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§1. BBEllEHYIE 

HeB03MO.IKHOCTh OThiCKaHfHI TO'!Horo peweHIHI llllH 6onb
WHHCTBa 38ll8'1 CT8THCTH'IBCKOH MBX8HHKH rrpHBOllHT K He-

06XOllHMOCTH HCIT0llb30B8HHH llllH HX peweHHH pa3l1H'!HhlX 

rrpH6nH.tKeHHhiX MeTOllOB. K co.tKaneHHIO, Borrpoc o rrpaBOMep

HOCTH TOf'O HllH HHOf'O rrpH6llH.IKBHH51 OCTaeTCH, KaK rrpaBHllq 

OTKpb!ThiM, HMeHHO IT09TOMY B COBpeMBHHOH CTaTHCTH'IeC

KOH MBXBHHKe CyWeCTBBHHOe BHHM8HHe YllBllHBTCH TaK 

H83hiB8BMhiM TO'IHO pewaeMbiM MOllBllHM H pa3BHTHIO MBTO

llOB CTpOf'Of'O HCCllBllOB8HHH CT8THCTH'IBCKHX CHCTBM B Ue

llOM. 

B 9TOM uarrpaBneHHH aua'!HTenhHhiH rrporpecc 61>1n no

CTHrHyT B paMK8X MBT0ll8 arrnpOKCHMHpyiOWHX f'8MI-tnbTO

HH8HOB /1-3/, C llOMOillbiO KOTOpOf'O Yll8BTCH TIOlly'IHTb 

TO'IHOe B TepMOllHHaMH'!eCKOM npeaene pewenHe llllH pHlla 

UeTpHBH8llhHhlX MOllBllbHhlX CHCTBM H DpH 9TOM OTllBllHTb 

norpeillHOCTH npH rrocTaHOBKe aaaa'IH oT norpewuocrei1 

peweHHH, eCllH Ha HeKOTOpOH CT8llHH Bbi'IHClleHHH HBllH

IOTCH ITpH6llH.IKeHHhlMH. 

Eonee Toro, 9TOT MeToll rroaBonHeT CTporo ycrauo

BHTb H lleTallbHO HCCllellOBaTb uenwe Kll8CCbl MOllellbHhlX 

f'8MHllbTOHH8HOB, 'ITO DpBllCT8Bl1HeT OC06hlH HHTepeC BBH

ilY TOf'O, 'ITO ycnOBHH, Tpe6yeMhie DpH. paCCMOTpeHHH, 

SIBllSIIOTCH ll0CT8TO'IHO 06WHMH H, Cl1BllOB8TBllbHO, yaaeTCSI 

C ellHHOH TOqKH 3peHHSI OITHChlB8Tb KaqeCTBBHHO pa3Hhle 

CTBTHCTH'IeCKHe CHCTeMbi. 8 CXeMe MeTOlla annpOKCHMH

pyiO!UHX f'8MHllbTOHH8HOB H3yqeHhl CllBllYIOWHe KllaCCbl 

MOllenbHhiX aaaa'l: Knacc Toquo pewaeMbiX Moaenefi c oT

pHUaTenbHhiM /
2

/ H TIOllO.IKHTellbHbiM '!eTblpex!jlepMHOHHhiM 

B38HMOllei1cTB!1eM I 4 ·5< Knacc raM~lllbTOH!1aHOB c nono.tKa-
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TenbHblM B38HMOaeii:CTBH8M C HCTO'IHHK8MH 16 1, Knacc CTa

THCTH'IeCKHX CHCT8M, B381iMOaeii:CTBYIOIUHX C 6030HHbiM 

rroneM/7 •8 /. 

