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1 BBe~eHHe 

1-bsectao, trto ¢eaoMenonoraqecKM teoprur J\onMoroposa, KoTOpM npe.n;cKaa:&Isaer 

JHHBepcaJII>Hhie CIIeKtpLI pa3BHTOit Typ6yJieHTHOCTH B HHepD;HOHHOft H ~CCHIIaTHBHOit 

o6JiaCTJIX, xoporuo cornacyetcJI c ::mcnepn:YeHtaJII>HLIMH .n;aaHLIMH {1, 2]. !3ho ctn:My

JIHposaJio MHOfOT{HCJieHHhie IIOIIhlTKH OIIHCaTI> JIIOMHHaeMLie 06JiaC'r-H CIIeKTpOB HCXO,n;JI 

H3 nepsLix rrpnan;nnos. B qactaoctH, Meto.uoM peaopMamr3an:Hoaao:tt rpynmu (Pr) s 

HHepUHOHHOM HHtepBaJie 6LIJI IIOJiytreH KOJIMOrOpOBCRH:£1 CIIeKtp 3Hepn1H [3] H BLiqH

CJieHa KOHCtaara KonMoroposa [4, 6]. 9:HeprocoJI.epX<a~a!I .. o6nactl> paccMatpHsanaci> 

paaee KaK HeyHHBepca.rtbHaSl, CHJibHO 3aBHCIIm:M OT ycJIOBHtt 3KcnepaMeata {1]. Bonee 
OIITHMJICTHtieCKaJI TOtiKa ·gpeH_HJI COCTOHT B TOM, 'qTO 1:1 3Ta traCT!> CIICKtpa JIBJIJieTCJI JHH

BepcaJII>HOit B paMKaX orrpe):(eJieHHhlX KJiaCCOB teqes:H:£1. reoprOM [7] 6hllll:l 1IpOaHaJIH3H

pOBaHDl C 3TOfi TOtrKH 3peHHJI 3KCIICpRMCHTa•11>H:hle CIIeKtpLI Ha pa3JIH~HIIIX paCCTOJIHZJIX 

X OT penretKR H IIO):(TBep}l{):(eHa B03MOJ.KHOCTI> HX JHHBepcaJII>HOfO OIIRCamiJI. 

Bo3HHKaer ectecrseaaoe J.Kenaaae o6o6m::au Pr-reXH]IKy, ycnems:o ncnom3osaa

ayJO B naepn;HOHHOM HHtepsane, H aa 3HeprocoJI.epX<alQyiO · o6nacu. C 3tott o;eJII>JO 

He06XO~MO KOHKpeTH3HpOBaTI> BH,IJ; CIIeKtpa myMa, ~CIIOJII>3yeMOrO B CTOXaCTHt~eCKOit 

MO,!J;eJIH O,li;HOpO,llHOJl H30TpOIIHOt:i typ6yJieHTHOCTH, tiTo6_bx C,ZJ;eJiaTI> ero a,D;eKBaTHLIM OIIH

CaHHIO ryp6ynearaoctn 3a peruerKoit. B aactoHm:ett pa6ori myM BM6HpaerCJI taKHM 

cnoco6oM, tito6M peanactnqao orrHcatb cneKtpaJII>HDiii 6anaac 3Heprn:a:. 

Co,ll;epmaaae pa6oTLI c.rreeyromee. Ilocne ssc.n;eHHJI ¢opMyJIHpyeTCJI Mo.uem pac

namiott -ryp6y;:reHtaoc-rH H BbiBOJI.SITCSI OCHOBHble ypasHeHHSI. ~ Mccne.uyrotcn: aBTOMO

tteJII>HDle pemeHHH 3THX ypaBHeHHit, B qacTHOCTH I!pHBe,ZJ;eHM CTeiieHHIIIe 3aKOHLI 3a

TyXaHHH IIO BpeMeHH ,ZJ;JIH KOppeJIHI(HOHHOfi J(liHHLI, ~KOpOCTH ,li;HCCHIIauHH H IIOJIHOit 

3HeprHH, xoponro cornacyrom:HecJI c 3KcnepHMeHtaJibHMMH ,ZJ;aHHLIMH. B cne.zzyromett 

li8.CTH pemaetcJI miTerpoJU1$PepeHu;HMbHOe aeJIHaettaoe ypasaeaHe ,ZJ;JIJI cneKtpa 

ryp6y.rreataott aaeprHH H CneKtpa ¢YHK~HH nepeaoca c 3a,u;aaao:tt acHMIITOTHKO:tt npn 

6oni>mHx H MaJI:&IX BOJIHOB:&IX q:a:cna;x:. ITonyt~eHHDie pemeHHH cpaBHHBaiOTCJI c aKcne

puMeHTa.IIDH:&IMH ,ZJ;aHH:&IMH B 3Heproco.a.epX<aw;ei-i H HHepuHOnaoit o6nacTJIX. B 3aKJIIO

qeaHH c<flopMJJIHpOBaHI>l OCHOBH&e pe3ym.TaTDI pa6ot:&I, a B npliJIOJ.KeHHH BhlqHCJIHeTCJI 

KOHCTaHTa KoJIMoroposa ,n;JIJI :naepuaoaaoro natepsana B o6m:eM cnyqae d-Mepaoro 

npocrpaHCTBa. 

