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KewKa 6 . 

0 TeopeT11<1ecKoM 111cc11eAOBaH111111 pa60Tbt BY-CKBL-1AA 

C y'leTOM B03Aei1CTBIIIA WYMOB 

P17-92-99 

PaccMaTp111eaeTCA B03MO>KHOCTb np111MeHeHIIIA MaTeMaTll!'lecKoro annapa
Ta MapKOBCKIIIX npof..lecCOB, B 'laCTHOCTIII ypaBHeHIIIA <l>OKKepa - nnaHKa -

KonMoropoea, AllA on111caHIIIA pa60Tbl BY-CKBL-1/lA Ha nnaTo BAX B c11y

<1ae, KOrAa CRN - MallbtH napaMeTp, a C III RN - eMKOCTb III conpoT111e11eH111e 

A>K03ecpcoHOBCKOro KOHTaKTa. 6bl110 CAMaHO np~no110>1<eH111e, 'ITO ecneA

CTBll!e AIIICClllnaTIIIBHblX npOf..lecCOB, npOIIICXOAAl.l.llllX B CKBL,1Jle, 1113MeHeH111e 
aMnlllllTYAbl TOKa B Kone6aTe11bHOM KOHType ee11111Ko. 

Pa6orn BbrnonHeHa e Jla6oparnp111111 Hei':iTpoHHOH cp1113111K111 OL,1A 1-1. 

flpenp11HT Ofu.eJ11-tHeHHOfO 11HCTl1ryra Sl)lepHblX HCCJJe;ioeaHHH . Jly6Ha 1992 

nepeeoA aeTopa 

Chesca B. 

On the Theoretical Study of a RF-SOU ID Operation 
Taking into Account the Noise Influence 

P17-92-99 

A possibility of Markov process technique application,namely the Fok
ker - Plank - Kolmogorov equation,for description of the rf-SOUID opera
tion on the volt-current characteristic plateau in the case when CRN is a small 

parameter and C and RN are capacity and resistance of the Josephson contact, 

respectively, has been described. The current amplitude variation in the tank 
circuit was assumed to be large due to the dissipative processes in the SQUID. 

The investigation has been performed at the Laboratory of Neutron 
Physics, JINR. 

Preprint of the Join I Institute for '.liuclcar Research. Dubna 1992 



B ~aHHon CTaThe paccMaTpHBaeTCR H3BeCTHaR pe3HCTHBHaR MO~enb 

CKB.lif,lla,npe~cTaBReHHaR Ha pHc.1: 

. [HJ···· .. ··.. ... lA(t) 

C --_ I.~ .. ,t k. 
P0c.1.Pe3HCTHBHaR 

Mo~enh CKBH,lla • 

.______._ __ 

. L .. - HH~YKTHBHOCTb KOHTypa KBaHTOBaHHR; 

T Sill</> - CBepxnposoisnuaR KOMilOHeHTa TOKa trepe3 
C . 

,llJK03e<pCOHa; 

RN, C - COOTBeTCTBeHHO: HOpMaRhHOe conpOTHBReHHe, 

,llJKo3eBCOHOBCKOrO KOHTaKTa; 

KOHTaKT 

eMKOCTb 

LT' CT, RT COOTBeTCTBeHHO: HH~YKTHBHOCTb, eMKOCTb, . 

conpoTHBReHHe Kone6aTeRbHOro KOHTypa; 

. k - K03<p<pHUHeHT CBR3H HHTep<pepoMeTpa C Kone6aTeRhHbIM KOHTypoM 

i\T - TOK qepe3 HH~YKTHBHOCTb LT;-
A sin wt~ BHeWHHn rapMOHHtrecKHn CHrHaR • 

.lif3secTHO, tfTO ~RR Hawero CKBH,lla OCHOBHbie ypaBHeHHR HMeIOT 

,BH~: 

. RN R 2rr ~ 
CR~-+ ~ =(<J>0

- </> - lsinip) - + -1L - kv' L L i\ Ct) /1/ 
N ex L. L <l>o .T . 

w2 i\ 
0 

-
<l>o __ k_ 2 

</> - w
0 

A" sin wt 
2rr·Ju 

T 

i . 
<I> - MarHHTHbln IlOTOK sqyTpH KORhUa, i/> = 2rr-w:: ; 

0 
. , <l>o 

<1>
0 

' _.BHEiWHHit IlOCTORHHbln MurHHTHhin DOTOK, <1>
0 = 2rr~ 

u u ~ 

liu.a:.r.<:;,il.-k 1Ui:iltJ"' 
U'!,,BWl •cc.,ho11ud 

;wsn~1CTEKA. _ _....... ---



~ ~ 2.07 * 10-15B6, KBaHT MarHHTHoro IlOTOKa; 
0 

- _ 2rrLic 
·1= <P j 

0 
JC- KpHTHqeCKHll TOK nlK03eWCOHOBCKOro KOHTaKTa. 

ECJIH s ypasHeHHH /1/ Mbl _ 6y,neM cqnTaTh!. qTo: 

1) MOJKHO npeHe6peqh qJieHOM CRN¢; 

/A/ 2) A(t)- He pemeHHe ypasHeHHR /2/, a npocTo V coswt; 
. . 0 

3) Ha nJKo3e~COHOBCKHH KOHTaKT 8O3,neitCTByeT 

HOpMaJihHblH 6eJiblH lliY,M n ( t > , HCTOqHHKOM KOToporo 

RBJIReTCR conpOTHBJieHHe RN, 

Tor,na aHaJIH3 npoueccos B CKBttne MOJKHO BeCTH npH IlOMOJ.l.U-1 

ypaBHeHHR ~OKKepa-IIJiaHKa-KoJIMOroposa (~-II. ,K. ) , . KaK 3TO 

c,neJiaHO, HanpHMep, _ B
111 

•. neHCTBHTe.JI'hHO,. B YCJIOB~RX /A/ 
ypasHeHHe · 11 / 6y,neT HMeTh BH,n: . . . 

