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H(t)= H+V{t), V{t)= ~ V. {t), 
j ] /1.1/ 

r.D.e V/t) H V{t)- 3HeprHH BJaHMOJJ.eiicTBHJI j -Toil no.D.cHcTe
MLI H CHCTeMLI B UeJIOM C BHeWHHM noJieM. Jiy)J,eM C'IH
TaTb, 'ITO BJaHMOJJ.eiicTBHe V(t) ue HMeeT .D.HarouanbHLIX 
MaTpH'IHLIX JJieMeHTOB B H -npeJJ.cTaaneHHH H KOMMyTupyeT 
c onepaTopoM 'IHcna qacTHU N. CpeJJ.nee JHaqeuue 3Hepruu 
nO)J.CHCTeMLI j BO BHeWHeM none B MOMeHT BpeMeHH t on
pe)J,eJIHM KaK h. {t) =<H. (t) >1 ~sp H (t)p (t),r.D.e 

J J j 

H. (t) =H.+ V. (t), /1.2/ 
] .l ] 

a p(t)- HepaBHOBeCHLIH CTaTHCTH'IeCKHH onepaTop /HCO/ 
CHCTeMbl. 

llyCTb B OTCYTCTBHe BHewuero nOJIJI B CHCTeMe pea
JIHJyeTCJI paBHOBeCHOe pacnpe)J,eJieHHe ru66ca p O: 

p =e-s~ S=<l> +(3 (H-cpN), <I> =fnSpexpi-{J(H-pN)!, 0 0 0 0 

r.D.e (3- o6paTHaJI TeMnepaTypa, a 11 - XHMH'IeCKHii no
Teuuuan. M1>1 6y)J.eM paccMaTpHBaTb cna6onuueiiuLiii pe)I(HM 
norJIOII.(eHHJI, KOr)J.a HepaBHOBeCHLie nonpaBKH K Cpe)J.HHM 
3HeprHJIM nO)J.CHCTeM KBa)J.paTH'IHLI no aMnJIHTy)J,e nOJIJI. 
B 3TOM cnyqae ypaaueuuJI 6anauca 3Hepruu no.D.cHcTeM 
HMeiOT BHJJ. 

_a_ h.(t)=Q.(t)+~ R..-(t)+R.
0

(t), at 1 1 i' ]J .1 /1.3/ 

r)J.e Q. {t) - MruoaeuuaJI MOJUHOCTb auewuero nonJI, norno-
1 . ~ ~ R R IUeHHaJI J - TOH nO)J.CHCTeMOH, a jj ' H jO - CKOpOCTH 

penaKcauuu 3Hepruu j -Toil no.D.CHCTeMLI npH B3aHMOJJ.eii
CTBHH C nO)J.CHCTeMOH j' H TepMOCTaTOM COOTBeTCTBeHHO. 
QqeBH)J.HO, 'ITO 

Q(t)= !Q.(t), R(t)=! R.
0

(t), ! R .. ~(t)=O, /1.4/ 
j J j J jj' JJ 

r)J.e Q(t) - nOJIHaJI MOIUHOCTb, norJIOII.(eHHaJI CHCTeMOH, a 
R(t)- nonuaJI 3HeprHJI, yTeKaroll.(aJI a e.D.HHHUY apeMeHH npH 
B3aHMO)J.eHCTBHH CHCTeMLI C TepMOCTaTOM. 

OnpeJJ.eJIHM cpeJJ.HHe JHa'leHHJI nornoll.(eHHLix MOIUHOCTeii 
KaK 

4 

Q :Av Q(t), Q . =Av Q. (t), 
J J 

l +T/2 
A v f ( t) = fim -- f dtf ( t) . 

T->oo T -T/2 

/1.5/ 

UenbiO uacToJm-'eii pa6oTbi JIBJIJieTCJI Bbi'IHCJieHHe ae
JIH'IHH Q j qepe 3 KOppeJIJIUHOHHble cl>YHKUHH no paBHOBeCHO
MY COCTOJIHHIO CHCTeMbl. Bbipa)l(eHHJI )J.JIJI nOJIHbiX norJIO

.ll.(eHHbiX MOIUHOCTeH H3BeCTHbl B TeOpHH peaKUHH Ha Me
xaHH\feCKOe B03Myll.(eHHe /S/; )J.JIJI HX HaXO)I()J,eHHJI )J.OCTa TO'IHO 
JHaTb paJJIO)I(eHHe HCO no aMnJIHTy.D.e nonJI c TO'IHOCTbiO 
JJ.O qneuoa nepaoro nopJIJJ.Ka. KaK 6y.D.eT noKaJauo HH)I(e, 
napuHaJibHble MOIUHOCTH Q j BLipa)l(aiOTCJI qepe3 'IJieHbl 
nepaoro H BToporo nopJIJJ.KOB a paJJIO)I(eHHH HCO no aM-
nJIHTy)J.e nOJIJI. 

2. HHmezpaAbHble ypaaHeHUJI OAJI HCO 

PaJJIO)I(eHHJI HCO no aMnJIHTYJJ.e auewuero nonJI Y.D.06uo 
ucKaTb c noMOJUbiO HHTerpanbuoro ypaaueHHJI, nocTpoeu
uoro a pa6oTe 16 1. EcnH uaJIO)I(HTb ua HCO rpauuquoe yc
JIOBHe 

it I L 
e (p(t+t

1
)-pq(t+t

1
)) ... QnpH t

1
->-oo, /2.1/ 

( -S(t) 
r)J.e p q t) =e - KBa3HpaBHOBeCHbiH CTaTHCTH'IeCKHH one-
paTop, a S(t) - onepaTop 3HTponHH, TO HCO .D.aeTcJI pewe
HHeM ypaaueHHJI 

0 ftJ iqL 
p(t)=p 0 (t)- f dt 1 e e iLv(t+t 1 )p(t+t 1 ), 

-oo 

0 f-tl it 1L 
p 0 (t)=ffdt

1
e e p (t+t

1
), f->+0. 