B HacToSimeH: pa6oTe HccneayeTCSI Knacc MoaenhHbiX 

CHCT8M C rrepeKpeCTHbiM B38lfMOaeii:CTBH8M ( B38HMOaeii:

CTBH8 THrra AB ++A +a ) rrpH'leM a MooenhHbiH raMHnbTo

HHaH MOryT aorronHHTenhHO BXOaHTh H qneHbl C OTpHU8-

TenbHbiM asaHMoaeii:cTBHeM. AHanH3 Knacca rrpoaoaHTCSI 

Ha ocHoae rrpoueaypw, HaswaaeMoR aaropaMH f -npoueoy

poH:: onSI IIOCTp08HHSI 8IIIIpOKCliMHpyiOIUero raMHnhTOHH8H8 

BBOaSITCSI llOIIOnHHTenbHbl8 qneHbl C IIOnO)!<lfT8nbHbiM IIa

paMeTpOM £,'ITO aaeT B03MO)KHOCTh IIyTeM 38M8Hbl orrepa

TOpHbiX rrepeMeHHbiX Bblt:{8nHTh qneHbl C OTp!iU8TenbHblM 

H IIOnO)Kf!TenhHbiM B381iMOaeii:CTBHSIMlfj anSI Bbi'IHCneHHSI 

a TepMoaHHaMH'IeCKOM rrpeaene cao6oaHoii: 3HeprHH If cTa

THCTH'IeCKHX cpeaHHX liCXOaHoro MoaenhHOrO raM!fnbTO

HH8H8 B COOTB8TCTBYIOIUHX Bb!p8)K8HHSIX anSI arrrrpOKCHMlipyiO

IUero raMHnhTOHHaHa cneayeT rrepeii:TH K rrpeaeny f-> + 0 · 

§2. KJIACC MOilEJlbHbiX r AMI1JlbTOHl1AHOB 

EyaeM paccMaTpliBaTh cneayiOIUHH Knacc MoaenhHbiX 

raMHnbTOHH8HOB; 

r + + 
H=T1 +T2 -VI ly.(A.B. +A.B.)+ 

i=l l l l l l 

+2o.C.D. +rJ.A~+11:A. +.f
1
.C

1
.+t

1
.C

1
• +v

1
.B+

1
• +v:S. + ( 1 ) 

l l l l l l l l l 

+ r+s + + +. 
+fl.D·+fl.D. -VI lw.G.G. +(.G.+ (.G. I, 

1 I I l i=r+} l I l I I l l 

rae V o6osHaqaeT o6'beM C!iCTeMbi. OrrepaTOpbi B . , D. 
I l 

H T2 SianSIIOTCSI KOM6HHBUHSIMH orrepaTopoa ITaynH 

4 

B. = .L I A(~) S m-, B + = .l I A(m) S + , 
I V m I i V m i m (2) 

o. = o:+- = .L ~ <~>s z s z = .L - s -s + 
1 1 V m P 1 m' m 2 m m 

T
2 

= ~ T S + S-
m m m 

m 

A ~m) , p. (m) , Tm - aemeCTBeHHhie 'IHCna). 
l I 

.... 

,' 

+ 
foaopSI, 'ITO orrepaTOpbl S ~ SIBnSIIOTCSI orrepaTOp8MH 

ITaynH, Mbi rroapasyMeaaeM, 'ITO OHH yooaneTBOPSIIOT 

cneayiOlllliM rrepeCT8HOBO'IHbiM COOTHOlll8H!iSIM! 

s-s+ 
m n 

+- +- -----S S =0-2S S }o S S -S S = 0 
n m m m nm ' m n n m ' 

S+S+-S+S+=O 
m n n m ' 

S+S-+=0. 
m m s s m m 

(3) 

+ ~ 

!13 (3) nerKO rrony'IHTb 8lll8 H8KOTOphle CBOHCTBB s; ,Sm 
KOTOphle 6yllyT none3Hhl H8M B oanbH8Hlll8M, a HMBHHO: 

[Sz S+] 
m' n 

= s + 0 [ s z 's -1 = - s-0 I s ~ s ~ = 1 I 4 ' 
m mn' m n m mn m m 

( 4) 

s-sz=.Ls- sz +- 1 + 
m m 2 m ' m sm - 2 sm 

+ ~ ~ + 
s-s +s s- =o. m m m m 

OnepaTopbi T 1 , Ai , C i , Gi SIBnSIIOTCSI KaaapaTH'IHLIMH 

¢opMi1MH no HeKoTOpbiM orrepaTopaM fO)KaeHHSI H yHH'-ITO

)K8HH H, rrpH'-18M OHlf He 38BHCSIT OT s~ . Tpe6oaaHHe 3pMH

TOBOCTH raMHnbTOHHBHB ( 1) HaKnaabiB88T cneayiOIUH8 

ycnonHH: 

+ 
Tl = Tl C~=C., i=1,2, ... ,r. 

