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I. BBe.nem1e 

B TeopHH TBep.noro Te.118 H,B 118.CTHOCTH,B TeOpHH HOHHHX KpHCTSJI

.noB H MeTM1IOB tUICTO BCTpetUleTCSi Heo6XO.I(HMOCTh onpe.ne.11eHK!l MeKTPO

CT8THqecKoro noTeanH0JI8 B MeMeHTapHOH aqelKe 88,ItaHHOI KPHCT8nnH

qecKOI pemeTKH. 8T8 88.I(8118 CM88H8 C pacqeT8Mli TM H881lBaeMHX 

"pemeTO'IIHl:DC cyMM" THil8 

r,ne J;,.,, (12.) - 06HqH1,1e cq>epHqeclGle W:,HRJJ.Hz_lI/, 'P - BeKTOp, 

pacnOJiozeHIIHA BHYTPH MeMeHTapaol aqelu. CyMMa 6epeTCH no BceM 

ll!Y.nhTHnOJUUI IlOpll,ItK8 2 t ( C 11:(.nhTHilOJihHHMR 88psl.It8MH ~-~Pl ) , 

H8XO,JtRIIIHMHCSi B ySJiax 1;·, 6eCKOHeqeoA KpHCT8JI.1IHqecxol pemeTIGI. 

B c.nytU1e t'- = O (I) onHcimaeTCH MeKTpocTaTHqecKHI noTeHilHaJI 

pemeTKH Toqeqawc aapll.ItoB *) 

(2) 

B .I(8JihHelmeM MH BCD.IIY npe,nnOJiaraeM, "4'l'OJ_ Haqa.no ~~Op.I(HH8T 
pacnOJiozeeo B ySJiepemeTKH c eo~epoM = I ( ~ = 0) H 
11To ~-/: ij " ( j\/.c I). 
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HHTepec npe.1tcTaBJIJIDT xax sHaqeime V'{o)= f;i!? ~e,,,, Je,_{S:l)A·e•-1: 
-1-.,.eni· 1/ ii J.tf ' _ fi;' L c:. 1 :ft ,., ( .Q,) r.- " , Heo6xo.ztm,loe A1UI pac'leTa co6cT:eeH-
j J J ' J 

Hoit saepl'Hl! pemeTKK R llOCTOJlHHOI Ma.D:e.JIYHI'8 121, T8lt }I 3Ha'lerme 

Ve 111 (;) A1UI t la o. B noCJie.1taeu c.nyqae ze.naTem.ao SHaTI, He 
I -

TOJII,KO tmCJieaaoe SHa'leHRe Yt,111 ( f') MH Sa.na.HHoro -r , a q,ymt-
-'> 

nROH8JII,ayJJ 38BHCHMOCTI, llOTeHIUJSJIS OT i • 3zy 38l!HC.HMOCTI, 

MOZHO (CM.H.HZe) npe,llCTSBHTI, B BR,lt8 
_, L 

~ ~ fl/; t'L :/4,Hffl;:)J 
L=o ,A,Js-J. 

(3) 

r,Ite llOCTOJlHHH8 Il
e,,,, /H onpe.iteJismrCJI qepes pemeTotnme CyMMH T.Hlla 

~ 1 
", !,Ill u {_Q )/ .>.d ) (4) 4- -c j J ),,, i ~- , ().,. e, e;.1,... . 

J 

0CHOBHSSI npo6JreMa pacqeTa Cy-MM (4), MJl KO?Opl:OC B CJIY'l88 Tpexuep

aoi pemeTKH noxa eme ae aal.D;eHH BHSJIHTH'leCKHe Bspazemm, co.1te~

Jl1He KOH8'1HOe 'tfflCJIO TpaacneH,IteHT!WX qiyHKIUII, COCTOHT B TOM, 'ITO 

A1U1 A = O,I ( f i{"'- O) H 2 0TH CYMMH CXO.ltliTCJI Kpalae Me,rprea-
. . 

HOH JIHllll, YCJIOBHO, T.e. pesyJII,TST Cyw,t.HpOBaHHH SSBHCHT OT Toro, 

K8RHM o6paBOM 6epeTM cywa no BCel pemeTKe •>. Bon~OCH, CBSISaH

HHe c llOCJie,llHRM 06CTOJITeJII,CTBOM,nO,Iijl06HO paccMOTpeHH B pa6oTax/4-6/. 

.n,r.11 YJIY'llll8fllm CXO,ltHMOCTH Cy-MM THna (I) EIIH (4) paSBHT neJIHI 

P.ll.lt MeTO,llOB. 06sop no pa60T8M .ltO I960 ro,Ita HMeeTCJI B CT8T~2•7•81. 
B TBK H83HB88MHX M8TO.lt8X "npR:MOro" cyMJ,mpOBBHH.ll /9-I2/, KOTO

pHe a@>eKTllBHH llpH 60JII,IIIHX t H llpOCTHX KpHCTSJJJIR'leCKHX CTPYK

Typax, Cy-MMHpOBaH.He llpOHSBO,ltHTM no noBepXHOCT.llM, llOBTOpliDIIHM no 

CBoeit q,opMe SJieMeHTapayJJ .llll'.eitKY ,1taaaol pemeTKK. B pa.6oTe /I2/ 

paSBHT annapaT, nosBOJillllllUtl onpe.1teJIHTI> tmCJieaHHe SHa'lemm V(;J 
•> B 0,ltHOMepHol 38,lt8'18 cyMMH TEIIa (4) BHPIDSD'rM qepes ~ -WBR

Qm) PHM~a; ,ltBynlepHa.11 38,11,B.'la pemaeTc.a: B H8KOTOPHX cn~a.u.ma: 
c.nyqasu_l3/. 