¢ = f ( ¢, t > + n ( t> , 

r,ne <Ii(t)> = 0, <n(t
1
)n(t

2
>>= N2: ,o(t

1
-t

2
>, 

p(t) ~ _,neJibTa ~YHKUHR nHpaKa, N
O

-

R 
f(_¢,t) = + [(¢~x- ¢- .lsin¢) 

IlOCTORHHaR, 

2rr -~ 
+ ~ kv L LT 

0 

/3/ 

V0cos ~t]. 

. , YpasHeHHe _ . /3/ RBJIReTCR _ CTOXaCTHqecKHM 'AHWWepeHUHaJihHblM 

ypasHeHH~M nepsoro nopR,nKa H, KaK cne,nyeT · H3 -reopeMbI ny6a 
121

, npouecc ¢( t) RBJIReTCR MapKOBCKHM. II03TOMY . 'AJIR /3/ Mbl 

MOJKeM 3anncaTh ypasHeHHR ~.II.K. Uenh 3Ton cTaThH - cocTaBHTh 

yp~BHeHHR ~.II.K. 'AJIR cnyqaR ,K~r,na BMecTo ycnoBHR /A/ 6epeTCR 
ycJIOBHe /E/: 

/E/· 

1) CRN - MaJiblll napaMeTp; 

2) A(t) - pemeHHe ypasHeHHR /2/; 

3) Ha nJK03eWCOHOBCKHH KOHTaKT 8O3,neitCTByeT lliYM ~(t) 

. C HyJieBblM cpe,nHHM 3HaqeHHeM H KOppeJIRUHOHHOll 

_ ~YHKUHeit ·· k~ (,r), i-' ,ne k~ (-t") He o6R3aT~JihIIO · i • '~yHKUHR; 

4) A ( t ) RBJiReTcR WYHKUHen 6oJiee o6mero BH,na, A ( t, ¢ l. 
.. : ;::• ,,' _;., 

/ 2 

: , 

F 
( 

B ,naJib~enmeM ,6y,neT. noica;a.HO, _ qTO yc:JIOBHe /64/ 
' . ' . ' ' . _, ' 

peaJibHbIX wn3nqecKH x npoueccos, HM eKJI.I.U-IX MecT o 
. / ycJIOJKirneT 'A~HHYKJ 3a,naqy. . 

BbITeKaeT . H3 

B CKBll~e, ~ 

Kor,na ycJIOBHe /E/. ,y.nosJieTBOpReTCR, Halla 3a,naqa 6y,neT 

OilHCbIBaThCR ypasHeHHeM ~- II. K. ,nJIR npouecca: 
/, 

µ¢ + ¢ = f(¢) + g(¢,t) ~(t), /4a/ 

r,ne µ·= CRN 

<~(t)> = 0, <~(t 1),~(t 2 )> = k~(t 2- t 1), 

: R 
f(¢)' = +( ¢~~- ¢- 1 ~in¢>, /46/ 

;g(<f>, t) 
R 2rr ~ 

= ..Ji....,- k v' L L V(¢, t>, 
L/ 4>0 .. T 

/4B/ 

~(t) = cos [wt+ a(t)l. /4r/ 

B 3TOM c_Jiyqae npe,nnonaraeT~R, qTQ A (¢, t) HMeeT qacTHblll. BH,n: 

,' A ( ¢, t) = V ( ¢ , t> cos [ wt +·a( t) l, /5/ 

r,ne a(t) :· 

1) Wa3a KOJie6aHHH TOKa B HH'AYKTHBHOCTH LT; 
· 2) RBJrneTCR c.hyqaitHblM n pouecCOM, KOTOpb!H IlORBJIReTCR B 

pe3ynhTaTe J:!O3,nei1cTBHR. BHemHero rapMoHnqecKoro cnrHana 
' ' . ,,_ 

A sin wt COBMeCTHO c lliYMOM r ( t> Ha KOJie6aTeJihHblH KOHTYP · 

Ecnn cqnTaTh, qTo s /1/ · npncyTcTBYKJT o,nHospeMeHHo ,nsa 

. HCTO~IH~Ka lllyMa, TO HeBO3MOJKHO OilHCaTh ypaBHeHHe ~- II. K. 'AJIR 
, ' 

,naHHOro _ CJiyqaR , T a K KaK B 3TOM cJiyqae He HMeeT CMblCJia 

rosopHTh O KOppeJIRUHOHHOll WYHKUHH . II03TOMY npe,nnoJIOJKeHHe /5/ ·" . 
O~Haqc}.eT, qTo ·wnyKTyaUHOHHb!e npouecCbl . B CKB1ine BO3HHKaKJT ', 

TOJihKO 3a cqeT B03,nei1CTBHR myMa r ( t )' Ha Kone6aTeJihHb!H' KOHTyp . 

llTaK, Mbl 6y,neM HCKaTh pemeHHe /2/ B, BH,ne: 

A(tl = V (t) cos wt. /6/ 

3 



Ha,n;o OTMeTHTh, tlTO B ypaBHeHHll /2/' KO3q>q>HI.UieHT npH . </> 

,ll;OCTaTO_tl.HO MaJI npn> 06b!t{HblX 3HatreHHRX BeJIHtlHH L H LT, IlO3TOMY 

... HM MOJKHo npeHe6pe% B nepsoM npH6m1JKeHHH. B ,n;an1:,HetiI11eM. 6y,n;eM. 

· npe,n;nonaraTh, trTo: 

1 
WC!W =---· 

0 /1'-r'' 
,/ ~T"T 

ror,n;a BMecTo /2/ nonytraeTCR 

R . 
· ( 1 - k

2
) A + ~ A + w~ A + w~ A sin w

0
t = 0. 

T 
171 

IIo.n;cTaBJIRR /6/ B17 I, nonytraeM .n;nR V ( t ) · cne,n;y10~ee ypaBHeHHe: .. 

.. 

y° (·1-k2
)+ v[ RT - 2w (1-k2 )tg wt] + V [k2-' WORT tg wt] = 

L o o LT o 
T . 

