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0 1916 Othel)uHeHHWu uHc•u•Yif ~l)eplf~~ ~ccAeooequli.RY~..a 

HacTOHIQaJI pa6oTa npo,ZJ;oiDKaeT Ha'laToe a /1~ I uc

cne,ZJ;OBaHHe 3a,ZJ;a'IH o B3aHMo,ZJ;eucTBHH ,ZJ;ayx penHTHBHCT

CKHx cl>epMHOHOB. C 3TOH UeRLIO HCDORL3yeTCJl KBa3HDOTeH

UHanLHLIH DO,ZJ;XO,ZJ; K KBaHTOBOH TeOpHH DOllJl B cl>opMynHpOBKe 

Ka,ZJ;LIWeacKoro /4/. 3ToT cl>opManH3M o6rra,ZJ;aeT cyiQeCTBeH

HLIM CBOHCTBOM - TeCHOH reoMeTpH'IeCKOH H TeopeTHKO

rpynnOBOH CBH3bl0 c xopowo pa3pa6oTaHHLIM HepfnHTH

BHCTCKHM aynapaTOM KBaHTOBOH MexaHHKH lS- 7 . · TaJ<, 

COr naCHO /S • KBa3HDOTCHUHanLHbie ypaBHeHHJl B HMDYllbC

HOM npocTpaHCTBe ,ZJ;llJl aMnnHTY~LI H BORHOBOH cl>YHKUHH 

HMCIOT BH,ZJ;, aHanorH'IHLIH BHAY HepenJlTHBHCTCKHX ypaB

HCHHH JlunnMaHa-lllBHHrepa u lllpe,ZJ;HHrepa: 
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- 1 ·z 1T , " I 2 I 2. 
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/2/ 

1inH30CTL K Hepen.IITBBHCTCKOH TeOpHH COCTOBT He 

TOllbKO BO BHCWHeH aHarrorBH Me~y cl>opMOH KBa3HnoTeH

UBaiTLHLIX ypaBHeHBH B ypaBHeHBH KBaHTOBOH MeXaHBKB, 
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HO H B IIO'O?HH dJopMbl qneHOB B3aHMO,IJ,eHCTBHH. KaK IIO

Ka3aHO B I , KOBapHaHTHble dJeHHMaHOBCKHe Ma TpHqHbie 

3neMeHTbl B IlpH6nH*eHHH O,lJ,H06030HHOrO 06MeHa, Hrparo

IIUie ;onb KBa3HIIOTeHUHanOB, C IIOMOIUbiD rrpe,IJ,no*eHHOrO 

B /I rrpeo6pa30BaHHH MOryT 6b1Tb rrpe,IJ,CTaBneHbl B BH,IJ,e 

TpexMepHoro reoMeTpuqecKoro o6o6IUeHHH /B CMbicne reo

MeTpHH Jlo6aqeBCKOrO/ XOpOlliO H3BeCTHbiX IIOTeHUHanOB 

KBaHTOBOH MeXaHHKH /eM. ,l(onO/lHeHUe/. AHanorHH C He

penHTHBHCTCKHMH IIOTeHUHanaMH COXpaHHeTCH H IlpH IIe

peXO,IJ,e K penHTHBHCTCKOMy KOH$HrypaUHOHHOMY IlpOCTpaH

CTBy /2~/, BBe,IJ,eHHOMy C IIOMOIUbiD pa3nO*eHHH IIO YHH

TapHbiM HeiipHBO,lJ,HMbiM rrpe,IJ,CTaBneHHHM rpyiiiibl JlopeH

ua B/6/ I CM. ,l(onoAHeHue/. 
HaCTOHIUaH pa6oTa IIOCBHIUeHa IIOCTpOeHHID rrapuHanb

HOrO dJopManH3Ma ,IJ,nH OIIHCaHHH CHCTeMbl ,IJ,BYX penHTH

BHCTCKHX dJepMHOHOB. llpH 3TOM, 6naro,IJ,apH ,lJ,OCTHrHyTo

MY B /I-7/ IIO,IJ,06Hro penHTHBHCTCKOrO arrrrapaTa HepenH

THBHCTCKOMy $OpManH3MY, B03HHKaeT B03MO*HOCTh cy

IUeCTBeHHO HCIIOnh30BaTh aHanorHro C MeTO,IJ,aMH KBaHTO

BOH MexaHHKH. 

