz-q:-tC/•-=ir+ IT~ H aaanorH'Uio }J)IH P ): 
00 

d.(p•J==mo+ e;(3+de) f q'Jcr d..('l'l (-=-d;--=12~--
2 (7.11:)" ~ J.'<1'J + 'l'~'(q') J P'+ qz- 2. (P</) ) (2.4a) 

00 

P. ( P'J - i + e.' ( '1' J q' ~ ( q') f d;S2 [ 2 ( P 'I J 
.r - 2(2.11)" p' J J.l(cj') + rt'f>'(q') j (p-q)' + 

(P'+q')(P'I)-ZP'C/' (1-deJ]. 
+ (p-q )" (2.46) 

llocJie BliiiOJIHeHKR HHTerpHpoBaiDIJI no yrJISM H nepexo~a K nonepe~

Hol KaJ.IH6poBKe Je-::.0 (cM.Jl, 2/) CHCTeMa (2.4) Ma.KCMManbHO ynpo-

11\aeTC.fl, TaR KaK ~(p'): 1. H OCTaeTC.fl JI.I4IIlb O~HO ypaBHeHHe }J)IH 

J.. (P'): 
00 

1 - 3e." f d z q'd..(q') 
d.(p)- mo + ('lilt J </ J.'('1') + qi 

0 . 
[

f}(p'-q') C}(q'-P'>] 
p• + q' ' 

KOTOpoMY MOEHO npMaT:b BM 
J( 

d..(x)=mo +a'[L f IJcA('j)diJ 
0 )<. J J.'('.1h '11 

00 

+ r d..('1)cl18 
J d..'(~)+ 'j 
J( 

] ) 

(2.5) 

(2.6) 

r.ne X= p2
, 'tJ = q', 7/'= ;J"' t~ : ;Jr J..o 

.f!HHaH TOHKOI CTpyKTypH). 

(~.- ro~a.fl UOCTO-

Jierno noKa3aTl>, 'ITO HeJI.I4Heibioe HHTerpaJI:&Hoe ypaBHeBHe (2.6) . 
3KBIDlali8HTHO C~e~IJIII81 HeJmHeiHol .IU'If4epeHIUfaJibHOI RpaeBOI 

~a~e BToporo no~: 

L[xJtxJ] =-a'"~ 
dx• o 6-'(x) + X (2.?) 

xz [o/.(lC.J]'- 0 ) [x d.(xl]
1 ~ mo • (2.8) 

x ... o x~oo 

06paTHMC.fl K BOnpocy 0 cy~eCTBOBaRBB RORe'IHOro pemeBHR ae-

O,IUiOpo,Itlioro ypa.BBeJWI (2.6). llpe.JUIOJlai'aH, "''rr pemeBHe YPa.B

aeHHJJ (2.6) .1.tOfiYCKaeT npe~CTa.BJleBHe :a BMe ~ no cTeneRSM g1
, 
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00 

~(X)= m. + 2=: ah (X) Cjzn, (2.9) 
n=J 

H3 (2.6) no~~aeM: 

at(X)= m•[x-m!fnm;~X]+mo t~,·m en m:+\f (2.10) 
x m. ~_,"" rn. + x 

llpHCYTCTBY~ 3~8Cb ~orap~~eCKaH pacXO~MMOCTb TpaKTOBanacb 

aBTOpaMH pa60T /2/ KaK yKa3a.HM8 Ha H8B03MOlKHOCTb UOCTp08Hl1.fl 

KOHe~HOR KBaHTOBOH 3~8KTPO~HaMHJUll C mo '# 0. 

B ~aRbHeZilleM MH 6y~eM paccMaTpHBaTb TO~bKO O~HOpO~Oe l1H

Terp~HOe ypaBHeHHe (2, 6) ( I'Yla = 0 ) H COOTB8TCTBY!Oli\YIO O~HO

pO~HYJO ~~epeHUH~HYJO KpaeByJO 3~a~y (2.?),(2.8). TaKaa 3a

~a~a MOE8T ~aBaTb H8TpHBHaRbHH8 KOHe~HHe ~YHKUHH TpHHa /'2,3/, 

OC068HHOCTH KOTOphiX BO BpeM8Hl4IlO~Oc5HOH Oc5JiaCTH orrpe~e~JIH 611 

Macey 3Jl8KTpoHa. 3aM8THM, ~TO H~He HH~paKpacHhiX OC068HHOC

T8H "pa3Ma3!1Ba8T" ITOJIIDC rrponaraTopa B 3Jl8KTpo~l1HaMHK8, H MaC

ca 3Jl8KTpoHa ~OJIEHa onpe~e~TbC.fl 6JI~8H K HyJIID TO~KOH B8TB

Jl8HKR nponaraTopa. 

§ 3. 06mze CBORCTBa peme~ H8~HH8RHI1X HHTerpaJibHOro 

H nwptepeHUHaJibHOro ypaBHeHHH 

B 3TOM naparp~e Ml1 OCTaHOBHMC.fl Ha HeKOTOpllX CBOHCTBax pe

meHHR, KOTOp!1e MOryT c5!1Tb IT0~~8HH ~6o HenocpencTBeHHO H3 

HHTerpanl>HOrO ypaBHeHHH, ~60 H3 aHaJ!l13a ~H~epeHUHanbHOrO 

ypaBHeHHH (2.?}. 