2 OcHOBHhle ypaBHeHH.Il 

3aKOH CJieKtpaJII>HOfO 6aJiaHCa 3HeprHH ,!J;JIJI paCIIa,z:(HOit OJ(HOpOJ(HOit typ6yJieHTHOCTH 

HeC>KHMaeM01t lKH.lU<.OCTH OIBIC:&IBaetCJI B k-npocTpaHCTBe ypaBHeHHeM 

r,lle 

8,E(k) = -2vk2 E(k) + T(k), 

E lk) _ ~ ~kd-t j d -ikrG··( ) 
' - 2 (27r )d re " r 

- cneKTpaJII>HaJ! nnotaocn aaepruu; 
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G;;(r- r') = (v;(r)v;(r')), (3) 

- KoppeJIIIUHOHHaa: «PYHKUHH noM CKc;>POCTli. CKo6KH ( .•• }t o603saqa10r ycpel(HeHHe no 

HeKOTOpOMY pacnpe1(eJieHliiO II01UI CKOpOCTH 1(JIJI .ZlaHHOfO BpeMeHH t; d - paaMepHOCTb 

npocrpascrBa, 

2trdf2 
sd = r(d/2) 

(4) 

- IIJIOUla1(h e1(HHllqHOit ctlJepDI B d-MepHOM npocrpaHCTBe, f( X) - raMMa-¢yHKUI-IJI, V -
KHne.w:arnqecKit1t K03tlJ«lJIIn;HeHT BJI3KOCTH. ct>yaKn;IDI nepeHoca T( k) B ypaBHeHHH ( 1) 

,naeTCJI B:&Ipam.eaneM 

T(k) =- (::)dkd-1 j d(r- r')e_;k(r-r')(v;(r)o;v;(r')v;(r')), (5) 

ll JJlOBJieTBOplleT COOTHOIDeHlliO · 

1oo dk T(k) = 0, (6) 

KOTOpoe· JIBJlfleTCR: CJie1(CTBHeM COXpaHeHIDI IIOJIHOit 3HeprHJii B HeBJI3KOit 1KHAKOCTH 

£=100

dkE(k). (7) 

TaKHM o6paaoM, 6anasc nonaoit 3HeprHll oiiHCDIBaeTCJI ypasaeHiteM 

a,&=_,' (8) 

rne 

e = 2v 100 

dk k2 E(k) (9) 

o6oaaaqaer CKOpOCTL 1(HCCHITAD;HH .sseprllH Ha e1(HHl'Uzy MaCChl. 

,llJIJI JIOKAJILHO-O)J;HOpO,aB01t Typ6yJieHTHOCTH [i] AHAJIOfll"liHOe ypaBHeHHe MOmHO TIO

JIYtiHTb aaMesott 8t ·-+ V8x (V- cpe,aaJIJI cKopocTb >KH)J;KOCTH B x - sanpasneHHH) B 

ypaBHeHHH {1). B sToM cnyttae ypassesHe cneKrpaJI:&Horo 6anasca 3Hep:rHH1(Jlll3aTy

xato~elt ryp6yneHTHOCTH aa pemerKoit B.Meer BH.U 

Vo,E(k) = -2vk2E(k) + T(k). (10) 

,llaJI:&HeitniHit aHaJIH3 O.D;HHaKOBO IIpHMeHHM KAK )J;JIJI JpaBH.eHHJI (1 )1 TAK H )J;JIJI ypa

BHeHHK (10). 
Ypa:anen:ae (1) JIBJlfleTC.II seaaMKHYTDIM. B paMKax <PesoMeaonor:a-qecKoro aaMI>IKaHH.II 

acnon&ayrorcJt HeKOTOpi>Ie np:a6numeHHble BI>IpameHHJI .n;JIJI T( k) B repMH.HaX E( k) (eM., 

nanp., [i]). Bonee nocne.n;osaTeJI:&HDiti. nyr:& cocron:r B nocrpoeauH craTHCTHqecKoro 

2 

aacaw6JIH cnyqa.Aaoro noJlll cKopocTH. B aacToJirn;eit pa6oTe HCIIOJI:&ayerCJI aaca}I6m., 
IIOJiyqeHBMit B paMKaX CTOXaCTlilleCKOit MO,ll;eJIH pa3BliTOtl: O,lU[OpO,!I;HOit H30TpOIIHOit Typ-
6yneHTHOCTH. B raKOM noro<one o6e <j>yaKnHH E( k) a T( k) Bb!pa.JKalOTCH «epe3 cneKTp 
ruy:w:a D( k) ( cM.HHJKe), JIBHniit sa.u KOToporo .o:.omKeH6biT:& onpe.uenea H3 yprumeHHJI (1 ). 
ITpH sTOM rrpe,lJJIOJiaraerCJI, 't!TO Kor.n:a napaMeTpJ>I,BXO.[I)IIIUie B D(k),Me,z:vreaao MeHJI

IOTC.I CO BpeMeiieM (HJUI B HanpaBJieHlHI OCR X ,UJUI Typ6yJieHTHOCTH 3a perueTKOit)1 TO 

npHWeHHMO npa6JUIH\emie JIOKaJILHO-O,nHOpOAHOit Typ6yJieHTHOCTH. 3aBHCliMOCTL .9THX 

napawerpos oT speMeHa TOlKe Momer 6~T:& aait,a.eaa H3 ypas:aean11 (1). 

CToXaCTHqecKaJI MO.UeJih paaBHTi:>A onaopo,u;Hoit uaOTporraoit Typ6yJieHTHOCTH aec

>KHMaeMoit mH.UKOCTH OIIHCDIBaeTCJI ypasaeHHeM Hat oe-CToKca 

[),v = v6.v- (VV')v- "p + f, (11) 

r.ne P-.uasne:a:He. rayccosa CTATHCTHKA BHemsei:t CJiy"tJ:ai:tHO.it CHJIDI onpe,ueJIJieTCJI KOp

peJIJITOpOM myMa 

(f;J;) = D(k)P;;, (12) 

r.n;e Pii = 6ii- kikjk-..!..norrepeqaDI.it npoeKTOp. CneK;panLHYIO tlJYHKIJ;~IO myMa M01KHO 

3AIIHCATL B BH)te 

D(k) = DoF(klW". (13) 

3.nech npe1(nonaraerCJt, 'lTO aMrrJIHTylta Do,a raKme KOppeJIJIIUIOHHa..a: ,ll.JIB.Ha I cna6o 

3aBHCRT or speMeHH t, H <j>yHKTIHH F(kl) HopMaposaHa ycnosaeM F(oo) = 1. ,L\1IH 
k/ >> 1 3TO COOTBeTCTBJeT CTeiieHHOfi M01(eJIH,liCTIOJID30BaHH01t B [8, .4]. 

