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I. B:senemre 

MeTO,ll arrrrpOKCHMRpyiOOISro ra.MWII>TOHRaHa, IIOJiy"ql11BiiiKK CB06 J@T8MaTl!
~8CRR CTpOroe o00CHOBaHR9 R pa3BRTR9 rrp~e BCBrO B pa6oTax /I, 2/, 

II03BOJIH8T llOJiyq:RT:O TOt:IHOB, B CMH:CJ19 BEftmCJ19HWi rrpe.ztBJU>Hl:lX llJIOTHOCT9:tl 

T9pMO;n;l!HaMJiN9CKRX ~' pemeEme HSKOTOpllX RJiaCCOB MO,II;eJIDHHX CHCTBM 

cTaTRCT~~SCKO:M MSXS.IDUW: C ,1laJli,HOli9iiCTmt9M. 0yT!l MSTO,IJ;a COCTOHT B CJl8-

.IJ:Y101U8M 13,41. HeKoTopUM KJia.CCBM Monenmu r8MWIOTOHRaHOB 7eN~v , 
BaJI{HOB M8CTO cpe,IUI KOTOPHX aammaJDT ra.MliJI.hTOHHam:l Talt Ha.3HBa8ME:lX MO

,IJ;eJI.Bfi CpBJIHBrO ITOJUI, YJiaSTCSI COIIOCTaBRT:D rawtJU.TOEma.Hfl C 60JI99 npoC

TOl! CTpylt'r:rpoi! x;;, V (c) , KOTOpJ<e 99.Bli!CSIT OT H9KOTOporo KOH9'1l!OrO 
aa6opa aapl!aJll<ollllliX napaMerpoB c =! c1 , ••• , c,_l . .il.Jla CI!CTSMH 1!9 KO
Hetffioro ~c.n:a -qaCTHU N , Ha.XO.IT.fllllHXCH B KOHB't!HOM o6'heMe V , 
Bapl!aJll<OHHHl! I'8MI!JlhTOH1Iall x:. V (C) IIOPOJK,lla9T KaHOHII'ISCHJ!ii a.Jicaii6Ju. 
IR66ca C COOTBeTCTByomel! 9MY BHpl!aJll<OHHOl! DAOTHOCTDID CB060~oi! SHep-v 
rl!l! f N, V (C) • ( 3,lleCD M1l BBOlli!M T9pMIIHOJ!OI'I<'I9CK09 pasJII!'IIIe Mea.IIY 
BapHaiJ;liiOHHHM R annpoKcmmpymtHM ra.MIII.JThTOm.ra.HB.MB:, CU:. HD.lKB, a Ta.IQKS 

Mea.IIY IIOp0JIIllH9Ml<MI! liMit HHCHM6J!HMI! IR66ca). C llOMOl!ll>ID Cil9IJ;IUIJU,HO pas
Bl!Tol! MalKopaJll<OHHOil T9XHI!Klt ;n:oKas!lBH9TCSl, 'ITO np!! onpe;n:e.neHHoM BJ<60-
pe (. = C,v, y Bap!!Hlli!OllllliX napHM9TpOB pasHOCTD DAOTHOCTII CBo6o;n:HOi! 
aHe_prlm .1l;JIJI MOlie.ll:DHO:ti CRCTS!rm f N. y H IIJlOTHOC'l"R Bapxa.mrOHHOit 3R9p-
rlll! r v ( c ) crpeM!IrCSI K eyJ!ID B repMo;n:l!H8.MI!'IecKoM npe;n:eJie N - oo, TN,v N~v r tt f" _ V......, oo , N/V = CQ't'LSt. Ta.K KaK IIOCJI9,1l0Ba.T8JI:DHOCT:D TN~V: N,V"(C~y) 
CXO~TCH R rrp~~HO~ UHOTHOCTR CB06o~ 3HeprRH HCXO~OI MO~exR B 
CJiy"t!B.lU, KOr.n;a TSPMO,Itiiil8Ml{t!ecltltii npe.n;SJl ,ll)1ff noCJie,ItHe:ti cymecTByeT, TO 

<!JYm<nmo f.':- = f ":, ( C N v) napaM9TpOB HHCHM6M IR66ca HHSllBHIDT HnnpOKCI!MI!-,.,v T~r~,~ ~ '"11 v -
py!O!II;e~ CB06o.n;HO~ SHeprzett, a COOTB6TCTByxiiUitii rB.MH.JU,TOmtaH ti'LN;'i (C,v-,y) 

-aJIIljlOKCJ!MliPYEml!M ri3MHJII>TOH1Iai!OM. 

ll~ID HaCT~e~ pa60TH ~eTCH ZCCJl6JIOBaHH8 BOllpOCa 0 TOM, 

Jia9T JlH M8TO,IJ; ann:pOF.CEMH.PYillltBrO ra.MWI.DTOHHa.Ha llpa.BZJU,H09 Oill:!CaH1!9 H9 

TO~KO npe,u;a~HHX T9pM0,1lRHBMR'll6CRRX ~~ HO H a~KTOB KORS~OrO 
paaMepa B CHCT8MaX 1 HaXO~CH B 0Kp6CTHOCTR KpHTR'l!60KO~ TO~ anR 
a6Jll!sH Jli!HIII! ~oBHX rrepexorroB nepBoro po;n:a. B ITBJlffX conocraaneHBR c 
TO~ pesy~THTHM!I ~ ~ KOH9qJ<OpasMepHoro no;n:o61!ff l!CXO~O~ 
MOR9Jll! MH npoBe;n:eM paCCMOTp9HI!9 HH npi!Mepe cwe~ecKoll Mo;n:eJll! Xycl!Mli

TeMnePJ!I! / 5 -?/, KOTopaa HBJ!ffBTCff TO'Il!O pemaeMoil ( B T9pMO;n:KHaMJ!~SC~ 
HOM CMHCJ!e) MBTo;n:oM annpoKCJ!MliP~ero rHM!IJ!DTO~H II KOH9'1l!OpHSM9p
Hli9 8~KT~ B KoropoH 6RHK H3yqeHH B pa6ore /B!. 
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2. C®pR,:ecw MoneJU, XVcm.m: - TeMIIepmt Ka.K rroeneJI 
MOJIW co creneHffilM norewwa noM Baa.m.mnetlcTBM 

]XO~C/g,IQ/ BDBpBHB paCCMOTpe~ ~ep~O~aMH~BCROB KpHTH~8CK09 ITOBBll9-
HH8 cpe.ItHBa c~pK~BCKO! MO.rtenn /ll/ C llOTBHUHaAOM B3amMO.D;BiiCTBRR 

J .,.-( r) , CII8,li8DilllM Ha 60JU.IlllDt paCCTOllHI!IIX -; ITO CT8IT9HHOMy 3aRO
HY J {r)- r-o! _.,. • r)le d - pasMepHOCTb npocTpaHCTBa' ,_ > 0 -napa-.-
M8Tp. CTBTHCTRttBCRrul Cy-MMB. MO.D;BJIR ,IVlli rmrepey6lPJ.SCROfi. 06JiaCTH 1\ :::: =! 1, ...• L I o{ pemeTIW z"' c rrepi!O.llll'!9CKI<MII rpaHI!'!II!lMll YCJ!OBIDOO! 
SBBHCBT TOnhKO OT ~yp~e-o6pasa 

J.,.f'\-l = L. 5t1
(fje.xp(-i{'}) , 

- {<'!\ (2.1) 
,{ 

~ E-{-(L-1)/2, ... , (L-1)/2} 

]I<T)(e) = I • J.,.(J{- LtiJ . 
A - i<Z (2.2) 

3qxpeRTl!BHHti TIOT;HIUtaJl ( 2. 2) Ylll!THBaBT B3aiD.10,It8tf.CTBH9 CIIHHOB 
o-i ~ R i, i e A. , HB TOJU,RO Mex,ny co6oii , i} ,j E 1\ , Ho H 

C llOBTOPffmmKMRCR o6p83aMH CHCTBMH. ilOSTOMY OH ~BTCR llBpHO~~BCKOH 
®YH:muteit Rotm:oHBHT BBRTopa .f. c nepnonoM L . KaK B oxpecTHocra 
RpHT~ecKoR To~, TaR H B6JIR3H ~ ~oBoro nepexona nepBoro pona 
cymecTBBHHOtt ~eTCR ~OBOAHOBBR acmmJTOTKKa WypDa-o6pasa: 

' A """' \ IT, 2 l 
J.,.[~)"' J(QJ(1-f,.l!l ) • ( 2.3) 

1-ill.mm.R: KpHTH'-!ecRa.R. paaMepHocr:o B';Ot:l MO,.ItBJUt d L = o-, a Bepx-
ElfUI d_1A. ~ 2<T. ,il)Koif:coM 6HJIO HaJbJ;eHcf 9rlO/, TrO KpHTmecrote mut9KCH, 
orrpe)leJIBHH!Ie rrp!! t = (T-T 0 )/"T;_- o• , 3aBI!CilT OT napaMGTpa B3ai!Mone~-
CTBM 0'", Haiipi!Mep, npl! 0<0"~2 I! J.l<J..<J.,.: 

Zcr-ti 1 cr d.=-- 1'1=-,r=-
5 d.-rr 'r 2 ti-rr V= d.~o-, "! =2.- tr. {2.4) 

