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Cpe.n,11 MO,!l,eJieH HeJI11HeHHoro B3al1MO,!l,eHCTBl1H 

3JieKTpOMarHl1THOro' nOJIH to cpe~OH BaJKHOe MeCTO 3aHl1MaeT MO,!l,eJih 

T.aK Ha3UBaeMoro napaMeTp11qecKoro YCl1Jll1TeJIH [1,2]. 'B 

npocTeHIIIeM cnyqae npouecc Cl1HXpOHl1311pOBaHH6ro ~ no qia3e 

BUpOJK,!l,eHHoro napaMeTp11qecKoro yc11JieHl1H MOJKeT paccMaTp11BaTbCH 

KaK B3al1MO,!l,eHCTBl1e none a C qacTOTaMl1 2w 11 w. '<CM. (3].). JlJIH 

on11caHl1H TaK,!)rO npol{ecca . 09U'IHO ' HCilOJ!1l3 yeTCSJ. ; MO,!l,e,Jlb _c, 

611Jil1HeHHUM 6030HHUM raMl1JlhTOHHaHOM,noJiy'IaeMUM B npe.n.noJIOJKeHl111 

0 TOM, 'ITO O,!l,HO 113 .n,eHCTBYIOilUIX Ha- cpe.n,y IlOJieH HBJIHeTCH 

KJiacc11tieCKl1M [ 4]. TaKaH MO,!l,eJibHaH 3a.n,aqa MOJKeT 6UTh: TO'IHO 

perneHa c noMOITThlO KaHOHH'IeCKOro npeo6pa~o~aHl1~ ~oronri~6B~; npH 

3TOM y.n,aeTCH IlOJIY'Il1Th ycJIOBl1H CJKaTHH· KBaHTOBUX <!JJIYKTyau11a 

3JieKTpOMarHl1THO~O IlOJIH [3,5,6] 11
, 

BMeCTe C TeM, napaMeTpH'IeCKOe yc11JieH11e npe.n,cTaBJIHeT 

co6oa npouecc C Ky611qecKOH HeJIHH9HHOCThlO no Eo3e-~OJ!HM, 

OilHCUBaeMUH raMl1JlbTOHl1aHOM BH,!l,a 

H = 2wa+a + wb+b + ~(b+b~ + ~+b+b ), 

[a,a+] = [b,b+) = 1, 

[a#,b#] = O. 

(1) 

3.n,ecb KOHCTaHTa CBH3H K onpe.n,eJIHeTCH CBOHCTBaMH 

HeJIH,H9HH08 cpe.n.u [ 1, 2) •.. TaKOH raMl1JlhTOHHaH, 0'!9B11,!l,HO, He 

0 orHOCHTeJibHO CJICaTHH CM. [2, 7). 



,· 

MOllCeT fiHTb JlHaro.HaJIH3HpOBaH C nOMOlllblO KaHOHHl{eCKoro 

.npeo6pa3oBaHHJI 5oroJIJ06oaa. B006111e, peweHHe Mo.11eJibHHX 3a.11at1 c 

6030HHl,IMH raMHJibTOHHaHaMH, 

npe.11cTaBJIJ1eT aec1>Ma 

co.11epl1Call1HMH ~y6H'IHYJO HeJIHHe8HOCTb, 

CJIOllCHYJO MaTeMaTH'l0CKYIO npo6JieMy. • a 

pe3yJibTaTl,I [8, 9] 6HJIH noJiy'leHU JlJIJI · H3BeCTHHe TO'IHHe 

cneuHaJibHl,IX MO.lleJie8, onHCl:lBalO,lllHX pacceJIHHe PaMaHa. !3.ll0Cb MJ,i 

noKallCeM, 'ITO MO.ll0JlbHaJI 3a.11aqa C raMHJlbTOHHaHOM (1) TaKllCe 

MOllCeT 6HTb peweHa TO'IHO,·' H HCCJie.11yeM HeKOTopue !pH3H'leCKHe 

CJl0.llCTBHJI. 