,llna E(k) a T(k) 6ynyr acnom3oBaHbl Bb!pa.JKe!laH,na•aeMble Pf-MeronoM a rexHH-

Koft e-paanomeHRJt: 

E(k) = ( d - 1) ~ 1/3 D'/3 F(kl)k1-<t/3 
4 (2tr)d g. 0 • 

(14) 

4<(d + 2)(4tr)d/2f(d/2) 
g.= 3(d- 1) . • 

(15) 

1 Sdkd-1 J . 1 - (kq)' I k'q' · 
T(k) = SDog. (2tr)2d dq p'(k2-2t/3 + q2-2t/3 + p2-2t/3) { F(lq)F(lp) 

X [k4(d- 1) - 2dk2( qk) + 2(d- 2)k2q' + 4( qk)'] (pq)2-d-4t/3 

F(lq)F(lk) [(d _ 1)k'p' _ 2q'(pk)J q2-d-4t/3k2-d-4t/3 (16) 
F(lp)F(lk) [(d -1)k'q' _ 2p'(qk)J p'-d-4t/3k2-d-4t/3}, 

r.n;e P == k - if H no onpe.n;eneHHIO nonomeHo y = d - 4 + 2e. 
BwpaJKenae )l;M E(k) npn F = 1 6blno nony«eHo B pH)l;e pa6oT (eM. o63op [9]). 

B npasonaMOM Bblwe Bn.ue ero MOJKHO Hattra B pa6ore [6]. Bb!pa.JKeHae (16) = <j>yH
KnHH nepeaoca T( k) nonyqaercJt aaanorii"liH&IM, npe.zuromeHHhiM B nocne,aaeit pa60Te, 
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cnoco6oM, a nMeHHO nnrerpnposaa:aeM Pf-npe.uCTasnenH.fl Tpottaoro KoppemiTopa, 

Blll'tHCJiennoro s nepsoM nop.H):U{e e-paaJio}l{eHH.fl. OrMerHM, 'CJT01 KaK H )lJIJI E(k), ero 

o6~8..1 KpRTH"leCKa.il pa3MepHOCTb OKa3:E.IBaeTCJI IIpll 3TOM BhllJHCJieHBOit TOlJ:BO TaK,KaK 

cOOTJeTCTBYIODlHll pHil no < o6p>iaaeTCH sa nepsoM ~neue [9]. ITo <j>opMe (16) cosna
,n:aer c EDQNM npR6mnKeHHeM [10, 12], aMIIJIHry.zr,s:odt MHO}I{l!TeJI:& s KOTopoM supa>KeH 

qepea lJo TO'tiHO TaK me
1
KaK B (.5},oTmi'CJaEOW:eMC.fl OT (16) JIRJiib OTCJTCTBHeM MHO}I{HTe

Jiel F, KOTOpDie cymecrseaiiDI s sHeprocoAep)l(aw,eH o6naCTH. CoornoweHH.fl (14)-(16) 

npH F = 1 H Mo.ueJIHposanHH o,zm:opo.unott Typ6ynearaocTH saemaett .aaKa'CJKOtt noaso

JIJUOT IIOJIY'tiHT:& supameaHe )lJIJI Koncraarhl KoJIMOroposa B d-MepaoM npocrpaacrse. 

KpaTKHI B:E.IBO.U 3TOro Bl>Ipa>KeHH.fl npnse)leH B npHnomeHHH. 
,l(JIJI 6mnKattmnx nenett .HBH:E.Iit BH.il (16) necyru:ecrsen. Bamno ro, 'CJTO q,ynKUH.fl 

nepenoca :aMeer cKeitmmrosyEO <PopMy 

T(k) = D ~g. k3
-

2
'·1·(kl) 0 (211")' 2 'I' , 

(17) 

KOTopyro nerpy.o;Ho nony'CJRT:& H3 (16) nepexo,uoM K 6eapaa.Mepno:l:t nepeMenaoa. RHTe

rpaposanH.u qfk. IToACTasn.u.u (14) H (17) B (1) H npene6pera.u BH3Kl!M ~neHOM s 
aaepnHOHHOM :a . sueprocoAep)i(aw:eM Hnrepsan:ax_,.ZVUi d = 3 nonyqaM 

[D0(t)g;r''3 [1(t)/x] 2-2'''[~F(x)iJ, lnDo(t) + 8xF(x)iJ, In l(t)] = ,V(x), (18) 
. 3 

r.z~e X ,;, kl. 
COOTaomea:ae (18) IIOOBOJIJieT HaitTR O)J;HOBpeMeBHO aaKOHDI aaTyxanHJI so speMeHH 

Be.UHUH D.(t), z-l( t) H BH.U cneKTpam.nol! <j>ynKJlHH F(x). 
llepBrut aa,ua-qa MO>KeT 6DITb peruena 6e3 KOHKpeTH3ali:Hli <PYHKIUfli \lf H 3HaHHJI TO'CJ

HOro BH,i(a <PyHrulHH F(X) C H.CIIOJII>30BaHJiieM TOJibKO HX aCHMllTqTHlJeCKHX CBOitCTB. 