B o6.n.acrn cpe.ItHero rroJUI, cJ.. >d.1A '::::! 2rr, r.ne rml9pcKe~ HapymeH /I2/, 
KpHTHqBCRHe HH,I{9KCH llpHHRMaDT SHa'-!eHRH (CM. TSRX9 13 ) 

d..-vr 1 1 ~ _, ---- J3=- ,(= V=-, 1'1=2.-o-tAs - r:r } 2 , a- \ . {2.5) 

KoHe~opaaMepHHe a~KTH B cpenHefi cqepH~ecKott Mo,neJin c ~HO-
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J18HCTBM8M (0 <OCT<. 2) I'ICCJ!e)IOBaHH BSChMa ITO.IIPOOHO B pa,601;ax /I4-I7/. 
B COOTB8TCTBHH C I'ill!OT830ii KOH8't£HOpa3!\18pHoro ITO,It06Hff /IS/ rrpH 
pa3~;18pHOCTHX d_ & { o-_, 2 o-) tt ClflirY.JI.HPHa.li 'tfaCTb" IT.r10THOCTH CB060,IJ;HO.fi 

aaepnm fi66ca B OKpBCTHOCTH KPHTH'tfSCROli TOtffill T = T(:. , H ~ 0 
UMSST BU.I( (Igj 

1 ( J ( t <lv 1 L/l/v ) CksTf rL,~(t,l.) "' [ y c, L 'C,n ' ( 2.6) 

r;11e Y ( · • ·) - HSKoTopaH ymmepca.JI],HaH g)yHI<U!Di, h = H/k8T , H -
- BH8liiH88 MarHUTH08 IIO.<'IS, (

1 
H ( 2. - 3aBHCJIIIU!8 OT MO.ItSllii K03c'fl

~8HTH. 

H3 BHJlruKSHRfi (2.3) BH,IJ;HO, 'ITO 3Ha'!SHZ8 (r= 2 COOTB8TCTBY8T CJIY
'tffi.Kl 6Jm3Knei.J:CTBIDI. He Ta.K O'\l8BH,ll8H eyyroii: npS.USJThHI:rti CJIYliClli. rr-- 0 • 
B pa6oTe 91 OTMB'tffi.eTCSI, no KaR npe.n;e.n a- _,. 0 rrpH qnrn.cKpoBaHHoM 

d._ , Ta.K H IIp8Jl8Jl d._ -+ oo IIpi! B3aillAO,n;efiCTBIDI ~ COCS.IJ;etf. 
IIpHBO~T K O,IJ;HO~~ H TOMY xe ITOB8,IJ;8HEID THna Beficca - Eparra - B~
mma ( li.i'lH Xyc.m.m - TeMIIepJm, no npHmma.ew:ti a.rr.eci. TSpMRHOJiorrur). 
noKaaaTBJThCTBa aToro YTBB~BHHH, O.ItHaRO, He 6~0 .UaHO. 

B 3TOit padoTe Ml:l llORWKSM, 'ITO ra.MH.llliTOHKa.H cq:epa-creCRott MO,n;B.IDI C 
nep.uo,mrqecxm.rn: rpaiDI't!In:lMM ycJioB.wn.m .a aaT!)BBOlffil:lM noTSHIUiaJIOM Baa

m~o.n;eitcTBER B~a 

-ol-a' :Jcr[r) ~ J, .,- [r-.oo), ( 2. 7) 

8KBHB8Jl9HT8H B Ilp9,ll8JI9 0" - 0 raMWI.DTOHHaHY CqJepH'l!8CKOit MO,lleJlli 
CO CBOdO~ rpaHHUaMH H C BS8HMO,ll9fiCTBH9M TKna XyCHMR - TeMITe~: 

"}{ .;,..t({cr;l) =-..2__ (io-f 
N t 2N i-=.1 l 

(2.8) 
nellCTBHTenbHO, ~ 3~KTHBHOro TIOTSHURana B3aHMO,ll9!CTBRff (2.2) 

B CJIY'!ll9 3aTpaBO'<l!Oro UOTS~aJia BI'Ola (2. 7) l!M88M rrpll ,l(OCTaTO'<HO 
60J!hillOM M '> 0 

J -J-cr jla-Jrn "'o- ;[ Jcr(I{-Ltl)+crl _ .. J, L lt-{/1..\ = 
A - ~-,2'~ }:E"l"t . (2.9) 

lil"M ltJ>M 

17rJ;z -« 
= rlrJ) J.L 

2 

+tD(o-h.L). 

3 



8CJll! 
( (o{ - H8KOTOpaJI KOHCTaHTa), Cnplllle,liJlllBOM llpl! Jl!D60M 
BCY!.!M8 ~#j· 

3aMeTI!M, '!TO peaym.TaT .li,IIl! rjlyphe-o6pasa (2.0 npn B3a.HMO,n9HCTBKH 
(2. 7) B llp81!8Jl8 a-- 0: 

A A 

JNrn 'J,_ ( 'j.) = 'J (£) ~. D 
a- ...... 0 "" -!: ."'" 

21rol.lz 
= -- J 

r(~) 0 ' (2.II) 

MOEHO ~pA~HO nony~TL H3 (2.3), 9CnH rrpennanoERTL CITpaBS~OCTb 
,ItJ!HHHOBOJlHOBOii aCKM!ITOT.tn:;;: EO Bcea_ 30H8 EpHJIJll)aHa R yt!9CTJ:,, liTO p,- ~ 1 npl! a- ~ 0 • 

OtteBz.rtHO, "tfTo npH J!Il6otl ®IKcHpoBaHHotl paaMepHocTH J > 0 B rrpe-
,neJJ.e (j" _. 0 CHCT8Ma BXO,IUIT B pe!tHM Cpe.IUJero ITOJIR:, d > d\>\ = Zr:r , KOr
na B T9fPHH ITORBARSTCR TaR H83HBa9Maff OTiaCHaH H8CJm8CTB9HH8R nep9M9H
HaJI /l2

, KOTOpaJI HapymaeT C00THOll8HH9 rmepcKei!JII!Ill'a d_ V = r + 2 f H MO~~yer aaRoH KOHe~opaaMepHoro nono6HH /2!/. 

3. TeopHH KOHe~Opa3M8pHOrO nono6Ra n4H MOHS~eH TRna 
lJcm-TeMIIeDJ!H 

CTaHI!aPTHaJI rjJopMyJIHpOBKa TeOpi!H KOHeqgopasMepaoro ITOI!06HH /IS/ 
He IIPHM9HHM8 K MO.U9Jlffill: nma XycaMH-TeMliep;:rn: ,.ItJVI KOTOp!lX IIOHIITIDI 0 
rrpocTpaHCTB8HH01! paaM9pHOCTH H Koppe~OHHO:H ~He HB HMBIDT 8CT8CT~ 
BBHHoro orrpe,neJJ.eHRR. 3aMBTHM TaRXe, liTO o6~oe onpe~eneHHe pacxo~~ 
MOCTH RoppBJDIIO!OHHOfi .II,.JliDlH 69CKOH9'11HO:tt CHCT9MU, 5co "-t-v, t __,. 0+ , 
TepaeT CM!lCJl B llp8ll8Jle a- -> 0 npll rjJHKCI!pOBBHHOM ,{ , TaR RB.K 
TOri!B V =11<>"-> oo , CM. (2.5). Jln.H llp801!0Jl8HHH B03HIIKallllli!X Tpyi!HOCTe~ B pa60T8X / 7

• 227 6UJIO Tip81!J!OM8HO BB8CTII ITOHHTI!B 0 qaCJie CKOppe-
JIRpOBBHHllX 'lffi.CTRU .N;_ ( 11 1:UICJ10 Rorep9HTHOCTR") H npe,nn:OJIOU:TI., 
~TO B 6eCKOH9~0fi CHCT9M9 STB BB~~a paCXO~TCff B KpHTR~BCKO~ TO~
Ke c xapB.KTepHHM noKa3aTeJJ.eM v"': 

v• 
fl"c_~ltl-' 

' ( 3.1) 
nanee, rnrroresa RoHe~opa3MepHoro no~o6HH MO~~yerca c.ne~ 
o6pasoM. UycTh repMOI!I!HaMii'leCKaR BeJII!'Il!Ha A~ (t) npa HyJIBBOM 
MB.I'HRTHOM ITOJ19 BM98T B KpliTH~BCKOtt TQ'q'KB t = 0 Cmtry'Jl.ffJlHOB II0-
BSI!BHI!8 BHI!a Aoo ( t) - It I "-MF , t ~ 0 • Torl!a CYJllSCTByeT pery-
JISIPHafl qJyHKUIDI F_ ( x) , X :::;::. 0 , TaRa.FI, ~TO acm.mroTHliBcKoe rroBe-
~eHHe se~1ll!H!::l c:~.. AN(t) B CRCTBMB c 6oJU.IJIHM, HO ROHBlffillM T.JHCJioM 

4 



-qacTJ!Il N 
RM88T Blm 

B DKPSCTHOCTH KpHT~BCRO~ TO~ deCROH9~0R CHCTBMH 

t-o. (3.2) 
Ha.ROHSU, ,llJlfi orrpe,n;eJISIUm IIOKa3aTSM v• 6WI.o llp8,ItJlOJ!t9HO CPa.BlmT:b 
rroBe.ueHl!e Mo,n;e.lill Tm:ra XycBMH - TeMuepJIR .aa N 1!a.CT.ml c noBe,It8tmBM 
COOTBBTCTBYIDIIIBH MO,II;SJill C 6Jm3KO.ll6i!CTB.IileM rrpH d. = d'k , CtmTaJI paaMep~ rrocJie,IU!el! L = N'1"->< B lt8li\liOM H3MepeHJm. llpH rrpS)l!IOJ!Oli<e-
HRffX, 'l!TO I) KOH8'tffiOpaaMepH09 IIO,IlOdHe .ItJili CliCT9Ml:l C 6Jm3RO,ll911tCTBII9M 
crrpaB9MJ!BO II rrpll d =d., , 2) o6e ·CIICT9W IIM9DT O)lmtaKOB119 Itpi!Tl!
"G:8CIUl8 TIORa.SaTe.Jill, BlffiO.IUITCJI COOTHOillSW!S v• = )/MF rJ..k 