=_:Aw~ tg w
0
t. · 

Ey_ieM HCKaTb pellleHHe· /8/ B BH,n;e: 

VCt) = C e-c2 + C 
1 3 

r,n;e C. ( i = CT ) - KoHcTaHTbI. 
l 

EcnM y,n;OBJieTBOpReTCR ycnOBHe 

/8/ 

/9/ 

R . 
_T·_ = k ~. /lQ/. 
2 LT 

TO no.n;cTaBJIRR /9/ B /8/, Mb! · nonytrHM pellleHHe ypaBHeHHR B 

BH.D;e 

V(tl = C
1
e 
~ ~ t woLT 

- 2L l-k + ~R~ 
T T 

k 
- t 

A = C e /"T="k."2-1 ,/, ~ " + QA, /11/ 

4 

l 

l . l 

l 

J 
:1 

wL 
r,n;e Q = o T . R .. T, 

,n;o6pOTHOCTh Kone6aTeJihHOr'O KOHTypa. 

IIpe,n;nonoJKHM,: tlTO B HatJaJibHOM COCTORHHH t. , 'BeJIHtlHHa V ( t) 
, . , . , , . . l 

HMena 3HatreHHe Vi; Tor,n;a BMeCTO /11/ nonytrHM: 

V<t l [ 

k ] k ---t ---·t 
= QA 1- e ~

2
- + V. e ~

2
-

1 
/12/ 

nanee 6y,n;eT BH.n;H o • n otreM y . B HTore V = V ( t, </> l . I-iTaK, 

no,n;cTaBJIRR /12/ B /6/, Mb! nonytrHM pellleHHe ypaBHeHHR /2/. 

OtreBH,ll;HO, q TO 3TO pellleHHe OilHCbIBaeT noBe,n;eHHe TO Ka A ( t ) 
MeJK,n;y CKatrKaMH, ,npe,n;nonaraR, tlTO t. -3TO TOtlHO KOHeQ CKatrKa 

' ' 1 
(qM. pnc. 2). 

. ~-A'~ ~rt),V!f)-cos <.lt 

------ ---------
vi -- --- - ___ ... _ 

V1 
··•v. 

v. Pnc.2 

f1 t 

V 
_ ··•·-v •. '(_j_ u V(t) 

---. :::U. . .[ ______ ------_··2~---c 
--- -- --- --- --- /._ ____ ·_: ::.- . --

EcnH BpeMR CKatrKa MHoro MeHbllle nepHo,n;a Kone6aHHH: 

w0+ « 1, /13/ 
N 

IlOBe,D;eHMe TOKa A(t) 6y,n;eT TaKHM, KaK IlOKa3aHo Ha pHC.2, r,n;e: 

t,O' t 1' _t 2 - . MOMe~Tbl Tpex nocne,n;oBaTeJibHblX CKatrKOB, , 

V
0
,V

1
,V

2 
- 3HatreHH~ BeJIHtlHHhl V nocne KaJK,D;Or'O CKatrKa, 

, V1 
. - 3HatreHHe BeJIHtlHHbl V ne!)e,D; CKatrKOM. 

PaHee 6bJJIO OTMetreHO, t{TO V1 
HMe'~T O,ll;HO H TO JKe 3HatreHHe ,ll;JIR 

n106oro cKatrKa. 3To npe,n;nonaraeTcR . ,n;m1 Toro, trT06bI He 

5 



YCJIOlKHRTb pHc.2. QqeBH,ItHO,qTo na,tteHHe BeJIHqHHbl V(t) BO BpeMR 

CKaqKa - 3TO pe3yJibTaT ,ItHCCHnauuu 3Heprutt B CKBH,lle. ,l{anee 

6y,tteT paCCMaTpHBaTbC~ 3TOT npouecc 6e3 HaqaJibHOro ycJIOBHR Vi' 
~ V1 ( . -0 1 · 2 ) /J/ = , 1- , , . . . , KaK 3TO ,tteJiaDT, HanpHMep, B . 

Ha ocHoBe /El/ Mb! MoJKeM. npe,ttnOJIOJKHTb, qTo so ·BpeMR JIKJ6oro 

CKaqKa q, He ~y,tteT H3MeHRTbCR 60JibWe, qeM Ha 2rr.: IloTeHUHaJibHaR 
3HeprHR CKBH.lla HMeeT BH,It 

- [ (q, - 2 
ECK-EC 1-cosq, + ¢,ex) ] 21 , /14/ 

rne E - 'Po I ,1,. - 2rr . <Ii ,1,. 
"' C- 2rr C' 't'ex--r- ex' 't'ex BHeUIHHit MarHHTHblit IlOTOK. 

0 

2rr ~ 
IlycTb T kv L LT V<t> = a(t). 

0 
/15/ 

CKaqKM npOHCXO,ItRT MeJK,tty ycToilqHBbIMH COCTORHHRMH, r,tte !-cos¢ = 

. 0, Il03TOMY noTeHUHaJibHaR 3HeprHR /14/ H3MeHReTCR BO .BpeMR 
\ 

CKaqKa TOJibKO 3a cqeT H3MeHeHHtt qJieHa ( </> - ,J,2 ) . / 21. 
l13BeCTHO, qTo 

ex 

¢ = ¢0 + a ( t ) cos w t ex ex O /16/ 

EcJIH ycJIOBHe /13/ Y.ttOBJieTBOpReTCR, 

6y,tteT H3MeHRTbCR 3a cqeT qJieHa wot, 
BeJIHqHHbl V ( t ) oc a ( t) . 

IlycTb < V1
- V.l oc ( a 1-a.l = Aa. 

l . l l 

• \ ,I, TO BO BpeMR CKaqKa 't' He 
ex 

a TOJibKO 3a cqeT na,tteHHR 

/17/ 
3HeprHR KOJie6aTeJibHOro KOHTypa HMeeT BH,It 

~ ~EKK=~ f /18/. 