PaccMOTpHM caa-qana o6nacr& X>> 1. B 3TOit o6nacrH F(oo) = 1, nepeMeHHDie B 

(18) paa.l{eJIJIIOTC.fi,H MDI nonyl!aeM: 

~g;-213 D01f'(t)l2~2'13 (t)8, In Do(t) = x2-2'13,P(x)/ F(x) = C,, (19) 

f)le C,-nepeMeHHM HHTerpHpOBaHHH. ,L\llR C1 ;f 0 H < < 3 H3 (19) cne.uyeT, ~TO 
~(oo) = Q. 9ro .9KBHBaJieHTHO 3aHyJieHHEO <PYHKilHH nepeHOCa B·HHepUHOHHOM HH

TepBaJie. 9TO ycn01me BbiDOJIHJieTCJI IlpH KOJIMOropoBCKHX ; 3Ha'CJ€HHJIX HH)J;€KCOB, qeMy 

COOTBeTCTByer anaqeHHe e = 2. [10, 2]. ,Il;anhme MDI 6y.neM HCDOJI:&30BaT:& .nanaoe aHa"tie

BHe. ITo.z~crasn.u.u (19) B (18),HMeeM: 

-2/3 [ ~ .iJ,lnl(t) ]- ( 
C1x F(x)+ 2oxF(x) iJ,lnDo(t) -11> x) · 

(20) 

llepeM..eHBlile 3.o;ecb caosa paa.uemuorcR, 'CJTO .n;aer: 

2 
3C28,lnD0(t) = iJ,lnl(t) (21) 

4 

c soool! KOHCTaHrol! C2 . ITo.ucrasl!R.u (21) s (20), rrony~aeM 

c,x-213 [F(x) + C2xoxF(x)] = 1i>(xl. 

3natteHHe KOHCTaHThi C2 CB.fl3aHO C aCHMllTOTHlJ:eCKHM llOBe,lleHHeM CIIeKTpOB 

kl < 1. Cne.Qy.H [2] 
1
Mhi npHMeM, tJTO B 3TOit o6nacrn cnpase.unHso: 

lim E(k)fk2 = const ;6 0, 
k-0 

E(k) ~ k2 
""" k ~ 1 , 

lim T(k)fk2 = 0, 
k-o 

liTO 3KBHBaJieHrHo cne.zzyiOrn;eMy nose.QeHHEO F(k) H W: 

F(x) ~ x11
'

3 
M• k ~ 1 , 

lim 1i>(xl/x3 = o. 
k-0 

(22) 

npn 

(23) 

(24) 

(25) 

(26) 

Ha (22) nerpy,uno y6e,llHTbCJI, tiTO 3TOMY COOTBeTCTByer 3naqen:ae c2 = -3/11, KOTOpoe 

BCIOtQ' s .naJibHettrneM HcnoJI:&3yercJI. PeruaR cncreMy ypasnenHit (19), (21),nonyqaeM 

HCKOM:&Ie 3aKOHhl 3aTyXaHHJI: 

Do~ (t- to)-111', 

I~(t-to)21'. 

.l(JIJI DOJIHOit 3HeprHH H CKOpOCTH ,llHCCHDaUHH TOf,lla fiOJiyqaeM: 

E = r dk E(k) ~ (D01)213 ~ (t- t0)-•1•., 
lo . 

(27) 

(28) 

(29) 

e ~ a,E ~ (t- tor11
'', (30) 

OTKy)J;a BH.n;no, 'CJTO e(t)"' Do(t). Mhi npHruJIH K H3BeCTBhlM 3aKOHaM 3aryxaHHR,xopomo 

COrJiaCJIOnJ;HMC.II C 3KCD€pHMeHTaJibHhiMH ,llaHHidMH (2]. 

SKcnoaeHTDI s (28)-(30) TaKOBbi, ttro D03BOJI.IIEOT OTOH<,llecrB.HTD .n;mmy l c nasecrnoa 

,llJIHRoA cl>oa KapMasa: 

l = "_3 = (2[)3/2 ~ 
e 3 c; 

(31) 

H yBJI3aTb nocroJIHHYIO anrerpHpoBaHHJI Ct c KOHCTanToit KonMoroposa. 3.necb cpe

,llHeKBa.rtp·arHqHaJI CKOpOCTb U onpeJJ;eJieHa COOTHOllieHHeM £ = 3u2 j2. IloJiafaR 8 (14) 

d = 3 H e = 2)nepenHIIIeM ee B BHJJ;e: 

E(k) = Ck C:213k-'i3 F(kl), (32) 

r.z~e 

c. ;;2/3 = _1_91;3 D2/3 
(211")' • 0 • 

(33) 

5 



3aweTHM, "lTO BBH.ny Bhliiie OTMetteHHOfO CBOti.CTBa £(t) ......., Do(t) cneeyer, qTQ ck He 

38BBCBT OT BpeMeHH. fhterpnpy.H (32),HMeeM: 

£ = c. 62/3[2/3 I , 

I = J.oo dxx-513 F(x) .. 

}lq&TWBaJI onpeJlenemie (31), nonyqae~ 

3 
c.= u· 

(34) 

(35) 

(36) 

HcnonL3YR (19), {21), (27), (28) n (30)1 nocne Hecnon<RhlX npeo6pa3oBaHHfi /WR KOH· 
cTaarw Ct HMeeM 

c1 = -~ -1/2c-1/2- -~(!__)1/2 
277r 9• k - 54r.2 10 

(37) 

llepex<>AHM K aamen rnaason 3a..naqe- BhltiHCJieHlno crreKtpon E(k) H T(k). ITp..n
ctaaoJKa (37) B (22) .rtaeT OCHOBHOe ypaBBeHHe JliDI BLit{HCJieRHJl HCKOMbiX CIIeKTpOB 

22 (I )1
/
2 

[ 3 27 10 X-2/3 uxBx- 1] F(x) = I,(x) • (38) 

3ro HHTerportH<l>¢epeHu,HanhHOC. ypaaaeaHe, B KotopoM comacao (35) I - ¢ya-

KIJ;BoHaJI ot F(x),a aemmetta:Litt HHterpaJIDHhlil orrepatop onpe..nenea paaeactaoM 

J,(;IJ = (27r) 21/>(x) 

f f 
(1 t2) -5/3 -17/3 

= { } 
1
-+ q'~3 + : 213 { {1- 3qt + q2 + 2q

2
t
2
)F(xq)F(xp) (39) 