3aM8THM, 'l!TO B KOHT8KCT9 cWep~SCKOtt MO.JlanR, KaK C~enyeT R3 
( 2. 4), B9Jll!'!HH8 

)I( =< -,: J,. - t -2 
CJoo (oo ' (3.3) 

HB 8a.BHCHT OT SHa'!eiDI.P.: o- !S ~ d. l!03TOMY B rrpej(SJle CT "# 0 rrpl'l 
.JI.K:6oii: pa3M9pHOCTH CHCTBMH c::( > 0 MOli<HO orrpel(eJ!l!Th xapaKT9P!IYID 
".IJi.1IIDIY IWrep9HTHOCTH11

! 

t-.. o+ 
' 

OTHomeHI!e KoTopol! K Jll!Hel!HoMY pMMepy CI'ICTSW L = N 
41

d 
JIReT co6ol! MacmTa6l!pOBaHHYD TeMnepaTYPHYID rrepeMeHEYID 

( /e )Jtz ~ t N~l< X1 - L ,,~ 

( 3.4) 

orrpe11e-

(3.5) 

EIIHI(ep l! llP. / 2l/ 06CYill!Jll! B03M0li<H119 (jJopm Hapymelll!J1 KOH9'!HOpaaM9pHoro rro,n;odRH Ha-aa nORB~eHRH onacaoH aecymecTBeHHo~ nepeMeH-
Hol! rrp!! d_ > d_ '-' • l!p91(1IQJ18ra.R aHBJliiTH'lHOCTh \l)ymtl1llll. KO-
HB'IHOpaaMepHoro IIO,JJ;06IDI .zt,riR: KOpp8JI1i!UrOHHO:i::t ~ , OHII llOKa3aJI.H, l:J.TO 
riDIOT83a ROH81!HOpa3M8pROrO llO,ItOdiDI ,Il)IH_ 11 CID!I'YJIIlpHOE: 1IB.CTR11 IIJIOTHOC-
T.II CB060,IU!Oi! 3H9pi'l!ll (2.6) MOI(l!\I!WnlpyeTCJl: rrp!! d_ >a'<, rrpiiHl!-
Ma.fl Bl!l( 

-1 -<! d/('(+Zf') <>.((+fo}/((+2J3) rk.Tl k,._,(!:,ltJ"' L Y(c,tL , c,u ) . <3•6) 

i1x 38KJ!Il'!9Hl!9 0 TOM, '!TO rrpl! c;{ >d._ R0pp9Jll11<l!OH!!YlD I(JiliiiY B (jJopMY
Jllq>OBRS KOHG'tffiOpaSMSpHoro TIOJJ;06M CJie.n;yeT 3a.M:6ImT:D Ha "TepMO~a&m
't!BCKy!) ]1,1lliiHy11 

,f. ~ c (Zp+'()/d_ 

(3.7) 
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TIO,ItTBBpN.,Ita8TCR: H a.BaJm30M BepOilTHOCTHOro pacrrpe;n;e.ne~ Jt7IJI napa
M9Tp9 noJll!JIRa B MoneJ!K lla=a npH c:l ~ 5 H T <. .-;: /23/. 

ilO,It~9pKH9M, ~TO nnR C~pRq8CKon MO,It9AH CO CT9IT9HHHM llOTSHUHa
JJ.OM B8al!MO,It9i:tCTBIDl TBPMO,IUIHaMH"t!9CKaJI ,nmma (3.7) B IIp8,It9Jl9 o-__,.0 
COBU8,li99T C )IJIIIIIOJ! KOr9]l9HTHOCTII ( 3. ·1) npll JIXl6oJI npOCTpaHCTB9RHOJ! 
paaMepHOCTH d._ ' nprummmaeMolt CHCT8M8. 

3q,jleKTH KOHe'll!oro ]laaMepa B cipe]ll!~ec&oil MoneJlll Xyclll.lll - TeMUe]l
Jlll l!cune;n;oBaHH B pa6oTe /B/ a nsyx paaHHx SHe~. B Ml!KPOKaHoHH
't!SCROM, no oTHDmemm K cq-epRtiBCKOMY. yCJioBKID, a.HCaM6Jie, onpe.IJ.WIIDlllBM 
cW9pHtJ:8CKyiD MOlten£ EepnnHa- Kana 724/, llJlOTHOCTb COBMSCTHOrO Bepo-
SITHOro paCIIpe.n,eJiemm CJI:y'1a1imrx BBJmllliH rri E R" , i. = 1, ..• , N , 

no OTHowemm R .nederoscxoD: Mepe Ha IR"' HMBBT BH..U 

p:nx;~ I K, h) ~ 

"' l z ~ ( K, h.Jt ,)' Cf,X.'- N) exp[- '}(.., (l !<;I )/k, T] 
( 3.8) 

B CJiy1rae c~pH't!BCKoil: MO.IJ;BJIPI Xycmvm: - TeM-

(3.9) 
np9,IlCT8.BJJJIBT COdal! aHeprHD KOH$trypaiUm C!IHHOB \ ()c=X\, b_~ 1 ••• ,N}, 
B3aHMO,It9il:CTBJDmRX M~ 0060~ B COOTBSTCTBRH C r~TOHHaHOM (2.8) 
H naxo)IH!Itl{XCJI Bo BRemHeM noJie H . CTaTRCT~ecJ<aR CJMMa 7.' ( k ),) 

N N ' OIIJ>8.D:9JIR:9TCJI R3 YCJIOBIDl HOpMHpOBKR ITJIOTHOCTRI (3.8) B R : 

' r ~"· 1K")2 NJ L (K,l.)= Jolx,···d;c.., o (~X; -N)exp!ZN\:?:x< +h:?: X; .(3.10) 
N ~ ~i ·~ ••i . 

B repMO.IU!HaMW!BCKH ::nmnMeHTHOM (T.e. aRBHBMBHTHOM na yponne 
T8p~O~HaMH~9CRHX TIOT9Hlla~OB) 8HCaM6Jle cpe~ett C~p~9CKOfi M0~9-
Jllil jll/ ITJIOTHOCTh COBMSCTHOro B9pOllTHOCTHOrO pacnp9.I(9JI9HIDI CilliHOB 
(}. ~ [Ri ( d, ... , N l!M89T BH;n; 
' ' -< N 

p;''(lxd\K,l.J=[Q,(K,h.,sJ] e;cp[-JlN(!x,l)/k.T -sl- x[], (
3
.II) 

l=i 

r;n;e napaMeTp 5 =SN (K,h.) onpe;n;e.JJHeTCJI R3 cpe;n;Hero cipep~ecRoro yc
JIOBwt 

( 3. 12) 
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CraTHCTl!'lecKM CJ"O,Ia Q ( K, h,S) B (3.II) ;o: (3.12) orrpe.l(e.JL<!eTCJI 
H3 COOTB8TCTB]Dm9I'O ycnOBHH HOpMHpOBRH UAOTHOCTH BSpOHTHOCTH (3.11) 
B IR."' • 

bbUlo noF.a.aaHo /S/, '!TO B CJI:y"trae B3aliMo.n:etl:CTBZR Tmra Xyc:I1ME:
TeMrrep.'ll! (2.8) RaR cl(>epH'l9CKM, TaK H Cp9,IU!lm cifiepH'!9CKa!i MO.l(eJU, 
y.n;o~eTBOPRDT I'P.TIOT838 (3.6) ~ CHHrY~HOfi qacTH nHOTHOCTH CB0-
60.IJ;HQ}i 3Hepnm, ITpH"'tJSM Ma.C!liTa6zpoBaHHhi8 II9peMSHHll8 B 060HX ~a.ff.X 
ID<iSIOT BH,ll 

- t ,, <I~ x, - IV ' 
(3.13) 

Ylll<Bepcem,HaJI ijJyH1<urul: Y ( x,, X<) B rrpasoil '!aCTH ( 3.6) , O.l(HaKO, oRa
sanac:o 3a.BHCJ:Ill19fi OT aHC81116JIH:. Tax, B CJIY'I88 C~pHtiBCROI'O a.HCaM6Jm 
(3,8) 6HAO ITO.l(y'!SHO 

Y5
Cx,,x,J =-Crt 5 dx e.>cp(x,x-{x,x'-fx•), 

111.' 
a B ~e cpe.l(Hero CifiePM'!9CKOrO aHC&~6.JL<! (3.11),(3.12) 

rns l 'X l (X )2 I ·x-1 Y (X,, X,) = z: 1M - J; - X1 - 2 X, , 

r.l(e X= X (x,,x,) !IBJI!ieTCJI pemeHJ<eM ypaBHelll!li 

X-1 ·x-~ -X+ x, =- x, . 