Pa3yMeeTCR, H3MeHeHHR . 3HeprHH ECK npOHCXO,ItRT TOJibKO 3a. cqeT 
H3MeHeHHi1: 3HeiprHH EKK: 

AEcK=AEKK. /19/ 

6 

l 
l, 

. ( 
', .,, 

J! 

l 
t 
;l 

j 
,. 
!' 
'i. 
I 
! 

J 
~ 

Ilo,ttCTaBJIRR /14/ H /18/ B /19/, nonyqHM ,ItJIR Aa. ypaBHeHHe · 
l 

Aa2 ( 1 -k2cos2w t )-2Aa. [ a 1+k2 ( ¢i±2rr-,J>1 ) cosw t l+4nk2
( ¢1±rr-¢1

) =O 
i · o 1 ex o ex ' 

/20/ 

r.tte'BepxHee (HHJKHee) nonoJKeHHe 3HaKa ± 03HaqaeT,qTo ¢ pacTeT 

(na,ttaeT)Ka 2rr ,a </>i,¢1 - 3HaqeHHR ¢,¢ Henocpe,ttcTBeHHo nepe,tt 
ex ex 

CKaqKOM. I,f3 /20/ BH,ItHO, qTo peweHHe 3Toro ypaBHeHHe: Aa~m)= 

Aa~m>(q,1 ),r,tte m = 1,2. I1cnoJib3YR /17/, nonyqaeM: 
l 

v~m)= v~m) (¢1 ) , i= 0, 1, 2, ... 
l l . 

/21/ 

I13.se9THO, qTO CKaqoK· RBJIReTCR BepORTHOCTHbIM npoueccoM, 

IlJIOTHOCTb BepORTHOCTH KOTOporo OTJIHqaeTCR OT HYJIR B 

oKpecTHOCTH KaJK,ttoro 3HaqeHHR 2jrr ,ttJIR BennqHHbI ¢, r,tte j- ueno.e. 

qncno. 06o3HaqHM STY o6JiaCTb BeJIHqHHbl </> 6yKBOtt D. EcJIH ,ItJIR 

KaJK,ttoro 3HaqeHHR ¢1e D. paccqnTaTb v~m)= v~m 1(¢1
), TO 

l l 

nonyqHTCR ~YHKUHR 

V 1 =? V 1 < ¢1 l, ¢1 e D, . /22/ 

r,tte, oqeBH,ItHO, B ,ttaHHOM cnyqae ¢1 - HenpepbIBHaR nepeMeHHaR. 

· lfraK, B03BpaiuaRCb K /12/, c yqeTOM /22/ Mb! nonyqaeM 

V = V(t,¢1 ), ¢1 e D. /23/ 

Tenepb BepHeMCR K /4r/ H npe,ttnOJIOlKHM, qTo r(t) RBJIReTCR 

TaKHM WYMOM, KOTOpblil ,ttaeT HaM B03MOJKHOCTb HanHCaTb inR ~a3bl 

a(t) CTOXaCTH~eCKOe ,ItH~~epeHUHaJibHOe ypaBHeHHe 

/24/ a= C
1
l}(t), 

r,tte C
1

- llOCTORHHaR, <71(t)>= 0, <71(t
1
)l}(t2 )>= %- o(t2- \ ). 

3TO npe,ttnOJIOJKE!HHe 61,mo C,tteJiaHO ,ItJIR Toro, qTo6bI noKa3aTb B 

·RBHOM~H,tte Ha O,ItHOM npHMepe, KaKHM 6y,tteT ypaBHeHHe <Ii.Il.K. ,ItJIR 

/4a/. 
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TaK KaK H3MeHeHHe BeJUitIHHhl V ( t, </Ji) 3a CtieT AHCCHnaTIIBHblX 
. ' ' ' 

. npoueccos B CKBl.flle BeJIHKO, MbI He. 6yAeM npttHHMaTh so BHHMaHtte 

MaJibie H3MeHeHlUI BeJIHtIHHbl V ( t , </Ji) , KOTOpb!e IlOSIBJISIKJTCSI 

BCJieACTBHe B03Aei1:CTBHSI lllyMa r ( t ) Ha KOJie6aTeJihHbli1: KOHTyp. 

BbltIHCJIHM Teneph KoppeJISIUHOHHYKl cpyHKUHKJ k~('t') cpa30BblX 

<pJIYKTyauttn KOJie6aHttsi: ~Ct>= cos [w
0

t + a(t)l: 

k~(t 1, t 2) = <cos(w0t
1

-1: ii
1

) cos(w
0
t

2
+ ii

2
)> -

- <~os(w0t 1+ ii
1

)><cos(w0t 2+ ii2)>, /25/ 
+1r 

rAe <cos(w0t + ii)> = I cos(w0t + ii ) P (ii ,t ) dii , /26/ 
m. m m m mm tn 

-1r 

<cos(w0t
1
+ a

1
) COS(W

0
t

2
+ a

2
)> = 

+1r 

= II cos(wOtl+ <()cos(w0t2+ <\) P(al, (X2' T)da1da2, 
-1r 

'.,) 

/27/. 

T = t 2- t 1, CX = a(t ), CX -npttBeAeHHaSI K [-1r; 1l] cpa3a, m=l,2, m m. 

p ( ii, t. ) - OAHOMepHaSI IlJIOTHOCTh BepOSITHOCTH cpa3bl, 
1 

p ( ii 1, ii2, T) . - AByMepHaSI IlJIOTHOCTh BepOSITIIOCTH cpa3bl. 

He TPYAHO AOICa3aTh / 2/, ~To AJISI cJiytiatl:Horo npouecca o:( t), 
KOTOpblil YAOBJieTBOpSleT/24/, 

+co 
_ _ .1 . I e 

p ( a, u - v'2"ir u a< t J j=-co 

~ ~ 2 
( (X-(X O +2j1l) 

2ua2c t J ,, ,/28/ 

N 
rAe u a( t) = Dt -Ancnepc1Isi:, D = + C~ , ii

0
=iict=o). 

,TaK KaK cymecTByeT CTauli:oHapHoe COCTOSIHHe, TO: 

P(iil,ii2,Ti = pst(al) P(ii2,}'), /29/. 