-oo q 

/2.2/ 

3.D.eCb iL , iL(t)= iL +iL v{t) - onepaTopLI JlHyBHJIJIJI, co
OTBeTCTBYIOIUHe raMHJibTOHHanaM H , H(t), TaK 'ITO .D.JIJI 
npoHJBOJibHoro onepaTopa A 
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iLA =-1-[A,H], 
ih 

iL (t)A=-1-[A,'V(t)], 
v ih 

itH itH 
'tL -- ---

e 
1 

A= e h Ae h 

RsHoe swpa~eHue ~ns I<Ba3HpasHosecHoro pacnpe~eneHHB 
p (~ 3aBHCHT OT TOrO, I<ai<He Mai<ponepeMeHHWe HCnOnL-
3Y~TCB npH OnHCaHHH HepaBHOBeCHOrO COCTOBHHB no~CHC
TeM. EcnH, HanpHMep, MW COCTaBnBeM ypaBHeHHB ~nB cpe~
HHX 3HeprHH /HnH 3~ei<THBHWX TeMnepaTyp/ no~CHCTeM, 
TO 

S(t) =<I> (t) + :! {3. (t) Hi (t), <I>(t) =fnSpexp{-:! f3 .(t) H .(t) I, 
j J j J J 

/2.3/ 

r~e f3 .(t) - o6paTHaB 3~ei<THBHaB TeMnepaTypa j -ToR 
no~cuc\-eMW. ilOCI<OnLKy OTI<nOHeHHB 3THX napaMeTpOB 
0 {3. (t) = {3 .(t) -{3 ~O~HW 6WTL KBa~paTH'IHW no aMnnHTy~e 

J J 6 u 

nonB, TO B cna OHenHHeHHOM pe~HMe, C TO'IHOCTLIO ~0 
'lneHoB BToporo nopB~Ka no V, 

S(t)=S0(t) + :!of3.(t)AHi, LlHi =H. -Sp(H.p
0

), 
i J J J 

S0 (t) = <I>0(t) + f3 ( H(t)- pN) • <I> 0(t) = fn Sp exp l-{3 (H(t) -ll N) I. 

/2.4a/ 

0TCIO~a 

p (t)= p (t)+ Ap (t), 
q 0 ' q 

-S0 (t) 
p0 (t)= e . = expl -4>

0
(t)-f3 (H(t)-fLN) I, 

I -h{3rL 
Llp (t)=- f dr e I AH .of3. (t)p

0 
. 

q (j i J J 
/2.5a/ 

Ecnu onpe~enHTL raMHnLTOHHaH no~cHcTeMw KaK Hi , To 
onepaTop 3HTpOnHH 6y~eT HMeTio BH~ 
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S(t)=S 0 +:! of3 .(t)LlH., So= <1>
0

+{3(H -fLN), 
j J J 

/2.46/ 

Tal< 'ITO 

p (t) = r.
0 

+Ap (t). 
q q /2.56/ 

B nepBoM cnyqae /2.4a/, /2.5a/ CHCTeMa penai<cupyeT 
I< nOI<anLHO-paBHOBeCHOMy COCTOBHHIO BO BHeWHeM none 
V(t); BO BTOpOM cnyqae -I< TepMO~HaMB'IeCI<H-paBHOBeCHO
MY COCTOBHHIO. 06a THna rpaHH'IHLIX ycnOBHH BCTpe'laiOTCB 
B TeOpHH OTI<nHI<a Ha BHeWHHe nonB pa3nH'IHOH cilH3H'IeCI<OH 
npupo~w. HanpHMep, ~ns Haxo~~eHHB peai<UHH Ha BHewHee 
nepeMeHHoe MarHHTHoe none HY~Ho nonL3oBaTLCB swpa~e
HHBMH /2.4a/, /2.5a/, Tai< I<ai< B npe~ene, I<or~a qacToTa 
nonB CTpeMHTCS I< HynJO, B03HHI<aeT pacnpe~eneHHe ru66ca 
c raMHnLTOHHaHoM H + V . B cnyqae peai<UHH Ha BHewHee 
CTaTH'IeCI<Oe 3nei<TpH'IeCKOe none ~ns npOCTpaHCTBeHHO
O~HOpO~HOH CHCTeMLI 3neKTpOCTaTH'IeCKHi noTeHUHan KOM
neHCHpyeTCB HeO~HOpO~HOi ~o6aBKOH I< XHMH'IeCKOMy no
TeHUHany CHCTeMLI, Tal< 'ITO KBa3HpaBHOBeCHOe pacnpe~e
neHHe 6y~eT OTHOCHTLCB I< THny /2.56/. 

Hu~e 6y~eT noKa3aHo, 'ITO B KBa~paTH'IHOM npu6nu
~eHHH no aMnnHTy~e BHewHero noni o61IU1e swpa~eHHB 
~nB nornoiUeHHLIX MOIIUIOCTei OKa3WBaiOTCB O~HHaKOBLIMH 
~nB 060HX THnOB paCCMOTpeHHLIX rpaHH'IH~X ycnOBHH. 
KpoMe Toro, OHH He 3aBHCJIT OT CTPYI<Typw nonpaBKH 
Apq(t) I< KBa3HpaBHOBeCHOMY pacnpe~eneHHIO, KOTOpas 
onpe~enBeT nHWL penaxcanuoHHLie cnaraeMwe B ypaBHe
HHBX 6anaHca /1.3/. 