(1 - 2qt + q't)p1113 F(xq)F(x) + [1 - 2qt- p2(1 - qt)]q1113 F(xp)F(x)}, 

r.o;e p2 = 1 - 2qt + q2 1:1 sse.o;eso o603aaqeaHe 

1/2 1 00 1/(2q) 

if f}={fdqfdt+ fdq f dt}. 
0 -1 1/2 -1 

( 40) 

YpaaHean:e Jl<>mKBO pewaTbCJI c ycJIOBHeM aopMHpOBKH F(oo) = 1. Oao peiiiaJiocb 
MetOJ:tOM npo6HhiX ¢yaKuntt. B KatieCTBe npoctettwero o,nHonapaMerpuqecKoro rrpH-

6nHi14eHHJI 6wra· Bb16pana H3BeCTHa.JI ¢opMa cneKtpa <Don KapMasa 

k2 
C -2/3 j6 I 

E(k) = • < (k2 + b2/l')" 
( 41) 

6 

qTo c yqeToM (32) J{aeT 
xu/3 

F(x) = (x2 + b2)u7•. 

,llJIJI TRKOfO CIIeKTpa liHTerpaJI (35) BhlqHCJIHeTCJI RHRJIHTHl!eCKH 

b-213 y'irr(1/3) 
I= AT"/11/~\ • 

(42) 

{43) 

llapawerp b BDI6HparrCH H3 ycJIOBHJI saH.rryl!ruero coana,o;eHHJI Jieao:tt n: npaaoit llaCTeH 

. (38}. Bonee TO'IH01 MHHHMH3111pOBaJIOCb OTHOCHTeJibHoe cpe.n;HeRBaJlpaTH'lJHO_e OTKJIOHe~ 

HBe 3TRX BeJHPIIIH,JMHOlKeHHbiX Ha CZ12g! 12/X 1B HHTepBaJie Q :5 X :5 151IIOCKOJihKJ 

B 3TOM CJIJlfae npaBaJI t:taCTh {38) HMeeT CMblC.il 6eapasMepHOfO CIIeKTpa <PYHKIUUI ne

peHOCa T(k)/€1. B>mo nonyqeao 3Haqeene b oe 1.35. ll3 (36) n (43) J{JIJl KOHCTaHTh! 
Konw:oroposa HMeeM 

2b'l
3
f(ll/6) "' 1.45 • ck = t=T'IIA l<l' {44) 

0KaaanocD, tiT<> yme O,ll,HonapaMerpHt:IecKoe npH6JUiiKeane o6ecnel!IIBaer aenJioxyro 
COrJI&COBaHHOCTb aMIIJIHTJ)I.Ll II IIOJIO>KeB.He ).IaKCHMJMOB KpiiBbiX JieBOfi II npaBOi:!: qacTei:!: 
(38). 

Bonee cnomaa.JI cJ?opMa npo6aott ¢yl:i:KIJ;HR BDJ:6Hpanac:o TaK 1qro6DJ: ylleCTD acHMMe
TpBIO B OKpeCTBOCTH TOqKH MaKCHMJ:\.la II BhliiOJlBHMOCTb ypaBBeBHJ{ (38) B 06JiaCTH 
x > 1. ,[(rur BLinonaeaHJf nep:aoro ycJIOBRJl aaa.\teaarem cpopMymii <Doa KapMaaa 6om 
aa.Heaea cf>opMott k4 +2m2k2 +b4• IIpoaaaJlll3HpyeM stopoe ycnosne. IIonara..H B Jie:ao:tt 
liACTH aenocpe.llCTBeaao F(x) = 1,rrpHBO,UHM ee K BHJJY 

-22 (!__) 
112 

-2/3 =- 22 (-3-) 112 
-2/3 

27 10 X 27 20C• X • 

~JIJl npo6Holt <j>yHHUHH ( 42) npaBaJ! qacn (38) HMeeT aCHMDTOTHKY I1 ~ k-4/ 3 • 

Herpy.o;ao y6e,D;HTDCJI, 'l!TO JJ;JIJI comacoBaHH.II acHMITTOTHK aeo6xo,UHMO HCIIo.JID30Bat:o 
cfJYHKitHIO F, HMeroruyro acHMIITOTHqecKoe nose.o;eane F ::::: 1 - hk-213 • JbmeapH3YJI 

HHrerpan>Hh!lt onepaTop (39) no h,n• ypaBHeHHH (38) llJIJl acnMDTOTnqecKolt o6nacm 
X :> 1 eaxoanM 

11 ( 3 ) 1/2 
h = 2712 5C• 

(45) 

rJ{e 

f. f (1 t2) -5/3 -17/3 
I, = { } 1-+ q2~3 + :2/3 { {1 - 3qt + q' + 2q't2)(q-2/3 + P-2/3) ( 46) 

(1- 2qt + q3t)p1113(1 + q-213) + [!- 2qt- p2(1- qt)]q1113(1 + p-213
)}. 

tfucnennoe :anterpHpoBanHe .o:aet 12 = 0.391. C yqerOM BblmecKaaamiOro 6Hna Bhl-
6paaa tpexrrapaMeTpHqecKan npo6aa.JI cl>YHK!(H.II 
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x"/3 1 
F(x) = (x' + 2m'x' + b')x"'" [1 + h(c' + x')-113

] 

(47) 

co cB06QllHir.IMH napaMerpaMR m , b, c. TiapaMerp c 6nm ase..a;ea .rvm o6ecneqennJI aaa
n:araqaocrn q,yaKUHH F npH X -+ 0. MHaHMH3aiJ.Jilll cpe.naeKBa,llparnqaoro orKnoHe

HWI neaott H npaaoit "tJ:aCTett {38) npHBOJUIT K cne.uyiDmH¥ 3Ha'l!eHHJIM napaMerpoa: 

b = 1.570, m = 0.657, c = 2.838. 