8 

' l 

! 
)1·) 

-1' .;f 

+co 

rAe P t(iil)= lim P(iil,t)= l J e 
s t~ co v2iua(t) 

-co 

~ ~ 2 ca-a +21lx) 
Q 

1 2~Ctl dx = 2rr . (X 

l.fTaK, nOACTaBJISISI 

• BbltIHCJIHT~ k~(tl, t2) 

/28/B /26/H /29/ B /27/, Mb! B COCTOSIHllll 

no cpopMyJie /25/. 0TCDAa, npttlt ~ HMeeM: 

. nit.I 
. 1 --
k~(T) = T e . 2 COS W0T <~(t)> = 0. /30/ 

Teneph MO~HO npnMeHHTh MeTOA noHn~eHHSI nopSIAKa 

.. CTOXaCTHtieCKllX AH<p<pepeilunaJihHbIX ypaBHeHnil C MaJiblM napaMeTpOM 

/ 4 : IlOCTOSIHHYD BpeMeHH HeJIHHei1:HOi1: CllCTeMbl /4a/ OXapaKTepn3yeM 

BeJilltillHOil Tc ll BpeMSI KOppeJISIUHil npouec~a ~(t) - BeJIHtlllHOil TK: 

Bf I~. tl r• 1 co 

Tc = min [ - T = I k~(T) dT. /31/. 
' ¢, t 8¢ ' k 

k~<O) 0 

I 

ECJill KOppeJISIUHOHHaSI cpyHKUHSI npouecca ~ ( t ) xapaKTepn3yeTcsi: 

.HeCKOJihKHMll 3HatieHHSIMlI noCTOSIHHblX . BpeMeHH, TO B KatieCTBe Tk 

. CJieAyeT 6paTh HaH60Jihlllee ll3 HHX. IlOACTaBJISISI /46/ll /30/ B /31/, 

noJiytIHM AJISI Halllero npnMepa: 

'T = 
C 

_l _ _L 

l+R R 

2_D 
- 2 Tk- D2+ 4wo 

/32/ 

Ilpouecc ¢( t)' onlICbIBaeMblil ypaBHeHlleM ' / 4a/' He SIBJISleTCSI B 

TOtIHOCTll MapKOBCKHM. Ilpn6JIH~eHHO ¢(t) MO~HO CtIHTaTh 

MapKOBCKHM npouecCOM, ecJIH BbinOJIHSleTCSI HepaBeHCTBO 

Tc>> max(µ, Tk). 

B HallleM CJiyqae STO 6yAeT: 

1 L 
--

1+1 R 
N 

2 D ] 
» max [ CR• • n2 + 4w; 

9 

/33/ 

/34/ 



1 > > max [ (3, RN 2 D ] HnH 
D2 + 4 w~ ' 

/35/ 
. Le 

R~ C 4>0 r.1te (3 = ---C-- ' Le= 2rrT.:" 
C C 

.EcnH ycnoBHe /33/ Y.ltOBneTBOp.HeTC.H, TOK npoueccy q>(t) MOJKHO 

npHMeHHTb Ma.TeMaTn.qecKHA annapaT' MapKOBCKHX . npouecCOB,. B . 

. qacTHOCTH, ypaBHemte cl>. n. K. llTaK, K03q>q>HQHeH1:hl CHOCa H 

,llHq>q>y3HH "3KBHBaneHTHoro" O,llHOMepHoro MapKOBCKOr'O npouecca 

<p( t) 6y,1tyT: 

r.1te M = 4 
0 

V = 

M . 8g (q,, tl 
a. (q>,t) = f(q>) + V + g(q>,t) ~ 

00 

J kE(T) dT = 
0 

00 

4 D 
2 • 

02+ 4wo 

2 J ( 1 - e- vµ l kE(Tl dT , 
Mo o 

Mo . 2 · · 
H ' b ( q>, tl = ~ g Up; t l. 

/36a/ 

/366/ 

/36B/ 

/37/ 

QqeBH,llHO, tITO c ypaBHeHHeM / 4a/ Mhl nocTaBHml B COOTBeTCTBHe 
I 

o6o6iueHHoe CToxacTHtiecKoe ,llHq>q>epeHQHanhHoe ypasHem1e nepsoro 

nop.H,1tKa 

~ = f(<pl + g(¢,tl ECVl(tl, 0 s·v s 1: /38/ 

- IlpH v=0. 5 nonytIHM CHMMeTpH30BaHHhie CTOXaCTHtieCKHe 

' ypaBHeHH.H, a npH v=0 - CToxac T HtieCKOe ,llHq>q>epeHQHanbHOe 

ypaBHemie llTO. nonb3Y.HCb npaBHnOM - nepeXO,lla .. OT 06061.UeHHhIX 

CTOXaCTHtieCKHX ,llHq>q>epeHQHanbHhIX ypaBHeHHA K CHMMeTpH30BaHHhlM, 

nonytIHM, tITO cnyqafiHhIA npouecc, nose,1teHHe KOToporo 

· onHChIBaeTC.H ypaBHeHHeM / 4a/ c Manh!M napaMeTpOM µ, MOJKeT 6b!Tb 

npH6nHJKeHHO 3aMeHeH O,llHOMepHhIM MapKOBCKHM npoueccoM q>( t), 

IO 

\, 

( 

t 
.f 
' l 
l 
'I 
"} , 
·t 
l 
I 
I 
I 

!i, 
': ) 

,. 
d" 

I· 
I 

Y.ltOBneTBOp.HIOlUHM CTOXaCTHtieCKOMy, ,llHq>q>epeHQHanbHOMY ypaBHeHHIO 

nepsoro nop.H,1tKa: 

4> = f(q>l + v- - - 0 g(q>,tl --- + g(q,,tl 0(tl, /39/ 
. · · [ 1 ] M 8g ( q>, t l 

2 2 84> 

. r ,Ile 0 ( t l - 6enh1A wyM, 
M 

<0(t
1

) 0(t
2

l>, = 2° o (t
2
·-t

1
l. 