3. PeAaKCafiUJI K paaHoaecHoMy pacnpeoeAeHuiO 

JaMeHJIJI B HHTer'panloHOM ypaBHeHHH /2.2/ pq(t) Ha 
p +Ap (t), 6y~eM HMeTio 

0 q 

p(t)=p +op (t) +op (t) +Llp (t) + ... , /3.1/ 
0 I 2 2 

r~e nonpasxa nepsoro nop.tl~Ka no V(t) I< HCO HMeeT BH~ 
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0 o I it IL 1 
opi(t)=-Jdtie e -_-[p

0
,V(t+ti)) 

-<X) 1 h 
13.21 

0 01 I i(ti+ih,Br)L • 
=-,BJdtie Jdre V(t+ti)p

0
, 

-<X) 0 

a nonpaBKa BTOporo nop.II.D;Ka no .IIBHO BXO)l;JII.UeMy B3aHMO
.n;eii:CTBHIO V(t) 

0 n I 0 f~ it2 L 1 8 p ( t) = -,8 J d t I e I J d r J d t2 e e -. - [ V ( t +t 
2 

) , 
2 -oo 0 -oo l h 

Htl+ih,Br)LV(t +t I +t2)po]. e 13.31 

3.n;ecL MLI npHMeHHnH TO)J{.n;ecTBo Ky6o17 1 

1 1 i(ih,B r)L • • 
-.-[V(t},p 1=-,Bfdre V(t)p ,V(t}=iLV(t}/3.41 
th 0 0 0 

)J;anee, 1'1p (t) ecTh nonpaaKa BToporo nopJI.n;Ka, 3aBHCJII.UaJI 
2 

OT non.11 qepe3 Mai<ponapaMeTpLI luanpHMep, 11epe3 OTI<no-
HeHHJI OT paBHOBeCH.II o6paTHbiX TeMnepaTyp nO)l;CHCTeM 
o,B. (t} I' npH'IeM 

1 
0 n I it IL 

1'1p (t) =f J dtie e fo..p (t +t
1
}, f ->+0 

2 -oo q 

Tenepb .D;n.II j -Toii: TIO.D;CHCTeMLI BO BTOpOM nop.II.D;I<e no 
BHewueMy nonro uaxo.n;HM 

_a_ h. (t) =Sp I _a_ H. (t) +i L(t) H 0 ( t) lp(t) =Q 0 (t} +R o(t}, 
at 1 at 1 1 1 1 

1 av .(t) • 
Q1. (t}= -. -Sp[V

1
.(t),V (t}]p +Sp(-L+ V.(t} + 

th o at 1 

1 • 
+ ih [Hi , V ( t)]} o p t t) + Sp H i8 p 2( t) , 

. 
R ft)=SpHit1p2(t), 13.51 

8 

r.n;e h.(t) - cyMMa acex penaKcanHoHHLix qneuoa a ypaaue-J . 
HHH 11.31. Ycpe.n;HJUI Ka:>K,IJ;oe cnaraeMoe l}lopMynw 13.51 
.n;n.11 Q. (t) no apeMeHH, nonyqaeM 

J 

i~ Av Sp [Vi (t), V(t) ]p 
0 

= -,8 Av ('Vi (t) ,'V(t}), 13.61 

av. (t} o n I 
Av Sp --1 - 8p t<t)=-,8 J dtie 

av 0 (t) it L • 
A v ( ___J_:...:_ , e I V( t+t ))= at -<X) at I 

• 0 ft I 
=,8Av(V.(t),V(t}}-,B J dtie 

J -oo 

It I L· 
Av(Vi (t),(oiL)e V(t+t;). 

13.71 
3.n;ech 1 

(A,B)=J dr < !1A, !1B(ih,Br)>, 1'1A=A-<A > ,<···> =Sp( ... P.) 
0 0 0 0 0 

- I<BaHTOBLie I<oppenJIUHOHHLie l}lyHKUHH; B l}lopMyne 13.7 I 
HCnonh30BaHO COOTHOWeHHe 

aB( > ac(t+t > 
Av(-t,C(t+ti}}=-Av(B(t), I ) at at 

13.81 

H npoae.n;euo HHTerpHpoaaHHe no qacTJIM. 3.n;ech H .n;anee 
Mbl 6y.n;eM C'IHTaTb, 'ITO .D;n.II onepaTOpOB B3aHMO.n;eii:CTBH.II 
CHCTeMLI C noneM BblnOnHJieTC.II npHHUHn ocna6neHH.II KOppe-
n.IIUHH, TaK 'ITO, HanpHMep, 

0 HI it IL. 
fim f J dtie (Vo(t},e ·V(t+ti))= 

f-> +0 -oo J 
13.91 

it L • 
= fim (V. (t}, e I V (t + t I)) = 0. 

J 
l -+-oo 

I 

,D;anee, 

• 0 HI • itiL • 
AvSpV.(t}8p (t}=-,Bfdtie Av(Vo(t},e V(t+t ))./3.101 

J I -oo J I 

UcnonL3Y.II COOTHOWeHHe 

C(B) =-(A 0 ,B) 13.111 
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B ciJop:wyne /3.7/ H YCHOBHe ocna6neHHJI ICOppenJIUHB /3.9/, 
H3 /3.6/, /3.7/ H /3.10/ nonyqae:w . 

a • av.(t) • 
Av-<V.(t)> .. AvSp{(..:___t:-+V.(t))opi(t )+ /3.12/ at 1 at 1 

+ i~ [Vi (t), V(t) lp
0 

I= 0. 