4 

,nJill ROHe'llioro tmCJia TO'l8K B SJieMeHTapacli .ll'lcliKe. Ilpn llOMOmH llOBTOP

Horo npW.!eHemm COOTHOmemm XyH,Ita/8/ 'IHCJIO BTHX TO'le~ M~ZHO YBeJIH-

'IHTI,. IloTeHIUISJI: B STHX TO'IKSX llOJIY'la8TM A1UI pemeTKH C 6aSHCOM 

B BH,lle CYMW pa.SJIH'IHHX BKJ18,ltOB,. CBJIBaHHHX c noTeHIUiaJIOM 60Jiee 

npocTol, Cll8UHSJII,HO no.1to6paaaol.pemeTKH, ~ KOTOpoii R Bli'U!CJ.IlUYl'M 

pemeTO'IHHe cymw • 

B .HBBeCTHOM M8TO.lt8 3BBJII,,Ita12,8/ pemeTKa, COCTO~ .HS TO'IS'I~ 

HHX Sap.ll,llOB, 3aM8Hll8TM H8CKOJII,K.HMH pemeTKaMR C "paBMaBSHHHMH" 

38p.ll,ll8M.H, .IPI.11 KOTOpHX pemeTO'IHHe CYMMH MOXHO npeBpaT~I, B 6HCTpo 

C.XO,ltfil!U!eM P.ll.ltH• B pa6oTax ~e BeTTeH m,. / 4,5,6,I3/'~~~e pas-

6.HeHHe pemeTO'IHHX cyMM Ha PJl.lt 6scTpo cxo,lllllllHXCJI BHPaJJtemdf .ltOCTHI'a

eTc.a: tmCTO MaTeMST.H'le~KHMR llp.H8M8M.H. KaaaMOp.H .H m,. /?/ 3aM8HllDT 

TO'l8'1HHe sap.ll,llH aenepeKpHBSDIIHMHM sapsuceamn.m: mapaM.H, no.1t6.Hp~ 

pacnpe,lleJI8HHe 38p.ll,lla BByTpH cqiep~ Taxm.t ?6pa30M, _ 'IT06H. Oll.llTI, llOJIY'

'UIJIHCI, 6HCTPO CXO,ltfil!U!8M BHPSZ8H:WI. Bo Bcex STHX MeTO,llSX HCllOJlI,

syeTCSI npeo6pasOBaHH8 ibypI,8, KOTopoe llpllB8.lt8T K pemeTO'lHHM CYJ,!MSM . 
no o6paTHOI pemeTKe1• IlpeHMYm8CTBOM M8TO.lt8 KaaaMopH, KOTOpoe npH-

,llaeT e1q onpe~eJI8HHOe npe,Itll01iT8HH8 B CJIY'la8.CJIOZHHX KpHCTSJJJIH'le

CK.HX CTPYKTYP, JIB1I.ll8TM TOT ({mtT, ,rro BO Bee BJiPSZ8HH.ll SToro Me

TO.lta BXO.ltHT HeKOTOpHit-ql()pMpaKTOP 6a3HCa SJieMeHTapHoi .ll'leitKH. O~

H8RO BCe 8TH M8TO,lll:,I H8,llOCTaTO'lHO llpOCTH H yHHBepCBJII,HH B npHMe-

HeHHR. 

C llO.llBJI8HH8M 6HcTp0,1telCTBYJl!IHX 3BM POJII, IIp.llMHX MeTO~OB /IO-I2/ 

BBH.ltY wc aaaJDITH'lecxol npocTOTH orurri, BospoCJia. Ho, .IPI.11 

.ltOCTUeHH.ll BHCOXOlt TO'IHOCTH pacqeTa Cj'MM TlllIS (I) (RJII'I 4) 

B c.nyqae HHSKHX _,/ ( K1IlI ,\ ) R CJIOlltHHX pemeTOK C HH3Kolt CH»

MeTpHcli aeo6XO,llRMO rpOM8,ltH08 'l.H<;7IO onepand. Ilpn 8TOM B K8Jlt.ltOM 

CJIY'la8 B HeJlllHOM BH,lle MHOroxpaTHO IlOBTOpsmTM p8C'l8TH onpe,ll8JI8HHHX 
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CYJ,!M, Ha BHIIHCJI8HH8 ROTOpHX R8lt pas TpaTHTCJI OCHOBHOe Bpewt. 

3TH CYMMH, 6Y.11Y'IH HSBeCTHIDffl, MOr~H 6HTl, HCnMl>SOB8HH ,IpIJl 6o~ee 

6uCTporo pac'leTa CYMM THrra (I) MR (4). 

B H8CTOJ!llleit pa6oTe npe.n.naraeTaa MeTO.lt paC'le'ra CYMM THrra (I). 

npHMelll!Dl!Eit Ta1toit Ha6op cyMM, ltOTOpHe MOryT 6HTl> npoTa6y~HpOBaHH. 

IlpH 8TOM HCnMl>SYJ)TCJl R8lt ROHilemnm qx>pMq)BltTOpa, Tax H HaH6Mee 

C:WZLH!le CTOpOHH nepe11HCJl8HHWC Billlle pa.c'leTHHX MeTO,ltOB. 

2. BUBO.It OCHOBHHX COOTHOmemdt 

Ilpe.n.naraeMBI MeTo.xt pac'leTa cyMM THrra (I) .xteMOHCTPHPYeTCJi 

Hl!Ze Ha npHMepe pemeTKH c TO'le'IHHMH sapJW!MH (2). 06o6~eHHe Me

TO.Ita ,n.7IJi ~8JI c ,,/-/,. 0 He npe,ltCT8B1ISI8T oco6wc ~OlltHOCTeit (CM. 

§ 4). 

PaccMaTp1raaeM a.n:eMeHTaplfYll Jl'leitey c 6asHcoM, coCTOJIIIIHM HS N 
TO'l8'1HWC S8PJI.ItOB :ti ' pacnMoJtemmx B TO'IR~ ~ ( i, = -1,z, ... ,11. 

) 
-> 
~ = O). CyMMa (2) CXO.ItllTCJI ,n.7IJ1 HeitTpaJILHOI pemeTKH, T.e. B 

c~tme N 

2-?=0. (5) , . ., 
-> 

BeltTOp 1 npe,ltCT8BHM B BH,Ite 
-> -, -) -> 
,;-A. -= tL n+ ,. a~ fl.~ ,. a3 ll~ 

-> 

fj 
-) -> 

= 1i .,. t";• , r.xte 

c n, ·# °' r1,±.2, •.. >. 
-,> a, - OCHOBHHe BexropH a.n:eMeHTapHol Jl'leitKR .ItaHHOA pemeTKH. 