(3.14) 

(3.15) 

(3.16) 

MBTO.IJ; anrrpORCRMnpynmero ra1~TOHHaHa ITPHBO~T R eme O~OMy 
TSpMO~HaMffqSCKH 8KB~SHTHOMY aHCaM6~ ~ C~p~SCKO~ MO.IJ;S~ 
XyCHMM - T9M119pnH, ITepet.l(eM T9ll9p1 K RCcnS.l(OBSHHD a~KTOB KOHS'!
HOI'O paaMepa B STOM aHCaMdne. 

4. 9illffieKTH KOHSgHoro P§3Mepa B annpoxcRMgpYDIDeM BRCaMdAB 
• HeT,P~O y6e~TbCff B TOM, ~TO M6TO~ anrrpOKCKMHp~ero raMHHDTO-

HRaHa /I-4/ llpiDMSHHM K KnaCCR'!9CKO~ c¢epR'!9CKOH MO.l(anK XyCRMH-T9Mn9p
~. ne~CTBHT~HO, ~aK TO, ~TO paapemeHHHe KOH~SURK B aH
CaM6Jie EepnHHa -Kalla JleJRaT Ha ITOBepXHOCTR Cifiep" Z:o;·'- =N, R llpi!MS
!UJR ~e:H:cTBKT8JlbHOe OpTOrOH8JU,H08 npeo6pa30:Brume nepeMeHHHX (Xf , . .. , )(_..)_,. 

- ( ~., ... , ~"), B peaym.rare KOToporo 

"' "' {II 4/1.. ~ x! :?. ~i , ~ X;="' 'l, , (4.1) 
l "::J '""::.f I": 1 

i 



no~ N 

" J ~ (N-'' )' (N-11'u,)
1 

-- 1 II N"'Z <r;· I := S«p {-- X; = ><t ( 
;., 'L~!~N ,., L~; =1'1 (4.2) 
Cne~OBaTe~~O, C fiOMOmLD ~OpauHOHHO~ T9XHHRH /I~ OCHOBaH

HOI Ha H9paBeHCTB9 EoronD60Ba ~ CB060~HHX 3HeprBi, MOMHO ~ORa
SaT!:., liTO 9CJIH J ';!: 0 , TO 

o < ""'-! f v(K ),·,c)- f:(K,h) ~ O(N-
111

) ---. o . 
-cr=R'"'' N-h<> (4.3) 

3l!9CI. t:; ( K,),; c) - B"-PHa!ll!OllliBii l!JlOTHOCTI. cBo60J!HOli aHeprHH 
TD66ca, nocTP09HHaJI ~ KaHoHKqecKoro aHcaM6Aff c r~TOHHBHOM ,., 

J!..,""(!<T;l ·,c) =-lJc.+Hl'?-Oi + i 'JNc'. 
1"'1 ( 4. 4) 

l!BIIIlll BH.II OTOI! lj'JyHicr1KJI MOlii!IO HaliTH Dpl'l JID60M KOHS'!HOM /II> 2.: 
(k 0Tr'f,,v(K,l-;c.J = 

" N = _ .1. j d..x, ... Jx,_ S (?: x1' -N )exp[(Kc+ h)?: X; -t kNc' j = 
N w o•t o•l (4,5) R 

-!Kc• + ..!:::3t.,Kc+h -~t>,.J"'_1 lN(Kc+ltl]-~.t..Jt, -2 z/'1 27r N T 
rl!e I, (X) - MOJ!H<!mJ:HpOBH!lliSII !fJym<:u!tfl EecceM. HBTPYltHO npoBepHTI., 
no TO'lffia.JI HHXRJU~. rpam. no c e JR1 .nocrlti'aeTC1I Ha SSMRRYTOM mt-
repBaJie /c I,; 1 B To'!Ke c =CN(I<,~),y:noBJieTBOp!mlleli ypaBH9li!DJ CBMo
cor.nacoBamm 

C =IN [N(Kc. +~l1 / 1~ [N(kc+h)] . ( 4.6) z • 
IIpR N >"'> i , Hcnom,syx paBHOMSP.HOe acm.mTOTlfl:eCRoe pasJJ.oxe-

HHe lj'JyHicr1KJI I v ( v ~ l npn V - "" i'25~ )l.1lli !1.1lOTHOCTH CB060l!Hol! 
aHeprHH ( 4. 5) npz <fm<cnpoBaHI!IIX repMOJ!HHBMI'l'!SCRHX napaMerpax K 11 J.. 
UOJiy'la.BM 

( k.T r 1 ( ( K, 1-; c ) =- { K c.' + t £, ( 1 + [1 + ~ !Kc + lt)~ J ttz ) -

-1[1+4(Kc+~/]1/t +N"f {! -&t[1+4(Kc+lt)z J

_.f>, (1+[1H(Kc+l.)1 ]u2
) j + ums-t + f!)(N-'). 

(4.7) 

Amuorl!'IHO )l.1lli ypaBHeHIDI caMocor.nacoBamm (4.6) npH N '>'> 1 noJIY-

)• 1h -t r C.=2(Kc+h.)(1+[1+4(Kc+h. 1 ) 11+ 

R 



(4.8) 

C ~yroz CTOpOHH, ~ ~OTHOCTR CB060~0R SHaprHR cqepxqaCKO~ Mo~e
J:[]I Xyc.BMR - TeMIIe:pJm npa KOHB'I;ffiOM N nMSBT MBCTO TO't!H09 RHTer
panbHOe npe~CTaBnBHH€ 

(k5H 1 J~ (K,!.J = 

= -w1 k{ (KN/zr.r 1 d.c "-~<P[ -N(k,Jf
1 f: (K,h; cJ1 J (4.9) 

-co 
B CWIY Toro, 'ITO npx :J :,. o 

-ti-m ""f f;(K,It·,c.J = i-nf .U.... J;CK,I..;c) = f~(K,I.), 
tv-co CaJR"' C& ~t N- 00 

(4.ID) 
<jJyHKurul 

f.~ ( K).) := ""f ( ( K, h.; c.) =- r "" ( k, h; c,...(K,J.)) ,. ceR4 tN (4.II) 

6Wia HaBBaHa /I-4/ aruipOKCl!Ml!pYDJleli CBOdO~O~ 3Hapri!B~ ( np11 KOHS'I
HOM N ) • Kru!O!!Ir<ISC~ aHCaM6JII. c raMWIMOHRaHOM ( 4. 4) np11 c a 
a C:., ( K, h) dy~eM HaaHBaTb arurpOKCIIMIIpymJI!M aHcaMdJieM. 

PaCCMOTpZM CHa~ ROH9qHOpa3M9pHHe ~KTH B llnOTHOCTH annpOKCll
MIIpYDJlBR cBo6o~Hott anepr1111 (4.II) B KpRTI!'IecKo~ odJI.acTn. Y'IIITHBaH, 
~TO B paCCMaTpHBaBMOM ~e MRCIDTa6xpOBaHHH9 ll9p9M9HHH9 HMBDT B~ 
(3. I3), II TO, 'ITO pemeHI!e ypaBHBHI!ff CaMOCOrJiaCOBaHI!ff C,.(K,h) = I!J( N-11+) 
B 3TOl! odJI.aCTII, H3 Blipallt9HIIff ( 4. 7) IIOJIY'li!M 

• (k&Tf',((1-x,N-v\x.tl-'1• ;r>..N""'") =: 

(4.I2) = J... (..L «4 +..!;. x, "-2.- x.") + <o-><S?t + ((J(N_,n.) N 4 • · 
CJ!8)10BaT8J!I,HO, arurpOKCIIMIIpYJ!IIlYID CBO.d0)1HYJO 3HBpi'IIll ( 4. II) B KPIITII
'180110~ OdJI.aCTII X1 =(!)(f),>:._ =(!:1(1) MOllll!O npa~CTaBHTb B Bll)19, i!KJpMaJII,HO 
npe~CKasHBaaMOM rHIIOT830fi KOH8'1HOpasM9PHOrO IIO~OdRff (3.6): 

(k T)-1 r ... (1-x,N-11', x,N-
31+) ~ N-1 Y .. (X,, X.) , s r,...,s,.,.,.. (4.I3) 

r~e 

(4.I4) 
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3BM9TIDJI, '!.{TO BWII9 KpHTWl9CKOM T9Mrt9paTypH, ROr.IJ;a X1 > 0 , ya. ( l<t, X,) !IJ3Jiit9TC!I rJIBJU<OJ! @Yl!Klll!el! nepeM9HHUX X,, X, II rl!llaTe-sa ROH9qHOpa3M9pHOrO ITO.IJ;06Kff ITO~HOCTDD Y~OB~9TBOpRBTCR, XOTR annpoR
CI!MIIPYDmaR ~ IIO~Odl!ff OTJll!qaeTCll OT TOqaO~, CMo (3.14). llp11Humm8JU,H09 paCXOz.rt9Iill9 C Teopzeit TipOJiBJUl9TCR r O.tlHa.RO, ITpH X1 ~ 0 · BBIUJY 89aHaJIRTifti9CROfi 38BHCHMOCTH (flyHKinm: ya(X,.X1) OT ITO~BBOft nepe-MBRHO:A: X2 B TOlffiB X2. = 0 • J1SftCTBHT9JII,HO, TipH X2 -0 1!3 (4.14) IIOJIY'la9M 

x, = 0, 

, x, .( 0 ( 4o 15) 