Pacc:woTpH:w ocTan.&Hwe cnarae:wwe ciJopwynw /3.5/. Hwee:w 

1 ° ft --:---h AvSp[Hi,V(t)]op
1
-(t)=-f3Idt

1
-e I 

1 -~ 

•t L • 
e

1 
I V(t+t

1
)), 

Av(i~ [H i'V(t)l, 

/3.13/ 

• 0 ftl I 0 n 2 • i '2 L 
AvSpH. op (t)=-{J Idtle I dr Idt2e AvSpH.e X 

l 2 -oo O -oo J 

1 , i( t t+ihf3r) L , • - 3 14/ 
x ih [V(t+t 2 ),e V{t +t 

1
+t

2
)p

0
]. I . 

IJOCICOH.biCY 

Av Sp I ... [V(t+t2 ), .. .'V(t +t
1 

+t
2

)p
0
ll = 

= Av Sp { ... [V(t), .. .'V (t+t
1
-)p 0 ] I 

/3.15/ 

H 

0 ft2 
I dt2e 

-oo 

• it 2L oo t(-E+ i L) • 

SpHie { ... I=I dtSp(e Hi ){ ... 1= 
0 

= Sp ( H j - H i )I . . . I, /3.16/ 

• 
rAe 

"" -Et itL 
H?= E (dte e H., f-++0 

J 0 J /3.17/ 

10 

BHB&pH&HTH&JI 'I&CT.b on epa TOpa H j DO OTHOWeHBIO 1C ra:WHn.b-
TOHBaHy H, npaqe:w ~ 

_!LH~ ""iLH? -dH.0 -H.), t->+0, 
d t J J J J 

/3.18/ 

TO B.blp&)l(eBBe /3.14/ UpHHH:M&eT BHA 

AT Sp il 1 op
2

(t) = 

0 t t 1 i ttL • 
=f3 I dt

1
e 1 Avl(-. -[H 1 ,V(t)l, e 'V(t+t 1 ))-

~ Ih 

1 lt 1L • 
-(ih[Hj ,V(t)l,e V{t+t 1 ))1. /3.19/ 

Co6HpaJI BICH&AW /3.12/, /3.13/ B /3.19/, H&XOAHM BWpa
)l(eHBe AHJI cpeAHei MOJUHOCTH Qi ,nornoiUeHHOI j -Tol UOA
CHCTewol: 

0 tt 1 1 it 1L. 
Q 1 = f3 I d t 1e A v { -. - [ V ( t) , H j ], e ·v ( t + t 

1
)). 

~ Ih 

/3.20/ 

YA06Ho nepenacaT.& :no swpalKeH&e B APY.rol ciJopwe. 
BBeAew onepaTopw A J , AelcTBYIOIUBe cornacHo npasany 

oo d-H lL) 1 
A1 A=/dte fh[Hj.Al. /3.21/ 

H3 ypaBHeHHJI ABH)I(eHHJI /3.18/ H onpeAeneHHJI /3.21/ 
cneAyeT, 'ITO B cnyqae swnonHeH&JI ycnoBHJI ocna6neHHJI 
JCOppeHJIUHi /3.9/ UOA 3HaJCO:M wnypa BWUOnHJieTCJI COOTHO-
weHHe 

iLAiA=AiiLA= AiA . 

Tenep.& ciJopwyny /3.20/ MO)I(HO nepenacaT.& B BHAe 

0 n I • it 1L • 
Q1=f3Idtie Av(A.V(t),e V(t+t 1 )}. /3.22/ 

-oo J 
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ilOJIL3Y.IICL COOTHOWeHHeM /3.8/ H HHTerpupyJI cllopMyJiy 
/3.22/ ,IJ;Ba)K,IJ;LI no lJaCTJIM, 6y,IJ;eM HMeTL 

Q. =,BAv(iLA.V(t),V(t))-,BAv(A. av<Q., V(t))+ 
1 1 1 at 

/3.23/ 
0 n itiL aV(t ) ~ I d . I A <A a v < t) . + t I ) + ~-' t 1 e v . -, e . 

-oo J at at 

ilOKa)KeM, 'ITO ,IJ;Ba nepBLIX CJiaraeMLIX B 3TOH cllopMyJie 
paBHLI Hymo. ):\eHCTBHTeJILHO, HarrpHMep, 

av(t) . aV(t) 
Av(A. -, V(t))=-Av(A.V(t), -) = 

1 at 1 at 

=-Av (V(t), A. aV(t) 
1 at 

- av(t) 
)= -Av(A.---,V(t)). 

1 at 

/3.24/ 

3.IJ;eCL MLI CHOBa BOCnOJIL30BaJIHCL COOTHOWeHHeM /3.8/ 
H CBOHCTBOM 

(A,B)=(B,A) 

CHMMeTpHH KOppeJIJIUHOHHLIX cllYHKUHH. B cllopMyJie /3.24/ 
onepaTop 1\ i .IJ;eiicTByeT cornacuo npaBHJiy 

_ oo -t(f+iL) 
1 A .A"'- I dt e -. - [H? ,A]. /3.25/ 

J 0 1 h J 

-
Haii.IJ;eM MaTpH'IHLie JJieMeHTLI onepaTopoB A. V(t) H A .V(t)B 

J I npe,IJ;cTaBJieHHH nonuoro raMHJILTOHHaua H: 

lA V(t) I , =<niV(t)ln'> 
(~ -(~' 

nn 
( -( , + ih ( 

n n 
/3.26/ 

IAV(t)l , =<nl V(t) In'> 
( 0 -( 0 , 

Q n 
nn 

( -( ,- ih( 
n n 

3.IJ;ecL <n I V(t) In'>- MaTpH'IHLie JJieMeHTLI B3aHMo.IJ;eiicTBHJI 
c BHeWHHM noneM B H -npe.D;cTaBneuuu; ( n - co6CTBeHnLie 