B HaweM ~nyqae, no,1tcTasn.H.H /30/ B /36B/, nonytIHM: 

V = 
1 2 1 D ( ' + D l - 4w2 

- - - u 0 
µ D • ( ' + D l 2 + 4w2 

µ ' 0 
2 

/40/ 

Tenepb .1tn.H npouecca /39/ ypaBHeHHe cl>. n. K. HMeeT BH.1t:. 

·a a a2 

at P(q,,tl = - [a(<p,tlP(q,,tlJ + --
2 

Cb(q>,tlP(q>,tll; /41/ 
84> 284> 

,. 'r.1te a< <p, t l H b ( q>, t l npe,llCTaBneHhl BhipaJKeHH.HMH /36/ H /37 /. 

CpaBHHB BhipaJKeHH.H /4a/ H /39/, MOJKHO 3aMeTHTb, tITO 

npeHe6petib nepBhlM qneHoM ypaBHeHH.H · / 4a/ 3a . cqeT 1.mnocTH 

napaMeTpa µ MOJKHO TOnbKO B cnyqae, KOr',lla v=0.5. B o6iueM 

cnyqae, KOJ:',lla v:t0. 5 ' 3TOr'O C,llenaTb Henb3.H. ll3 / 41 / BH,llHO 

tITO ·. v=0; 5 , ecnH Y.ltOBneTBOp.HIOTC.H ycnOBH.H: 

{ 

....L » D, 
µ w2 

0 l»4-uµ 

M3 /42a/ H /426/ cne,1tyeT (cM. pnc.3): 

Tl(» µ • 

II 

/42a/ 

/426/ 

/43/ 



'11-------- -- - ---- ---- - - -- - -- 1-e·J --- 1i----------------~~;-J ________ _ 

0 ~ 

PHc.3 

'\): j, 
2 

"C 

BTopott npe.1teJibHb1it cnyqait - Kor .1ta 

2 µ. « D • 

f' 
PHc.4 

~ = 0 

T 

1441 

0:3 / 40/ MbI nonyqaeM v = 0. 

nonyqaeM TK<< µ (cM. pHc.4). 

B :3T0M cnyqae, "HCil0Jib3YR /32/, 

Bo3spaiua,RCb K ypaBHeHHD /20/, A0KaJKeM, tIT0 

cnytiaH, K0I",l{a y. Hero eCTb ,!{Ba pa3JIHtIHbIX peweHHR, 

· c})H3HtieCKH B03M0JKHbl: 

0 s LlaC~>< Lla~ 2 >s a 1• 
1 1 

6bIB~rnT 

H o6a 

/45/ 

B :3THX ycn0BHRX Mb! M0JKeM npeo6pa3oBaTb /21/, 1121 H l4BI: 

v~m)= v~m) ('Pi)' 
. 1 . 1 

' /21/ 

k . 

v'"'<~.t>= QA [1 - .-.jT-'it-_ t] + v'~'1~•1 
k 

e Ji=k2- t 
' 

' /121 

R 2Tr ✓----:'° 
gCm)(<p,tl= ..J! _ k v L LT yCm)(<p,t), r.1te m = 1,2. 

L <l>o 

. ' 
l4al 

0tieBH,l{HO, v~m)(<pi) C00TBeTCTByeT peweHHRM A~7>.B TaK0M cnyqae 

nonyqaDTCR ,!{Ba pa3JIHtIHblX ypaBHeHHR BH,l{a l4al,/391 H 1411 H 

:3T0 ,l{JIR O,l{HOI"O H T0I"0 JKe CKBHna 0,l{HOBpeMeHHO! 

12 

IlycTb: 1) <p - <p = 2Trp = 1 sin<p , -l/2Tr s p s +l/2Tr, 
, ex . 

2) nocne cKatIKa <p -yseJIHtIHBaeTcR Ha 2rr, 

3) w0 t = x ,¢0 =(2j +.llrr, j -uenoe tittcno. ex 
YtIHTbIBaR /46/, /20/ npHHHMaeT BH,I{: 

/46a/ 
/466/. 

/46s/ 

Lla~(1-k2cos2x) - 2Aai[a1+ k 22Tr(p+llcosxl - 4n2k2 (2p+1) = 0 

1411 
H3BeCTHO, tIT0 y <l)yHKUHH BH,l{a 

h(Lla.) = A(Aa.) 2+ B<Aa.l+ C /48/ 
· J .1 l l 

cy~eCTByeT ,!{Ba . peweHHR ypaBHeHHR h ( Aa. ) = 0 B HHT e pBaJie 
. l 

(0,a
1
), eCJIH cne.1tyD~aR CHCTeMa HepaB~HCTB HMeeT peweHHe~. 

. ---•{·· ~

2

~4AC > ~, 

.

, . _ h _<_ Lla i' = a . ) , > 0 , 
C > 0 • 

B,HaweM cnyqae 1491 npttMeT BHA 

'{-h(Aa = a
1

) + k 2cos2x [4rr2k 2p2-

.. · h (Lla = a 1 ) > 0, 

' p <- ! 

(a1)2l > 0, 

H3 1501 BHAH0, tIT0 06R3aTeJibHbIM ycn0BHeM 6y.l{eT 

(2rrkpl > al, 

rne a 1= /i2-=i + -arcsin 1 - H ,.,, 1 2 

/a/. 
/6/ 
/al 

/al 
161 

Isl 

./491 

1501 

/51al 

1516/ 

0tieBHAHo, tITO nptt l>> 1, a 1
~ 1, TaK_ tIT0 ycnoBHR /46a/Hl51F 

' ' 
YA0BJieTB0pRDTCR 0AH0BpeMeHH0 T0JibK0 ecntt k > 1, a :3TO 

HeB03M0JKHo, TaK KaK k · e [ O; 11. IlosToMy MbI 6y.1teM ttcKaTb 
pewem,:e CHCTeMbl I 49/, , . YllHTbIBaR YCJI0BHR 

{ 
__ l > 1, .. ✓ 
1/, 1. 