-> 
CyMMRpoBaHHe no ?2. , T.e. no BceM 12, , B .ltaJil>HeitmeM 6y.xteT 

npoHSBO,ltHTLCJI no "1tpHCT8JJJIH'18CKHM noBepXHOCTHM" C HOMepoM 7l , 
. .i . 

Ha ROTOPHX paCllMOJteHH 24 n + 2 ( 72. ~ I) TO'leR c "Koop,ltHHaTaMH": 

7l1 = -J'Z} 12. 72, l'Z,= -/Z -(JZ-f) ••• 1 /2.. 
~J .;, , I I 

n..,,122, = -(12.-,},-(,z.-2), ••• ,(12-{) /23 ,r -12.,/l; 

?'l.,,., -(,z-1)1 -(n-.z), ... , {rz-1) llz. = -ll,IZ ll3 • -n} -(n-1)
1 
••• l'l. 
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TaRHM o6pasoM,HMeeM 

N ~ N ~ ~ H 

L ,.,2.._ +2 2.... r.' =Z rI 2. 
i ,·.,.., n=1 i•-t ' j ,:=z n=., i=-r 

(6) 

Taxol nopJI.Itolt CyMMHI>OB8HHJI COBIIa,ItaeT C TeM, ltOTOpwt HCnML~ 

ayeTCJi B pa6orax /IO-I21 .. IlpH llOMO~ COOTHOWeHWI §) 

3',,"' ( 12❖i;) f ±_ C L :Je+L m-N (fl;:) 
/.j-' .. j-'Jt+4 = · lm•LJ,/~!JLJ.{D.;;) ;e.,_L,.f a., 

f a. L:O /'1:-L I I I ) .l 

z.3e 
. ~ 

C f /IL.,.N{. 'lr{N1--l}(t1-L-mfN}l(!fJ.n,,-,AI}' ]~ 
e,m;/./1 Ir l"'. / [(2{t+L),-1}{2£,.l){/#1n}.l(t-J11).'(L,.HJl(L-H)! '(7) 

cywae (2) YOJCHO llpH,It8Tl, BH,ll (3) · 

oo L lz_ 
Vff) ~ Z. L_ J'1. 

11 
tL J', ·([) .. ) +- .....!. , r.xte (8) 

L =o M=-L 
I L,>I t 1' 

1".,,, = I'.{-l)M!h ~i ~,->1(12) = {--1) H ,,.: W, (9) 
i 2'-"f -1./~1 . 2l I L,-N. 

·IlpH aTOM zCnOJll,SOB~CL CBoACTBa ccpepH'i8CRHX if!Y~HI 

!/4,,,,(.Q_;)· {-l)t ~"' (4 .. k :1e,: (.fl;•) =(-1)/lt !le,,,, (l2,). 
CooTHOW8HHJI (8) H (9) cnpaBeMHBH ,n.7IJ1 '/" < t; , r.zte /; - pac

CTOJIHHe OT Ha~a Roop.ItHHaT .zto <S.nmtalmero sapJI.Ita. Il0Melll8J1 noo'le

pe.xtHO H8~0 ROOp,ltHH8T BO Bee Y3JIH 6aSHC8 a.n:eMeHTapHoA Jl'leitRH, MOJt

HO onpe.zteJIHTl, noremum.n BO BCeM O6$eMe STOA Jl'leAKR. TaKHM o6pasou, 

BOSHHRaeT Sa.Ita'IB onpe,IteJieHHJI CYJJIM THrr8 (4) 
_, ~-\½ H = L. tH !I. {Q). (IO) 

• . 'I: L,>/ 
J J 

•> Boo.- 8TOro pmieHCTBa ,lt88TCJl B / 5/; B npHJiozemm K HaCT~el 
pa6oTe 8TO COOTHOWCHHe BHBO,ltHTCJI ,Iij)yrHM rryTeM. 
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IIepBHe 'LlleHI:I IlpJD,!Oro cyw.mpoBSHWI no cxeMe (6) .ztam 60JI1,mo:ll 

BKJ10,Jt B OROff1mTeJII,mnl pesyJlI>TaT 8THX cy?,!M. 0.itHaRO )tOCTUeHHe sa

.ita.HHoit TOllHOCTH yCJ1oxR1IeTCJI MeMeHaol cxo,llID40CTI>D ocTaDiteroCJI pa

.na. IloSTOMY HMeeT CMNCJl BN)teJmTI, :HS (IO) nepBHe 'LlleHH CYJ,™HpOBa

HRII no j H :HCKaTI, ~eTO)tli npo_cToro pactzeTa OCTaTRa ps.ita. 

STOit QeJII,JO npe,nCTaBHM ( 6) B B:H)t8 

K n.-1 If eo II 

2' =I+ X.·~ + 2 L (II) 
J i=.2 n=-1 i=-t n=n. i=-1 

Cornacao (II)1,RMeeM Tor,na MH CYMW (IO) 

LI 1.1B wt ... -,1 w'"·' w J.,>I =- w L,H + L,J,f + L,M ' r.1te 
I( 

B - ~, 
w.L N ;: ~ -r_P-1 !11. M (.0.), 

I t=Z t I 

l 1 ho-I N '· 
\.1"·-1_--_1:, ?J (.fl-•--) 
WL,M - L- L 1r+f../Lt-# ..JL,H' t;_+r;,• > 

fl:4 £ :./ • h 

(I2) 

(-.) ~ N ~i 
WL,,., ·L_ L /f-fi:/LH t,.,(i2;~f?_.), 

11~1to i:4 • • I 4 

c 

.ItnJr m:xfol npocToit pemeTKH EpaBs cy111ecTByeT Taxoe 11.o , aa-

tz:HHBSI C ltOTOporo ,HMeeT MeCTO d < 'Iii· ( n ~ no ) . r.1te d -
Mll:Ha aan60JII>meit ,It:HarOHaJIR aneMeHTapaol Jitze:llRR. OTCD.Ita Henocpe,n-

CTBeHao CJl8,lly8T 'Ti_ < ~ llpH 72 ~ 'ii.. • Br,i6:Hp8JI 12. ~ ff. , 
IA/'"·' MOZHO HCnOJII,SOBaTI, COOTHomeHRe (7). tzT06H B Yft,H BH,IteJIRTI, 

BliJ)8lleHHe TRna "qiop!.$KTopa" 6as:e:ca. 