!3aMeTHM npeQe acer9, 'ITO B CHCTeMe, OnHCUBaeMO8 

· -raMHJlbTOHHaHOM ( 1), HMeeT MeCTO coxpaHeHHe 'IHCJia KBaHT(?B 

noJIJI c qacToToA w: · 

b+b ■ N = canst I, 

[N,H] ·= O. 

3anHmeM ypaBH~HHJI JlBHllC0HHJI JlJIJl·DOJIJI c qacTOTOA 2w: 

f ia; 2c.Ja + IC N, 

l 1a = 
. ·+ :i.a -2c.ia + - w N • 

Hx· peweHHe c Y'l~TOM '(2) HMeeT BH.ll 

f a(t) = aF(t) + 7N(e-
21wt::-1_), 

1 ••(t) • •t<t) + 7N(e+2iwt_,), 

7=k/2w. 

(2) ,· 

(3) 

. '# . 
!3.necb onepaTopl:l aF{ t) OIIHCi,niallT ' cao6~.llHYK> 3BOJlllUHJO .. noJig C 

'l&CTOT08 2w: 

aF(t) = a(O)e-2iwt. 

!3aMeTHM, 'ITO KaHOHH'l0CKHM npeo6pa30BaHHeM 

2 

i 
( 

1 
:l 
l 
·! 

'j '. .1 
:·, 

c =a+ -,N, 

[c,c+] = 1, 

c+ =a++ 7N, 

raMHJlbTOHHaH (1) npHBO.llHTCJI K BH.llY 

r.11e 

H = He + HN' 

H + . c = 2wc c, 

H = wN - 27
2

N
2

, 
K 

[Hc,HN] = 0. 

!3.11ecb nepaoe cJiaraeMoe H cooTaeTcTayeT 3HeprHH cao60.11Horo 
C . # . . 

6O30-IlOJlH KBa3H'laCTHU, OilHCUBaeMUX onepaTopaMH C, a BTOpoe 

CJiaraeMoe - 3HeprHH CHCT0MU C TaK Ha3UBaeMO8 KeppOBCKOH 

HeirnHeHHOCTblO . .llJIH nocJie.11HeH HMeeT MeCTO HBJI0HHe Cl!Canrn [ 10]. 

PaccMOTpHM Tenepb ::rnoJIIOUHIO pa3JIH'IHl:lX xapaKTepHCTHK 

IlOJIH c qacTOTO8 2w. Ha'IHSM co cpe.11Hero 'IHCJia_q>OTOHOB. B CHJIY 

(3)IIMeeM 

<a+a>t = <a+a>
0 

<a+ 
F_ 

+ 2-,2<N2>
0

(1-cos2wt) + ;<N>
0

(<a+ + 'a>~-

+ aF>t ) . (4) 

!3.ll0Cb 

< ... >t = Tr( ... po)' 

ro = ra®rb 

II p 
O 

- MaTpHua OJIOTHOCTH COOTB0TCTBYIOll1ero IlOJIH B Ha'laJibHl:lH 

MOM0HT apeMeHH t=O. ECJIH Ha'laJibHOe COCTOHHHe IlOJIH C 

qacTOTOH 2w HBJIH0TCH xaoTH'leCKHM HJIH !pOKOBCKHM, TO 

<a++ a>
0 

+ <a F + aF> = o 

II, cJie.llOBaTeJibHO, 

<a+a>t <a+a>
0 

+ 27<N2>
0

(1-cos2wt), (5) 

T.e. HMeeT MeCTO nepHO.llH'l0CKO0 H3M0H0HHe cpe.11Hero 'IHCJia 

!pOTOHOB B MO.Ile C qacTOTOH 2w. fIO.ll'10pKH0M, 'ITO MaKCHMaJibHOe 
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qHcna KBaHTaB C naafiHafi qacTaTafi npanaputtaHaRbHa KBanpaTy 

qHcna KBaHTaB C qacTaTafi w. nefiCTBHTenhHa, 

<N2> 
0 

<N>2 
0 

B cnyqae ¢aKaBcKara HaqanbHOro COCTOHHHH nanH C qacTaTafi w, 

<N2>a = 2<N2>a + <N>o 

B cnyqae xaaTHqecKara COCTOHHHH, 

<N2 > = <N>2 + <N> 0 0 0 

B cnyqae KarepeHTHora COCTaHHHH H T.n. 

