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1. BBE11EHHE 

MoAenb K~pH - BeHcca - HaHHra /KBH/ o6naAaeT OAHOH saMe4a
TenbHO~ oco6eHHocTb~. HecMOTPR Ha npocToTY Hccne,qoeaHHR ee 
T€PMO,QHHaMH4€CKHX CBOa::ICTB, nOCJ1€,QHI.1€ B€CbMa H€TplltBI-1dJlbH-bl. 
HaaeCTHO, 4TO BKJ1~4€HHe CllY4a~HOrO BH€WHero nOJlR 4P€3B~4a~HO 
yc.nomHR€T HCCll€,QOBaHH€ ,qa~e O,QHOM€pHoH MO,Q€llH HaHHra. noaTOMY 
npe,qcTaBJlR€TCR HHTepeCHbiM HCCJl€,QQ8dHH€ BJlHRHitiR CJlY4aa.1HOrO nOllR 
Ha TaKY~, OTHOCHTe.nbHO npocTy~ Mo,qe.nb, ~aK Mo,qe.nb KBH. Mo,qe.nb 
KBH ~t~cc.ne,qoeaHa ,qocTaT04HO no,qpo6Ho. B 4dCTHOCTH, a pa6oT.e Ill 
npoae,qeHo H3y4eHJ..1e CTPYKTYPbl npe,qenbHbiX r1-166coacKHX pacnpe,qe
.neHHH. HHme Mbl 6y,qeM cy~ecTaeHHo onHpaTbCR Ha npeAnomeHHy~ II 21 a ' H,qeo.norH~. 

nocKOilb Ky Hcc.ne,cioaaH-YTe c.ny4aHHbiX noneH - npe,qMeT Teop"""' 
CJ1Y4a11Hb1X np04€CCOB, TO B pa6oTe C,qenaHa nonbiTKa 1<13JlO>KI<1Tb 
npo6neMy 1<1 nposecT~ ~ccne,qoeaH~e, 1<1CnOTlb3YR, KaK HaM Ka>KeTCR, 
Ha~6011ee np~eMJleMbla:1 ,QllR 3T~X 4e11e~ 11BePORTHOCTHbli:1 11 R3b1K • 
.llnR y,qo6cTea Mbl nPI<1Be,QeM H~>Ke Ha1116onee ea>KHble onpe,qeneHVIR /eM. 
TaK>Ke KH~ry 131/. 

OnpeAeneHHe 81. nycTb (0. :n ~ (E. t~) - ABa ~3Mep~Mb1X 
nPOCTpaHCTBa. 6y,qeM rOBOpVITb·, LITO $YHK4HR X=:X(CtJ) :Q-+E 
eCTb CJ1y4ai1Hbli1 3JleMeHT, eCllH ,Qll R n106oro 8 c; &, MHO>KeCTBO 
lw :X(o>)<;Bj.;; :f. 

nycTb (0, J, P) - aepoRTHOCTHoe npocTpaHCTBO H 
{w== l.fi l i= 1, 2 , .•. - cny4aHHaR nocne,qoeaTe!lbHOCTb /To ecTb E a 

onpe,qeJleHHH 81 B ,QaHHOM C11Y4ae npocTpaHCTBO O,QHOCTOPOHHHX 6ec
KOHe4HbiX nocne,qosaTenbHOcTei1, a (~ ecTb B(R "") 6openeacKaR 
a -anre6pa s 3TOM npocTpaHCTse/, a Ak ((t) - CllY4aa:1HaR nocne,qo-

eaTeJlbHOCTb I ( 1 l i= k. k+ 1 , .•• . Cny4ai1HaR nocne,qoaaTenbHOCTb 
~(;.) Ha3bleaeTcR cTa4HOHaPHoi1, ecnH ,QllR n106oro k ~ 1 pacnpe,Qe-~ (I) (t) neHHR eepoRTHOCTeH Ok{ ~ { coenaAa~T: P(w:((1 ; ( 2 ; .•• )~ 
<;B)~P(w:((k+l; (k+ 2 ; .•• )<;B) AnR n~6oro B~~(R~) ·MHo

>KeCTBO A~ J Ha3b1BaeTCR HHBapHaHTHbiM nO OTHOWeHHIO K nQCJle,qo
saTe!lbHOCTH f 0 , eCJlH CYU4eCTByeT TaKOe MHO>KeCTBO BE ::iJ(R ""), 
4TO AnR n~6oro n ~ 1 BblnonHReTcR A ~ I w : ( ( n ; (

0 
+ 1 ; .•• ) <; B I . 