I I 
(5) 

OnepaTopbi T 
1 

If T., HMBIOT cpH3H'-Iec KHR CMLicn co6cTaeH

Hoi1 3HeprHH, '-!neHbl A i Bi+ 'A TB i ' ci D i ' "GiG it
OHHCl>IBBIOT B38HMoaei1CTBH8 B CHCT8M8, cnaraeMbl8 Blfaa 

11 i At + 11t A i H T .n. npeacTaanSIIOT co6oH: "'-lneHbi c HC

TO'-IHHK8Mlf II. 

ITpHMepoM asaHMoaeiicTBHSI, onHCbiBaeMoro raMHnhTO

HHBHOM H3 Knacca (}), M0)K8T cny)KHTb raMHnbTOHHBH, 

HCITOnb3Y8MbiH anSI OIIHCBHHSI SIBneHHSI COCyiUeCTBOBBHHSI 

CB8pXIIpOBOaHMOCTlf H cpeppOMarHeTH3M8 B CB8pXrrpOBOaSI

lUHX cnnaaax H SIBnSIIOIUHHCSI KoM6HHBU!fei1 MoaenH EKW 

If MooenH BoHcoacKoro - 3HHepa 19 •101. B 3TOM cny'-lae 

A I = ' p = 
(m) ·l v/c, m:s_V/v (m) l v/c, m :S_V/v 

I 
0, m>V/v 0, m>V/v, 

5 



r=l,s=l, T 2 =0, 

rne v - o6'beM, 38H(!MaeMbril OJlH(!M y3JIOM peweTKH 

CBepxnpOBOJlH(!K8 1 C - KOHUBHTpaUHH MarHHTHOll llp(!MBCH; 

S (i) ( i=x y z) - onepaTOpbr npoeKU1111 MarHHTHoro MOMeH-
m ' ' + x 

Ta llp(!M8CI1 B m-OM y3ne, S- = S ± S y , 
m m m 

A 1 = ~ ; a;+ ak+ , c - v ~ ( + + ) 
l - 2V k ak+ a k+ - ak-a k- ' 

G =....Y...Ia+ a+ 
I V k k+ -k-' Y =O = Jc 

I I ' WI =I , 

a :a , a ka HBJIHIOTCH, COOTBBTCTBBHHO, OTiepaTOp8MI1 PO*

!leHHH rr yHrr'ITO*eHrrH sneKrpoHOB c rrMnynbCOM, paBHWM 

k, rr npoeKuHeil cnrrHa Ha ocb z, paBHOil a. 

OnHaKo anH nocrpoeHHH annpoKCHM(!pymwero raM(!Jib

TOHrraHa H DpOBB!lBHI1H BCBX ilBJibH8llWI1X paccyM!lBHHR 

HaM He TIOTpe6yeTCH 3H8H(!H HBHOro BH!la oneparopoB Ai , 
B i , C i , Di , G i , T 1 , T 2 rr q(icen r , s , y i , o i 
w. Docra TO'IHO HanoMHTb cnenymwrre o6w(!e ycnoBrr H: 

I 

IIAi il::; MI , IICi lis MI, IIGi II~ Ml, ( 7) 

II[Tl ,Ai]ll:s_M2' II[Tl,Ci]!l:s.M2, II[Tl ,Gi]II_::=M2 (>3) 

!![Ai ,Ai Jil::: M3 IV, !![A; ,Ai l!l s M:
1

1V 

II [ c i ,ci J II ::: M:J I v, II[Gi,Gill!sM 31V, 

II [ Gi +, G i J II s M/ v , 11 [ A i , ci 111 :::. M3 I v , 

II [A i , G i 111 s M 3 /V , II [A 7, Gi ] II s M3 IV, 

II [ c j 'G i ]II::; M 3 IV ' 

(9) 

- rae M 1 , M 2 , M3 - nocTOHHHhie, He 3aBHCHillHe OT V. 
LJepe3 11··11 o6o3Ha'IeHa HOpMa cooTBeTCTBymmnx onepaTo

poB. 
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.. 