)J;JI.II KOHCTaHTiii KoJIMoropoaa ck noJiy'tlae?.i 

c.= 1.577, (48) 

np:aqew: cOrnacao ( 45) h = 0.643. OraocHTeJI:&Hoe· cpe.n:.aeKBa,ll;parHqaoe OTKJIOHeHHe- a 
HBTepBane 0 :::; X ~ 15 cocraBHJIO 1.25%. PHc.l HJimocrpzpyer creneHI> coana.nemur 
npaBOIR neaoit -qacreA: (38). HenpepMBHM KpHBa.JI II306paJRaer neayw 'tlacu., pe3yn&

TaTlrl >Ke BhttiHCJieHHJI ~ottaoro HHTerpana a npaaott 'tlaCTH ,llJIJI or.ne.J:t:&HhiX 3Haqemra 

X :a306pa.JKeHDI 3HaKaMH *· OrMeTHM, qro JJ;aHHI>Itl: pHcyaoK O,!UiOBpeMeHHO noKa3hlBaeT 

noBe.zteno:e 6e3pa3MepHoro cneKTpa <PYHKUHR nepenoca B 3HeprocoAep)((aw.eli ·~ o6naci.'H 

C BYXO,UOM Ba HyJieByiO aCHMllTOTHKY B HBepUHOBHOM HHTep:aa.rre, T.e. npH 6om>WHX X· 
<l>yBKUHH F(x) B ( 4 7) cooTBeTCTBye-r ouepre-rHqecKHn cneKTP E( k) 

. c~ -o'l3k' 1 
E(k) = (k4 +2m'k'/l'+b'fl')"i"[1+h(c'+k'l')-1/3] • (

49
) 

06lii'CIHO :a 9KcnepaMenTe H3Mep.a:erCH npo,n;oJihHDiti cneKTP Eu(k),cBH3aHHDifi c E(k) 
COOTHOmeuHeM (1] 

r dk1 ( k') E1(k) = J. k; 1- k/ E(k,). 

,[\JlJ! 6eapaoMepuoro cneKTpa Eu(k)fu21 R3 (32), (31) nonyqaeM 

E1(k) ~ c-s/31oo d -s/3(1- -')F( ) 'I k q q q q • 
u 1 

(50) 

(51) 

B .pa60Te [7] 9Kcnepn:MeHTaJIDHI>Ie .n:.aanMe [11] npa:ae,lleHI>I B Hcnon~:>3yeMHX naMH 

6eapaaMepHI<X nepeMeHBMX x = kl " Eu(k)fu'l. Ha pRcyuKe 2 npRBe,ueuM &KC
nepswenTaJibHDie TOtJKH,COOTBeTCTBJIOllllle · 3HCPfOCOACP)((a~eMy ~ H HHepir;HOHHOMJ RH

TepsaJ'IaM, H3MepeHH~>~e aa pa3HDIX paccToiiHIDIX x oT pemerKH ( x / M- - OTHOCHTeJibHOe 

paccTOHHHe). CaMDie npaBble TOl!KH IIOKa3biBaiOT OTKJIOHeHHe OT KOJIMoropo:ac&oro aa

KJIOHa, liTO o6'bJICBJieTCII BJIHHHHeM .n:.n:ccHnauun. Pe3J11bTaT aawero BOitJHcnean.fl cneK

Tpa (51) c F H3 (47) H3o6paJKeH cnnomnoi!: mmaefi. 3aaKaMH «*» )lJIII cpa:aae

HHJI llOKa3aH KOJIMOrOpOBCKHit HaKJIOH B HHep.UHOHHOit o6JiaCTH. 
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PHc.l. rpa~HKH ::lKCnepHMeHTaJihHOtt H TeopeTH'CleCKOlt 3aBHCHMOCTH npO,!:tOJih

HOro cJieKTpa Typ6yJieHTHOit 9HeprHH OT BOJIHOBOrO lJHCJia k1 H3MepeHHOrO B e,lUIHH.UaX 

o6paTHWX .AJIHH <l>on KapMana 
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PHc.2. rpa¢nqecKoe H306pamemte TIOHe)leiHIJf neaon (cnnouJHaJI KpHBaJI) H npa

BOfi (3HaKH *) qaCTett ypaBHei!RR (38) C npo6nott <jlyHKURefi (47) 
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flpH CpaBHCHHH :JKCOCpHMCHTa.~1bHbiX: ,UaHHbiX CT€OpeTHqeCKOit KpHBOit Hyl«

BO yqHTl.JBaTb, tiTO ~Ta KpHBaJI COOTBeTCTBJ€T cnyqaiO CHJibHO pa3BHTOf:t ryp6yneHTHO

CTB )llUI npe.ueJibHO 6o,1bUUIX qacen Pet:tHOJib)lca. EcreqseHHO no3TOMY, qro corna

coaaRHOCTb reopna a .s.KcnepaMesra .uoJDKHa yny>:UIIathCII c ysemrqeHHeM qucna Pett
H01l1oltCa (c yMeHhweaaeM paccroJIHH.II x/M or pemerKH). TaKoe nose,uemre B R3Be

CTHOit creneaa .ueMoHcrpnpyer pnc. 2. 