PaCCMaTpHM Tenepb KarepeHTHae HaqanbHae cacTaHHHe 

IlORH C qacTaTafi 2w. nycTb TaKae cacTaHHHe _ xapaKTepH3yeTCH 

napaMeTpaM ex: 

ala) = ala), aec. 

Tarna H3 (4) .nanyqaeM 

<a+a~t = lal
2

+272<N2>
0

(1-cos2wt)+27<N>
0

lal{cas(¢-2wt)}, (6) 

rne ¢ arg ex. 

HaKatteu, B cnyqae, Karna HaqanbHae cacTaHHHe Manu 

2w HBRHeTCH cmaTUM [2,7), HMeeM 

<a+a>t = lal 2 + sh2 r + 272<N2>
0

(1-cos2wt) + 2lal<N
0

>* 

*{[cos¢ - cos(¢-2wt)]chr - [cos(¢-~) - cos(¢-~+2wt)]shr}, (7) 

rne cx=lcxle 1¢, r H ~ - napaMeTpu cmaTaro cacTaHHHH. 

HeTpynHa BHneTb, npH r=O caoTHOllieHHe (7) nepexanHT B (6). 

HafineM Tenepb nHcnepcHD qHcna KBaHTaB Manu 2w: 

+ + 2 Vt(a a)= <(a a) >t 

4 

+ 2 <a a>t. 

KaK 

}11 

j 

l, 

... 

~ 2 
nnH 3Tara auqttcnHM <(a a) >t. HCilORb3YH Taqttue coaTHameHHH 

(3), nonyqaeM 

+ 2 + 2 + + + <(a a) ->t = <(a a) >0 + 7N{<a a[(a +a) - (aF + aF)]>0+ 

+ + + 2 2 + +<[(a +a)-(aF + aF)]a a>}+ 47 <N > <a a> (1-cos2wt)+ , 0 0 . 0 

2 2 + + 2 3 3 + +7 <N > <[(a +a)~ (aF + aF)]> + 47 <N > <(a +a)-o O .O ,. 0 · ·· ·O O 0 

-(aF+ + aF)> + 474<N4> (1-cos2wt) 2 . 
. 0 0 

_, ( 8) --

OTcvna c yqeTaM (4) nonyqaeM 

Vt(a+a) = V
0

(a+a) + 474V0 (N2 )(1-cos2wt) 2 +473 (<N3>0-<N2~0* 

+ + + + 
*<N>0 )<(a +a) - (aF+aF)>0 (1-cos2wt) + 7~N>0{<a ~,(a +a)-

+ + + + 2 2 + 
-(aF+aF)>0 + <(a +a) - (aF+aF),a a>0} + r <N >0<[(a +a)~ 

+ 2 2 2 + + 2 
-(aF+aF)] >0 - 7 <N>0<(a +a) - (aF +·aF)>0 , (9) 

rne 

<A,B> = <AB> - <A><B>. 

Hccnenaa~HHe nHCnepcHH qttcna KBaHTOB Manu 2w -·HaqHeM · c 

npocTefimera cnyqaH, Karna HaqanhHoe cacTOHHke HBnHeTcH 

BaKyyMHUM. Tarna 

V
0

(a+a) 

<(a++a) 

<[(a++a) 2 

o, 

+ 
(aF + aF)>o = 0, 

(a;+ aF)]2>o 

+ + + <a a,(a +a) - (aF + aF)>0 

II09TaMy· 

2( 1-cos2wt), 

+ + - + = <(a +a) - (aF + aF),a a>0 = o. 