~ 

' 

ITpennono*HM, 'ITO cBo6onHaH sHeprHH 
H 

() --
fv [ H] = - - fn Sp e () v 

( 10) 

anH raMHJibTOHHaHa H =T 
1 

TBK*e orpaH(!'IeHa nocTOHHHoil, 

He 38BHCHlllell OT V : 

fv[Tl]::;_Mo, ( 11 ) 

H 'ITO s 11 r -qmKCHpoBaHHbre 'IHCJia. KpoMe roro, noTpe

t5yeM, qro6br 

_l I I ,\ <_ml I < L 1_ I I (_m) I < L 
V m I - l' V m P, -

, i = 1,2, ... ,r ( 12) 

rr 'IT06hr 

I ,\( ~) I :S. L , I pi( m) I $. L , i = 1 , 2 , ... , r , I T m I_:: L ( 13) 

anH nm6oro V, nprr'IeM L rr L 1- nocTOHHHhre, He 38B(!Cmime 

OT V. 

§3. ITOCTPOEHYlE AITITPOKCYlM~IPYIOlllEfO 
fAM~1JlbTOHI1AHA 

ilnH !l8JlbHefiWero BBe!lBM B raMHJibTOHH8H (1) BCTIOMO

raTeJibHbiB 'IJIOilhl 

r 2 + + 
-V lf ly.A.A. +o.C. C. l, i=l I I I I I I 

( 14) 

rne f - np0(!3BOJibHOe BemecTBeHHoe qrrcno, 6onbmee HYJIH. 

B TaKoM cnyqae nony'IHM raMHJibTOHHaH 

r 1 + 1 + 
Hf =T 1 +T2 -V!Iy.[(£A. +-B.)(!A. +-B.)-i=l I l f l I f I 

1 +l [ 1 + 1 + 1 + - -
2 

B i B i + o. ( f C. + - D . )( f C. + - D. ) - - D . D . ] + 
f I I f l I f I (2 I l 

+ TJ. A: + TJ: A . +e. C :t' + e .+c . + v. B .+ +V :s . + 11 . D.++ 11:0. l -
I I I I I l I I I I I I I I I I 
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r+s + + + 
-V !I w.G.G. +(.G. +(.G. I= 

i =r+ I I I I I I 1 I 

( 15) 
r 1 + 1 + = T ' - V ! I y. ( c A. + - B . )( c A. + - B . ) + 

i=l l l ( l l ( l 

..1_ )( + 1 + ( 1 ) + o.(EC. + D. (C.+ -D.) +Tf. cA.+ -B. + 
l l f l l ( l l l ( l 

+ 1 +..1_+ + 1 +77.(cA.+-B. )+g.(cC.+ D.)+f(cC.+-D. )I-
• l ( l l l ( l l l ( l 

( 16) 
r+s + + + 

-V! I w.G.G.+(.G .+(.G. I, i=r+ 1 1 1 1 1 1 1 1 

rne 

r 

T'=T 1 +T2 +l...V!Iy.B_B:+o.D.D~I-(2 i= 1 • 1 1 1 1 1 

- v i~1 1 11 p-d A;+ 11 ~1-d A i +e- p-d c i+ +e-to-dc i + < 
17

) 

( 77. 1 ) + + 77+: 1 g i 1 + 
+v. 1- ..!..I.- B. +v.O- - 1 -)B. +p.{1- --)D.+ 

I V. ( I I v+ ( I I fl. f I 

I+ j I 

+ 11+(1_ S...L ..l.)D .. 
j f17 ( I 

I # # 
# OueHHM HopMbi orrepaTopos fA i + }a i , ( C i + }Di' 