Onpe.qeneHltle 82. CTa4HOHapHaR nocne,qoeaTe!lbHOCTb ((t) Haablsa
eTCR 3pro,qHl.leCKoH, ecnH Mepa n106oro HHeapHaHTHoro MHo>KecTea 
pasHa nH6o 0, n~6o 1. 
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EcnH HeKoTopoe caoHcTao HMeeT MecTo AnR acex aneMeHTOB w~ 

"QCUH p({}) ~ 1, Mbl 6yAeM rOBOPHTb, 4TO 3TO CBOHCTBO HMeeT 

MeCTO n04TH HaBepHoe /HnH C aepORTHOCTb~ 1/, H KPaTKO nHCaTb 

(p- n.H.). 
Pa6oTa noCTpoeHa cneAYIOIIIHM o6pasoM. B pa3A. 2 npHBeAeHbl on

peAeneHHR raMHnbTOHHaHa MOAenH KB~ a cny4aHHOM BHewHeM none 

/KBW- ~1. pacnpeAeileHHR rH66ca MOAeilH KBH-b H npeAeilbHOro 

rH66coscKoro pacnpeAeneHHR MOAenH, B paaA. 3 HanomeH MeTOA 

on1o1caHHR npeAenbHbiX rH66cosCKHX pacnpeAeneHHH. B paaA. 4 CAe

naHa non~TKa onHCaH\.1R cTpyKTYP~ npeAenbHoro rH66coscKoro pac

npeAeneHHR MOAeilH KBH-!! • B Pa3A· 5 onpeAeneH cny4aHHbiH sne

MeHT - nnoTHOCTb CB060AH0~ 3HeprHH MOAenH - H AOKa3aHa Teope

Ma o CTPYKType AaHHoro cny4aHHoro aneMeHTa. 