13 



B /50a/. H /506/ BXO~~T qeThlpe napaMeTpa: 

0 < a 1< I· - l < p < m1· n [- 1. - ~ 1 
] • - - • 2rr - · 2 • 2rrk • 

[ 
1]2 2 f s k s 1; -1 ~cos x ~ 1. 

IlonhlTaeMC~ peWHTb /50a/: 

(a1)2+ a1[4rr(p+1)k2cosxl + 4rr2k2Ck2p2cos2x+2p+1l > 0, 

·HnH f(a1,p,k2,cosx) > 0. 

/52/ 

/53a/ 

/536/ 

EcnH B /536/ TPH napaMeTpa npHH~Tb 3a nOCTO~HHhle, a qeTBepThllI 
3a nepeMeHHYD BennqnHy H c~enaTb 3TO ~n~ Bcex napaMeTpOB no 
oqepe~H, TO nonyqnTc~ cne~yn~ee: 

A ia 1 ) 2 + B a 1+ C ,· 
1 .• 1 1. 

f(a 1 ,p,k2 ,cosx) = 
A2p2+ B2P + C2, 

A (k 2 ) 2 + B k2+ C 
3 3 3' 

A4(cosx> 2+ B4Ccosx) + C4, 

. r~e A > 0 ( \J) s = CT ; A· , B , C - K03q>q>HUHeHThI. s s s s 

• -· I 

/54a/. 

. /546/ 

/54B/ 

/54r/ 

Haff~eM MHHHMYMhl q>yHKUHH f (al, p, k2, cos X ) no KalK~OMy H3 
qeThipex napaMeTpoB: 

min f(a 1)=f. (a1. ) r min ' a 

min f(p)= f(pmin), 

min f(k2. > k2.= 
kz min ' min 

B 
a1. = - - 1- = -2rr Cp + 1) k2cosx 
nun 2A 

1 

B 
_2_ = -

Pmi~ - 2A
2 

. a 1 cosx + 2rr 

2rrk2cos2x 

B3 ---
2A3 

a 1(p+1) cosx. + rr(2p+1) 

2rrp2cos 2x 

14 

/55a/ 

/556/ 

/55B/\ 

min f(cosx)= f(cosx 
1 

>,cosx. cosx m n min 
B 

4 - -= - """2r -
4 

a 1 ( p+l) 

2rrk2p2 

Tenepb Mhl B COCTO~HHH Bb1qncnHTb MaCHMYMhl 3TOff qiyHKUHH: 

mat f(a 1> = max[f(O),f(a1)1, 
a 

m~x flpl = max {r1- :J;-->,f [min I-~,- 2;~ >J}, 

• { 1 2 } :~x r c k2 
> = max f [ [ +] ] . r c 1 > 

max f(cosx) = max [f(-1), f(l)l. cosx 

.Ilom1TaeMC~ peWHTb /506/: 
, I , 

/55r/ 

/56a/ 

/566/ 

/56ij/ 

/56r/ 

Ca1
>
2(1+k2coilx> - 4a1rr(p+l>k2cosx - 4rr2k2(2p+1) > 0, /a/ 

./57/ 
nnn g(a 1 ,p,k2,cos.x) >.O. 16/ 

. AHanorHqHo Mhl MOlKeM HanHcaTb: 

g(a1,p,k2,cos x>= 

A, (a1)2 + B•a1 + c· 
1 1 1' 

A•p + B• 
2. 2' 

A'k2 + B• 3 . 3•· 

A•(cos x> 2 
4 

+ B•Ccos x> + c•, 4 · 4 

/a/ 

/6/ 

IBI 

Ir/ 

/58/ 

r~e A'1• A4', < 0, c•1 > 0, A·, B', c• - K03q>q>HUHeHThl, s = CT. . . . s s • s . 

mar g(a 1) 
a 

B• 
1 -1 1 - -- -= g(amax > • amax - 2Ai 

15 

2rr(p+1)k2cosx 

1 +k2cos2x, 
/59a/ 



max g(p)= g(pmax)'pmax= ' p 

·{ 1rr ,ecRH a
1
cosx+2rr > 0 /596/ 

, 1 a 1 1 
min<- 2 ,-

2
rrk >,ecRH a cosx+2rr<O, 

m:2 g < k
2 

> = max { g [ ( + r] , g <1 >} /59a/ 

max g(cos x> 
cosx 

= g( cos xrna), cos xrnax = - 84= 2rr( p+l) 
2A' a 1 

4 

/59r/ / 

Tenepb Mbl B COCTORHHH Y3HaTb HMeeT RH CHCTeMa HepaBeHCTB 

. /506/ <=> 
{ 

/50a/ . 

{ 

f(a1,p,k2 ,cos x) > 0 

g(a1,p,k2 ,cos x> > O 
<=> O < l!.a~ ll< l!.a~ 21 < a 1 

l l. 

/50s/ /60/ 

peweHHe. CyiuecTBYKJT 4 napaMeTpa: a 1 , p, k, cosx, o.n,HH H3 KoToph1X·'MbI 

B ,n;aRbHeil:weM 6y.n,eM CtJHTaTb nepeMeHHOil:. Tor,n;a TpH OCTa?WHeCR 

napaMeTpa npHMeM 3a KOHCTaHTbl, HMeKJIUHe 3a,n;aHHble 3HatieHHR,' ', H 

Ha3oBeM HX K
1

, K
2

, K
3

• 8 poRH nepeMeHHOil:, KOTopyKl MbI Ha3oBeM r,, 

. MOJKeT BblCTynaTb RKJ6oil: H3 !3THX tJeTblpex napaMeTpOB. BbltJHCRHM
0 

max g(r,) H max f(r,) no ~OpMyRaM /59/ H /56/, COOTBeTCTBeHHO, 

HcnoRb3YR ~opMyRy /55/, tJTOC>bl y3HaTb, KaKoe noROJKeHHe HMe~T 

T/min OTHOCHTeRbHO npe,n;eRbHbIX 3Hatie.HHil: nepeMeHHOil: T/ /52/. EcRH 

min [max g(r,),max f(r,)l > 0, /611'. 