HMeeM 
oo L' 

Wi '" 0

) =L :E L,H , 
1.'=o ,..,.•=-L 

C () f'- (n.) 

L H,L' ,.,, U1.' N' \JUL' H-fl' 
I I I I I ) 

r.1te (I3) 

L l' 
~, .Al' =- ?- ~i ~ !/4, N' { fl.,;) 

I . t ::,1 I 
H (I4) 

8 

J 

V 

00 

~{ho)::: L y {fl-• )/f~+1. 
IJ ) "' >-JJ• t;;• It • >j ll=n. 

(I5) 

8TB COOTHOmelmJl 06.na.itam Ue.JIHlf PH,ltOY S8M8tz8Te.JII,HHX CBollCTB: 

2. I. Hs ( 5) CJl8,lly8T aenocp0,JtCTB8HHO lJo, 0 = o. Ilp:e: STOM 
0 

ll:Cll0.III,SOB8Jl0Cl> P8l!8HCTBO ( -f;, ) = I, BHT81UU!l\88 HS (7) npR 

LI • t; ➔ o. .ItnR r O BS cymm no l {I4) BHlla.itaeT sal)H.It c aoue-

pou t' == I ( ~ = 0) • 
I:'-- (n.) 

2.2. U,_,, - OTJlll:tzHO OT By'JUI Jl.HllJI, WIJ1 TeX ).J/'t 

np:a nOMOl!IH ltOTOpHX MOXHO COCTaBHTI, JIRHeihwe ROM6RHaUHR HS !! ... ,/' { D) ' 
OCTa.DJllR8CS :HHBapJlaHTHHWI npH . onepanMX TOtzeqHol rpynnu 

c:HMMeTp:u,cooTBeTcTBYDiteil npocrol pe11eue Epa»s, T.e. JlllJISIDl!HeCJI 

aenpno.1tnnn,. npe,1.tcTaBJ1eHHeM /; sToit rpynns. 

2.3. IlOCROJII,KY B rpynnax Cl!MMeTPHB Bcex llpOCTHX pemeTOR Epa»a 
c-(no) 

CO)t8p:RTCSI onepmum HHBepCHll:, \J >,f - OTJlll1llIO OT By'JIJl TOJII,ltO NI.Ii 

tz8THHX ). 1, 

" 2.4. B CJ1Ytza8 pemeTolt c BHCOKOi (H8IlJ)ID4ep, xy6Htzec1toit) CHM-
c-f~., 

MeTp:Hel cylll8CTBym onpe,1.teJieHHHe JlHHelmie COOTHomemm M~ o,.,, 
MB paSJ!HtzmlX /t np:a ipm(C:HpoBaHHOM ,\ • 6.naro.ztapH ltOTOPHM 

npo:e:cxo.lHT ,llSJ[l>Heimee c0Jtpa111e1me tzRCJla cyw, noMeJK8ll!HX onpe,1.teJie

mm (cu.tzacr1, II HaCTOJDllero coo6111emm). 

2.5. Heonpe,neJieHHOCTB, CllJlSamme c YCJlOBHOI CXO,llID40CTI,D 
r-(-.1 \ . ,, 

cyMMH (2), cocpe,1.toTotzemi B cymiax \:J ",f c ,,. = 2. .ItnJr ~ >.c; 
cyMMH (3"',.~, CXO.zta:'l'CSI a6COJill'l'HO, 

2.6. CBoitCTBa, aH8J!OrHtzml8 nyHKTaM 2,2 H 2.4 ,wem ii B8JIJlqJIHH 

fl N "' ~ _ u • 0,ItHaXO B STOM CJlYtI88 BB,ltO pao-
' I r, 

CMaTpHBaTI> TOtzetzHyll rpynny C.HMM8TpHH :HC:XO,ItHOI pemeTKK (c 6a~rn:co11) 

OTHOCBT8Jll>RO Hatz8Jla ltOOp,It:HHaT, ROT0p8JI JIB1Ul8TCSI nOJtl'PYilllOI rpynnr,i 

CJ!MlleTplUI llpOCTOI pemeTRH EpaBa. CBolCTBa BeJlHtz:HHli "'- H K 
I 
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r.:,-(ho) {) 
'v >-,J CO:Kp81!\817:1' Ta.KHM oc:lpaSOM 'IJHCJIO ,C/1.;M1 

, a Taue 
B [h.-4] 

WL,H H WL,H , KOTOplie Heodxo,ItHMo BH'mCJIHTL. 

~OPMYJIN (I2) - (I5) JlllJISill'l'CJI OCHOBHl'iMll MS1 npe,IpiaraeMOro 

M8TO,It8. 
l 

WLH 
I 

Cy-MMH 

Bl:l1mCJieHHe "q,op)$mTopoB" 4~)1 1 • a Taue BMH'DIB 
(ho-4] 

H WL,H CBHSaHo c KOHe'lffiliM 1DICJIOM onepaIUII. 

E,'~i , MSI pacqeTa KOTOpliX MOXHO HCnOJII,SOBaTL M8TO'AH, 
",r 

oc:lecnetmBaDitHe dJiCTPYD CXO,ItHMOCTL, MOryT c:!HTL saTady~RpOBaHl'i. 

.lLJrR 7lo = l CYMMll 6;_:/') COBil811.8X1r C paCCMOTp8HH!,tMH B / 4/ 
r' I ~fhoJ cyo8IOI .:),.,J (0 0 , 1/,z). Bonpoc onpe.zteJiemm cyMM 'v >-,J pac-

cMaTpHBaeTCJI dMee ll0.zu>O6HO BO BTOpol ~CTH H8CTOJDll8r0 COOc:llllemm. 