2. onPEAEnEHHE MOAE.nH 

PaccMOTplr1M u,eno4HCneHHy10 peweTKY zd - MHomeCTBO ynoPRAo-

4eHHbiX Ha6opoa H3 d 4e11biX 4HCe11. B'iRKYIO <IIYHK4HIO !! A~ Ia 1 l 1 E A• 

onpeAeneHHYIO Ha A , noAMHomecTse Z , H npHHHMaiO~Y~ 3Ha4eHHR 

BO MHOmeCTBe {+1; -1}, 6yAeM H83biBaTb CnHHOBOH KOH¢Hrypau,HeH 

B KoHe4HOM 06beMe, eCnH MHomecTBO A HMeeT KOHe4HY~ MO~HOCTb 

/card A<""'/, H Cm-IHOBOH KOH¢Hrypau,HeH 6ecKoHe4HOH CHCTeMbl, 

ecnH A~ zd. AHanorH4Ho, <IIYHK4HIO l!A~ !h 1 ! 1 E A• onpeAeneHHYIO 

Ha A H npHHHMa~~IO 3Ha4eHHR so MHomecTee AeHCTBHTenbHbiX 4Hcen, 

6yAeM Ha3biBaTb KOH¢Hrypau,HeH BHeWHero nonR B KOHe4HOM ofueMe 

A , ecnH card A < OCl, H 6ecKoHe4HOH KOH¢Hrypa U,llleH BHewHero nonR, 

ecn1r1 A = Z~ MHomecTBo acex cnHHOBbiX KOH¢Hrypau,Hi1 a o6beMe A 

Icard A<~ 11H6o A ~ Z d; o6o3Ha4HM UA, a MHOll<eCTBo acex KoH<!IH

rypau,HH BHewHero nonR a TOM me o6beMe o6oaHa4HM E A' nycTb W A 

H /jyA /card A< DO/ - MHomecTsa ecex nOAMHOmecTB cooTseTCTBeHHO 

nA H EA. 4epeg wzd 6yAeM o603Ha4aTb CHCMa-anre6py, nopoli<AeHHYIO 

BCeMH U,HI1HHAPH4eCKIIIMH MHOmeCTBaMH B Ozd , TO eCTb MHOmecTSaMH 

BHAa 1!:" Uzd : !! ~ luI lIE zd; "11 ~ "12 ~ ••• ~"I - -ulp+ 1-- "ip+2~ 

= ... =-a1P+k 1}, rAe 0 ~ p,k <""',a 4eptfa &zd- cHrMa-

anre6py, nopomAeHHYIO aceMH u,HnHHAPH4eCKHMH MHomecTBaMH a Ezd, 

To ecTb MHO>KecTBaMH BHAa !~ E Ezd: ~ ~ I h 1 !1 Ezd; h 11 E 

~ B 1 , ••• , h 1 <.; Bnl, rAe 1 'S n < oo, a Bk- 6openescKII!e MHomecT

sa 4HCnOBoi1nnpRMOi1. 3aAaAHM HeKOTOPYIO 6HeKU,HIO i(t) MHomeCTBa 

nonomHTenbHbiX l...lenbiX 4HCei1 + z+ Ha MHomeCTBO z d. nycTb t Ft 1; ... tn 

(x 1 , ••• , x
0
)l, rAe ta E Z, .\j<t 2 < ••• < t 0 , n <: 1·saAaHHoe 

cornacoeaHHoe ceMeHcTeo l<oHe4HOMepHbiX ¢YHKLJ,I .. H1 pacnpeAeneHHR. 

YcnoBHe cornaoosaHHOCTH BblpamaeTCR ¢opMynoH 

F
1 
.. 

1
(x

1
, ... ,xk) =Ft. ·t(x 1 , ... ,xk,+oc, ••• ,+oc), 

l'"''k l''"'n 
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rAe k < n •. TorAa TeopeMa KonMoroposa o CYtli€CTBOBaHa-ta-t npo~ec-
ca13/ rapaHTa-tpyeT cy~qeCTBOBaHHe aepo.RTHOCTHoro npocTpaHcTaa 
(!1, ~. P) "' cny~aiiHoii nocneAoBaTenbHOCT"' h(w) = lhl(t) I, <;oz+(w), 
"' E !1 /To ecTb <I>YHK4"'"' h("'), onpeAeneHHoii Ha !1 "' np"'H"'Ma!O!Ileii 
aHa4eHH.R a Ezd, TaKoa::i, 4To Ail.R 11106oro B E &zd MHOH<eCTao {cu: 
~(w) E B 1 E -~I, TaK.,x, ~To 

p lw: hl(ttl .~ xl; ••• ;hl(tn):;; X n! = Ftl; ... ;tn (xl•"" xn) • 

Bepa.RTHOCTb 11106oro MHOH<eCTBa £13 &A onpeAeila-tM KaK aepo.RTHOCTb 
l.I£1IlHHAPI-I4€CKOro MHOH<eCTBa 1-13 &zd C OCHOBaHHeM 8 6, N 

npeAnono>K.,M, ~TO Ha6op IF,l; •.. ;tn! TaKOB, ~TO ~(w)- 3Pro-A£14€CKa.R cny4aa:1Ha.R nocneAoBaTeilbHOCTb. 6onee HHKaKHX orpaHH4e
HVta:1 Ha aaBio1CI-IMOCTb Cily4aa:1HbiX B€Ila-t4£1H ht , TO eCTb HenoCP€ACT
B€HHO Ha Ft1 ; ... ;t

0
, n ~ 2,HanaraTbC.R He 6yAeT. B aaBHCa-tMOCTa-t 

OT BJ.1Aa Ft TepMOAHHaMJ.1Ka MOAeilH, KOTOPYIO Mbl C06l-1paeMC.R YICCile-
AOBaTb, . 1;yA€T npeTepnesaTb Ka4eCTBeHHbl€ l-13MeHeHH.R. 

PaccMOTP"'M AeKapToeo npo.,aeeAeHHe nA x EA " <I>YHK4H/O HA(~A, ~A) Ha HeM, onpeAeneHHY/0 <l>oPMYnoii 

J =----
2 I A I /1/ 

$opMYilY /1/ MOH<HO paccMaTpJ.1BaTb KaK onpeAeneH!f1e Knacca $yHK
~J.1H Ha {}A, a E A- KaAK MHo>KeCTBo J.1HAeKcos. 06oaHa4HM yKa3aHHbla:1 
Knacc c"'MBonoM J( A(~ ) "' eBeAeM anre6py nOAMHO>KeCTB K A(~ A) 
3TOrO MHOH<eCTBa 

K A(!! A ) = II H A (~A ; ~A) E J( A (~A) : ~A E B ! : B E fi, A ! . 