Ec~ ~(x} .f!B~eTc.fl pemeHHeM HHTerpanbaoro ypaBHeHHH 
"' 00 

o((x)=Q.z[.i. r ~;tJ..(';J)diJ + ( J.(';J)cl';j ] (3.1) 
0 )(. i J,.'(~)+ y l o(.'('J}+ (;/ ' 

TO -J(xJ TaKEe 6y~eT pemeBHeM. YpaBHeH.I4e (3.1). o~en~o. ncer~a 

.14M8eT TpHBHanbHOO pemeHHe ol.(x} = 0 • HeTpyMO UOKa3aTb, 'ITO npH 

7 



.11106UX lipe.JUIOJIOxteHHRX OTHOCHTeJU,RO IIOBe,neHM J. (X) II pH X_. 0 cy-

l!leCTByeT npe,neJI " 

o. .L r ';} d.. (if) d - o 
~:~ X ~ d-.'(~)+ ';j 'J - . 

IIepexo,IVJ B YPa.BHemrn: (3.I) K npe,ne.xy x-.o ' IIOJiy'laeM 
00 

d..(o) = az J J..i'#J did 
tJ 0 .I!(~)+ '-d 

(3.2) 

(3.3) 

Ha OCHOBe Pa.BeHCTBa (3.3) HHTerpaJibHOe ypa.BHeHHe (3.1) MOXHO 

nepenHcaTD B 6oJiee y,no6aoa ~pMe: 
)( 

d..(xJ=d..(o)+<J 2 r r/..(>JJ (:t-t)dtg 
~ J..'UaJ + lJ )( 

(3.4) 

EcJIM d..(oJ: 0 , TO ypa.BHeiDie (3.4) HMeeT TOJibKO TpHBHaJibHOe pe-

WeHHe. ,I(eitCTBHTeJibHO, npe,ll;IIOJIOlKHM, 'ITO J.(OJ-::.0 H Cyl!leCTByeT He

KOTOpmt HHTepBaJI [0, E] , TaKOH, 'ITO d..(x) >0 , X E [0, £] , Tor,na 

H3 (3.4) CJie,JzyeT t: 

d..(E) ==~.f ~ ( ~- i)d'tf < 0 , (3.5) ~ J..'i~J+ y E . 
a 3TO IIpoTHBOpe'IHT npe.JUIOJIOJteH.Hil d.. (E.) > 0 (KOHe'IHO, 3,ll;8Cb cy-

l!leCTBeHHO IIP€.IUIOJIOJKeHHe 0 MOHOTOHHOCT.H IIOB6,ll;8HHH pemeHH.H B He

KOTOpoH OKpeCTHOCTH TO'IKH X=O ,CM, ,ll;aJiee), IlpH .mo60M J.{o) "¢ 0 

ypa.BH€HHe (3.4) MOJKHO pemaTb no. TeOpHH B03MYI!Ieffilfi, IIOJIY'IM 

B!ipaxeH.Hg THIIa (2.9),(2.10), HO Tenepb KORe'lHHe. B JID60M IIO

pR,ll;Ee no f d.. (x) HMeeT TO'IKY BeTBJieHHH npa X =-J. '(o) • TaKHM 

o6pa30M, rrapaMeTp d.{o) HrpaeT poJU, KOHe'IHOit 3aTpa.BO'IHOH MaCCH 

3JieKTpoaa. 3aMeTHM, O.n;HaKO, 'ITO IIPH X z-J.1(0} OO!i'lHaJJ TeOpHH 

B03MYIJlemfii HeiipHMeHHMa. KaK Mli IIOKalKeM HIDKe, 'rO'IHOe pemeHHe 

B 3TOH TO'IKe OC06BHHOCTH B ,neitCTBHTeJibHOCTH He HMeeT. 

PaccMoTpHM none.neaae peweH.HH ~peHimaJU,aoro YPa.BHeHM 

(2. 7) B OKpecTHOCTH TO'leK X-==0, oo • Ilpa MaJIUX X 6y,neM HCKaTb 

pemeHHe B B~e cTeneaaoro pR,~J;a 
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00 

cf.. (X) = X a 2: a., x" (3.6) 
11:0 

I!O,ll;CTa.BJI.II.!I (3.6) B (2. 7), IIOJiy'laeM, qTO :i\. MOlleT npHHHMaTb CJie

.nyDI~He 3Ha'leHM: I) At"' 0, ftz:- i , ao - npoH3BOJU,HaJl' IIOCTO.IlHHa.fJ; 

2) .i\~ = t 1 a:=- (:i + t~ ') , I! pH 3TOM KOa@;ltlUHeHTii a, y,ll;OBJieTBO

pRDT onpe,neJieHHHM aeJIMaeaH!iM peKYppeHTH!iM cooTaomeHMM. Perne

HHR ~peHUHaJIDHoro ypaBReHHH, cooTBeTCTBy~e ft 2 H A3 , He 

y,nOBJieTBOpRDT rpaHH'IHiiM YCJIOBHRM (2.8) H II03TOMY He RBJIRDTCH 

pemeHZRMH KpaeBOi 38,ll;a'IH (2. 7), (2.8), III, CJie,ll;OBaTeJlbHO, HH

TerpaJIDHOrO ypa.BHeHHH (3, I), 06paTHMC.Ii K pellieliHIO C Jt£ = 0 , Ito

TO poe, O'leB~RO, y,nOBJieTBOpgeT rpaHH'IROMY ycJIOBHID B HyJie (2,8) 

H MOXeT 61iTb npe,ll;CTa.BJieHO B B~e 

o((x)= f a,(9',a.)X"= ao- .£_X+ g'{Z-9') Xz- !1'(3-51J'+g") X3+ 
~=o .ZQo 1.2. a: 36 a: ... 