PaccMOTPnM Tenepb oKpecraocTD ~ ~30BHX nepexo~oB rrepaoro 
po.na no noJD:), i < K ~ oo , h. = 0 • B :noM c.nyqae TBMIIepazyp-Hrut nepeMBHHrut K > 1. JlBJUleT~ aecYIItecraeaaoit nepeMeHaoD: H Teo-PKR ROHe~opaaMepaoro no.IJ;o6HR 126 rrpe.D;cRaaHBaer cymecraoaaaze YHHaepcanDHo~ 38BHCHMOCTR OT nepeMaCmTa6HpOBaHHOft ITO~BBOft nepeMBHHOfi 

r~e m.( K) - CIIOHTaJIHaR HaMa!'lilMeHHOCTI>. Tenep!> 
tta.CTH 11 IIJIOTHOCTH CB060.IJ;HOfi 8H9prrur HM99M 

a ~ HaMarHR1.{9HHOCTH Ha O~H CITHH 

(4o16) 

(4.17) 

(4.18) 

r~e W 1 
( o ) - I!p01l9BO~a!i ijly1u<Um! W ( o ) • 

lloJ!ai'aR B (4.7) h=(m.Nr' Yv, r~e m.(K)=1-I<-1
, c yqe-TOM ypBBHeHI!ff CaMacorJIB.coBaHI!ff (4.8) np11 K > 1 MH IIJ!OTHOCTH annpORCHMHpynmett CB060.D;HOfi aaepraH B OKPBCTHOCTH ~HHH ~OBHX nepexonoa nepaoro po.D;a no~'I.{HM 

(4.19) 
TaRHM odpaaoM, ~ KOHB~OpaaMepHoro ITO.IJ;06Ra 
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W"'l'!vl =- l;!vl (4.20) 
CHOBa HBJL'ISTCB: HeaH8.1lliTH't!8CKOf1 @rHKIU:I8li TIOJISBOit ll8p8M8HH0~ ;;I v 
B TO'tffi8 1jv-::::: Q. B t{8.CTHOCTH, .IJ;.11R H8.MB.I'Hfil{9HHDCTH B KOHS"lliOi! aii-!IpOKCl!Ml!pYJOJJ18~ Cl!CT8M8 ll:3 (4.20) CJ18)zy8T 

(4.21) 

C ~yroli CTOpOHhl, ITO~CT8.HOBKa B COOTHOill8HHH (4.9) pa3JI0£8HHR -•rv ) )-1 v (kBT) 1N(K,~vlrn.,N;c =(k 5T }"(l<,o;c)-

- W' { ( uy/2. rn,Kc )[( 1 +4 K<c 2 )
112

- f] + .&n [ 1+ ( 1 +4 K'c• )'
12 

] -d 
(4.22) 

_.i-C-n(1+4K 2c'J J + V(N-z) 4 
H oneHKa 8.CHMITTOTHRH HHTerpana Aaunaca rrpHBO~T K H3B8CTHHM /S/ B!ipa.:KeHIDIM ltJlF,I: WHKIUill: KOHS'!ffiopasMepHoro IIO,JJ;06llil clj?epll'l:eCKoH MO.IleJIR XycHMU - TeMnepnH B OKpSCTHOcTa W63oBoro rrepexo.Ila nepBoro po)la: 

(4.23) 

(4.24) 

3a.Jvl:STHM:, 't!TO B KOH8tffiO}i ITO BC8M !IpOCTpa.HCTB8HID:Wl I:I3M9p9H.WIM CHCT8M8 Bll]l8JR8HIDi (4.23), (4.24) C!IpaB8,1lJlHB!l TaJOK8 1J.M C<j>3JllFj8CJIOli MO)l9~ EepXHHa- KaQa CO B3aHMO)lettCTBH8M 6~ COC8)l9ii 1271. 
llpz~ CTOJI~ rrap~OKCanbHDI'O ITOB8,JJ;8HHR anrrpORCHMRPyDmero aHCaM6.IDI, 3a.KJll0~8I'OCJ! B H88.HaJillTI:PIHOCTH TepMO,ItHHaMH"lSCKHX ~ IIpH KOHStiHOM ~~8 ~CTHU, cne~ST llCKaTb B HeiTpaBOM8pHOM OT0~8CTBJI8l!IDI i)(yHKUlm f,"-(K,h), CM. (4.II), C IIJIOTHOCURl TSJlMO)ll!HaMW!eCROrO IIGl,TSHIU:IaJia HSROTOpO~ ROH8'!HOi! arriipORCHMRpyxJ:Qea: CHCT8~ B KB.RORffq8CROM aHCaM6~8. ~8fiCTBflT8~HO, EaR OTM8~0C1 B pa60T8 / 22/, J; ( K, h; c }, CROpee BCero,rrpe.D;CTa.BJI.I!eT co6oi! ~OHSJI ilra-36ypra - ~~ay 6ea rp~eaTaoro ~eaa, T.e. cooTBBTCTBYST ~ OJJ;Horo OJJ;HOpo~oro rrapaMSTpa no~. 3TOT ~OH8Jl H8 ~8TCR 

BWIJMoil c(Jy!!K!n!el! c &IR 1 
npll T <. T~ ( K > 1 ) , l'l noaTOMY TO'I-Ra c. : c,_ ( K, h) , B KoTopoii ~<ocTl!I'aeTCR To '!Hall Hlll<llllK rpruu., eM. (4.1I), M8Rff8TCR CRa'IROM !IpH ITpOXO~eHHK h qepes Hy~. CBash c(Jy!!K!n!oHa.na J; ( K, h ;c) c TepMo)ll!H8Ml!'!ecKl!MII ~ a~ruaM6.n.<i c 

II 



(!im<C!!pOBalllillM napaM8TpOM ITOjlll.I1Ka M!l paCCMOTpKM B CJI8.IJYllll!l8M pa3)l8JI8 o 

finOTHOCT~ COBMBCTHOrO BBpORTHOCTHOrO pacnp8ne~eHHR CITHHOB 0{ , l. ::::~. -1, ... ., N. , B cq:.epztiecRotl MO,IJ;BJI.K c rJ:!B:KCHpOBa.HHI:lM :aaatJBHHBM 
m napaMeTpa ITOjlll.I1Ka ( HaMa!'l!lf't8HHOCTR Ha O)lRH CITRH) ITO" onpe,lle-

JlBHm pa.BHa 

1/lz)N ) 
P."'({o-::Xd/m)'= [r (mlf S(Lx, -N g(f:. x, -mN 0 N l "' v=d t.,.f 

(5o I) 

CTaTRCT.I!tiBCKaJt C-yt'!Ma. rN ( '}'n) B STOM, rutCaM6JJ.e HMBBT JIBH!lit BZ,IJ; 

11 N -1 (N-JJh 

{ 

(7rNf 'rtN1'[r(--i~lJ [N(t-m'J] , tml,;i, 
r,..(m) "-

0 ' l»tl ~1 . (5o2l 

3aMBTHM, lJTO STO onpB,IJ;9JlBHHe OT~~BTCR HBC~BCTBBHHOn HOpMHpOBO~Ott 
KOHCTaHTOtt OT ITpHHRTOro B pa60T8 G/o Tax RaR llpll (!im<CI!pOBaHHOtt 
HaMa!'HI!~eHHocn 1J!!RcnpOBaHa " aHeprH!i MO.llBJ!H XycHMH - TeMnejlJlli (2o8), 
(2,9),TO llnOTHOCThD TBPMO~aMnlJBCKorO ITOTBHQnana B 3TOM aHCaM6-
Jl9 HBAffBTCff SHTpOITHn Ha O~H CITRH: 

K~1 
SN(m) := N- 1 .£n r,/ ('I'Yl) = 

: /H Clt(~-m') +i £n (zne) _ _i_ en_ (2 3127rN) 2rl Z N 
( 5o3) 

nerKo BM)l8Tb, ~o CTaTHCTH~ecKYD CYMMY (3o!O) )lJiff cW.pH~ecKott MD.llB
AK B RaROHHlJBCROM aHCaM6Jle fR66ca MOEHO rrpB~CTBBHTh B Bane 

(5o4) 

(5o5) 

- MOTHOCTI:. 3HBprmi B3a.m.t:O,nBilCTBH.fl npK 3BJJ;B.HHOM 3H8l!9Im9 'l11. napa-
M6Tjla ITOPl!JlRB.o v-

C )lpyroJI CTopOHH, )lJiff CTaTIICTH~9CKOJI CyMM!l Z.N(K,h;c) B Ka
HORR'I9CKOM 8.HCSM6JI9 C Bapl!8IlliOHHllM r8MH.l'lDTOHHBHOM (4.4) BM89T M9CTO 

.npe,acTa.BJleHB:e 
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7..;(k,h·,c) = 

' -hmN { -t 1 r l = N )oi.m. e exp -N(k 8T] [EC=J-TsN(»tl]JexpL-z-KN(m-t:J']. -I 
( 5.6) 

AHaJ1113HpYJI 9TO B!ip<U<SHl!S' Mli llpHXO)Il!M R BHBO;Izy"' 'ITO lip>! 60JWlii!X N C~SCTB8HHUH B~ B BapH~OBSYD CB060~ aaepr~ ~aDT T~RO ROHij)ll:ryp~ c y~em.HOil HaMal'liH'!Sl!HOCT:&l!l m >13 O(N- 112 J-oKjlSCTHOCTH 3Ha'!Sllli!li 'W\.;?n~(Kc+h) , r~e 