+ Vt(a a) = 47g4V (N2 )(1-cos2wwt) 2 + 27g2<N2> (1-cos2wwt). (10) 
0 - , o, · 

H3 ( 10) cnenyeT, - qTQ He3aBHCHMa OT JrncnepCHH VO ( N
2). KBanpaTa 
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qHCJla KBaHTOB Monu w nHcrrepCHH Vo(a+a) qHcJia KBaHTOB Monu 2w 
IlOJIOlll:HTeJihHa, eCJIH 

<a+a> -,,. 0, 

T.e. nm1 MOMeHTOB apeMeHH, 
2krr 

npHHannema111Hx nononHemuo 

MHOlll:eCTBa --. k=0, 1, 2, .. ·' Ha BellleCTBeHHOH OCH. B OCTaJibHUX 
2w 

cnyqasix 

+ Vt(a a)=0. 

HanoMHHM, qTo pacnpeneneHHe npHHSITO Ha3UBaTh 

COHOBCKHM, eCJIH [6] 

V(a+a) < <a+a>. 

cy6nyac-

(11) 

.llnsi paccMaTp1rnaeMoro cnyqasi aaKyyMHoro HaqanhHoro cocTosiHHSI 

Monu 2w ycnoaHe (11) ,HMeeT BHn 

V
0

(N2 )(1-cos2wt) 2 < O, 

T. e. He BUilOJIHSleTCSI HH nnsi KaKHX t. CnenoaaTeJihHO, 

reuepauHsi ¢oTOHOB MOWl 2w c cy6nyaccouoacKHM ,pacnpeneneHHeM 

qHcJia KBaHTOB npH BaKyyMHOM HaqaJihHOM COCTOHHHH HeB03MOlll:Ha, 

He3aBHCHMO OT COCTOHHHH IlOJIH C qacTOTOH w. C npyroii CTopoHU, 

IlpH YCJIOBHH 

Vo(N2) = 0 (12) 

HMeeT MeCTO paBeHCTBO 

Vt + + 
Vt(a a)= <a a>t' 

COOTBeTCTBYDlllee nyaccoHOBCKOMY pacrrpeneneHHD. PaBeHCTBO (12) 

HMeeT MeCTO nJIH HaqaJihHoro ¢0KOBCKoro COCTOHHHH IlOJIH C 

qacTOTOH w. 
¢0TOHOB, 

.llJIH npyrHx HaqaJihHUX COCTOHHHH Monu w nnH 

reHepHpyeMUX B Mone 2w, peaJIH3yeTCH 

cynepnyaccoHoBcKoe pacnpeneneuHe KBaHTOB, 

.llJIH nHcnepcHH ( 9) a cnyqae ¢DKOBcKoro HaqaJihHoro 

COCTOHHHH Monu 2W HMeeM 

6 

;~/l 
,, ,., 

J 
;} 
!J 
I 

Vt(a+a) = 47~V (N2 )(1-cos2wt>2 + (4n + 2)72<N~>(1-cos2wt). 

rne n=1,2, ... - HaqaJihHOe qHCJIO ¢0TOHOB, YCJIOBHe (11) Teneph 

npHHHMaeT BHn 

474V
0

(N2 )(1-cos2wt) 2 + (4n+2)72<N2>
0

(1-cos2wt) < n, 

qTQ 3KBHBaJieHTHO HepaaeHCTBY 

n<N2> - ✓n"2<N2>2 + nV (N2 ) 
0 0 cos2wt > 

272V
0

(N2 ) 

onpeneJISIDllleMy MOMeHTU apeMeHH, nnsi 

cy6nyaccoHoBcKoe pacnpeneneHHe B Mone 

(13) 

KOTOpux peaJIH3yeTCH 

2w. KaK HeTpynHo 

BHneTh H3 (13), nnsi JID6oro HaqaJihHoro pacnpeneneHHH e Mone w 

MOlll:HO HaHTH TaKHe 3HaqeHHH n, nnH KOTopux 6yneT B03M0lll:HOH 

rettepauHsi ¢oToHOB Monu 2w c cy6nyaccouoBCKHM pacnpeneneuHeM. 