Kalt c:ly.zteT BR,ItHO HS ~LHeitmero (cM. (I7) ), CYl!\8CTBY8T npocr8JI 

oneHKa o6pliBa cyMlAl'i (I3) no L' B S8BHCHMOCTH OT Tpec:lyeMol TO'II

HOCTH. EJiCTpali CXO,ItHMOCTL pn.zta (I3) CBIISaHa c DOllllJieHHeM napa

Merpa MMOCTH .f / flo • .lf;pyrHM llp8HMYUl8CTBOM pasc:!Hemm cyMMH (IO) 

Ha 3 qacTH (I2) H BBe.ztemm "ipopMqeR'l'OpoB" 4~,,.,, .IIBJlll8TCJI 

OTMeqeHHOe CBOICTBO JJo,o = o. B c~ aToro C caMOro Ha~a HS 

pacqeTOB BHII8,It8DT Bltll8'AH B cpe.zt~ llOT8HnHM, ROTOp!ie "'10ryT 

/ y.Iy,ll;lllaTL CXO,ItliMOCTL IlJlID,!l,Dt MeTO.ltOB, XOTSI OHH B ROHn8 ltOHnOB BH

ll8,lt8m' HS (ROHqaTeJILHOro pesyJII,TaTa, CO:Kp81!\ali .zu>yr .zu>yra H3-38 

HelTpaJII,HOCTH pemeTltH. 

3. OneHKa CKOPOCTH CXO,ItHMOCTH M8TO)t8 

PHJt (I3) cxo,ItHTCJI, npnqeM TeM dscTpee, qeM donme f2o 

.lLJr.11 onpe.zteJieHHSI CKOPOCTH ero CXO,ItHMOCTH oneHHM B OT,lt8JII,HOCTH sa

BHC:HMOCTL OT L' ac:lcMmHl'iX SHaqeffHI Tex BHPaxemrll, RoTopse 

CTOSIT no,n Cy-MMOI (I3). 
Ha cooTHomemm: /I/ 

'll 1.2lrt~ ()l•/, ,) 
.J e,m f/,°') = iii,. ,U,,.,, o < 0(1 ), J'; 
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(I6) 

l 

I 
I 
j 

. )l 
! 

t, 
l 

,) 
:; 
~j 

C1I8.IJY8T / Yt,,.. (},ol) I= 7 :(:I I I .f) :,0 (}) I . BBH.Jzy YHHT8p-
e 

HOCTH MaTPHn ROHeqHJiX BP81!\8HHI ID/leeM r 1»:,olp)/2"' 1 
TaR ~O 111=-l 

I:!$ (D.)/ ~ jzi;:, e,m . 'I-ii 

ECJIH Mil BsdepeM B BH,Ite e,ItHHHnH .IPIHHH pasuep HaHc:!MLmel ,Itli8-

roH8JIH MeMeHTapHol aqelu, To n~aeM Hs-sa t;-, < I one~> 

llJi:,u• I ~ i 21! H • 

B ( I3) lrlll Bcer.zta MoaeM Bll.lteJIHTL -vreHH c L + l' = 2. 
~ '"·) IloaTOMY HMeeu MH v "•I ( >. > 2) oneffltY -Is->-~~> I"' i2h/ f t~-f dt 

llo 

-j ]>, ..... _,. ♦ 2. 
- -- fl. 

l·l ' > 

onpe.ztMeHHD n~ > I. 

AHMH3 BlijlaZ8HHSI (7) .naeT MIi CL H-L' H 1 
I I J 

BepxHlll> oneHXY .3aBHCHMOCTH aTol BeJlHqHHH oT L' 
4 . 

C L,H; 1.
1,H' I [ 

(2(LtL'))! · . ] 'I.£ ~ . "\, 
(lLJ 1(lL.')! (lJ.'+1) 

(Ltl'/ 

1 2L'r-t 

r.1te no 

CJie.lJYDIIYI) 

I I w• (~ 
CyMMy no M B (I3) SaMeHSleM q:eR'l'opoM (2 L + I). .Ilna , H . ' 
no.nyqaeM TaKHM oc:lpasoM c (!OJII,lllHM sanacoM CJie.lJYDIIY)J oneHJty cxo.ItH-

MOCTH 

\./ (~.) ~ c· I /.H -L' 
W1.,H ""L_ L +L) · n.. 0 

L' . I 

(n.>1,L'+L>2). (I7) 

*) llocxo~1,1ty H8C HHTepecyeT TMLKO CKOp0CTL CXO.ItHMOCTH cyMMll 

no L'" , Bee noCTOSIHlllle H tpaXTOpH, CBSl38HHHe c L H M 
B ,It8JII,HelmeM onycKaDTCJI. TwrJ,Jta osHa~eT s~ecL BepxHllll oneHJty 
88.llHCHMOCTH OT LI •. 

II 



IlocRom.Ry MaXCm.,yJA Blijl8lteHRli, C'l'Ofllllero llO.ll CYlAfOI, J18lUIT npH 

L',.,.,,..: (L+1)/t-..n. -L , ro CYMJdS. (I3) co.1tep:HT 'l'OJU,!tO 

qJieHH, y6W38DJtHe 8RCllOT8Hill!SJibHO. 

4. PacqeT llOCTOJIHHOil Y.a.1teJIYBI'8· l'l MfJil,'l'HllOJibmil'. llOJiel. 

topMyJIH (5), (8), (9). (I2) H (I3) llpHHlDIBDl' .1tJIJ'I V'(o) 
oco6eHHO npocTol BH.It 

!!.._ i- llo•4 II i, _ ~ (-•l}t,tl (;\ c,,(h.) 

V'fol,: 2 -• +LI---- + li-r L. L -,- VL',H' u L'.·H'. 7 . .,._ /t- +t .• , , , ZL:+4 , ,•z. • /1:4 i.•4 • It l.:•l,'t, •• 14'•-L 

(IS} 

IloBTOpJIJI Te :e .llelCTB:HJI, KOTOpHe llpHBeJIH x 4>C>PMYJI8M (8) H (I2)

(I5) .1tJIJ'I pacqeTa cywm (I),nOJIYqaeY 
-, l,,. 'II ,-, \ o. L 

. . z::, .Jo,(~r, ') .. ">" Rt, .... L 1, (.Q ) 
Vi,111 lf')" f;.r' t+~ • L L L Ji t ·h11 ; , r.1te 

t L•O H•·L I 

n'•"' L,l'l 
;.=t )t+L C 1./ t,111 = ,,..,,. (-1 t,"1j L,'f W L

1
-H 

t,t,"' = wt,•;A 1_,t,1111;[-.-1] wt,•;(11.) _ 
IY L, Ii L,.. + Wi.,H + L,H , 

\.Jt'"'i i ~ -, ~•"' 'I, . (!2 ·)/ t· t+L H 
WL., ,. 4- l:, .Jt.#L,lA•H ' ' ' 

J" • =l. 