(5.7) 
Y'll!TlmM ypaeaerure caMOcor.nacoBaHII!! ( 4. B) B rrpe~eJie N- oo , w llOJI;)"IaSM, 't!TO ~9CTBBHH!i.f1 BRJia,It B arutpOK~ IIJIOTHOCTI, CB060~0H 9H8prHH ~aDT T~KO ROH~ C Y.lleJ!J,HOH HaMlll'Jllt'ISii-HOCTI.l!l 'l"n. >13 I!J(N-<12 )-OKjlSCTHOCTH ee llp8~8J!:&HOrO cpe~SI!OJISBQ-ro aHa'!el!l!.'i c.= c.,. ( k, h.) • Taa liaR rrpa K "> 1 ~ z:r(K,o;c.) llMSST ,ltlla rJio6aJI:&llliX Mal<CHMy!.IB. 1!0 C B TO'IItaX C = = "± 1 c,.. ( K, o) I , TO rrpa rrpoxo~ewm MB.I'Hl!Taoro I!OJ!JI h '!apes TO'U\}' h.=O 3Ha'!8Hl!8 C:..fK,h)MSHliSTCli CKa'IKOM OT -l->t 0 (K) ~o m.o ( K ) • B pesyJI:&TaTe B I!JIOTHOCT:O arurpoRCZMll!pyJllllSH cBo6o~oi aHeprHH B~ ~al!lT TOJI:&KO KOHij)ll:ryp~ H3 COOTBSTCT~ea OKjlSCTHOCTl! TO'IKH 1'>1. = C

00
( K, It), '!Oro KBJlKSTCli rrpH'!HHoa I!O!IBJISHI!II HeallaJIIITH""cRoi 3aBI!Cl!MOCTH OT BHSWHero I!OJL'I h , CM. ( 4,19), ~e llpH KOHS~OM ~cne qacTHn B CHCTeMB. B TO~OH me CTaTRC~SCROil CyMM9 (5.4) llpH T<. T 0 H noMX H~N-i c~ecTBeHH!il! B~ .I!,9.1!lT OKjlSCTHOCTH 06SHX TO'ISK 11'\; ± mo ( K) 0~0Bp8M8HHO. ilpH STOM BSC ~oro B~~a, COOTBBTCTByDWSrO B TepMO~~SCROM np~exe O~OJi H3 ,ltBYJC '<HCTHX <faa, JIBJiffSTCli aH8JlllTII'!8CKOJi ~eli nepeMSHHOH }v, CM. (4.16), 'ITO o6ecne'll!BaeT B.l!8.llJ<T>l'!OHOCTI. ~ KOHS'IHOpaaMSPHOrO U0~06ER ~ CB06QAHOH 3H8prHH (4.23). B '<aCTHOCTH, I!JIOTHOCT:O ~8l!HOCTH (4.24) ROH8'!HOi\ CHCTSM!i HSMSHHSTCR HSrrpepHBHHM o6pasOM OT 3Ha'I81!1!.'1 - 1->to [ K) ~0 SHa'ISHI!ff mo [ K) llpH H3M9H9Hml ITOJI9BO.f1 nep9M9HHOil 'Jy OT - CO .IJ;O 00. 3aM.eTRM, ~TO Ta&aff ae Ra~8CTB8HHaff RapTHHa UOB8.IJ;9BER RaHOfiRqSCROrO aHC8M~ TR66oa ~ KOHS'IOHOa ~ppOMBrHETHOa MO~~ HSRHra l!pH maaoBOM nepexoll9 nepBoro POM xapaKTepaa 11 l3 CJJY'UiS 6JIHsRO~eilcTBER/ZS/. 0mtC8.HR08 BWS llOB8li:Blm8 CHCTBMii C dOJII,JilRM, HO ROHSliH!iM tmCJIOM qaCTHn B OKpSCTHOCTH ~30BOrO nepexo~a nepaoro po~ MOEHO CMO~SXZ-
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pOB8Tb H B annpoRCRMRPYIDmBM aHCaM6ne. ~ BTOro ~OCTaTO~[Q Y~SCTb 
B CTaTHCT~9CKO~ CYMM9 BERan OT BC9X TSX (~ORanbHHX) MRHHMyMOB TIROT
HOCTK BapHanROHHOD CB060~HO~ 8Heprzn J~(k,~JG) , ROTOp~e B T9p
MQ,ItHHaMKq9CKOM npe.n;BJie ( N-+ co) rrpeapam:amTCJI B rJio6am.rrne MHHID;ty
MH MaKCI!MilJil,Horo Tlllla (jiyHmum f" ( K, h.; c.) . 3)1eCio = KJiaccaiflm<a
URH MRHOMYMOB MH HCTI0~3Y9M Tep~OROrKm 3RRHca II li!oDMaH8 / 28/. 
IlyCTio B O!tp9CTHOCTH TO'OO! C = C«,.,(K,h) rR06~Horo MHHHMyMa o( 
HM89T MSCTO pa3JI0~9HH9 

(k&Tf1((K,h.;c.) = (k8Tf
1 J.:U<,h.;c"',~) + 

A~ ( _ )2k" +--- c-cc:(oo 
(21<~l! • 

(5.8) 

'il!CJio k~ = k"'( K, h.) H83HBaeTCll "TIIIIOM", a i\,. = A"'(K,h) > 0 
- "eMail" MRHHMyMa o(. MrutcHMB.JIMillfi Tlffi orrpe,ne.IDISTCll KaR HaH-
60~IIJ99 1!3 'IJIC9R {k,,\, llTaR, TiyCTl> {co<,~(k,h),o(:J, ... ,M) 
- MHO!t9CTBO BC9X TO"l9R, B KOTOpHX llp9)l9Jli,HaJI ~ 1: (k.JljC) 
.n;ocrHraeT rJio6am.Horo rvn:ntmzyMa r.:~a.xcm.m.:rJ.:&Horo rmta no c. e::. R -t z 
TiyCTio { Co>(,N ( K, h ),o<: !, ... ,M j- COOTB9TCTBYJIJIIllt9 MliJmMyM!l f; ( f<, h; C) 
npz .JlOCTaTO'qHO 6om.nnrx N , rrpHtreM 

ol=1} ... JM. 
(5.9) 

3aM9TKM, tJTO TIJIOTHOCTb COBMSCTHOro B9pOHTH0CTHOro pacrrpeneAe
HRlt crurnoB C't 

1 
[=~, ..• ,tV, B BapHa!JJIOHHOM ancaM6JJ.e: 

p,;'Ho;=x;JIK,h) = 

I{ 

= lz:(K,lt;c)r
1 g(~x~ -N)exp[-x;o";~;c.Jik.T J, 

(Y l'""4 

MOXHO B&p83HTio ~epe3 nROTHOCTio {5,1); 
~ m 

p_:{!<T;=Xdjk,h.,c)= jotm::Z:,..(K,h,clm)p, (~<Ti=X;]jm) , 
-I 

c rroMomnm ~a rrepexona 

(5.IO) 

(5.II) 



~lz;(!~,h.c)r\:xpj-N(k8Tr1 [ECmJ-f-.m-TsNr""J + ~ J('»'l-c/J] ~ 
> </Z 

1 1 "'(0.!!..) expj-iAN[m-m~(Ke+h)] 1 zn 2 (5.I2) 

3.IJ;ec:o 

(5.I3) 

rrp.u Bcex 3Ha'Iemmx rrapa.MeTpoB K H h , B TOM 'illCJIS H B KpHTHttecKofi TOllli.e. ~13 ( 5. II) , ( 5. 12) B.l::rJlHD, ttTO rrpi! K > 1 ITJIOTHOCTJJ COBMSCTHOPO BepOHTHOCTHOrO paCITp8,It8J18Hll.l'I C!lliHOB B CTaH,UapTHOM aiiiipOKCHM.ffpymm,SM aHcar~dJIS 3a.BHCHT JIBHillii odp8.30M OT BH6paHHOPO MHrurMYMa d. : 

< "" = jJ m.l)K, h.C:.,, !'171) p,., ({a;~ X;] jm) "' 
(5.I4) -1 

( AJ''z~J -%-t~'.., 1 1
- ,,, "'z1r __ r1'1e p,., \o;~x.Jc .. ,.,+;t-N- J. 

MoJmijJJml!poBaHHHl! annpoKci!MlipYJOOU<l! a.HCaMdJffi onpe-"eJll!l\1 cJieeymuJM Odp830M: ~TaM BKnan B llnOTHOCTL COBM9CTHOro B8p0RTHOCTHOrO pacnpe.IJ;SJ18HZR OT BC9X MRIDIM:YMOB o(. -c::::-1, •.• , M , IIOJIO.JKW3 

(5.I5) 
r-"e 

( 5. I6) 

1'1 
z:rK,hJ = .z: z:(K,h,c9 J cs.r?J 0(•1 

IIpS.IJ;CTaBXffST cadott CTaTHCTR~SCK,yD C]MMY MO~~OBaHROrO anrrpORCHMHP~SrO aHcaMdRff. ~ COOTBSTCTByDmS~ llHOTHOCTn CB060~0H 3HSprRa KOH9'll!Oli C.I<CT9MII ( N >""> 1 ) llOJIY'!)IM 

(k Tf1 f"" (K h) = -N-1&\ :£ exp[-N(k.Tf 1 ((K,h;co~,,.,(k',Jt!)J} . B W ' <>I=< (5.18) 
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0'!9BBJti!O. ·= y <jlyHKUJm f: r K' h; c.) CYl!l9CTBy9T 9)!RHCTB9Hl!llit rJio-
6aJILHHA MHHHMyM MaKCHMaJ!bHOro Tnna, TO (5.!8) CBO,IlRTCH K rrpe~~-
nt9My orrpe~eJierum ( 4. II) . il,onyCTilM, 'ITO )IJlll HeKoTopHX K rrpH k= 0 CYl!l9CTByer ~a HJIH 6oJiee rJio6aJILHHX MHHBMyMa MaKCHMaJILHoro 
rmm. llocKom,ey )IJlll JJJJ6oro pemeHIDI c = C"' N(K,h) ypaaneHIDI caMocor
nacoBaHHH npx KOHe~oM IV crrpase~o ~oOTHomeHRe 

- .<!_ c " ( K, J,; c"' , ( k, ~~) = c"' ,. ( K, h) ~h fN 1 1 1 

(5.19) TO ITpH J, ~ 0 

(k 
8 
Tt' ( ( K, J,; c"'·" (k, h)) "'(k.Tf' J:(K, o; c.,,,..(K,oJ) - h C.,,,.. ( K, o) . 