G i , T' If HOpMbi HX KOMMyTaTopos. ll.n.SI aToro CHa'fana 

npOH3seneM cooTseTCTByiDmHe oueHKH nn.SI onepaTopos B~ 
H D. *: 

I 

1 (m) -
IIBiii::;-!IAi I~ISmll, 

V m · 

II Di II ~ ~ ~I Jim>l·ll S zmll 

* C liMBOn # 0603H8'!8eT Ht3.mf'Ilie 3H8K8 3pMifTOBa COfl'J.SI

)I{el!JI.SI HnH ero OTCyTCTBHe • 

• 

Y 'fHThiBa.SI ycnOBH.SI ( 12) H TO, 'ITO 

IIS:Ifs..l, II s :II::; 1/2, (18) 

HMeeM 

t !IBi II::;L 1 , IIDiii:S L 1 , i=l,2, ... ,r . 

nanee, 

( 19) 

II [ B j 'Bi ] II = 0' II [ D j 'Di ]II = 0' (20) 

II [ B ~'B. 111 < ! .lv I A <_f) I v1 I A(~) I II [ s e 's:] II = 
J I - f,m J I 

= ..1_ • .L! I A <_f> f lA(~) I· 211 s z II 0 < 1... 1..! I A(~)IIA(~)I <l~ 1 ) 
V V fl l 1 m fm - V V m J I -t,m 

1 (m) 1 (m) 
< - max II A . II· - ! I A . I < L L 1 / V V m 1 Vm J -

l~2) 

II [D. , B. J II < ! v1 I /f) 1-v~ I A~m)lll [ s ; , s - J ll = 
J I - f,m j I m 

= ..l. • ..l. ! I r <f> I! A ~m> Ills- II o e s. _1_ • _1_! I r ~m>IIA ~m>l < 
V V f,m j I m m V V m I . I 

t23) 
.:S 1.. maxi lA ~m)ll _!_ !lr(.m)l.:::. LL1 /V 

V m 1 V m J 

[ ] 1 (m) z -
II T2 ,Bi II~ tmiTe I viAi II![Se ,Sm 111 = 

') 
1 (m) - 1 (m) 

=--!ITe IIA. IllS l!of <-!IT I[A. I< V f,m I m m - V m m I -

~ max I IT m II v1 
! I A ~m) I :s. L L I 

m m 

9 



I\[T2 ,o;ll\sr.ITe 1 ~ \p<~>lll[s; ,s~l\=0. (24) 
Dpli Bbmo.ne (20)~r24) 6bl.Tlli licnonb3oBaHbr HepaBeHcTBa 

( 5) 1i ycJIOBii 5! ( 12) 1i (13). QqeBii.llHO, 'ITO 

\\fA; +.LBi \\:Sf \\A; II+ Ljj Bi II 
f ( 

\\fC; +-+D;\!.::::f\\Ci 11+-:-\\D; II· 

Y'lliTI>IB85! ( 19) li ycnOBii5! (7), liMBBM 

1 1 \\fA.+ -B.\\:O::fM 1 + -L 1 , 
I f I ( 

\\fC.
1 

+J..D. \\< fM 2 +lL1 , 
f I - ( 

(25) 

\\Gi II'S.. MI. 

nanee, 

1 r 

II [ T '' (A . + - B . l\1:::; f II [ T I 'A. l\1 + v 2 l \17 .I (1- d ( X 
I f 1 I j=l J 

X II [A~' A.l\1 + \ry~ I (1-df II [ A.' A .l\1 +2\ C\ {l-f) f X 
J I J I I I 

x\\[Ci ,A;l\\ + ~y. \\[B.B~ ,B. I\\ +-
1 o. \\[D. D. ,B.l\\+ 

( J J J I f 3 I J J I 

+L\v.\(1-jlj_l_)x\\[B.,B.l\\+.L\z;~ (1-jhjl..)x 
f J V. f J I f J z; + f 

J j 

1 ~- 1 1 
x\\[B

1
.,B;l\\+2-111·1 (1-\-1. !-)\\[D 1·,B;l\\+-\\T2,B·\\I· ( J 11J f , f I 

DpliHiiM85! BO BHiiMaHiie (8), (9), (20)-(24), a TaKJKe, 

'ITO 
+ + + 2 

II [ B jB j ' B i] I! :::; II B j[ B j 'B i] II s. II B j \Ill [ B j' B i l\1 :::: L L /V' 
2 