12 

J 
1 

j 

• 

3Ha'leHBJI onepaTopa H, a (':. - co6cTBeHHLie 3Ha'leHHJI 
onepaTopa Ht . llocKOJILKy, no npe.IJ;noJio)KeHHJO, HMeeM 
<niV(t)ln>:O,af->+0,TO o6a BLipa)KeHHJI /3.26/ COBrra,IJ;alOT. 
0TCIO,IJ;a CJie.IJ;yeT, 'ITO no,IJ; 3HaKOM Wnypa B cllopMyJie /3.24/ 
MO)KHO ue pa3JIH'IaTL onepaTopLI Ai H A i ; noJTOMY BLipa
)KeHHe /3.24/ paBuo HyJIIO. Auanoruquo 

. . -
Av(iLAi V(t),V(t)=Av(AiV(t),V(t))=Av(V(t),AiV(t))= 

=-Av(V(t), A. V(t))=-Av( iLA. V(t), V(t))= 
J J 

=-Av (iL A iV(t), V(t)) =0. 

4. Pe/raKcaijUJI K AoKaAbHo-paeHoeecHoMy 
pacnpeoeAeHU10 

/3.27/ 

llyCTL B HHTerpaJILHOM ypaBHeHHH /2.2/ p (t) =p
0
(t)+t\p (t). 

Tor,IJ;a, HTepupyJI /2.2/, uaxo,IJ;HM q q 

o n 1 itiL a 
p(t)=p0(t)-Idtie e ----p(t+t')+ 

-oo at 0 I 

1 0 ni 0 H2 it I L it2L a 
+-.-I dtie Idt2 e e [e -a p(t +ti-+t

2
), 

lh -oo -oo t 0 

V ( t ~ t 1) ) + !\ P:z ( t) + ... , /4.1/ 

r,IJ;e !\P.! (t) - nonpaBKa BToporo nopJI.IJ;Ka, neJIBHo 3aBHCJI
IUaJI OT DOJIJI; OHa HMeeT TOT )Ke BH,IJ;, 'ITO H B npe,IJ;LI.IJ;YIUeM 
cnyqae. Pa3JIO)KHM JIOKaJILHo-paBHOBecuoe pacnpe,IJ;eneuue 
prJ.t),IJ;O BTOporo nopJI,IJ;Ka DO JIBHO BXO,D;JillJ;eMy B3aHMO,IJ;eH
CTBHIO V(t): 

Po(t)= Po +op0I(t)+op02(t)+ ... , /4.2/ 

npu'leM 
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I i(ih{3r)L 
o p (t)=-{3 f dr e V(t)p

0
. 

OI 0 /4.3/ 

llyCTh 

p(t) .. p
0
(t)+ op; (t)+ op;(t)+ 11p

2
(t)+ ... /4.4/ 

Tor.na H3 pa:Jno>KeHHJI /4.1/ Haxo,nHM 

0 ni I I( t I+ih{3r)L 
Opi' ( t) = {3 f d t I e f d r e 

-oo 0 

aV(t +ti) 
at Po· /4.5/ 

3,neCh Mhl BOCllOllh30BanHCh tilopMynoi 

a I i(ih f3r )L av(t) 
-p(t)=-f3fdre --p 
at o 0 at o 

/4.6/ 

,D.anee, 

0 ni 0 £~ I it~ 
op~(t)=f3fdtie Jdt2 e fdre )-[V(t+t

2
), 

-oc -oo 0 th 

i(ti+ih{3r)L aV(t +t I +'2) p ]-
e at 0 

0 n I iqL a 
- f dt I e e -- 8 Po2 ( t + t I ) • 
-oo at 

/4.7/ 

Tenep& npH Bhi'IHcneHHH cpe,nHero 

~ h l(t)== Sp I a~ Hi (t) + i L(t)Hl (t) I p(t) =Q i (t)+Rl(t) 

6y,ney HMeTh BO BTOpOM llOpJI,nKe no aMllllHTy,ne BHeWHero 
nonJI 

aH .( t) av. ( t) , 
Sp .::.:.:.J..:..: p ( t) = Sp 1 ( o p ( t}+ 8 p ( t)) 

at at oi 1 

H, llOCKOllhKY i L (t) p (t) ""0, 
0 

Sp I i L(t) H. ( t) I p (t) = Sp I i L (t) H. (t) I( p (t)- p lt)) = 
J 1 (J' 

/4.8/ 

/4.9/ 
• 1 • • 

= Sp I(V. (t) + -. -[H 
1
., V(t) D opi' (t) +H. op 2' (t) +H. 11p

2 
(t) I. 

l th l I 
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~ 

Hcnon&JyJI tllopMyn~a~ /4.3/, /4.5/, /4.8/, Haxo,nHM 

av (t) av.(t) 
Av Sp ~ (8P. (t)+ op '(t)) =-{3 Av( ---l.,__, V(t)) + 

at OI I at 

0 +{3 Av f dt e nl ( aVj(t) eitiL aV(t+t 1 ) 
-oo I at • >= at 1 

o ft 1 av. (t) 1 t 1 L 
=-{3 Av f dt1e ( --L:.., e (£+ iL)V(t+t 

1 
)), /4.10/ 

-oo at 

• 0 £t it 1L 
AvSpV. (t) op '1 (t) = {3 Av J dt1 e 1 (i LV. (t), e _a_y (t+t 

1 
))= 

J -oo J at 

o n 1 a v. ( t) 1t1 L 
={3 Av fdt 1e (----1..:., e iLV(t+t

1 
)). 