H 

t,l,11;(11.•f) ~f ,t: ~_t,-... 'II (Q ..... )/I-: r..jt+L+4 
W '-,., .. £.... ~ , .Je ♦1,1n+H r.+t,_. f, + ,. , 

' ft• f ". f " 

W 1,111; (-...) - C !i\ t,111 ,....., (ho} 
Llf = 2 ~ Ce+1.,111.+H;L

1
,N' .Ut',N' "'t+Lfl.' m+/lf•H' 

, L'•o l>l'•-J! , > 
j)t,m 

L' t.1' I 

II 

= L ?./•"" t/ )1• "' (nJ. 
• I ,., 

(I9) 

5. Ilpe,llCTaBJieHHe OCHOBHI:IX COOTHomeiml qepes Be~eCTBeHHHe BeJillq]'lHJ,I. 

B o6~eM CJiyqae BeJIHlmHH nL H - ROMIIJieRCHHe, qTO CBJIS8HO , 

C HX onpe,lleJieHHeM qepes COOTHomeHHJI (8) H (9), KOTOpHe CO,llepza'l' 

KOMIIJlORCHHe ccpep.aqecKHe ~IOOUlll :le rn • &aro,ll8pll BX CBoitCTB8M • . . , . 

3TH ~mm.HM ll0Jl83HH npH BHBO,lle OCHOBHHX COOTHOmeHHI. 0,llHaRO no-

TeHitHSJI wyi•TJIIIO~•Hilx pemeTox H,B qacTHOCTH, V(t) JIBJIJleTCJI 

12 

) 

\ 

Be~eCTBeHHoit BeJIHq]'lHoit. IloS'l'OyY neJiecoo6pa3HO npe,llCT8BHTb Te qiop

My.Jnl, no ROTOPHM Be.JlYTCS: pacqeTH. B BH.Ite. CO,llepiallleM TOJibKO Be~e

CTBeHHHe BspaJteHMJI. Hue paccuaTpHBallTCJI cooTHomemm .ItJIJ'l Vff) • 
BBe~eK TaK HaSI:lBaewe TeccepSJibHHe ~pHqecKHe WlfRIUIH 

'!It,~- ·-- ,R0Top1,1e onpe,lleJIJlll'l'CJI CJlO.JlYIJllHM o6pasoM: 

1,m (!2.) = €111 ['!lt,-1•1 (.n) + 2,,.Ht St,,,.,(.n) J , r.1te 

f
'/fi c ,. ,, 111 

i/~ 
{

+ 4 [ >o 
Zi,, • 0 3MI In • = o 

-4 < 0 
(20) 

B JIH'l'epaType /I4/ 3TH WHRIUUI o6o3Hatmm'CJI KBR :E ~o > 
~ C S -
c~,,. u. 4,.,.. (1n >O). Onpe,lleJI8HHe ~t,"' (20) COOTBOTCTByeT paBeH-

- C - .s -
CTBaM ?t,o ,: !fe,o > .?e,m • -%,.m u ~e,,,. z te,-.... ( m > o ). 

B JIBHOM BH,!{8 3'l'I,J Wmm.HH .llBmCJI C.118.llYIJllHMH 4>ClpMyJ18MH; 

;,; (·H)a[(U+1Xt.-1t1)!Jti~'"'(c.,,,t)cn1ne m '>0. 
J t,111 1 , 2.T ( f +111) !-J t · ) J 

Yt,Jt,f) = B2tH)/~1r r 1
i 'i'e(Q>t), j 

,,-; (te) ~ [(2l.+1J(e-1,.1)!]1/.z.1,'"''(c:ii)l~/111I 'e m < 0 
Jt,111_, i,re+i .. 1>! e > ' 
r.1te ?e ... ( x.) - npHcoe,llHHeHme WmtnHH JiezaH.ZU)a /I5/. 

Hs (20) CJ18.JlY8T 

Jt,m(D.): A., (2111 £,,. felA(n) + C_,,. t-111 (0.))) r,lle 
' j 

). - {(-4) .. 
"' - ., 

-1 

3"" 111= [ ::. 

<o . 
(2I) 

13 



,. 

I 

Be111eCTB8Hime 4JYHKnliH :ft,"' ( ..0. ) OpTOHOpMZ!)OBa!lll: 

J §; in ( f2) ~, ~,( Q.) d .Q • J;,e• · d11t,m'. 
I I 

IlpmrnpoM npe,ncTaBJieHHJl xopomo HBBeCTHoro cooTaomemm:, co.ztep-

ZBll!ero *PH"iecKHe q,yHRwrn:, tiepes TeccepBJII>HHe 4JYHKilRB aBJIJieTM 

p8B8HCTBO 
. e . )"' 

1/ 
-• • ~ - (- ~ te u (.Q ) 7i (.O ··)/otH ,, ll-rl = 't· L,.L ~ .Je,IJI t Jt,•lrl l ,.., "' 

t:o ,. •. f 

oo l t _ - ) 
= tpr L. L L:!it,,.(flr) ':!e,11\ (.D.i' /'Kl ♦ -( J ( -r< 'R); (22) 

f.zo 111 :-t Ztt4 

HcnoJII>sySI (I9) H (2I), Mozao noCJie ,noBOJII>HO rpoMoB.ItKHX BNMa

.ztOK llOJIY"iHTI, CJie.eymudi pesyJII>TaT llOCT8llJI8HHOI 38,lt9.tm,: 
- I. - -

Vli·') " '2 
1 
It r L L. I:/ L,14 t 1. l,1i1 ( .U;•) 1 

L:o N•·L 
(23) 

- it'/1' - · - - ! - c~.-,1 - c11.> 
FIL,N "'W4 WL,t-1 > WL,N = W1,H + 'rlL,14 -,. w L,H > 