B cnyqae xaoTHqecKoro HaqaJihHOro cocTOHHHH Monu 2w 

co cpenHHM qffcJIOM KBaHTOB 

+ -<a a> = n 

HMeeM 

Vt(a+a) = n2+n+474V
0

(N2 )(1-cos2wt) 2+(4n + 2)72<N >~(1-cos2wt) 

no aHanorHH c (13) nnH ycnoBHH (11) nonyqaeM 

cos2wt > 
n<tt2>o - /nvo(N2) - n2<N4>o 

(14) 

2g2Vo(N2) 

OTcDna cnenyeT, qTo cy6nyaccoHoacKoe pacnpeneneHHe ¢oToHOB a 

Mone 2w MOlll:eT peaJIH30BaThCH TOJlhKO npH nocTaToqHo MaJIOM qHCJie 

HaqaJihHUX KBaHTOB 

2 4 
n < V

0
(N )/<N >

0
• 

7 



AHaJJorHqHUM o6pa30M MOmHO HaHTH ycJJOBHe peaJJH3aUHH 

cy6nyaccoHoBcKoro pacnpeneneHHH ~OTOHOB Monu 2w nnH 

KorepeHTHoro H cmaToro HaqaJJbHUX COCTOHHHH. 

rrepeilneM Tenepb K ttccnenoaaHHJO npo6neMu cmaTHH 

KBaHTOBUX ~JJYKTyaUHH KBanpaTyp IlOJJH Ha qacTOTe 2w. ITO· 

onpeneneHHJO KBanpaTyp [7] HMeeM 

Q = (a++a)/2, 
·:+·'• 

P = i(a -a)/2. 

C yqeTOM COOTHomeHHH (3) HMeeM 

rne 

{ 

Q(t) = 

P(t) = 

QF(t) + ;N(cos2wt-1), 

PF(t) - ;Nsin2wt, 

QF(t) 

+ a + a 
F·. F 

2 
a+ - a 

F F 
· PF=i*·~~2 

OTcIOna nnH cpe.tiliHx·HMeeM 

{

<Q>i=<QF>+r<N>
0

(cos2wt-1), 

<P>t=<PF>-r<N>
0

sin2wt. 

(15) 

(16) 

C yqeTOM COOTHOW8HHH (15), (16) nnH nHcnepCHH KBanpaTyp noJJH 

c qacToToil _2w nonyqaeM 

{

Vt(Q)=V(Q~)+r
2

V
0

(N)(~os2wt-1)
2

, 

V (P)=V(P )+r2v (N)sin
2

2wt. 

(17) 

H3 c'ooTHOWeHHH (17) cnenyeT, qTQ ,llJJH JJJ06UX MOMeHTOB BpeMeHH 

nHcnepcHH KBanpaTyp Monu 2w, reHepHpyeMoil B npouece 

B_3aHMonei!CTBHH ( 1) , , He M8Hbl/Je nHcqepcHil, nonq~HHJOIUHXCH 

3aKOHY 3BOJJ)()UHH cilo6on_Horo IlOJIH C qacTOTOH 2w: 

Vt Vt(Q) > V(QF)' Vt (P) > V(PF). 

ITO3TOMY HBJJeHHe cmaTHH, onpeneJJHeMoe ycJJOBHeM [7]: 

8 

V(X) < 1/4, X :': Q HJJH P, 

MomeT HM8Tb M8CTO JIHWb B TOM. cnyqae, Korna ttaqaJJbHoe 

COCTOHHHe Monu 2w HBJJHeTCH cmaTUM. PaCCMOTpHM nJJH npOCTOTU 

B KaqecTBe HaqaJJbHOro COCTOHHHH Monu 2w cmaToe BaKyyMHOe 

cocTOHHHe [7], xapaKTepH3yeMoe napaMeTpaMH ¢,r. Torna 

l 
V(Q) = ¼ + ¾sh

2
r - ½cos(¢-4wt) shr chr, 

. V(PF) = ¾ + ~sh2 r - ½cos.(¢-4wt) shr chr 

Tenepb nJJH nttcnepCHH. (i7). IlOJJyqaeM 

l 
V(QF) = ¾ + ½sh

2
r-½cos(¢-4wt)sh~chr + r

2
V

0
(N)(cos2wt-1>2, 

V(PA) = ¾ + ½sh
2

r~½cos(¢-4wt)shrchr + r 2
V

0
(N)(cos2wt-1) 2 . 