-oo at /4.11/ 

TaKHM o6pa30M, KaK H a npe,nhl.nYllleM paJ,nene, 

a t o n• a it•L 
Av- <V. (t)> =-{3 fim £ f d\ e Av(a-V.(t),e V(t+t 

1
)) =0. a t 1 £-++0 -oo t 1 

,D.anee, 

0 £t 

-:1-- AvSp [H. , V(t) ]op{ (t)= {3 f dt
1
e 1 Av{.-1-[H .,V(t)], 

th I -oo th I 

e it1L~ V( t+t 
1 

)) , 
at 

/4.12/ 

• 0 n I 
AvSp Hiop;(t)= {3 fdt 1e 

-oo 

1 0 ft2 • 
Av( :--h f dt:ze [H. (-t

2
),V(t)], 

1 -oo J 

'() 0 £t • ) 
itiL av t+ti )- fdt e I Av SpH .(-t y X e ------- I J at -oo 

x /t opo2(t+ti). /4.13/ 
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Y'IHThiBaJI, 'ITO 
a • 

Av-SpH.(-ti)op02 (t+ti)=O at 1 
H ucnonhJYJI <!lopMyny /3.16/, Haxo~HM 

o o 
1 

itiLa 
Q. = Av Q. (t)=f3 fdt e I Av(-[H0 V(t)] e -V(t+t1))= 

1 1 -oo 1 ih i' ' at 

0 it I • it L a 
=-{3 fdt

1
e Av(A.V(t) ,e 1 -V(t+t t), 

-oo 1 at 
/4.14/ 

r~e onepaTop Ai onpe~enseTcJI Bblpa)l(eHHeM /3.21/. llpu
MeHJIJI COOTHOIIIeHHe /3.11/ H HHTerpHpyJI <!lopMyny /4.14/ 
no qacTJIM, nonyqaeM 

o it• it•L a 
Q.=f3 f dtie Av(A.V(t),iLe -V(t+t 1 ))= 

1 -oo 1 at 

0 fll 
={3 Av(A .V (t), L V(t))- {3 f dt e Av(A .V(t), 

1 at -oo I 1 

itiL a a 
e (<+ -a ) a- V(t+t 1)). t 1 t 

/4.15/ 

llepsoe cnaraeMoe B 3TOH <!lopMyne paBHo Hynro no 
COOTHOIIIeHHffi /3.24/; 'lneH BO BTOpOM cnaraeMOM, nponop
~HOHanbHbiH ( , HC'IeJaeT cornacHo npHH~Hny ocna6neHHJI 
KOppenJI~HH. llOCKOnhKY 

itiL a2 a 
Av(A .V(t),e ~ V(t+t1))=-Av(A .-V(t), 

1 at 1 at 
/4.16/ 

itlL .2.._ V(t+t 1)), 
e at 

TO <!lopMyna /4.15/ npHHHMaeT BH~ 

0 n I itlL a 
Q.:=f3fdtie Av(AiLV(t),e -V(t+ti )), /4.17/ 

1 -oo at at 
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j 
1 

t 
j 

'ITO cosna~aeT c peJynbTaToM, nony'leHHhiM a npe~hi~YIQeM 
paJ~ene·. TaKHM o6pa3oM, B cna6oHenHHeHHOM pe)I(HMe 
06IQHe Bblpa)l(eHHJI ~nJI nornOIQeHHbiX MOIQHOCTeH OKa3biBa
IOTCJI O~HHaKOBbiMH ~nJI 060HX THnOB rpaHH'IHbiX ycno
BHH. 

5. IJOAHQJI n02AOJ11eHHQJI MOI/IHOCIIIb. IJpUMepbl 

Bbipa)l(eHHJI ~ns nonHhiX nornoiQeHHhiX MOIQHOCTea MO)K
HO HaHTH c noMO!QhJO aHanorH'IHhiX Bhi'IHcneHHH. CKopocTb 
H3MeHeHHJI cpe~HeH 3HeprHH CHCTeMbl 

h(t) = Ih.(t)=SpH(t)p(t), _£_h(t)=Q(t) +R(t), 
i 1 at v 

r~e MrHOBeHHaJI nornoiQeHHaJI CHCTeMOH MOIQHOCTb 

Q(t)= sp aa~(_Q_ opi(t), /5.1/ 

Bhlpa)l(aeTCJI qepeJ nonpaBKY K HCO nepsoro nopJI~Ka no 
nonro. B cnyqae penaKca~HH K paBHOBecHoMy pacnpe~ene
HHJO Of1 (t) ~aeTCJI Bblpa)l(eHHeM /3.2/; B cnyqae penaKca~HH 
K noKanbHO-paBHOBeCHOMY pacnpe~eneHHIO 

1 i(ihf3r) L 
O p

1 
( t) = o P.o ( t) + op ' ( t) =- {3 f d r e V ( t) p + 

1 I O 0 

+ f3 fo dt eitl fld i(trt·ih{3r)L aV(t+t ) 
1 r e l 

-oo 0 p = at o 
/5.2/ 

0 it 1 1 i( t I+ ih{3 r) L • 
=-{3 f dt e f dr e (V(t+t 1)HV(t+t1)}p0 . 