3 3aKJIIO'leHHe 

OcaoBHOtt pe3yJI&TaT pa60Thi coctOHT a TOM, qro npe.unomea cnoco6 pacqera cneK

rpa 3aeprnn H 4JYHKUHH nepeaoca .::aryxaromefi ryp6yneaTHOCTH n aHeproconepx<aw:eM 

aarepBane. C ~roD: neJibfO Hcnonb30BaHa croxacnrqecKa.H Mo.uenn H30tponaotl: 

QltBOpoJUIOA: typ6yneHTS:OCTH, B KOTOpott CDeKTp myMa Bbi6HpaJICJl TaKHM o6pa30M, 

1JT06W OllTHMaJibRO OllHCaTb peaJII>Hbitt ~!leKtpan&HbiJ:t 6a.naHC ~HeprHH B JIOI<aJIDHO

OJtHOpOJUIOM npa6mtmeHHH. B Kaqecrne T<.: . ..:aaqecKoro Meto.u;a pac't!era HCITOJib30BaJICJl 

Pr-DQil.XO.U H t:-pa3nomeane. 8ro no3BOJIHJIO o6oti:THCb 6e3 nne.neHHJl n reopHw no.nro

aoqawx napaMetpon H aa:tttH 3aMKHytoe ypanaeane ,UJIJI cneKrpa ~aepnm. 
llonyqeHHhiA npo.ll01Il>Hhlti CDeKTp ~aepnnt He CO,[(eplKHT CB060,nHbiX rrapaMerpoB 

B y.uoBnersopare . .1bHO cornacyercH c 3KcnepHMeataJibHbiMH )J;aHHDIMH B o6nactH H3Me

ae·aa.ll sonaonoro 't!Hcna OT 10-1 ,o;o 101 o6patHbiX ,llmm <I>oa KapMaaa. Tipa ~TO~f 
cneKtpan&Ha.H ~aeprHH taKme Me8:JietcJI no't!TH aa )J;Ba nopH,ll;Ka. 

CneKTP ¢yHKUHH nepeaoca TaKme Ka'tlecrneaao cornacyetc.ll c ¢H3HtieCKHMil npe,ll;

craaneHH.FIMH o ero noneJJ.eHRH B aHeproco,a:ep)KameM uarepnane [2], o.naaKo TO'tiHOCTD 

3KCDepHMeHTa.'lbHbiX ,UaHHbiX He II03BOJIJleT rrpOBO,ll;HTb KOJIHtJ:eCTBeHHhle cpaBHeHH.II. 

M.CTemnK H M.faaTnq aLipaiKaK>T csoro npH3HateJIDHOCTb ,D,.Y:I.KaaaKOBY H ,nH

peKropy JIT<f> QJ1jjJ1 aKa)(eMHKY .LJ:.B.IJJHpKOBY aa co3)1a8He OI!THMMbHblX ycnOBHfi 
.UAA uayqaotl: pa6otLI ao speM.FI HX npe6biBaHHli B JIT<fl. Asropbi taKme 6naro.uapllt 

JI.Hew:quKa 3a n0MOnJ;b DpH C03.U~IIJ:IH pHCYBKOB. 
,lJ;aaHa.JI pa6ora ablnonaeaa npH ctnmaHcosoH : noMepx<KC· PoccHitCKoro q,oa,ua c:pya

.uaw:esraJibiibiX Hccne.nosaHH.it, Mex<JI.yHaponHoro aay"t£eoro c:poatta (rpaar R-63000) H 

rpasra 2/550/93 Cnoaal\KOfi a.aaeMHH HayK. 
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4 llpHJIOJReHHe 

llpH H3Yti€HIHI O,ltHOpO.ll.HOfi ryp6yneHTHOCTH, 

Tep'3a,10M, np"MCM ~.lSI COCKTp<l 

HHTepecy.HCb TOJibKO HHepn;HOHHbiM HH

ruyMa MO)(enb D(k) = e8(k), H 6anasc 

.9HeprHH 6yJJ;eT OIIHCbiBaTbC11 

T(k) = €8(k) 
S,k'-' 

{52) 

(BJ13KBM qJieHOM MO>KHO npeHe6petib). l!ro6hl COfJiaCOBaTb 9TO C BH,llOM (13), B03bM€M 

creneaHoe npe.ucrasnemre .u;n11 8-¢YHKUHH 

(J 

8(k) = Si
1 

lim kd-u ' 
0'-+0 

2<=4-u. 

Ypa1aeane 6anaHca 3Hepnm 3anHwetcH B BH.Ue: 

(J 

T( k) = € }~,'j'0 kl-u ' 

{53) 

(54) 

(55) 

CooruomeaHe (55) c yqeroM (16) npu: F = 1 onpe,neJIJI~T cBJI3b aMrrJIHTY.Ubi Do co cKo

·pocTJofO . .unccznauaa £. Ko34>4JHUHeHT rrporropr:r;HOHaiibHOCTH Mem.zzy HHMH aaxo)lHTC.II 

5 

ck 4 

3 

2 

1 

0 
2.0 2.5 3.0 3.5 

d 
Puc.3. rpa<i>RK 3aBHCHMOCTH KOHCTaHThl KoJIMOropoaa OT pa3MepHOCTH npo

crpaacraa 

c y~eroM Toro, qTo T(k) _, 0 npH ' = 2 [2, 10]. ITo.uctaBJIJ!R safi.ueaHoe H3 {55) 
Bl>lpiUKeHHe )(JIJ! Do B {14) H cpaBHHBM c H3BeCTHOfi <j>opMynon E(k) = c,e213k_,,~ 
DOJtyqaeM ,ll;JI.fl KOHCTaHThl KonMoropona ck Bblpameane 

11 



31r (d- 1)f(ill) 
2 

( ) 

1/3 

c.= 16(d + 2) [ T0f(d/2l ] 
(56) 

rile To MO>KHO 3anncaTh B au.ue: 

To - { } 1 + q'i' + p'i' 
- J J (1- t')¥q~5/3p-d-8/3 

x { [(d -1)q'- 2tqp2]lnq + [(d -1)p2
- 2q2(1- tq)jlnp}, (57) 

3.~tec> p2 = 1- 2tq + q2,a {j f}!laetcR BhlpaJKeHneM (40). 
PeayJibTaT qacneaaoro HHTerpaposaHH.Il npHBe/leH aa pHCYHKC 3. Ilpn d = 3 

Ck "' !.606, qro COOTBeTCTBJeT pe3JnbTaty [4, 13] R Ck --+ 00 npn d--+ 2.066 [12, 13]. 