CornacHo /3/, CHCTeMa .IJ.BYX B3aHMO,IJ,eHCTBYIDIUHX dJep

MHOHOB OIIHChiBaeTCH KBa3HIIOTeHUHanbHhiM ypaBHeHHeM, 

HMeiDIUHM B penHTHBHCTCKOM f -rrpOCTpaHCTBe BH,IJ, 

" 
(2Eq-2H 0 )1Pq(1;a)J1,. ~ V(r) 1111 ·'P (1;a)

11
• , /3/ 

f1 

r.n.e 2 E q - rronHaH 3HeprHH cucTeMhi, a MaTpuua KBa3u

rroTeHuuana v ( r) HaXO,lJ,HTCH cor nacHO OIIHCaHHOH B /I-3 I 
rrpoue.n.ype. llpu yqeTe ueHTpanbHI]]X, crrHH- op6HTanhHhiX 

H TeH30pHbiX CHn KBa3HIIOTeHUHan V ("r) MO*HO rrpe,IJ,CTa

BHTh B BH,IJ,e /2,3/ 

V(r) .. v (r)+V (r)(sl) + v (r)s 
2

, 
I , /4/ 

r.n.e S ,. (~1 + d- 2 )/2- rronHbiH CIIHH, a S
1 2 

""6(S 7I) -iS 2 -, 
orrepaTop TeH3opHbiX cun. 

OrrepaTop penHTHBHCTCKoro CBo6o.n.Horo raMHnhTOHHa

Ha H 0 , Haii.n.eHHhiH B /6 I, HMeeT KOHeqHo-pa3HOCTHyro 

IIpHpO,IJ,y H COCTOHT H3 OIIepaTOpOB C,lJ,BHra IIO MHHMOH OCH 

B KOMIIneKCHOH IInOCKOCTH KOOp,IJ,HHaTbl r C maroM, rrpo

IIOpUHOHanbHbiM KOMIITOHOBCKOH ,IJ,nHHe BOnHbl qaCTHUbl 1/M: 

4 

~-~·--- --------~-------

" i a i i a Ao "" i a 1 H = M ch (- -) +- sh (- -)- -~xp(- --). 5/ 
0 M a r r M a r 2Mr 2 M a r 

Co6cTBeHHble dJyHKUHH orrepaTopa /5/ g(a;~,r ), y.n.oBneT-
,. -+-+ -+~ ) // 

BOpHIOIUHe ycnOBHID Ho g ( q; n 'r) ,..Eq e< q; n' r ,HMeiOT BH,lJ, 8 

-+ -+ 

g(~;n,r) ( q 0 -~-~ ) -I -i r M. 

M 
/6/ 

B HepenHTHBHCTCKOM rrpe.n.ene d!YHKUHH /6/ oqeB~jlbiM 
o6pa30M rrepexo,IJ,HT B o6biqHble rrnocKHe BOnHbl exp ( iq r) · 
llapuuanbHOe P,a310*eHHe penHTHBHCTCKOH IInOCKOCTH BOn

Hbl HMeeT BH,IJ, 16 •7· : 

-->-+ 

g(q;n,r) =I ie (2f+1 )pn (chx ,r) Pf (..i!__), /7/ 
f=O r:. q q r 

r.n.e x q = Arch ( q 0 I M ) . 