YCJJOBHe cmaTHH nJJH KOMilOHeHTU Q B paCCMaTpHBaeMOM · CJJyqae 

HMeeT BHn 

sh2 r - cos(¢.'..4wt) shr chr + 2.2v (N)(cos2wt.'.:1) 2 < 0. (18) 
' ' 0 

Heo6xonHMUM ycJIOBHeM peaJIH3aUHH (18) HBJJHeTCH, oqesHnHo, 

cos(¢-4wt) > 0, (19) 

OTKyna 

4¢ + (4k+1)rr > 8wt > 4¢ + (4k-1)rr, k=0, 1, 2, ... 

B npoTHBOilOJJOmHOM cnyqae cmaTHe KBanpaTypu Q'OTCYTCTByeT, HO 

MomeT· peaJJH3OBaTbCH cmaTHe KBanpaTy pil P •· )la nee, oqeaHntto ;

HaH6onee 6naronpHHTHUM nnH nonyqeHHH cmaTHH cnyqaeM HBJJHeTCH 

CHTyaUHH, Korna HaqaJJbHOe COCTOHHHe M6nu w HBJIH8TCH 

~OKOBCKHM, T.e. Vo(N) = o. B 3TOM cnyqae Heo6xonHMUM H 

nocTaToqHUM ycJJOBHeM cmaTHH HBJJHeTCH HepaBeHCTBO (cp.(19)) 

cos(¢-4wt) > th(r), 

npHqeM npH ycJJOBHH 

cos(¢-4wt) > cos¢ 

nepBOHaqaJibHOe cmaTHe ycHJIHBaeTCH. 
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PaCCMOTpHM Tenepb cnyqaH Vo(N) > 0. nycTb .nnH npOCTOTU 

¢=0. To~.na ycnOBHe cmaTHH .nnH, KBa1paTypu Q (18) npHHHMaeT BH.ll 

2cos 22wt( -,2v O ( N). 

+ shrchr < o. 

shrchr) - 47V2(N)cos2wt + 2-,2v2(N) + shr2 
0 · · 0 

3TO KBa.npaTHOe OTHOCHTenbHO cos2wt HepaBeHCTBO onpe.nenHeT 
MOMeHTU BpeMeHH, .nnH KOTOpux HMeeT MeCTO cmaTHe KBaHTOBUX 

qinyKTyaUHH KBa.npaTypu Q MO,llU 2w. 

B CHny CHMMeTpHH aenHqHH Vt(Q) H Vt(P) aHanorHqHl,IM o6pa30M 
MomeT 6UTb Hccne.noaaHo cmaTHe Kaa.npaTypu P Mo.nu 2w. 

TaKHM o6pa30M, MU noKa3aRH~ qTo_ B npe.nnomeHHOH 3,lleCb 
Mo.nenH CHHxpoHH30BaHHoro no ipa3e napaMeTpHqecKoro ycHnHTem1 
(1) MomeT 6uTb nonyqeHo ToqHoe onepaTopHoe peweHHe (3), 

Il03BORHIO!llee onpe.nenHTb 3BORIOUHIO KBaHTOBUX ipnyKTyaUHH qHcna 

!pOTOHOB H 
yqacTBYIO!lleH 

KBa.npaTyp O,llHOH 
B npouecce 

H3 MO,ll 3ReKTpo~arHHTHOrO nonH, 
B3aHMO,lleHCTBHH. Ha OCHOBaHHH 

nonyqeHHoro __ pe3ynhTaTa MoryT 6uTh TaKme auqHcneHu n106ue 

.npyrHe xapaKTepHCTHKH KaK yKa3aHHOH MO,llU, TaK H MO,llU w. 

nonh3YHCh cnyqaeM, aaTopu aupama10T 6naro.napHOCTh 

A. C. lllyMOBCKOMY 3a. no_cTaHOBKY 3a.naqH, a .T~Kme A. B. AH.npeeay, 

B.H.Pynacoay H B.C.HpyHHHY 3a none3HUe o6cym.neHHH. 
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