-B N -WL H • ~ 2. l,N ( .Q.)/ r/·4, 
I ,:4 

11.-,4 N -
ijfli 0 •1]"" "',-:-- ~ ~- '!J (fl ... , )/1 f +f .. /Ltf W L L.. , L,H t,•t;;• . , a > 

L,H II= 4 ;,·-· 

1J (ti.) c:,.. L' - [ [ -
WL,,., c f.i f-L' 5)L'/~' CL,H;L',-N' ~(N,M') ~~;·:,.,01' + 

-,. Fz.(H,N') G'L~~-:-H-H' 1 + 

c [ , - c~., I=:: ( · ,, ;:::..c~., ·11 
+ LH-L'>t' ~(H/t)o.L+L'H·H'+ It- N,Hl,-,L+t!-M+H' 

I I I I I ) 

lJL, N' "i- ~. t{ JL, H,(.n.) , s-/~' = £ S,.,,. C n-;;:)/rJ+.,. 
1 ,.:

4 
, '1- 11:.n 0 ,- , 

~opMyJW JWI Fi ( M, H' ) ( -i = I,2,3,4) npne,neHH B 

T86JIRil8: 

14 

\ 

F1(M)t')• hM AM•M' A-M' fj(M,M'),(i.1,2}, F1lM 1M'J• ~M "-M-M' AM'fj(M",H'), U• l,4J; 

f1(M,M')•[1(M1l,M+M'•'tM•]["MAM•M'AM' •BMBH+M°AH, • BM AM•M'BM' - AMBM+M'BM']1 

f2(M,M")• ['!M •Jf-M-M''lM'][-'M ~M-M'"M' • BMB-M•M'AH' ♦ BHA..M-H'BH' - AMB-H•H'BH,], 

f3(fit,H')• [,ZM1lM-M"'l,M••l][AMAM-M"AM• •BMBM-H'AM' + BMAH•M'BH' - AHBM-M' BH,]1 

f4(M,M')• ['lH'l,M'•'l-H•M']["M"-J1•M•-'M1 •BMB.M+M',.M' +BMA..M+M'BM'- AMB-H+M
18M•]. 

' a 
""· t 

6. 8aKJI1>tieHHe 

BM• 0 

.,+ 

"\,· 

{~• 
14• M • 0 

•0 

B H8CTOSllllei pa6oTe BllBe.IteHH OCHOBHHe <lx>PMYJIH MeTo~a pac"ieTa 

8JI81tTpocTaTlA8C1tOro llOT8HW!8JI8 B KPHCT8JIJIH"i8CKOI pemeTKe, B.Y8JI8X 

ltOTopol pacnoJio~eHH MYJihTHllOJIH. B MeTo,ne HCllOJII,3YJ)TCSI BupazeHHe 

THll8 qiopMq101tTopa 6~3HCa 8JI8M8HT8pHol RtielKH H onpe~eJI8HHll8 CYMMJ,I 
r.:-- ,~., . 
V J.,f no npOCTHM pemeTKBM EpaBe, KOTopue, 6y,Dy'IH 38Ta6y-

JIHJ)OB8HH, 38M8THO coxpamaDT pac"ieTH. B CJI8.DYDllel ,"iBCTH II8CTOR111ero 

coo6111eHHR no,lij)06Ho paccMaTpH11aeTCS1 cnennaJII>mili CJiy~aH ey6H~e
r---<•.) 

CKHX pemeTOK. 06Cj'Jr,lt8DTCSI MeTO,Itli pac"ieTa cyMM V >-,J< H }I,JIR pe-

WeTOlt Heey6H"i8CKOH CHMM8Tpmr. 
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IlpMolltelllle I 

HacTOJlllUlii BHBO,I( COOTHOmeHIDI (7) om1pa.eTCJl H8 npe.I(CTaBJieHHe 

~epHtJeCitliX q,ymauul B BH,I(e HHTerpaJia, KOTOpoe BHTeKaeT HS 8H0JIO

ru,rnoro npe.ItcTaBJieHIDI ,ltJUI TeccepaJI1>HliX q,y~d /IG/: 
:nr 

3't;,,,fl.t>) ,..(-i/"l!l ze,--1 Jr~f i,,u,./ 1 .. -1 

,-e., t11i1~ f!,-,,.J!tt-,,.J.1 e IX du., 
0 

2je X = r (C6>v,;,·.,,,.t()-J'etb>U .,.;.,;.tJ.;,e.,.:iu)"" 

"" ~ 1' i X CA U ~ i,:(':;, U. • 

{II. I) 

{II.2) 

,lla~ee paccMaTpHBaeM B8XTOpH ;.', ii,_' U "/' , KOTOpHe HM8Dr COOT-

B8TCTB8HHO ~eput1ec1me ROOp,I(UH8.TH { 0 ,,,,, ~. ) , { ll 1 0 1 0 ) H 
->~ -> -> I 

IlyCTI> 'T = a + f- H ( t' ,J-' ""') I J C .• 
a< r' . PaMaran 

1/Xl;( , r.I(e X = X'+a. , B PJI.It no cTeneHIDII 

a. I){' , npn rroMoma {II.I) n~aeM 

Ye,m(~'e) = [ Uri ]~.i ~(-t)1a1 r(e+L+11t)!{M·1tt)!Ji;~ YL+t,lll(f,'e')crr.3) 
teH (2u)!(l-1n)! L-:-- LI (2(l+L)+ J.) J (t')'+.Ltl . 

. ,L-o .. 