<l>yHKUHH 

.e." (irM+f~]_p-I/2 -e (chx) 
p fchx, r) = (-t) y' shx -fti rM + 1) -l/2 +i rM 

. f 
1 

f' ( -i rM + 1 ) f d e 
·--- (shx) (---) p 0 (chx,r) 

f'(-irM+f+1) dchx 

C HyneBOH rapMOHHKOH 

P 
0 

( ch X ,r) = sin r M X 
rM sh ~-

/8/ 

/9/ 

HBnHIOTCH penHTHBHCTCKHM 0606IUeHHeM cdJepuqeCKHX dJyHK

UHH lieccenH ie (qr). 
BBe,IJ,eM Terrepb co6

2
cTBeHHble dJyHKUHH on epa TOpO~ KBa,IJ,

pa Ta IIOnHoro CllHHa S H rrpoeKUHH CIIHHa Ha OCh Z X~) (a) 
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IB HaweM cnyqae S,. 0,1 1. Tor.na c y'leTOM 17 I ,nm1 penx

THBHCTCKHX llilOCKHX BOnH CO CllHHOM 6y,neM HMeTL 

(S) 
c(q;n,r) X (a) = 

p. 

=4rr ~ i e Pn (chx ,r) I n<_s} (ii) l In~~> Cn) l ,llOI 
jfM L q ILM q a p.M p. 

( s) 
r,ne fl j em - wapOBLie CllHHOpLI, KOMllOHeHTLI KOTOpbiX 

HMeiOT 06bi'IHhiH BH,n; 

In (S) (~) l = < r M-as a I j M > y (~) . 
jfM a f ,M-a 

1111 

TaKHM o6paJoM, yrnoBax qacTh napuHanhHoro paJno

)l(eHHH ,nnH llilOCKOH BOilHhl CO CllHHOM 1101 B ,naHHOM no,n

xo,ne HMeeT TOT )l(e BH,n, 'ITO H B HepenJITHBHCTCKOM $op

MailH3Me. l13MeHeHHIO llO,nBeprHyTbl ilHWb pa,nHailbHble $yHK

UHH, 'ITO ll03BOnHeT HCllOilb30BaTb XOpOWO pa3pa6oTaHHble 

MeTOALI HepenJITHBHCTCKOH KBaHTOBOH MexaHHKH. 

BBe,neM pa,nHanbHYIO <l>-YHKUHIO w o_i, , n ( r) c llOMOIUbiO 
(. S • lS 

aHanorH'IHoro I 101 paJno)l(eHHH ' ' 

(S) -> 4 1T i :t.. (S ) -> (S , ) (-> ) I 
'Pq, (r,a) =--- ~ wf'''.fs(r) lu ·fM(n )I !n.f'M n . 

•r rsh Xq ·fMP's' s' J a I p. 
J 1121 

YpaBHeHHe 131 nepexo,nuT B CHCTeMy napuHanbHhiX ypaBHe

HHH, KOTOpaJI B 06J:UeM cnyqae HMeeT BH,n * 

.-.rad j " i . i (r) 
(2Eq-2H 0 )wn, '.n{r)= ~ vf"S"·f-g(r,E )Uf"S"·PS ' 

L s ,rS e "s N • • q • 

1131 
rne 

H ... rad ( i a ) f'(f'+1) i a 
= M ch -- -- + ---- exp (- --) 

0 M ar 2M r< 2 > M ar ' 1141 

"'B 1141 fl2J JIIlenc~aBnxeT ~o6ou o6o6I.UeHHYIO cTe-
neHh, BBe,neHHYIO B 197: r ( .) = (i/M) r(-irM+A) /r(-irM) . 
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I 

' 
'} 
l 

II 
J 

\ 
I 

j .k (S ') -> " -> (S ) -> 
v ( r; E ) "' I d w u. n, ( n ) v ( r ; E ) n . n • ( n) . I 15 I 
f 'S,; f S q n J r. M q J t ~.~ 