=ao£ Cln(f3~1) ( x,J 11 
(3.7) 

~=0 ao 
TaKHM o6pa30M, paCCMaTpHBaeMOe pemeHHe 3a.BHCHT OT O,ll;ROit npo-

H3BOJibHOI.t IIOCTORHHOI a.'== d. (0) , nplll'leM eCD J. ()(, ~z) eCTb HeRO-

TO pOe pemeHHe ypa.BHeHHH, TO a. d. ("h, <J') Tarotte 6y.n;eT pemeHHeM 

(aTOT BliBO,ll; MOXHO IIOJIY'IHTb TaKae H aenocpe,ncTBeHHO H3 ~peH

UHaJibROro ypa.BHeHHR (2.7)). IIoaTOMY B .n;aJIDReAilleM Mli 6y,neM pac

cMaTpHBaTb TOJlbKO CTeneHHHe pR,ll;H C ao=i , 'ITO COOTBeTCTByeT 

BH6opy B Ea'leCTBe e.n;HHHUH MaCCH BeJ!H'IHHH VrJ.. {o! • Ilpa X ...... oo 

pemeHHR MOryT HMeTb cJie.nylll!lee noBe,neHHe: d..(x) ~ B XS , npH-
~'""oo 

'leM 6 MOlleT npHHHMaTb cJie.ny.IOIIIHe sHa'leHH.H: I) JJ.,z =-1 ±{!;·- ~ 2 • , 

B - npoH3BOJlbHM nocTOHHHM; 2) 8 3 = f , B' =- ( i +! ~ ') . Peme

HHe, COOTBeTCTBylll!lee gl , O'leBH,ll;HO, He Y,ll;OBJieTBOpgeT rpaHHtJRo

MY ycJIOB.Hil Ha 6eCKOHe'IHOCTH (2.8) (saMeTHM, "'TO B x>l ecTb 

TO'IHOe pemeHIIIe ypaBReHHR (2.7)). 
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B 3~eHHe OTMeTHM, ~TO H3 CXO~OCTH CTeneHHOrO pas~o

EBHRH (3.7) (eM. §4) c~e~eT, ~TO paBeHCTBO (3.3) 
_i_ _ r J..(Y.CJ')di;j 
~2. - ~ J.'(ll.liJ') + '3 (3.8) 

TO~eCTBeHHO BHnO~eTCH npH BCeX ~2 • ~ TOro, ~T06H TO~eCT-

BO (3.8) BHUOJIHHJIOC:b npH q'-+ 0 , He06XO,nHMO, ~T06H B aCHMUTO
_J..+V'i< -az' 

Time ol.(x) co,nepJKaJICH ~eH X 2 " " • 

§ 4. Mcc~enoBaHHe cxo.nHMOCTH cTeneHHHX pgnoB 

H aH~TH~ecKHe CBOftCTBa pemeHHi 

HaH6~ee npRHUHllHaHbHHM BOllpoCOM B ,n~HeftllieM H3y~eHHH pe

WeHHi KpaeBOi sa,na~H (2.7),(2.8) HB~eTCH HCC~e,nOBaHHe CXO,nH

MOCTH llOCTpOeHHHX B §3 CTeneHHHX pa3~0~eHHi B OKpeCTHOCTH TO~

KJII X-::: 0 , ~TO 003BO~T: I) llO~~HTb B~Yil HH4JopMaiUW 06 aaa

~HT~eCKHX cBoicTBax pemeHHi (KoHe~Hft ~ 6ecKoHe~HHI pa,nHyc 

CXO,nHMOCT.lil ) ; 2) 'I.li!C~eHHO Onpe,ne~Tb C JI!l6oft TO'IHOCTbiO <f.. (><19'); 

3) npaB~bHO llOCTaBHTb sa,na'Iy aH~TH~eCKOrO npo,nO~HRff peme

HHi Ha BCID ,neHCTBHTe~bHYil OCb {oco6eHHO HHTepecHa BpeMeHKDO

,no6HaH o6~aCTb HMny~COB) H Ha KOMU~eKCHYil ~OCKOCTb. 

ilO)(CTaB~R CTeneHHOH ~ (3.7) B ypaBHeHHe (2.7) HeTpy,nHO 

llO~'IHTb C~e,ny~JmHe He~Heftaue peKyppeHTHHe COOTHOWeHRH ~ 

KOS<i4HUHeHTOB 

{ 

aq = 1, 

a~~ •. =- "i; c, 6n-L +{nin+:t)+g')C£., 

(17•1Hn+2.) 