II [ D j D i' B i] II~ 2\\ D j II II [ D j' B i ] ! I .5 2 L L I I v ' 

nonyqaeM 

II [ T ', f A i + ~ B i 111 'S.. L2 ' 

r.ne L - nocT05!HHa5!, He 38BiiC5!Ill85l oT V . 
2 
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(26' 

AHanonPIHbiM o6pa30M HeTpy.nHo noKa3aTb, 'ITO 

II [ T ', f C; + .;- D; 1!\ 'S.. L 2 , II [ T ', Gi 1!\ ~ ~ . (27) 

H3 ycnosaA {9) H HepaseHCTB (20)-(24) TaKJKe BhlTeKa

IOT cne.nyiOilllie HepaBeHCTBa: 

![[£Ai +~Bi, fA; +~B;l\\.s:L 3 1V, 
+...1..+ 1 I !\[£A.+ B., £A;+-B;1\\~L 3 V, 
J ( J ( 

(28) 

II[£ c. + _l D. ' l_ c. + j_ D. ] II< L 3 I v ' 
J ( J ( I ( I -

II [ f A . + l... B. ' ( c . + l_ D. ] II < L 3 I v ' J ( .l I ( I -

II [ ( A . + l B . , G . 111 < L 3 I v , 11 [ ( A . + ..l B . , G . 111 < L lv, 
J ( J I- I ( J 1-3 

II [ ( c j + ~ D j 'G i 1\\.$ L3 I v . 

KpoMe Toro, ycJIOBH5! ( 9) Tpe6yiOT 

II [ G j 'G i ] II 'S.. L 3 IV ' II [ G t' G i 1!1 :S L 3 IV . ( 29 ) 

~13 (11) C IIOMOillblO HepaBeHCTB (7), (18),. (19) JlBI'KO 

IIOJIY'lliTb 

f v [ T ' ] S. L 0 , L 0 = const . (30) 

KaK noKa3aHo B pa6oTe 12< li3 cooTHomeHiiA (25 )-(29) 
Cne.nyeT 8CiiMfiTOT1i'lBCK85! 6JIH30CTb CB060.llHhlX 8HeprHA 

.UJI5! raMHJihTOHHaHa H f ( 16) li anrrpoKCHMiiPYIOillero raMiiJih-

TOHH8Ha 

H' 0 (a,c,g)=T'-V !_ ly.a. (fA.++..lB.+)+y.a~(fA.+LB.)-
f i= I I I I ( I I I I ( I 

+ +1 + + 1 + -y a a +o.c. (£C.+ -D. )+o.c. (£C.+ -D. )-o.c.c.+ 
j j j I I I ( I I I I ( I I I I 
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+1 + + 1 +1+ 
+ry.(tA.+ -B;)+7]· (tA; +-B;)+~.(tC. +-D.)+ 

I l ( I ( I I ( I 

~:+ _L r+s + + + 
+ s . ( t C. + D. ) l - V ! I w. g . G . + w. g. G . -w. g. g. + 

I I f l i=r+} 1 I I I l I I I l 

+ +. r + 1 + 
+(.G .+(.G. I =T1 +T

2
-V !ly.a.(tA. +-B.)+ 

I I I I j =} I I I ( I 

+ 1 + + 1 + (31) 
+y.a. (tA. 1--B.)-y.a.a.+o.c_(tC.+-D.) + 

I I I f I I I I I I I ( I 

+ 1 + + + + + 
+o. c.(tC.+ ....1.... D.)- o. c. c. +7].A. +7]. A. +~.C. +f. C. I-