MaTpH'IHhie 3neMeHTLI v ~ 's ':fs (r; E q ) B uaweM cnyqae 

KBa3HllOTeHQHana 121 nerKO Bhi'IHCilHIOTCJI. llpH 3TOM, 

6naro,napH llOilHOMY COOTBeTCTBHIO penHTHBHCTCKHX CllHHO

BbiX CTPYKTYP KBa3HllOTeHQHana 121 HepenxTHBHCTCKHM 

CllHH-cTpyKTypaM, a TaK)I(e COOTBeTCTBHIO yrnOBLIX qacTeH 

napuHanbHLIX paJno)l(eHHH 151, 17 I Ma TPH'IHbie 3neMeHTLI 

6y,nyT HMeTb $opManhHO TOT )l(e BH,n, 'ITO H B HepenHTHBHCT

CKOM cnyqae .... 0Til}\..'1He 3aK.UIO'IaeTCJI B HBHhiX BLipa)l(eHHHX 

,nnJI «J>yHKUHH V S , V SL H V T , KOTOpLie B paMKaX MO,nenH 

O,nH06030HHOrO 06MeHa 6binH Bhi'IHCneHbl B /2/ 

11CKOMaJI CHCTeMa napuuanbHLIX ypaBHeHHH, OllHCLIBaiO

IQaH B3aHMO,neHCTBHe ABYX penHTHBHCTCKHX $epMHOHOB, 

HMeeT cne,nyiOIQHH BH,n: 

SuO,f',.j 

· a T I) · a [2 E -2M ch ( _!. __ --)- -lll'k-exp ( _!.. --)] w. 
0 

q M a r M r 121 M a r 1' 

,., Vs w j,O 1161 

S=1, f'=i 

· a ·c 1) · a [2E -2Mch(2...-)_J~ exp(!..--)]w. 
1

"' 
q M ar Mr\2J M ar I • 

=[v +2V Jw 
S T j, 1 1171 

S=l, f'=i-1 

· a ·c 1) · a [2E -2Mch(_!..--)--1~( exp(..!..-) ]w. 11 "' 
q M ar M7'2) M ar J- • 

2(j-1) .... 
=[Vs +(j-1)VSL- 2f0--VT]wj-l,l 6yj(j+l)_yT wj+l,l - 1 

2 i+ 1181 
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S""l• f'=j+1 

[2E -2Mch(_L_a_)- U+ll(i+2) ]w ,. 
q M ar Mr 2) i+L1 

[v... -<· 2) v" 2 (j +0 v"' 1 6vj(j+ll" ,. J+ ---- w ----'V w 
S SL 2j+1 T j+1,1 2j+1 T j-1,1. 

/19/ 

YpaaHeHHB /16/ H /17 I, orrHChiBaiOIUHe B3aHMO,IJ,eilcTBHe 

B CHHrneTHOM H B TpHrrneTHOM COCTOBHHBX C f' ,.,r = j 
oKa3hiBaiOTCB HeCBB3aHHblMH. CaBJaHhl nHlllb ,IJ.Ba rrocne,IJ,

HHX ypaBHeHHB /18/, /19/ )J,llB COCTOBHHH C f',., j-1 H 

e '"" j +1 , HMeiOIUHX O)J,HHaKOBYIO qeTHOCTb. 

HTaK, rrpe,IJ.no>KeHHhlH a ,IJ,aHHOH pa6oTe rrapuHanbHhlH 

cilopManH3M )J,llB penBTHBHCTCKOH CHCTeMbl )J,BYX qaCTHU 

CO CIIHHOM B CBOeH yrnOBOH qaCTH IIOllHOCTbiO aHanorHqeH 

HepenBTHBHCTCKOMy. 3TO C03,IJ,aeT orrpe,IJ,eneHHbie y,IJ.{)fiCTBa 

)J,llB "penJITHBH3aUHH" HepenBTHBHCTCKHX pacqeTOB, )J,llB 

qero )J,OCTaToqHO pa,IJ,HanhHble qaCTH IIOTeHUHanoB 3aMeHHTb 

COOTBeTCTBYIOIUHMH penBTHBHCTCKHMH Bblpa>KeHHBMH, a .D.Hcil

cllepeHUHallbHbie orr epa TOphi - KOHeqHO- pa3HOCTHblMH. 