" 

(4.I) 

r.ne g, == Ul+i)ln+2)a.,.,, C.,= ~a, a.,_,. c~omaa cTpyKTypa 
"=o 

3THX He~elHax pasHOCTHHX ypaBHeHHft He ll03BO~eT llO~~HTb B 

HBBOM BH,Ite HX pemeHHR ~ XOTR 6H aCHMUTOTI4lty Q., npH 11~00 , 
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KOTOpoi B llpJIHUHUe 6~0 6H ,nOCTaTO~HO ~ OTBeTa Ha BOllpoC 0 

CXO,nHMOCTH CTeneHHOro pg.na (3. 7). il03'rOMJ' MH EOCllO~b3yeMCH 

HeCKO~KO HHHM aH~T~eCKHM MeTO)(OM, ll03BOJIRJOilUlM HailTH Bepx

HilJO OUeHKY ~ ja"f H HCll0~30BaTb peKYppeHTHHe COOTHOWeHHH 

(4.!) B ue~OM, He pewaa HX. 3aTeM MH npoBe,neM 'IHCR8HHOe HCCRe,no

BaHHe He~eHHHX ypaBHeHHi (4.!), ~TO ll03BO~T HaM oueHHTb 

pa,nHyc cxo,nHMOCTH psuta (3.?) H ycTaHOEHTb ero SaBHCHMOCTb oTif· 

~0Ka3aTe~CTBO CXO,nHMOCTH CTeneHHOrO ~a (3.7) npoEe,neM 

MeTO,nOM MaTeMaTM'IeCKOi HB,nyKUHH. Q~eEH,nHO, ~TO jacj:; 1. = .f 0 
• 

llpe.nn~araa, ~To 

J" /ct .. I ~ -- d ~ 3 (4.2) 
(11+1.)'1 ) 1 ' 

,no~M, 'ITO let.,., I~ ~"·'(n+2tq • Ms peKYppeHTHHX COOTHOWeHII.IK 

(4.!) HeTpy,nHO ll~'IHTb, 'ITO HepaBeHCTEO 
11 

L /C'dl (6,_i/ + {n(n+i)+ ~']/a .. / /a.,., I~ ,.. ~ 
(}1+1)(V1+2) 

BHUORHHeTCR npH YCROBHH, 'ITO 
']{('1) 

..P"'H•I 

(h+ 2) q 

.? ~ 1- xcqJ 

r,ne ']{(~) H X(q} orpaHM'IHBallT qJyHKUHH ( n =0,!,2, ••• ) 

~~J = (n ... 2. )~ 11(11+1.) + g' 
11+:1. (11+1.)(11+2) 

" I< 
J.(q) _ ( n + Z )q-i "'""" V1- K + 1. ~ ---=1.:....__ __ 

(<1.3) 

(4.4) 

(4.5) 

(4.6) " - (11+i) L (n-K•2)~-· L,_._. (i+iP(K-L+i}Y 
K=o •~o "(('/} 

CBepxy, T.e. 2{J~ql~ ']{cq~ J~qJ ~ xcqJ • Ec~n EepXHIOJO OU8HKY ~ )'" 
yC'J) ·! 

y.n;aCTCSI HaKTI! TaKOil, 'IT061i .A. c:::: , TO Mli TeM CilJ.IID.I flOJIY'IIIM HeTpH-

BHaHbHOe HepaEeHCTBO ~ _f : 5' ~ 'f'(IJ1
), H ~ BCeX ~(~2) , y,noB-

~eTBOpRDmHX 3TOMY HepaEeHCTBy,no ~KUII.IH 6y,neT ,nOK83aHa Ma

mpaHTHaH O[(eHKa ~ KO~HUHeHTOB (4.2), T.e.let"/~ l.f~~,{n+ifq, 
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KOTOpaR 03HaqaeT a6CO~HYD H paBHOMepHyD CXO~HMOCTb CTeUeHHo

ro pJJ.na (3. 7)B Kpyre c pa,neycoM R = If<~') • TaKHM o6paaoM, ~o
KasaTe~cTBO ITO H~KUHH B03MOEHO XHWb Up.H yc~OBHH, 'qTO 

1('1)- '{('{} < j_ -max J'" • 
-0~ 11<CO 

(4.?) 

llp.H 3TOM aaanyqmaa (HHERRR) OU8HKa pa,n.HyCa CXO~HMOCTH no~qa-

xlf/ ylf! rrri'IJ i'IJ 191 
eTcH, ecJIH BH6paTO = 1' H JL = ~ = rna X Cle, • HeTpy~-

o~t'fcoo 

HO OU8HHTb Maitci'JMyM ~~f) : 

(<f) f'(f(t(}- z9{ 9/z. ' 9z ~ 2 j 
~ <Jto-

i ) ~· <2 • 
(4.8) 

HaMHoro 'l'py~aee oueHHT:& MaKC.HMYM 1~'1 • 3To .MO:ateT 6HTb rrpo~e~aao 

aHaH.HTH'q8CK.H, UOCpe~CTBOM CTporHX H8paB8HCTB ~ ~~HHX cyMM, 

BXO~RIIIHX B (4.6), H C HCllO~b30BaHH8M CBOJ.iCTB ) -¢yHKI.Urlt PHMaHa. 