-oo I 0 

3~ech Mhl ucnonhJOBanu <!lopMynbl /4.3/, /4.5/ H Bhlnon
HHnH HHTerpuposaHHe no qacTJIM. B cuny npHH~Hna ocna6ne
HHJI KOppenJI~HH B , 060HX cny'laJIX H3 Bbipa)KeHHJI /5.1/ 
nonyqaeM O~HO H TO )l(e: 

0 ( t 1 av(t) 
Q ( t) =- f3 f dt e ( --, e 

1 at 
itlL V(t +ti )), /5.3/ 

OTKy~a 
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o n :Jut., it L aV(t+t ) 
Q=Av Q(t)= f3 f dt e I Av(8!L, e I __ I_), /5.4a/ 

I at • at 
HllH 

0 HI • itiL • 
Q = f3 J dti e Av(V(t) ,e V(t+t I)). /5.46/ 

-oo 

HHTepecHo OTMeTHTL, qTo 3TOT :>Ke pe3ynLTaT nonyqaeTcJI, 
ecnH onpe.u.enHTb cpe,!J.HIOIO 3HeprHIO CHCTeMbl KaK h(t)=5pHp(t). 
Tor.u.a 

• 0 HI • 
Q(t)=Sp(il(t)H)op (t)=-SpV(t)op (t)=f3 fdtie (V(t), 

I I -
· t I · 

e
1

l'V(t+t
1

)), /5.5/ 

OTKy.u.a cpa3y nonyqaeTcJI cllopMyna /5.46/. 
TaKHM o6pa3oM, H napu;aan&Hble, H noJIHble nornomeH

Hble MOil\HOCTH Bblpa:>KaiOTCJI qepe 3 paBHOBeCHble KOppenJI• 
IJ;HOHHble cllYHKIJ;HH OT onepaTOpOB B3aHMO,!J.eBCTBHJI CHCTeMbl 
c noneM. OnepaTopbl A i, BXO.D.JIIl\He B Bblpa>KeHHJI .u.nJI 
napu;HanbHbiX MOil\HOCTeB, Bbi,!J.enJIIOT 3cllclleKTHBHYIO qaCTb 
3TOro B3aHMO,!J.eBCTBHJI, OTHOCJIIl\YIOCJI K j ·TOR nO,!J.CHCTeMe. 
HeTpy.u.Ho BHJJ.eT&, qTo o6mae cllop.Mynbl .u.nJI Qi cornacy
IOTCJI C Bblpa:>KeHHJIMH /5.4/ ,!J.llJI nonHOR nornomeHHOB MOll\" 
HOCTH Q · ,lJ;eBCTBHTenbHO, CYMMHpyJI MOIJ.UIOCTH Q j no 
nO,!J.CHCTeMaM, 6y,!J.eM HMeTb 

0 £t I 
I Q. = f3 f dt

1 
e 

j l -

• i t 1 L • 
Av (I A. V(t),e V(t+t ))=Q. 

j J l 

/5.6/ 
llOCKOllbKY ( 'L) 

00 t -t"+l 
!H. =H-U, U = ! U iJ' , ! H.0 = ( f d t e (H-U)=H-U0 , 
j l . i<j j J 0 

TO 

oo t(-t"+iL) 1 oo t(-t"+iL) 
!A. = f dte ~h [ H-U0

, ••• ]= 1- fdte I H 
j J 0 1 0 /5.7/ 

+-1-[uo, ... ]l. 
ih 
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J 

t 
t 
I 

llpa f->i-0 BKna.u. B wnyp/5.6/ qneHa, nponopu;HoHan&Horo ( , 
acqe3aeT cornacHo npHHu;any ocna6neHHJI KoppenJiu;HB:. Cna
raeMoe, co.u.ep>Kamee onepaTop U 0

, TaK:>Ke He BHOCHT BKna.u.a 
B KOppenJIIJ;HOHHYIO cllYHKIJ;HIO /5.6/, nOCKOllbKY B H -npe.u.
CTaBneHHH 

ihf ,f->+0. uo =<n'IUin> +ihf 
nn' f n - f n' 

llpH n=n' 3To Bblpa>KeHHe paBHo HynJO, TaK KaK <n I U I n>=O; 
ecna :>Ke n;bn', To oHo acqe3aeT B.MecTe c f->+O.TaKHM o6-
pa3oM, no.u. 3HaKoM wnypa B cllopMyne /5.6/ !A.= 1. 

j J 

B cnyqae, ecna no.u.cacTeMbl He B3aHMo.u.eB:cTBYJOT 
Me>K.u.y co6oB:, HMeeM, oqeBHJJ.HO, Hj = Hi , ~ = 1 +0( d H 
Ka:>K,!J.aJI H3 napu;HallbHbiX MOil\HOCTeB Q HMeeT BH,!J. /5.4/, 
r.u.e BenaqHHbl H, V(t) HY>KHO 3aMeHHTb Ha Hi ,_vi(t). Ecna 
:>Ke, KaK 3TO 06blqHo HMeeT .MeCTO, nO,!J.CHCTeMbl B3aHMO· 
,!J.eBCTBYIOT Me:>KJJ.Y C060B, TO nonHaJI nornomeHHaJI MOIJ.UIOCTb 
He paBHa CYMMe Bblpa:>KeHHB THna /5.4/ 

0 f t1 • itL • 
Q;bf3Jdt1e !Av(V.(t),e V.(t+t

1
)), 

-oo j J J 
nOCKOllbKy CYMMa B npaBOB qacTH 3TOB cllopMynbl He CO,!J.ep
>KHT BKna,!J.a B nornomeHHe OT ,!J.HHaMHqecKHX nepeMeHHbiX, 
BXO,!J.JIIl\HX B ra.MHllbTOHHaHbl B3aHMO,!J.eBCTBHB Me)I(,!J.y no.u.
CHCTeMaMH. 3TH BKlla,!J.bl yqHTbiBaiOTCJI B nonyqeHHbiX BbiWe 
Bblpa:>KeHHJIX /3.22/ HnH /4.17/. 