AaTophi Bbipa>KaiOT rny6oKyiO 6naro,IJ,apHOCTh B.r .Ka.D.bi

llleacKoMy 3a IIOCTOBHHOe BHHMaHHe K pa6oTe, a TaK>Ke 

B.A.MaTaeeay, B.A.MemepBKoay, P .M.MHp- KacHMoay , 

A.ct>.IlalllKOBY, ll.H.IloHoMapeay, B.H.CTapHKOBY, H.C.llla

rrHpo Ja o6cy>K,IJ,eHHB H HHTepec K pa6oTe. 

,lfonO/lH€HU€ 

IlpHBe)J,eM pH.D. IIOTeHUHallOB O,IJ.H06030HHOrO 06MeHa, 

3aiiHCaHHblX B TepMHHaX 3lleMeHTOB IIpOCTpaHCTBa llofiaqea

CKOrO /1/. 
Ilocne OT,IJ,eneHHB BHrHepOBCKHX apameHHH d12

{ V-
1
(A ~,k) }, 

HMeiOIUHX KHHeMaTHqecKyiO IIPHPO.D.Y, B cnyqae o6MeHa 

IICeB)J,OCKanBpHbiM H BeKTOpHbiM Me 30HaMH Ma TpHqHbie 3ne-

8 

' 

I 

~ 

1 

l 

' I 

"' 
I .. 

MeHTbl, OTBeqaJOIUHe cileHHMaHOBCKHM rpacilaM, MOryT 6biTb 

3aiiHCaHbl cne,IJ,YIOIUHM o6pa30M: 

ua•C) r uai (1:) -a2 (-+) r a; (k ) 
2 pl a 1 U P2 a U 2 

g ------------------ .. 2 2 
JL -(p -k ). 

1 I 

(2 ) -> -> I 12 -I 
=l <CTta2IV (k(-)p)\a1 a.2 >D', IV (A .k1 )lx p p a a p 
C7Ipa2p 1p I I 

xD 1/
2 ,IV-I (A ,k )! 

a a p2 2 
2p 2 

r ,IJ,e rrpH 

VPS 

-> -> ) 
2 4(a'1_~~~~a2_~-, 

( k (-) P ) = g PS --2 + 4; 2 
JL l 

/1.1/ 

/1.2/ 

a IIPH la ""YJL B CHCTeMe UeHTpa Macc(j}. =-p 2==p;k 1s~2,.k) 

2 
_, _, _, 2 4M _ 

v (k(-)p;p) =- gv -2--
4 

.... 2--
v JL + K 

4 --+ --+ ........ --+2 --+ ·~ ...... --+ --+ ...... 

2 4(a
1

K)(a2 K)-4K (a1a 2) 2 8p 0K 0 i(a1+a2)[pxK] 
-g ---------- -g ----v 2 4 -.2 v M2 2 4->2 

JL+K JL+K 

2 2 .... .,. 4 
2 8 p o K 0 + 2 p 0K 0 ( p K) - M 

- g -
VM2 JL2+4K2 

8 
g2 -

- v M2 

<a -p) <a 
1
--K ) < a 

2 
r ) ra 1) 

. . ' 
JL2+ 4~2 

/1.3/ 

9 



r,IJ,e ; - nonynepe,IJ,a'la HMnynLca B npocTpaucTBe Jlo6a
qescKoro, peanu3yeMoro ua sepxueM none runep6onou,IJ,a 
~ -1}2,. M2, CB.R3auuax c nepe,IJ,a'leil HMnynLca 

-+ -+ 
-+ -+ -+p k.p ) -~ -+ k (k --~ "" k(-)p = - M 0- p + M 

0 11.41 
-+ -+ 

~ o = ( k {-) p) o = ( ko Po - k P ) I M 

COOTHOlUeHHeM 

... t M 
K = a V -------

2{~0+M) 
11.51 

ct>opMa KBa3HDOTeuuuana I 1.21 nonuocTLIO auanoru•ma BH.IJ.Y 
COOTBeTCTBYK»Uero Hepen.RTHBHCTCKOrO llOTeHUHana 

......,. -t _., --+ 

nep; ' -+ 2 ( al l~ 1 ~) )( ~ t\ 2 'l) 
v (k-p) = g ---~--

p s t\2 
p. + l ') 

11.61 
2 4 ((;I ~~~) { (;2 ~2:l ) 

=8 --------
2 4~2 

p. + 1'3 

r ,IJ,e ~3 = k- ... p , ; 3 ~ (k - p ) I 2 - 3BKJJH.IJ.OBa nepe,IJ,a'la 
H nonynepe,IJ,a'la HMnynLca. 