llo~06Hi:dt, ~OBO~bHO C~OlKHIDi,pacqeT llpJ'l 1=3 !IpHBO~HT K oueHKe 

}
131 < 0, 91 9 g . {4.9) 

Eo~ee y~06HO HCC~e~OBaT:& j~l Ha MaKCHMYM "'HC~eHHO. Pesy~TaTH 

TaKOrO HCC~8,ll;OBaHHR ~ 2,5:£1~1.0 llpHBe~eHH Ha pHc.I, H3 

KOTOporo B~HO, 'qTQ B ~aHHOA O~aCTH no 1 HMeeT MeCTO Heo6xo

~e ~ ~oKasaTe~:&CTBa HepaBeHcTBO (4.7). TaKHM o6pasoM, 

rro~"'eHHHe on;eHK.H ~ .f no aBo~ 3aR.Illl'IHT:&, 'ITO creneHHoi 

PJJ.!t (3.?) a6co~HO H paBHOMepHO CXO~HTCR B Kpyre C p~COM 
i - ;.<'1) 

R(f) == J.(I'J ' (4.10) 

r~e ']{~'i orrpe.n;eMeTCR y;aBH8HH8M (4.8), a ~ ]._(9) MOEHO liiCIIOJil>-

30BaT:& JUI60 aHaJUITH"'eCK.He BepXHHe OUSHKH THna (4. 9), JUI60 "'HC

~eHHHe pesyJI:&TaTH (pHc.I). 

TeopeT.H"'e~Kaa oueHKa pa,neyca cxo~ocTH (4.10) HBXRetcR 

B9C:&Ma rpy6ol H llpe~CTaBMST Co60i ~ HRKRDD OI.J;SaKy ~ HC

THHHOro pa,neyca CXO~OCTH. 0CHOBHM U8Jil> llpHBe~eHHHX Blilll8 
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paccy~eRRH COCTORT OT~b H8 B llO~~eHRR HaR60~ee C~HO~ 

o11:eHKR ,nJIH pa,n;eyca, a B cTporoM .I(OKa.SaTe~cTBe Toro npHHUIIDH

~aoro ~aKTa, ~To cTeneHHO~ ~ (3.7), npe.I(cT~ pemeHRe 

ypaBHeHRH (2.7), .I'IM88T CMHC~, T.e. rrpz ~OM g• RB~8TCR (a6co

~HO l! paBHOM8pHO) CXO~CR B H8KOTOpoM HeHy~eBOM Kpyre. 

~ TO~Horo onpe,I(e~eHHR pa.I(Hyca CXO.I(.I'IMOCT.I'I 6RH ~poB8.!(8H ~HC

~eHHID\ aHMH3 [a ... , I !I a .1 z Vta:T zcxo.IVI Ha peKy ppeHTHHX co

OTHoweRRH (4.1). ~ 3TO~ ue~ y.I(06HO BOCITO~b30BaTbCR npzaHa

KOM Kowz lol, c rroMomhiD KoToporo 6ano no~~eao aaa~eHRe pa

.I(Ryca CXO.I(RMOCTM 

[ ] 
- i;, 

R(~~i) = la"(9',ill , Y7»1' (4.II) 

KOTOpoe 0~8Hb ~aBHO H c~a60 H3M8HR~0Cb npz yBe~eHHH n • 
B Ka~eCTB8 OKOH~aTe~bHO~ B8~~.1'1HH pa,n;Hyca 6pMOCb ~.I'IC~8HR08 

3Ha~eHH8 ( 4. II) , COOTB8TCTBYDI!l88 n ,.... 103• 0TM8T.I'IM, ~TO npH H3-

M8H8H.I'I.I'I n OT 5•102 .!(0 103 TpH .!(8CRT~HHX 3HaKa OCTaB~Cb 
CTa6HJibHHMH. Bwmc~eHIDI npOBO.I(H~Cb np.H a.=i H Cj 2 

E(0,1.0], 

H HX peay~bTaT np.HB8.!(8H Ha pHc.2, Ha KOTOpoM H306paxeHa 3aBH

CRMOCTb R (~~:t.). Pa,n;eyc cxo.I(RMOCTH cTeneHHoro p!l.I(a ,nJIH rrpoza

BO~bHoro ao ~erKO BHpa.EaeTCR qepea TIO~'I8HHYIO HaMH q.yHKWlll 

R('J',:t.): 

R (ct, a.)= a: R (~ 2,1.). (4. 12) 

KoHe'lHHI pa~Hyc cxo~HMOCTH creneHHoro pa~a (3.7) yKaa~Baer 

Ha cyDtecorBoBaHRe ocoo~x TO'leK illYHKilHH J. ( x, CJ 2
) sa oKpy:auocTH 

I)( I== R • EcTecneBHO BOSBHKallT Bonpocw o nonoaeBHII BTMX oco-

OioiX TO'l8K B KOUTIHeKCHOl ITHOCKOCTH H 06 HX npHpOA8 (TO'IXH B8TBne

HHH,ll0HilCa).He pacnonaraa oKOH'latenbHHMH otBeTaKH aa 3TH sonpocw, 

MY paCCMO!PHM ceA'l8C H8KOTOplole HBTepecHHe peaynbTaTH, KOTOplole 

ITOJiyliBil!CH HS 8B8JIH38 p8SJJOli6BHH d. (X,fj 2
) npll M8JIIoiX ij' • 
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IIpH M8JIIoiX 7jz ITO HH~YKilHH .UOliHO llOJIY'lHTb CioJiee CHJlbHYJl 