(5.20) 

Tor.na Ha (5.18) rrpH h.= ljtr' IT0Jiytla9M 

f: ( k, 'JN-') 
\r 

"'i.M.f}"(K,o;c.)-
< (5.2!) M 

- w'tn\ L. exp['Jc.,,~(l<,oJ]} 
d-=1 

Tax RaJ< )IJlll crpepaqecKol! Mo~eJIH XycHMH - TeMIJepJIH rrpH K > 1 
H f,. = 0 (!Jymtt.J;M ( 4. 7) B rrpe~Me N ~ oo !!MeeT Jllla rJio6aJILHW< 
Mll1lJlMyMa Tmra I H CHJIH 1\ = 21<(1<-1)(21<-1 )-t B TO<maX C = ± »10 ( J<), 
TO, ITOJUII'aJ:! B ( 5. 21) "' = 'J vf m. (J<) , )IJlll <jlyHI<UHH ROH9'!110paaMepHoro 
no~odHff B oRpeCTHocTH qaaosoro nepexona nepsaro pona socnpoB3BeneM 
TO'!IIHJ! peaym,TaT (4.23). 

llpHM9'1B.T9JIOHO TO, 'ITO K03<1¢ml119HTII f'!<>< ( J<, ~~ , CM. (5.16), B 
JIHH9J!HOJ! KOM6HHanRH (5.15) KOH~anHJ! 1<3 OKp9CTHOCTeJ! ~ rJI06aJlO

. HHX MHHHMyMOB paBHH 

(5.22) 

r~e " :t " COOTB9TCTByeT c" ~ ( K, 0) = ± m. ( K) 8TII Brrp8ll<9l!llli COBIIa-
nanT C COOTBBTCTBymmHMH R0~~9HTaMH B nEH9~0~ ROMdRBanRH ~C-
TilX (!la3, rrpe~CTaBJ!f!DI(el! rrpa T "- T;, rrpe~em.HHe rH6dcoBcKI!e coc-
TOJIHIDI K8.R Jt,IIR: c!JlepiPIBCKOi-1: M0,1l9JIH 0 B3a.HMO,n9~CTBll~ 6JntZaihina 0009-~eJ!, TaR a )IJlll M0~9JIH Maaera - XycHMH - TeMIJepJIH 291. 

I!o~9pKH9M , HB.ROHen, n'O orrpe,neJiamie (5.18) BOCCTa.Harunma.eT 
CTpOryD BunyRJIOCTb BHH3 arrrrpOKCHMHpYDI(9l! CB060)!ROJ! 3H9prHH DanbM
ro.JU.J:I;a 

(5,23) 
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• 
no HBMa.I'IliPieHHocTH ?n IIpH T < Tc. . .lieiic'l'Bl!TenHo, Tenep:& ypa.BHelille = onpe~eJieW!I! 168I'I!HTHOro JIOJIH h ~ 'fvlm,(I<)N npi! <l!i!KCI!JlO-BaHHOil: Ha.Ma.rmfl!8HHOCTR Wl E- (-"m" , 'n1.o) liM89T 9,ItRHCTB8HH08 pemeime 

KOTOpoe llpi!BO~T K BUpBl!81illD 

(k,.Tr1C1:(K,m) "- (k.Tr1 fN(K,o) + 

+ ( 2N f 1 [( 1-""' ) fn ( 1-~ ) + (I+"" ) ,t,.,_ ( 1 + ~ ) ] ')'Yl.t> 1'11o 1tto 1-no 

> 0' 

(5.24) 

(5.25) 

( 5.26) 

TaK 'ITO B repMO~HaMII'IeCKOM npe~eJie a_; ( K, m) cTpeMl!TCJ< K ~ (';i ""( k, 'In) C ropi!30l!Ta.JThl!!IM JT.110C!IZM :f'laCTKOM llpl! 1>1. Eo [ -m,, 'In, ) • 

6. 06cyEnSHRB pesy&eTaTOB 

Bo -rrepBHX, W IIORB.36Jm, '!ITO crum.o:sym MO.IJ;eJID 1!3 ROH8'1lli:Oro ~CJia ~CTm:l; CO B38.HMO,It8:f.iCTBH8M T.HIIa XycHMR - T9MIIB:p.1IZ. MO'lHO paCCMa.TplimaTI. KaK ~aHhH0~8KCTBymmKij llp9~8JI M0~8JII! B KOH8'1HOK ri!IIepHy61!'18CKO~ odnacTR C IIBpl!O,!CiPI8CKRI:MH rpamrtnniMH YCJIOBIDIMR H CT9il8HHbiM 38.ROHOM cna.n,a.mr.a B3aKMO.IJ;e!CTBRff Ha 60~mRX paCCTOHHRaX. 8TO rrp~~H08 COOTHOill8HH8 IT03B0~8T 8CT8CTB8HHUM o6paaOM pacnpoCTpaHKTh 3aKoHH ROHS~opasMep-' aoro no~o6RH aa pacCMaTpi!BaeMHH Knacc Mo~exel • 

Jlo-BTOjlliX, Ha llpi!M9p9 TO'IHO pemaeMOK Cljlepi!'!SCKOJi J!IO~'lJ!i! XyCRMl'lT8MII8p.lll'[ 6Wio noRaaaao, 'liTO Tpa,lU!:UKOHHoe orrpe;rr;BJleHHe /l-4/ IIJIOTHOC'l'H ani!pOKCRMl'lpYJ!Xil9~ CH060~0~ 3H8prl!l! JI,ltl1 KOH9'1HO~ Ci!CT8Mil llpi!BO~T R HenpaBIIJil>HHM Itoae'!HopaeMep!lllM a((xlieKTaM KaK B ~yxijia:moli odnacTH T < T0 , H = V(N-1 ), TaK i! B O!tp9CTHOCTII !tpi!TII'ISCKOii TO'IKII, T =To+ ()( w'1•) • H = v (N-31'<) • 8TOT pesym.TaT J'IBJlli8TCH CJl8~CTB1!9M llnOXOrO orrpe~eHSHRff ~OTHOCTR COBM9CTHOro B9pOHTHOCTHOro pacnpe~e~eHBa CnHHOB B annpOKCRMKPYIDm9M aHCSM6xe ~ KOH€~0~ CHCTSMU. npa KOTOpOM I!CRYCCTB9HI!O i!rHOpi!pyeTCH MHOX9CTBO ~SCTBSHHHX KOH~~' COOTB8TCTBYJ!lli!X ( B T9pMO=aMII'I9CKOM !Ipe,IIM9) 0~0~ 1!3 'II!CT!IX: HIIBR0-
TSMn8parypHHX qaa. il0~06H08 JI0Crp09HII9 Orpaei!'19HHOrO BSpOHTHOCT,Oro pacnpe~eJieHRH xapaKTepHo JI,ltl1 113BSCTHOro no.zo<oM ( CM., Hanpi!Mep, 30/) R T80paH M8TaCTad~HHX COCTOHHR!. 
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Ranee, RaMH rrpe~OXSH MO~~OBaHHufi BapHaHT, CM. (5.15), 

anrrpOKCZMHpJDmero aHCaM6RR, B ROTOpOM ~THBBDTCff BCe CJm9CTB9HHH9 

KOHr:Jm'YPBIUm rrpz T <: T c. H BocnpozsBo,lJ.fiTCff TO'liiHS c:py!tRIJ.IDI KoRe'tflto

pasMepHoro no,n,o6HSI ,n,JJJI ITJIOTHOCTH CB060,n,Ho:A 3H9prHH H H8.M8..I'HH"t!9HHOC

TH B 0Kp8CTHOCTH ~30BOro rrepexo,n,a nepBOrO po~a. 0TOT B8.pH8.HT MOX

HO 060CHOB8.TI> npH ITOMODtH TOttHOrO IDIT8I'p2JU,HOro COOTHOllieHHR ( CM. 