B 6o~ee o6meM MYqae f r i': + t; { -t1 < ~ ) nocrynaeM CJieJJYl)-

mHM o6pa3OM. IloBopoTOM CHCTeMH KOOp,I(HHaT Ha yr~H SilJiepa { f:>1' 
~ ' 0 ) HaITpaBJuteM HOBYJ) OCI> ~ B,I(MI, B6KTOP8 i;" • T~r,I(a 

HMeeM /Ii . 

t. e• 
'!ft,m (t,~)//+4 = 2. 2Jll,,.'(t\~ •• o) Ye,,.,r~:'e1/tt+-I ,r,I(e 

il 1=·t 

{II.4) 

v; t' 
1 

- yr~OBH8 ROOP.I(UH8TH Bex-ropH F B HOBOi CHCTeMe 

KOOp,I(HH8.T • B 9TOK CHCTeMe B8KTopa r. H t o~a.n.avr cipepn-

ll8CIWMH KOOp.I(HH8T8MH ( T1 0 0 ) H ( 1: .); ' t.' ) • liCITOJll,'=Jl > ~ s, c; , ~ _.,, 

16 
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t [ J 11 
· t ~ t • u,~ 1 :z 

(II.3) ,no.nyqaeM '!ii,,,J3, ie)/t • = 2, i)1111111,(ri,J1,o) ,e.,,,'J! fl·•').' x 
,-'::-t. 

oo L L · 

x ~ r-.!L!i l·cL+l h,')!(L+e-""')!]11. !J . tr ie;JV/tlt-.f crr.5> 
{;; L! ( 2.{Ltl) + .f) L+t,"' l.1 l. 

IloBopoT CHCTeMH ROOp.I(UH8T B HCXOJtHOe IlMOXeHHe ,I(aeT: 

L+t . L+l 

jL♦t 111 1 ( ~

1

1 ~:) =_L ;jLtl 1o•(½, t) f) 11i• 111.{ 'f:,, J;, 0) . 
I •·=-L-l I . I 

HcnM1>3Ysr CBOiCTBa .· i} -q,y~ a paBeHCTBO {I6) ,HMeeM 

e * ue ( ) ,..,,,, G)e ( i. ,, L•t 
lJ"'.,,('e,,v,,o)ZJ,,,.)11, t',,1';,o "(--1) .u ... ~'"' t, 1,0; fJ,..,,.J~, v1,D) = 

l 1 , J I I 

.,.1111 L',H' L',H 11 L' 
= (-1) 2 Ct. L+e Ci L+t fJH,,.,.{t\-3',,o) = 

Ll,N~H· _,,,, 111• -•'} ,,., I . 

., • L'o Hf' 111'-11i' - L,-1,.+111 . , Irr- .J", 
'"(--1) L... Ce .Lti Ce Ltt ii't4· ·.t, m-111•{ 1,~1) 

t"' L'll111•-1nl -• 1 111 • -,.,•. 
1 

111• ' > 
Ct.' t~ - KOaqxpmnteHTH Klre6ma-lKop.I(aHa./I/. 

•1' JIil,. 
C STHMH npeo6pasoBaHUMH (II.5) npnHID,!aeT BR.I(: . 

:1 (lf)jtt•t = ..!-·[ zt .. ~ • ·]'t.i >00 
(-1)

1 
:t,L ···[<L•e+io')!(L+l-i,,')l]'I.! }( 

t,"' , L (t• ... 'J.'/t-•11 ·- tL•lt'L' (.ZJL+l)+-1) ,.•=-t 1..0 l .• 

L•t . • I,. • - • I 

XL_ :!IL•t,111"(~,'fz)tfr·• 2, c~•-~:; c:•0L+tf;~,•1, (Ji,t) 
,.,•,.-L-f 1.'>/,.'·"'/ ... > 111 , · _..,,.> ,,., L• • l.,lll·/11• , 

Ilpa noMOma paBeHCTBa 

r,I(e 

[ L,o f .. (--1)!+m'[(lLff)(UJ.'(lL)!{L+h,,')!({do,')!J11~ 

_;_,/;,} L! (2/L•t)H)f ft+,,.')! (t-1n•)! R HCITOJ11>3YJI 

op-rorOHaJIJ,HOC'?~ Koaqipmni:eHTOB K.1re6ma.-!op,I(8H8 

2.. 
}fl I 

1. 1 o L D · 

cl, Lt! C/ Ltl - J;l, 
} , ' , 

-Jllf' Jn' -11t' ,,,, n~aeM 
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] {{'e)/ t••=[(2t+1J'tr]f'1.(--)l::; (-l[(Z{L•tJ)! 1~ 
t,'" I t (20 ! f t.;, ( 2L•t)!{2L-.1). x 

• L -1n + '"• )( L (-f)"' Ce',L+t t-/" :IL1n-111"(-1.,1e1)'t.t111•(~.t)/rtt ... 
m• (h11'-111I~ L) • .,, in" 

1 
' • 

llo~CT8l3J!Slll B 8TO Blij)8.1E8HH8 8H8~8HH8 KOe@HIUieHTa· 

C L,-1nt-lll'., f_-,)t•111 [(2Ltt)(U)!(ZL>i (L+tt111')!(Ltl•)o•)! ] f: (II.6) 
f. 

1 
Ltt \ (l(Ut)+1)1{(~w,)!(t•,.)!{L+w,•-,.)!(L•,.•+rrt)! -- .... 

H saMewm CYMN'3 no 11t" Ha cyw,.y no M = m"-m. , MB 

llOJIY'i88M COOTHomeim:e ( 7). 

IIo~o6HliM nyTeM MOllHO BWl8CTH CJie,eyDeyl) cI>oPMYJIY ( t: .,. :r: ,.. ; ) 
~ L L. :J l-L 'II 

teJli,.Jv.'e)-2-2. 2t,11t•t;J'4t1 i,MN •• ~,)~ Jt.:.Lm-lf(~i·,~l) (II.t'l 
1 L: 0 Ill• -L I I · · ) 

r~e 

~ L = o npw. /111-M/ > l-L 
t,"'i "" 

1.L 

h ( Zl•1){i•1>)! (€ +Ill ! · · · . l ) . ]~ 
le,"' j L,M = [ (2ft-L}H}(.2LH)(L ·M}_l{Lf--M}t{!-L rl»•M) ! (t-L-,,, ,-HJ! 11r11 /m·H/ ~-f-L 

IlpH 8TOM 6WIO HCllOJU,SOB8HO 8H8JIOrH'iHO8 (II.I) npe~CT8l1Jl8HH8 

cipep1r<1ecRHX g}ymml!l 2ir 

e11 (Jee)=. i:. [(u,--,)(l•IH)!(b·IJl).I] ~ fxe '"'" d..11.. 
f ..Jt

1
11t I y:;;3/z, (t.')~ e (II,8) 

0 
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