M8liOp8HTHYil Oll8HKy AHH KO~HilH6HTOB CTeneHHOrO pH~a (3.7): 

lct .. t ~ az gn ) ) Yl = 1.,2,3, ... 
(/ Yl(tl-+i (4.13) 

~H !OrO, 'IT00lol BepaBeBCTBO {4.13) BloiiTOJIHHJIOCb ~1IH rrepB~X KOS~ 

~HilH8HTOll (C.Uo (3.7)), HanpH.uep, npH n::.no (no= 1.,2,3, ... ) 

HeOOXO]IH.UO, 'l!'OO!ol COOTB8TCTBYJlll!88 j> y~OBJieTBOpHJJO HepaBeHcTBy 

.f > J>tl. = 1 - ./t,.,.f + 0(~1()' (4.!4) 

r11e .ft,. JJerKo noJiyqae!'cH Ha pemeHHA coonercnyllDUriX HepaBeHcn 

(cu. (4.!3) H HBB!ole llloiP8li8HHH ]IJIH nepBioiX KOS~HUH6HTOF (3.7)): 

A~= 0, ./1;4 = ~;,.., ../t3 = %, .... Jlerxo noKaaarL, 'l!l'O, ecJIH aepa

ll8HC!'liO ( 4. !4) HMeer 116CTO npH HeKOTOpOII no , TO OHO (}y~eT 

cnpaB6AHHBO AHH BCeX n ~no • HcrrOAbSYH peKyppeHT~e COOTHO

meHHH (4.I),MOliHO llOK838TL, OU6BHB8H CBepxy ~BOitBiole cyuuw, BXO

~DUrie B (4.I),C UOMOmbll (4.!3), '1!'0 HS CITP8B6~AHBOCTH HepaBeBCT-

118 {4.!3) npH JIIlOou n (n>..n.) cJie]lyer ero cnpaBe~JIHBocn H 

nPH n+1 npu ycJIOBHH, no 

5' > ~n. = 1. - fBn.~ 2 + 0(l)-"}, { 4. IS) 

rl(e lEn. nerKO ITOAYll81l!'CH H3 COOTB8!C!'BYillllHX BepXHHX OUeHOK 

H 88BHCH! !01IbKO OT no , T.e. OT Bloi00p8 H8'18JILBOrO mara HH~K

IlHHo TaKKM oopaaou,uaaopaHrHaH oneaKa {4.!3) AOKaaaHa, ecnu 

H8p8B6HC!'B8 (4.!4) H (4.!5) C00JIIl~81lTCX O]IHOllpeMeBHO, !'.e. npB 

YC1IOBKB, ll!'O 

J> > i - ¥r~~ rt + 0 ( 9") , {4.!6) 

rAe On.=min{Jt,.., s,.} . Ha {4.!6) U011Yll&elf BDBIIIl Oll8BKY 

AJIH pa~yca CXOAaMOC!'B C!'eneBBOrO PBAS (3.7) UpK lf8AWX ~ 2 

R l9~1) ~ 1. + r,.,. <j 1 + OUrJ . (4.!7) 
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8T8 OQ8HK8 HDRH8TCH B8CbM8 pe8RHCTH1:!8CKOI,T8K K8K OH8 ~OK83W

B88T oOHapy:&eHHW£1 paHee l!HCReHHO (pile. 2) qJ8KT et·m R(lj~i) = 1 
~·-.o 

¥110 pacTeT C yBeRH't!8HH811 no H npH 11o ~ 3, ;(., • .C 2 

nOSTOMy YH HX He BWllHCNBaeu, TBK K8K HHEe, HCXOAH H3 APYrHX 

COOOpaxeHHa, MH ITOJIY't!HM 6onee CHJibHYD O~eHKY (011. (4.21)). 

IToJiyl!eHHWI peayJiuar (4.17) oaHaqaer, l!TO pemeHHe d..(x,fjl) 

8H8RHTH't!HO B enHHH't!HOM Kpyre H l!TO OCOONe TO't!KH 110ryr BNXO~HTb 

H8 8;ll11HH't!HYD OKPYEHOCU npH g'- 0 • IlonNT88MCH YTO't!HHTb ITOJIO

ll8HHe 3~11X OC06NX T01:!8K B KOIIITR8KCHOI nROCKOCTH. Ha1160nee ecrecT

B8HHNII K8E8TCH pemaTb yp8BH8HHe (3.4) ITO TeOpHH BOSMymeHMI, T.e. 

fiORY1:!8Tb p83ROll8HH8 rA (X •IJ1
) no CTeneHHII fj 2 C UOIIOIIIbD 

HTepHpoDaHHH. ITepDaH Hrepa~HH npHDO;llHr x WYHK~H 

d..(x,9'} ~ t +gz[i _<!;x;fh(i+x)], (4.18) 

HII8DIII81 TOqKy B8T:BR8HHH npH X = -1. • B CBH3H C STHII npe;aCT8BRH8T 

llHTepec HCCR8~0B8Tb llOB8;ll8HHe pemeHHI B OKPSCTHOCTH STOI TO't!KH. 