EcnH raMHnLTOHHaH B3aHMo.u.eB:cTBHJI cacTeMbl c noneM 
MO:>KHO pa3nO:>KHTb B pJI,!J. «J>ypbe no BpeMeHH, TO cpe,!J.HHe 
no BpeMeHH B Bblpa:>KeHHJIX ,!J.llJI nornomeHHbiX .MOIJ.UIOCTeB 
MO:>KHO BblqHCllHTb B 0611.\eM BH,!J.e. llyCTb 

a a a a .... iuH 
V(t)=-!AF(t), F(t)=!F(w)e , 

a w 
r.u.e F (t)- c-qacnoBaJI aMnnaTy.u.a nonJI. Tor.u.a 

a y X a -iwt 1 Av F (t)F (t+t
1 

).= ~ F (w)F (-w)e , 

TaK qTo 

0 df- iw) • • y a 
Q.=f3 ! f dte (AiAa,AY(t))F (w)F (-w)/5.8/ 

l ayw -oo 

HllH 
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2 0 t(£-iw) a y y a 
Q. =(3 L w Jdte (A.A ,A {t))li (w)F (-w), 

l ayw -oo 1 

y itL y • y . y 
r.D.e A (t)=e A , A =tLA . IIonHhle nornomeHHhle MOII.lHOCTH 

.D.aiOTCJI tiJopMynaMH /5.8/, ecnH Ai JaMeHHTh Ha e)J.HHH:Uy. 

B Ka'lecTae npHMepa paccMoTpHM nornomeHHe ynL

TpaJByKa 3neKTpOHaMH npOBO,lJ.HMOCTH· npOBO)J.JIII.lero KpH

CTanna B nOCTOJIHHOM MarHHTHOM none. B OTCYTCTBHe 

3BYKOBOH BOnHhl raMHnhTOHHaH CHCTeMbl HMeeT BH)J. 

H =Hk +Hs +He +Hef' 

Hk =! _1_ p. 2 
i 2m l ' 

z 
H =- hw ! s. , 

s s j J 

/5.9/ 

rne Hk H H 8 - onepa!OPhl~KHHeTH'IecKoii H JeeMaHoBcKoii 

3HeprHH 3neKTpOHOB~Pj H ~ - onepaTOphl KHHeTH'IeCKOrO 

HMnynhCa H CnHHa J - TOrO 3neKTpOHa; m - 3neKTPOHHaJI 

Macca, a w s- JeeMaHoBcKaJI qacToTa; H., H Hef - raMHnL-

TOHHaHhl peweTKH H B3aHMO,lJ.eHCTBHJI 3neKTpOHOB C pe

weTKoii. BJaHMO.D.eiicTBHe 3neKTpoHoB co JByKoM onHchl
aaeTcJI raMHnbTOHHaHOM / 8 / 

-n .... i iwt n -n ~ 0 ~ iwt 
V{t)= I <ll . (q)u (c()e T (<i)=I A (q)T (q )e , /5.10/ 

inq -t nq 

r.n;e u{if} - aMnnHTy)J.a 3BYKOBOH BOnHhl C BOnHOBhlM BeKTO· 
-+ "(-+) ~ "(::!\ poM q , <ll i q - HHTeHCHBHOCTh BJaHMO.D.eHCTBHJI, a T q,-

onepaTophl, JaBHCJIII.lHe OT 3neKTpOHHhlX )J.HHaMH'IeCKHX ne-

peMeHHhlX, HanpHMep, ->--> 

n-+ /1 a 1 a2 iqx. 
T ( q) =I! S. P. P. . .. , e J ! ; 

j J J ] 

CK06KH ! ... , ··· ! 03Ha'laiOT CHMMeTpH30BaHHOe npoHJBe,lJ.e

HHe. IJonHaJI 3BYKOBaJI MOII.lHOCTh, nornomeHHaJI CHCTeMOH, 

paBHa 

2 -n n' ~ 0 t(f-iw) n-+ -n' ~ 
Q =(3 I, w A (q)A {-q)J dt e (T (q),T (-q, t)). 

nn q -oo /5.11/ 
KaK HaRTH MOII.lHOCTH, nornOIUeHHhle nO)J.CHCTeMaMH KHHe

TH'IeCKHX H CnHHOBhiX CTeneHeH CB060)J.hl 3neKTpOHOB B 
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~ 

~ 

OT .D.enLHOCTH? Cor nacHo paJneny 3, HY:>KHO nocTpOHTh one
paTOphi A k H A

8
, r,lJ.e 

oo t(-HiL) 1 
Ak = J dte ~h [H0k , ... ]. /5.12/ ,s 0 1 ,s 

Torna 

-n 0 ' -+ 0 t(<-iw) n -n' 
Q =f-3 I w

2 
A (q)A {-q) J dt e (\ T (q),T {-q,t)). 

k,s nn 'q ~ ,s/ ; 

3TH Bhlpa:>KeHHJI HCnOnhJOBanHCh B pa6oTaX ' 8 ' )J.nJI IIO

CTpOeHHJI ypaBHeHHH 6anaHca IIO)J.CHCTeM KHHeTH'IeCKHX H 

CnHHOBhlX CTeneHeH CB060)J.hl 3neKTpOHOB npH HaChlll.leHHH 
aKyCTH'IeCKOrO CnHHOBOrO peJOHaHCa. 
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