TO /60/ HMeeT peweHHe. EcRH HeT, _TO H3_MeHRR XOTR 6bl 0,11,Hy H3 

KOHCTaHT K 
1

, K 
2

, K
3

, .n,o6HBaeMcR BbinORHeHHR ycROBHR /61 /. KaK . 

H3MeHHTb ~TY KOHCTaHTy? YMeHbWHTb HRH yseRHtJHTb? Ha !3_TOT 

aonpoc RerKo oTBeTHTb, 3HaR.npH KaKoM 3HatieHHH !3T6il: KoHcTaHTbI 

Mbl HMeeM max f H max g. 3To H3BeCTHO ,IJ;RR Bcex Tpex KOHCTaHT. 

TaKyKJ npoue,n;ypy 6y,n;eM noBTOpRTb C KaJK,11,0ti KOHCTaHTOti, 

.n,o6HBaRCb. BbinORHeHHR ycROBHR /6,11. TaK HM o6pa30M' Mbl Hainiii1 

HeCKORbKO B03MOJKHblX . BapHaHTOB 3HatJeHHti ,II.RR rpynnbI napaMeTpOB 
1 2 (.a ,p,k ,cos x>. 

. 16 

IlpHBe.n;eM npHMep: 

(a 1 >
0
= 18 .. 45, p

0
e J-3.1075,-3.10381, 

k~ = 0~9 , cos x
0
e [0.627,0.647]. 

4> ~ 

--------

- ~ - - 7-- - - - - - -

E 

E.1 

<.>t~JI 
2 

L I / f---- fB 
A 'A 16 

;a1 
,i.o: 11T 
Y .. fox 

PHc.5 - xapaKTepHCTHKH pacMaTpHBaeMoro CKBM~a. 

/62/ 

.B !3TOM cRytiae/ .1=20 , H ¢P =7rr. Ecmi cKatioK so.3HHKaeT oKoRo . , .... _ • -. ex _ 
TOtJKH E (pHC. 5) T. e. TaM, . r.n,e ycROBHe /60/ BbinORHReTCR, TO 

· 3HatieHHR l!.a. :0 < l!.a~ll< l!.a~ 21 < a1 . . cyiuecTBYKlT ,D;Ba pa3RHtJHblX 
l . - l l 

IlpHMepbI: 

a) • p ·= -3. 1075 
) ' 

COS X = 0,647 
9 l!.a~ll= 17.42 , l!.ac_2 >= 17.05 

l , l 

p=-:-3,1078 (1)~ 1 

cos x = 0,627 9 l!.ai - al 

6) 
f!.a .c 2 > = 15 . 5 ., 

Bl p = -3.1075 Ci)_ (2) _ · 
cos x = 0 _637 9 l!.ai - 18.16, l!.ai - 16.05 

TaK KaK • cKaGOK RBRReTcR sepoRTHOCTHbIM npoueccoM scRe,11,cTBHe 

17 



B03'Ae'1CTBH.H wyMa, TO - Bepo.HTHOCTb npouecca Ek ~ 8, 
P(a~,p0,k~,cos x0> 

HailHCaTb: 

OTJIH'qHa' OT -HYJI.H. TaKHM o6pa30M, MOJKHO 

( 1 2 )- p(l) 1 2 + p(2) 1- 2 P a
0
,p

0
,k0,cosx

0 
- (a

0
,p

0
,k

0
,cosx

0
> (a

0
,p

0
,k

0
,cosx

0
>, 

\ 

/63/ 

I''Ae p(m)(a~,p
0

,k~,COS X
0

) - BepO.HTHOCTb TOI'O, tITO CKatIOK 

npoHCXO'AHT HMeHHO TOI''Aa, KOI"'Aa rpynna napaMeTpOB ( a 1 , p , k 2 , 
' ' 

cosx) np1:1H,HMaeT 3HatieHH.H /62/ H IlOCJie CKatIKa na'AeHHe BeJIHtIHHbl 

a 1 6y'AeT Aa~ml, I"'Ae m = 1,2. 
l 

3aMetiaHHe 

,llo CHX nop Mb! CtIHTaJIH, tITO napaMeTpbl p H ccrn X - He3aBHCHMbJe. 

3To 'AOnymeHHe 6bIJIO C'AeJiaHo HCXO'A.H H3 Toro, tITO, ypaBHeH~e 
I 

''P - <p = 1 sin <p 
· ex 

He HMeeT aHamlTHtieCKOI"O ,, peweHH.H., · QqeBH'AHO, MelK~Y 3THMH ,, 

napaMeTpaM~ cymecTByeT 3aBHCHMOCTb: 

.. - 2rrp o 1 •· 
arcsin (- _e_-_ ) - </>ex - a cos x = 2rrp . 

Ilo3TOMY, nocne Toro KaK Hafi'AeHo peweHHe Hawen 3a'AatIH: 

O < Aa~ll < Aa\~l< a1, 

/64/· 

TO ecTb HattieHbl 3HatieHH.H 'AJI.H rpynm1 ilapaMeTpOB (a1, p, If, co'sx) , 

Heo6XO'AHMO.npoBepHTh yJioBJieTBop.HIOT JIM pH cosx y~noBHJO /64/. 

IlpHMep: 

- a
1
= 1. 787 

' 

EcJIH·cosx 

P = :- 0. 501 ,,k2= 0.9 , cosx E [-1,, 1 L 

= - ~ TO' 0 < Aa~ 1
)= 0. 86 • Aa~ 2

)= o.: 105 < a1 • 

M'Bce-TaKH /64/ lle Y'AOBJieTBOp.HeTC.H, Il03TOMY TaKoe peweHHe He 
HMee~ q>H3HtieCKOI"O CM~ICJia ! . , . , 

-ABTOp BbJpaJKaeT npH3HaTeJibHOCTb 3a IlOMOI.Ub B IlO'Ar:'OTOBKe CTaTbH 

PacnonHHott E. 8. 
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