8TO IIOlleT 0HTb npo~eJIBHO C nOIIOJIIbD ;llBYXCTOpOHHHX HepaBSHCTB ;llRH 

d-(x,g'): 

cl.(x,q') ~ [ 1- cr{ 1- i;x en (:t+x)}]-:1.' (4.19) 

1 z[ X +J.
2
{X,')l) /) (i X )] cJ..cx,9) ~ 1 +~ 1. + x uz - oi.'Cx,~'J ' (4.20) 

KOTOpNe ITORY1:!8DTCH H3 HHTerpaJibHOrO yp8DH8HHH (3.4), cnpaBe;a

JliiBN IIPH X E (-R(~~1),0] il HBRHDTCH CR8;llCTBH811 8H8JIHTH't!HOCTil 

d..(X.fl) B Kpyre pa,llHyca (4.I7), r.e. i!UeDr uecTo npH gz~o • 

ITpH x =-i Ha (4.I9), (4.20) noRyqaew d..(-i,CJ')= i+9'+0(<n, liTo 

npH ilO,llCT8HOBK8 B iiCXO,llHOe H8Jli!H8lHOe ypaBHe~He npHBO;lliiT K 

BHBO~ 0 cymecTDOB8HHil ROrapHW11i11l8CKOI TO't!Kil B8TBR8Hi!H H8 ;aelcT-

Bi!T8JlbHOI OCH: Xo = -i- 2~2 + 0(~") npil 118JINX ~2. • 

TaKHU oopasow, nocrpoeHHNe ,llByxcropoHHHe o~eHKil noaBoJIHDT,c 
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O;llHOI CTOpoHN, yroqHMTb noBe;aeHHe pa;aayca CXO;lli!KOCTH (CK. (4.17)) 

R < 9'· i) = 1. + 2 ~ 2 + o ( f'), (4.2I) 

c ,llpyrol cropoHN 1 npe;acxasarb noJioEeHHe H xapaxrep xoTH ON 

O;llHOI HS OCOCNX roqex (Donpoc 0 CYJ118CTBOB8HHH il nOJIOlleHi!H ;apy

rHX OCOONX roqex H8 OKPYEHOCTH CXO;llHIIOCTil ocraeTCH OTKPWTWII). 

Ha (4.19) il (4.20) rax•e IIOEHO noJiyqi!Tb HHrepecHwe HepaBeHcT

Ba ;ztJIH o(~ (-i, tt) npH cgz~o 

o(~(-i,~1) ~ g2 (,;e(-i,CJ')jln{.292 (i- ~J}/-1), (4.22) 

ol.~(-1,~ 2) ~ ~ 2 (d..'(-i,~ 2J/ en {29 2(1- ~52)}/+consi), (4.23) 

J I 2 /) 2 
HS xoropwx cJie;ayer, no 0\x (-1.,g 2

) ;4o ~ c..n 9 • IIocne;aaee 

03Haqaer, l!TO CT8H,ll8pTH8H reopHH BOSIIYIIIeHHI (paSJIO&eHHe no 

creneHHU 9z ) HenpBueHHua B xaqecrBe uero;aa pemeHHH ypaBHe

HHH (3.4) i1 HeOOXO;lliiiiO HCOO~b30B8Tb ee IIO;lli!WH~HpOB8HHWI B8-

PH8HT /7/. TaxaH CHTya~HH HBJIHercH oOwqHol ;aJIH HenepeHopuH

pyeuwx reopHI noJIH, B CJiyqae ae KB8HTOBOI B~eKTPO;lli!H811HKil STOT 

peayJibT8T KSlleTCH HeCKOJlbKO HeOllil;ll8HHWII. 

§ 5. 38KJID't!eHH6 

B HacroH~eA paOore Haqaro nocJie;aoDare~bHoe *ccne;aoBaHHe 

pemeHi!l ypaBHeHHH ;llJIH SJieKTpOHHOrO nponararopa B 11 KOHel!HOI 11 

KB8HTOBOI SJieKTpO;lli!H811i!Ke nllOHCOH8 il ;ap. / 2/. KoHeqHaH ~eJib 
BTOrO HCCJie;ztOB8HiiH - BWHCH8Hile npo0R611W IIPOHCXO&,lleHHH UBCCW 

8JieKTPOH8 H B03110llHOCTil nocrpoeHHH npHOJIHlleHHWX pemeHHI KB8HTO

BOI 8JieKTpO;lliiH811HKH, He co;aepE8111i!X paCXO;zti!MOCTeA. llepBNII marON 

BTOA nporpaiiUW ftB~HeTCH nOJIHOe HCCJielOB8HH6 HeJIHH6IHOrO ypaDHe

Hilft ( 2.6 ) ;aJIH nponararopa uexrpoHa. EcnH pelleHHe HKeer oco

OeBHOCTil TOJibKO H8 Be~eCTB8HHOI OCil p2 
, TO 0JIHEBimaH OCOOeH-
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.f 

Boer:~> onpe~eHBe~ WMaHqecKym waccy s~eK~poaa. EcHH cy~ec~Bym~ 

ocoOeaaocTH npM KownneKc~x saaqeHHHX pt , ~o no~xo~ pa6o~w /2/ 

K llOCTpOeHMD KOHeqHO~ KBBH~OBO~ S~eKTPO~BBMHKH 6ecneponeK~HB6H 1 
~.K. B S~OM cnyqae Be BWllOBBBHH OOBOBHHe ~pe6oBaHHH 1 npe~~HBRHe

MWe K 11 XOpome~" KBaHTOBOl! TeopMH llO~H. 