TaJO<e (4.9)) 

i/Z. 00 

L s ( k h) = ( KN) J de Z tr ( K, It; c.) 
N ' 2']( _,.,. N 

(6.1) 

MSJI,II;Y cTaTHCTzt~ecRo~ cy-MMo:A Hcxo~uoH Mo,n;emi , 7. ~ ( K, h) , H BapHa.u.H

oHHott CTaTZCTR'q9CKO:tt Cyt~oH z; ( KJ hi(.. J • 3BM8THM, "llTO COOTHO

meHJ!l! TH!Ia ( 6. l) o6wmo He ljlopMYJrnpytlTC!I B Ka~8CTB8 y:CJIOBJ!l! npm,e

HHMOCTH M8TOna anrrpOKC~ero rBMRnhTOHH8.H8. /l-4/, CM. T~9 
no~o~, paaBHTHe B 131 •321. HeaaBncHMo oT aToro Mero~a ~ aBTo

poB, CM .• , uarrpm.mp,/29 •33-39/, HCITQJll,3QBa.ml HRT8rpaJU:,HH9 TOJR.IJ;9CTBa, 

3KBHEaJI9HTIDle TOlt,Il,9CTBY (G. I) rum: ero KonelffioMe}mHM o6o6tneHIDIM, 

,ItJJJI .n.nueapH3a.IJ,IUI raMRJU,TOHHaHa Bsa.RM.o,n;e:ttcTBIDI TIDia Xycm.rn: - Ter..mep

JIR. UocJie raKo:tt mmeapRaan;rn: JierKo BH'lltcJmJiac:r, "BapHBIUIOHHa.H" craTHC

TJ.t'qecRM. Cy-MMa z; ( K, h ;C.), H B pe3yJU,T8.T9 ITOJIY'r!MOC.b yno6uoe .IVUI 

8.CHMITTOTZ'r!9CKOrO 8.Ha.ml38. BHT9rpanbH09 rrpe,ItCTaBX9HR9 ,IVUl CT8.THCTH'r!8C

ROfi CyMMH ZCCJI9,Dy9MOil MO,lleJIH. HCHO, CM. (5.6), "t!TO B BapHanHOHHOM 

auca.NI6JI.e Y'llllTHBaiOTCH. TOJU,Ro uoptm.m,HHe iprryKryaiJ;llll crnmoB B a~K

TKBHOM cpe,llHeM ITQJI9, T. e. !filly-KTya.mm B8JIHtrnHH {J ( N -V1.) B napru-,teT

pe ITOpJI,lll\8. 1?t,.... • B T9pMO,ItRHBMH'l9CKOM llp9,ll8Jl8 STH <PJiyRTyaurut CTa

HOBflTCff HecymSCTBSHHHMH H UJIOTHOCTb CB060~Hon 3H8prHR f9JILMrOJ!bUa 

Q:~ {T, m.), onp9;I18Jl8HHM C ITOMOIIU>I!J npeo6pa30BaHJ!l! neJ<a!UIJla (5.23), 

npmrnMa9T BH.ll 

{ 
Eo(m)-Ts .. (m) ,\-»~\ ?:r>t.(T}, 

O::[T-m)-
.. ' - E(""•l-Ts~(m.), jm\"' ln.(T) 

38.M8THM, 'r!TO USROTOpl:lMH aBTOpaMH 

nyRJlBl! BHIIB no "l'n npll T < T< 
(OM., Henpi!Mep, /33,40,41/) 

ljJyHKUM 

ct.,(T,m) = E(m)-Ts.,(m) 

( 6.2) 

H9Bll-

(6.3) 

HHTepnp9THpy8TCff KaK nJIOTHOCTb CB060,llHO~ 8H9prRR T9JlbMrO~na ~ 

KOHS~ROn CRCTSMH B ffilcaM6ne C ~KCKpOBaHHOn ¥,n8JlbHO~ HaMarHR~9HHOCTbD 

'In. TBK I<8K npe)\OJII,Hall <jJyHKUJil! a~ (T, m} Ta!ORe l!BJ1Jl8TC!l He-

BmryRJI.Oft BHl'l3 no 1'11. rrpH T < Tc , TO OTCIUla .neJiaeTCH. BHBOJl o 

T9pMOnHUBMZ~8CKO~ H8SKBHBaJI8HTROCTH 8HCaM6JIH fH66ca, ~KCapOBBHH09 
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h_ 
1 H a.HCa.M6JIJI reJThMI'OJlbua, 1_MKcHpOB,HH09 ~ ( 0 Hapymemm T9pMO,IU'l:HaMlltt9CKOi\: 3KBHBaJI9HTHOCTH CM. 427). CJI9.lJY9T 3a.M9THT:O, O.D;-HaRO, ~TO CO CTaTHCTH~9CKOM TO~ apeHHH KHTepnpeTaQER ¢.yHKuaa (6.3) KaK llllOTHOCTH TepMO~H~BCKOro TIOTBHUH~a ren:DMTOR:ona H9 JIBJIJIBTC.FI noCJie,n;oBaTem,HoH: npz: q;mtcRpOBa.HHOM aaaliewm: Nrrn. cyMMB.paoro CIDIHa B }JI{)JleJIHX TlllJa XYCZMH - T9l'wlll8pm! wmtc.KpOBa.HO H 3Hali9HII9 fiE (m) MX :me pre, BCJie;n;cTBHe ~era BBpORTHOCTHOe pacnpe.n;BJieime (5.I) He 3aBHCHT oT TeMIIepa'cy])H T "JlorapnijM ero HOpM!!pOBRH ( 5. 2) orrpe,n;eJJfleT 3HTponmo N s" r m) B. Mill<j)OI<al!O!U!'l9CKOM aHCaM6Jle. a He cBodo)(IIY1D aHepri!Rl Na.11 (T,m.) B aHcaM6Jle I'eJI!,Mrom.[(a. ECJ!I'l H9CMOTPff Ha OTO Ha OCHOBB WSHOMBHOJIOI'H~SCRZX COOdpaEeHRM npHMBM BhlP~9HH9 (6.3) B Ra~BCTBB TIJIOTHOCTH CB060~0~ OHBPI'HR ~MrOJIDUR, TO llp~Ha T9pMO~aMHtt9CRO~ H93KBHB~9HTHOCTH .II;Byx 8.HCaM6H9~ Jl9I'RO o6'1R:cruma: B aHCaMClJie Th:6dca np.a T <. Tc. paBHOBecaoe cocTOJIHHe HB.IDIBTC.FI CM9IUa.HHJ:m:, a B aHCaM6JI9 rem,MI'QJlhll;a OHO llOCTIJOBHO KaK ~CTaff ~a. ilOCJI9,II;HRH ~9TC.FI MeTaCTadRHDHOH aHa adCOXIDTHO H9CTa6KnbHO.H IIpH T< Tc H ')t)t.~{-'mo/11'1.,), B 3B.BRCRMOCTH OT 3Ha.Ka BTopoi! rrpol'l3BO.n;Hol! cjlyHKI1Irn a.,., ( T, m. ) no ?->1. • 

0li9£HnHO, MO.Il;arrR TRITa XYCRMH - TBMU9pH, ~ KOTOpUX rpaw B3am.!O.D;SHCTBd .!IBJiji9TC.FI llOJIHI:lM (Bee 'l!B.CTZIIE:I iiBJIJDD'l'Cfl 3rom:BaJ19HTIWMK COCS;IJ,HMli .Iij)Yl' .IU>Y!'Y), HB B COCTOffHWI OIIRCH:BaT:O CM91JlaHH:H9 COCTOHHRfi B Blll(9 1IpOCTpaHCTB9HHO-pM,n;9JlelilillX 'UICTHX <):as. ll03T0My 9CJIII ]laCCMaTpHBaTD TeopHD cpe~ero no~ B xa~ecTBe rrpHdJIHZeHRH ~ pe~HHX CHCTSM C 6rra3R0~8~CTBHBM, TO HCHO, liTO OHa MOXST npRB8CTR K Ka~8CTB8HHO npaBJIJThHIDil T9PMO;ruma>!l!'l9CKI!M <jiyHKuHHM B CJ!9lt)'DllHX CJIY'lBffX: a) B o,n;aoijlasaol! o6JlaCTl'l; d) B MHoro<):asHoll odJ!acTl'l, eCJ!I'l B paccMaT-pHBaeMoM aacaM~e IH66ca ~ax ~cTax ~a MomeT peanaaoBaT:oCH B Ba;D;e OT~Bn:DHOM KOITHR CHCTBMH. 

Ha TO o6CTM:T8JU,CTBO, 'tJTO aHcaM6Jm- JH60ca H reJIDMI'OJllJ.la JIB~TCH H83KBZBaneHTHHMH UO OTHOIDBHZD K ROH9liHOpaEM8pHHM CBOHCTBSM .Cl'ICTSMa B OKpBCTHOCTl'l Kpi'!Tl'l'l9CK0ll TO'IKI'l,6HJ!O yKa3aHO B padoTe/4J~ Odcyx,n;eHHe aToro Bonpoca BaXO.n;l'IT aa paMKR H8CTo~ea padoTu, TaK Ra1t )I,M lipaBJIJThHOrO Y'!STa Kpl!Tl'l'ISCKIIX !jlnyltTYa[(l'll! B annpOKCI!MI!pYJilllll! aHcaMdJ!!, H906XO.n;l'IMO BRJ!D'UITJ> KOHTII!IyYM 3lta'!9Hl'!J! Bapl'lal1I'!OHHOI'O napaMeTpa C B 0Rp9CTHOCTH TO"qRR C. "::. 0 , ~TO ORBRB8.119HTHO B03BpaTY K TO'li!OMy l!!ITerpam.HOMy 1Ip9,ll;CT8BJ!9HI!Rl ( 6. I) )lJll! CTaTl'ICTl'l~9CKOfi cyMMU HCXO~OH MO~enli. 

AsTop 6Jlaro,n;apea B.A. 3arpe6HoBy 11 B.E. Tipl!eaESBY aa nOJ!eaaue odcYJKlleHl!<t. 
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