Kaa3unoTeuuuan I 1. 31 npe,IJ,cTaBn.ReT co6oi pen.RTH
BHCTCKoe, reoMeTpH'IecKoe o6o6~euue noTeuuuana l>peiiTa, 
KOTOPLIH 3anHCLIBaeTc.R c TO'IHOCTLIO .IJ.O q:neuos v

2
/ c 

2
. 

06pa3LI 11.21 H 11.31 B pen.RTHBHCTCKOM KOH$Hrypa
UHOHHOM npOCTpaHCTBe HaH,IJ,eHLI B 121. Heo6XO,IJ,HML1e ,IJ,Jl.R 
uawero CJJy'la.R penJITHBHCTCKHe KBa3HDOTeHUHaJJLI, COOT
BeTCTBYIO~He CDHH-op6HTaJJLHLIM H TeH30pHLIM CHJlaM, 
HMeiOT BH,IJ, 

1 
V {r) =--~ 

SL {277) 

E 1 
--
M r+iiM 

ja .... 
1 [ 1-e-

2 
M a r ](S L) v (r) 

-- lOK 
2iiM 11.11 

10 

j 

j 

1 r 2 2 
V { r) :;o .,..,..... - -- - [ JL + 

T 3 (r+i/M)(r+2iiM) 

2 th rMa __ . + ). . ,......T 3L(1 .,. ,.1!:.,~.- . . 2/4M + r· 2M ....)1-p 

1 
+-. -. 

3 2 2 4M2) _.,...,.._ 
3 ,..2 L(l- P. I - 2chrMa 

1 
v {r) , 11.81 

M2 . .. lOK 
~. -···2 

r 2 1 -p214M 

r,IJ,e V (r) 
!OK 

IOKa:aLI 
- penR'THIJII.C'fCKOe o6o6.r.qeuue noTellUHana 

1 
112 <4M2· 

_,._ ,....£_h_rMa 
4"r sh rM~ -- ' 

a =acr cos 
~1!.2 

2M2 

YoK {r),. < 
1 

p. 2>4 M2 
11.91 

· -- cos rMb 
4"r -.-. ' 

b =Arch _!:..
2
-2M2 

2M2 

Ha.IJ.o OTMerun.,, o.IJ.HaKo, 'ITO a ypasueuuxx /17 I, 
1!81 H 1191 cne.IJ.yeT ucnonL30BaTL a Ka'leCTBe VsL H 
VT ue npocTo ~YHKUHH II.J.I R 11.81, a ueCKOJILKO 

MO.IJ.HI)uuuposauuLie BLipa:>KeHHJI ' 31. TaK, uanpuMep, KBa3H
noTeuuuany VT a ypasueHHJIX 1161, 1171 H 1181 cooTBeT
cTsyeT CODPJI:>KeHHaJI 11.81 $yHKUH.R, B3.RTa.R B TO'II<e r-2i/M. 
Cnuu ~ op6uTaJ11>HOMY B3aHMo,IJ,eilcTBRJO oTseq:aeT on epa TOP 

1 i a Ho 
-...--.--.-- sh { - -) ~- . 
i I M M ar M 

1 r+iiM v: - - -. -~- --.-.. -
sL- {277 )3 r-iiM 

1 

r 

11.101 
CI<anJipuaJI 'la.CTL k:BaJunoTeuu.uam,t I 41 V 5 { r) , pa. ocao
BauHH 11.31, onpe,IJ,e~~eTCJI peJJJITRBUCTCKHM llOTeHU.HaJIOM 
IOI<aBLJ 11.91. 
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