I I I f I I I I I I I I I I . I I 

r+s + + + + 
-V ! I w. g.G. Hu.g~G.- w. g. g. +(.G.+(. G. l+ i=r+l I I I I I I I I I I I I I 

r 1 + 1 + +-+.-. + 
+ V! I - 2 y.B.B. +- o.D. D. -v.B.- v.o. -p.D.-i=l ( I I I ( 2 I I I I I I I 1 1 

t 
- f1 ;D; l' 

ecnH TIOCTOHHHhle a , C 1 g onpeaenH~TCH H3 YC.flOBHH 

a6CO.fl~THOrO MHHHMyMa CB060aHOH 3HeprHH annpOKCHMH

py~mero raMH.flbTOHltaHa H ;
0
(a, c, g) B o6nacTH acex 

KOMTI.fleKCHbiX nepeMeHHbiX a i , Ci , g i : 

0< minfv[ H'(a,c,g)J-fv[H ]< o' (1/V), 
- tO f - t 

a,c,~ 

( 32) 

rae o ~(1/V) cTpeMHTCH K Hyn~ npH V, cTpeM.HIUeMC.H K 6ec

KOHe'IHOCTH. KpoMe Toro, HCTIO.flb3Y51 pe3y.flbT8Tbl pa6o-

Tbl /
2
/, HeTpyaHo aoKa3aTb, 'ITO 0 l /V z (1/V)...Q npH V -+ oo , 

ecmr 0< z<1/19 . .Uanee, cneayH MeToay pa6oTbi · 3/, MOIKHo 

TIOK838Tb, 'ITO MHHHMYM CB060aHofi 9HeprHK annpOKCHMH

py~mero raMH.flbTOHHaHa cymecTayeT n aocnrraeTC.H B He-- - -
KOTOpblX TO'IK8X a i 1 C i , g i , npH'I8M 

- 1 1 Ia i I~ !ItA;+ (Bi 115. tM 1 + f' L 1 

I c. I< lit C. +..lD .1 1
1< tM

1 
+_lL

1 I - l ( I I - f ( 33) 

li; I~!IG; II ~M 1 
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B raMH.flbTOHHaH H;0 (a,c,g,) axoaSIT 'IneHbi BiB t 
H D; D; , KOTOpbie aenaiDT aeao3MO)!(HbiM Bbr'IucneHHe 

cao6oaaofi 3HeprHH 3Toro raMH.flbTOHHaHa. Tio3TOMY anSI 
nony'IBHHSI OKOH'I8TB.flbHOro peay.flbTaTa HaM Heo6XOAHMO 

caenaTb eme oaHH war arrrrpoKCHMBUHH. A HMeHHO, aarrH

weM raMH.flbTOHH8H (31) B BHae 

, r 1 + 
H £0( a, c , g) = T ( a, c , g) + V ! I --.. y. B. B . + 

i=} ( ;&. I I I 

(34) 

rae 

+ -1-o D D+ 
(2 i i i 

+ + + + I v. B. - v. B. - p.D. - fl. D. 
l l I 1 I I I 1 

r 1 + + 1 * T(a,c,g)=T1 +.T2 -V !I y.a. (tA. + -B.)+y. a. (tA.+-B.J-
i= 1 1 I I ( 1 l 1 1 ( 1 

+ + 1 + + 1 
-y.a.a.+o.c.(tC.+-D. )+o;c;(tC;+-D; )- (35) 

1 1 1 1 1 1 ( 1 ( 

+ + + + + r+s + 
-o; c •. c •. + l7 1.A •. +7]1· A •. + ~ •. cl. + f i c •. 1 - v I 1 w. g. G.+ w. g1:-G.-

i=r+l 1 1 1 1 1 1 
+ + + 

- (L)i gig i + 'iG i + 'iG i I . 