JhiTepaTypa 

[I) Mo••• A.C., JlrnoM A.H. Cmamucmu•ecxaH euapo.lteXa1!UXa.l!.2, (M., HayKa, 

1967). 

[2] McComb W.D. The Physics of Fluid Turbulence (Oxford: Clarendon, 1990). 

[3] C.De Dominicis and P.C.Martin, Phys.Rev. A 19 419 (1979). 

[4] V.Yakhot and S.A.Orszag, J. Sci. Comput. 1 3 (1986) 
V.Yakhot and S.A.Orszag, Phys.Rev.Lett .. 57 1722 (1986). 

[5] W.P.Dannevik, V.Yakhot and S.A.Orszag, Phys.Fluids 30 2021 (1987). 

[6] AJl!KeMHH JI.l.\., Aaroaos H. B., Bacnmea A. H., JK3T<P 95 1272 (1989). 

[7] W.M.George, Phys.Fluids A 4 1492 (1992). 

[8] D.Forster, D.R. Nelson, M.J. Stephen, Phys.Rev.A 16 732 (1977). 

[9] AJUK~MJIH Jl.[(., Aaroaos H.B., BacHJibeB A.H. Kea'H.m06o-no.4eBast peuop.M

-zpynna B meopuu paJaumoif. myp6y.11.eumxocmu (sanpaaneao B Yc:DH). 

[10] S.A.Orszag, Lectures on the statistical theory of turbulence in Fluid Dynamics, 
Les Houches, 1973, edited by R.Balian and J.L.Peube (Gordon and Breach, New 

York) 235 (1977). 

[11] G.Compte-Bellot, S.Corrsin, J.Fluid Mech. 48 273 (1971) 

[12] J.D. Fournier, U.Frisch, Phys.Rev.A 17 747 (1978). 

[13] D.Carati, Phys.Rev. A 41 3129 (1990). 
PyKonHCb nocTyrutm:t B H3Aan!JlbCK1-1H OT.:tCJT 

9 aRrycra 1994 ro.na: 

12 

~>KeMSlH JI.U., I'Hant'l M., Cter;mx M. P 17-94-319 
PeuopMrpynnoBOH pac~.~:et cneK1"p08 3atyxaw~eH typ6yneHTHOCTH 
8 3H8pi'OCO,ll6p>KauteH H HH6pi.ViOHHOH: o6JiaCT5lX 

B paMK3X MO;::teJIH 3a tyxaiOI.UeH JIOKaJibHO-O;::tHOpo;::tHOH pa3BHTOH typ6y JI8HTHOCTH HCCJiep;ylOTCSI 
cneKTJ)biSHeprn:H H ti>YHKUHH nepeaoca B 3H8pi'OCO;::t8p>KauteH o6itaCTH C 3a,ll8HHOi1 aCHMnTOTHKOH 
8 HH8pUHOHHOH o6JiaCTH, paCCI.I:HTaHHOH M6TO.D:OM pea:OpMaJUf3aUHOHHOH rpynllbl 8 CTOX8CTH'l6C
KOi1 MO.D:eJIH p838HTOi1 H30TJ)OilHOH typ6yneHTHQCTH. HaH:;xeHbi 8BTOKOppeJISIUHOHHbl8 peweHHSI 
ypaBH8HHSI CneKYpaJibHOl'O 6a.naaca 3H8prn:H KaK 4>YHKUHH CKOpoctH;::tHCCHnaUHM H 6eJpa3M8pHOro 
npoH388A8HHSI BOJIHOBOro seKtOpa M KOppemlUHOHHOH ,IVIHHbi. Y CTaHOBJI8HHble CTen8HHbte 3aKOHbi 
3atyXaHHSI nO BpeM8HH ,IUlSI CKOpoCTH ;ut:CCHnau;mt, K0ppe1ISIUHOHHOH .WIHHbl H nOJIHOH 3H8pi1iH 
C08na;xaJOT c nOJIY'l8HH.&tMH pauee s JJ:pymx MOJl:e.rt5lX peayn&tataMH H xopowo cornacyiOTCSI c 
3KCnepHM8HTaJibHbiMH ,n:aHHbiMH. 0Ka3a.J10Cb, 'lTO llOJI)'"':8HHb1fl: CneKtp 3Heprn:H HM88T yHHB8p
CaJibHoe nose.n:euHe s sueproco;::tep>Kaw..eH o6nacm, Hennoxo cornacyww..eecSI c HMelOW..HMHCSI 
3KCnepHM6HTaJibHbiMH JJ:aHHbiMH. 

Pa6on 8&monueaa s Jia6opaTOpHH teopeTH~.~:ecKoH 4>H3HKH HM. H.H.Boromo6oaa OH.SIH. 

Coo6w..ea11e Oth.e;::tHHeaaoro HHctmyTa 5l;::tepa&rx HCCJie;::t08aHH~t ):(y6Ha, 1994 

llepe80,ll aBTOpQH 

Adzhemyan L.Ts., Hnatich M., Stehlik M. P17-94-319 
Renormalization Group Calculation of Decaying Turbulence Spectra 
in the Energy-Containing and Inertial Ranges 

In the framework of the decaying local-homogeneous developed turbulence model the energy and 
transfer function spectra are investigated in energy-containing range. In inertial interval these spectra 
have given asymptotical behaviour which has been calculated by renormalization group method 
applied to the stochastic model of developed isotropic turbulence. Self-similar solutions of energy 
spectral balance equation have been found. They are some functions of energy dissipation rate and 
dimensionless product of wave number and correlation length. Established power decaying laws for 
energy dissipation rate, comelation length and full energy coincide with ones obtained earlier in other 
models. For all this the energy spectrum has an universal behaviour In energy-containing range and 
is in sufficient agreement with the experimental data. 

The investigation haS been perfornied at the Bogoliubov Laboratory of Theoretical Physics, JINR. 
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