MH llOKa3BRH BWW~, q:o pemeHHe H8BHH8l!HOJ! KpaeBOI 38~8qH 

( BCJIH OHO CJ~B;ye\')~ O,M88t8Rl>HO I'OBOMOPWHO 11 BeKO~OpOII Kpyre 

KOMn~eKCHOl UbCKOC~Jr pl, H QMC~BBHO HBWRH pa~Hyc 3~0!'0 Kpyra 

npH paa~HQHWX 3HaqeBMHX aaTp8BOqHOI'O aapH~8 SRBKTpOHB e: • 
OTueTHM cymecTBOBBHHe ~BYX KaQeCTBeHBO pa3RHQBWX o6nac~e~ e: 
npH ~OCTaTOQHO MaRWX 3H8QeHMHX e: pa~HyC Kpyra pacTeT C poe

TOM e; t a npH 60R:bWHX 3HaQeHHHX e: STOT pa~yc YMBH:bmaeTCH. 

Ec;m ocoCieHHocn 1 onpe~eRHillllBH STOT pa~11yc 1 aaxo~IITCH Ha BemecT

Beaaol! OCII 1 To aTo oaaaqaeT 1 QTO 11 nepBOM cnyqae W11311qecKaH 

uacca pacTeT c pocTOM e: I a 110 BTOPOM - y6wBaeT. MosHO H83BaT:b 

COOTBeTCTBYilllllle peweHIIH "paaJIMqHWMH ~a38MII": HOPM8Bl>H8H ~838 -

npll uanwx fo
2 

II 8HOMaB:bH8H - npll 60R:biDHX fo' • TOQK8 I B KO-
d R(e:J 

Topol! de: = 0 , ecTl> TOQKa "ilJaaoBoro" nepexo~a. 9To o6cToH-

TeR:bCTBO 38CRYKIIB88~ ~8JI:bHel!mero MCCRe~OBBBHH 1 O~H8KO caaqana 

H806XO~IIUO y6e~I!TbCH, qTo OC066HHOCTII H8XO~HTCH H8 B611l6CTB6HHOJ! 

OCH. Tip11 MaRWX 3H8Q6HIIHX e; npii6RI!KeHHWe pemeHIIH MMellT TOQKy 

BeTBReBIIH npll B611leCTBeBH6X 3H8Q8HIIHX p~ , HO MH nOK8 He CMOI'JIII 

~OK83aT:b 1 Q~O 3~8 TOqKa B6TBR8HIIH BCT:b OC068HHOCT:b ~OQHOI'O pe

ID6HIIH. Tpy~HOC~b IICCR8~0B8BIIH BHaRMTIIqecKIIX CBOJ!C~B pemeHIIH no~

qepKI!BaeTCH 06HapyzeHBOl! HBNII OC068HHOC~:bll ~OQHOI'O pemeHHH no 

e: npll f/ ~ 0 : TOQH06 pemeBHe H6~!>3H paa~OKI!f:b no CT8ll6HHII 

e: . 
B nocne~yllllliiX pa6oTax uw npe~nonaraeu npo~o~aHTb HaqaToe 

a~ec:~> l!ccne~oBaHHe, paccuoTpeB B nepBym oqepe~:b noBe~eHHe 
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pemeHIIH B OecKoHeqHo y~aneHHo~ TOQKe p 2~oo 11 no~oaeHHe oco

OeaHocTel! B KOMnJieKCHOl! llJIOCKOCTII f 2 
• 9TO HCCJie~OB8HIIe 

~ORSBO ~8Tb OTB6T H8 BOnpoc 0 CYIIlBCTBOBaHHH, 8~HHCTB6HHOCTH H 

8H8RIITHqecKHX CBOl!CTBaX pemeHHH 38~aqH (2.6), (2.7), (2.8). 

B 38KJIIJqeaHe aBTOpH BWpaaallT CEOil IICKpeHHDil 6naro~ap

HOCT:b P.B.ITOJIHKOBO~, COBMeCTHO C KOTOpol! 6HJIII no~yqeHW QIICBBH

~e peayRl>T8TH, BOme~mlle B ~aHHyll pa6oTy. O~H H3 8BTOPOB 

(E.r.~.) rny6oKo 6naro~apeH ~upeKnHII OMHH H wHoruw coTpy~-

HMKaM ]T~ OHHH aa oKaaaHHoe rocTenpiiHMCTBO 11 

XOpOIDIIX yCJIOBII~ ~JIR padOTW. 
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