ArrrrpoKCHMHPYIOWHfi raMH.flhTOHHaH K H; 0 (a ,c, g ) 

B03bMeM a cneay10ruefi ¢opMe: 

- - r 1 - + 1 -+ 
H 0 (a,b,c,d,g,)=T(a,c,g)+V! 1-y. b.B. + -y.b. B.-

f i=l ( 2 1 I 1 f 2 1 1 1 

1 - - 1 - 1 -+. 
- - y. b. b. + ---...8. d .D.+ --..- o. d. D. (2 1 1 1 ( ;&. 1 1 1 (;&. 1 1 1 

1 - -+ 
~o;d;d;- (36) 

+ + + + 
- v;B;-v;B; -piDi - fl;D; I, 

-
IIpH'IBM IIOCTO.HHHble b i , d i aO.fl)!(Hbl 6hiTb OnpeaeneHbl 

H3 yC.flOBHSI a6CO.fliOTHOrO M8KCHMyMa CB06oaaofi 3HeprHH 

arrrrpoKCHMHpyiOruero raMH.flhTOHHaHa H f 0 (a, b, c , d , g ) 

ITO IIepeMBHHbiM b. H d. : 
1 1 

f V[ H (a , b , c , d , g) ] = max f v[ H ( a , b , c , d , g) ]. 
f0 b,d ((t 

(37) 
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CJieJlySI M€TOJlY pa60Tb! / 3/, MO)!(HO IIOK838Th1 'ITO a6-

COJIIOTHb!ll MaKCHMYM !pyHKUHH CB060JlHOfi 8H8pi'Hif I'8Mif1lh

TOHHaHa H ..-Ja,b,c,d,g) IID rrepeMeHHbi~ b i ~ d i cymecrsyeT 
H /lOCTHI'8€TC51 B H€KOTOpb!X TO'IK8X b i 1 d i IIpH 11I06biX 

¢aKCHposaHHbiX a i 1 c i , d i , rrpH'IeM 

lhii::::IIBiii::::LI' !dii::::IIDi II'S. Ll (38) 

TBK*~ npa _ni06brx a i 1 c i H g i. TaKHM o6pa30M1 rrocT051H

Hwe bi If di CT8HOBSITC51 tPYHKUH51MH KOMIIJI€KCHhlX IIepe

M€ HHhiX a i , c i , g i : b i = bi ( ai, ci' g i ) , d i = d i (a i' c i , ~ ) . 

TaKHM o6pa30M1 a HacToHmefi pa6ore HafiJleH crroco6 

8IIIIpOKCHM8UifH, II03B01151IOUlHll HCII0Jlh30B8Th OCHOBHYIO 

TeopeMy M€TO/la/J/ /l1151 II011Y'I€HH51 OU€HOK Jl1151 tPYHKUHH 

CB060JlHOfi 8H€pi'HH, 

lln51 MOJl€JlhHOfi 38/l8'IH (1) IIOCTpOeH 81IIlpOKCHMHpyiO

UlHll raMHJihTOHHaH H..- 0 (a,b,c,d,g) (36}, npH'IeM nocTOHH

Hbie I) i H di JlOJI)!(Hbi 6hiTh onpeneneHbi H3 ycnoBH51 a6co-

11IOTHoro M8KCHMyMa tPYHKUHH f v[ H ..-o<a,b,c,d,g)] ( 37). 
iloKa3aHa 8CHMIITOTH'I€CK851 6JIH:30CTh CB060JlHb!X 8Hepi'Hfi 

scnoMorarenhHoro raMHJihTOHHaHa H..- H annpoKCHMHpyiOmero 

I'8MHJlhTOHH8H8 H'o(a,c,g) (31), I'Jl€ IIOCT051HHbl8 a.,c. 
- ( I I 
gi 01Ip€/l€1151IOTC51 H3 yCJIOBHSI a6COJIIOTHOI'O MHHHMyMa 

ero CB060JlHOfi 8Hepi'HH (32). nony'IeH PSIJl HepaBeHCTB 

(19)-(24) ll1151 oneparopos B i I Di ' T 2. nocneJlHHe llB8 
pe3yJihT8T8 6yJlyT HCIIOJlh30B8Hbl npH JlOK838T€JlhCTBe 

T€pMO/lHH8MH'I€CKOfi 8KBHB8118HTHOCTH HCXOJlHOI'O MOJl€1lhHQ

I'O ( 1) H 8II1IpOKCHMllpyiOUl€I'O I'8MHJihTOHH8HOB, 
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