PaccMOTPHM oTo6pa>KeH"'e HA''!,A.~A(.)): l1 ~ J(A(~A) .O~eB"'AHo,~To 
lcv:HA( 2 A ;!JA(w)) (; C! E ~, ecnH C EKA (2 A). CneAoBaTenbHO, 
H A(!!A ; ~A(.))- cny~aiiHblii 3neMeHT. PacnpeAeneH"'e eepORTHOCTeii cny~aiiHoro 3neMeHTa HA (g A ;!J A(.)) onpeAenReTcR o6bi~HbiM o6paaoM: 

PH (C) = P(lw:HA(uA;hJ\(w))EC !), A - -
OnpeAeneHJ.1e 1. raMa-tilbTOHl-1aHOM MOA€Ill-1 KIOpa-t -· BeHcca - H3HHra 

e cny~aiiHOM BHewHeM none /KBI1-h/ e o6beMe A (card A < ~) Haao
eeM cny~aiiHblii 3neMeHT HA (e A,hlt (.)). 

3aAaHl-1€M raMHilbTOHJ.1aHa KaKO~-Il£160 peweT04HO~ Cl-1CT€M~, no 
CYtli€CTsy, npoa-~asoAlltTC.R npespa~qeHHe HsMepHMoro npocTpaHcTsa 
(l1A, WA) e eepoRTHOCTHoe (!}A, WA, PA ), nocKonbKY eepORTHOCTHaR 
Mepa PA onpeAeil.R€TCR Ha MHO>KecTsax 1-13 W cornacHo aH3a~y 
r1-166ca: 
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/2/ 

f3 
-1 

rAe e = - TeMnepaTypa C~CTeMbl' a ZA - CTaTVICTH4eCKaB CyMMa' 

To ecTb ZA ~ l: exp(-{3HA(~A)), card A<~. CornacHo ¢opMyne 

rzAc;.uA hA 

/2/, Mbl Mo>KeM onpeAellHTb eepoRTHOCTHYIO Mepy PA (·) 1'\IlR Ka>KAO

ro raM14nbTOHVIaHa 1-13 }{A (~A), TeM CBMbiM Mbl onpeAeJ11.·1M HeKOTOpbl~ 

Knaq: sepo.RTHoCTHbiX Mep, KOTO.Pbli:1 Mbl 6yAeM o6oaHa4aTb P A· Bee

AeM ZA- anre6py noAMHO>KeCTB ~A' 

hA A 
ZA~!IPA (.)c;.~A:!_! ~B}:B~&l, 

!lll 
H paccMoTpHM oTo6pa>KeHHe PA (.)(w): ll ~ ~~~. 04eBHAHo, 4To 

~ 0 
!w: FA (.)(w) ~ c l ~ ~. eCilH c E 2A· CileAoBaTeJlbHO, P,\ (.)(w) 

TBK>Ke HBJlAeTC.A CJlY4BViHbiM 3JleMeHTOM, pacnpeAeileHJ.IIe sepo.RTHQ

CTe~ KOTOporo P, (C) onpeAellReTCR CileAYIOtllVIM o6pa30M: 
pi\ 

II 
PPII (C)~ P(iw: PK (·)(w) ('OC }). 

OnpeAelleHHe 2. PacnpeAeneHHeM fV166ca MqAellH KBH-h a KOHe4-

HOM o6beMe A HaaoeeM cny4~~Hbl~ 3IleMeHT PR (·) ( w) • Cny4a~Hble 

eellH4VIHbl H A (q;ll ; )] A (w )) VI P~ (.) (w) HMeiOT KOHe4Hble o6na CTH aHa-

4eHlt1Ci, VI VIX CTPYKTypa 04eBvtAHbiM o6pa30M COOTHOCVITC.R CO CTpyK

TY\l_O~ CilY4ai1Hoi1 eellH4VIHbl !JA(w) , no3TOMY VI HA(~A;!lA(w)) 1 H 

p~ (.)(w), B lll3BeCTHO.M CMbiCJle, KBK CJly4aViHble BeJ11<141t1Hbl, TpVI

BHBJlbHbl. 

0AHOVi vt3 OCHOBHbiX 3aAaY CTBTVICTH4eCKOVi MeXaHvtKIII fiBJlFieTCFI 

nocTpoeH~t~e npeAenbHbiX pacnpeAeJleHtrtVi rH66ca no 3aAaHHoMy ce

MeHcTsy pacnpeAeneHvtVi P A ( ·). Ecn~ Mbl BbtnOnH~M 3TY 3aAa'-~Y Anfl 

hA 
ceMeeicTea PA (.)(w) AnA ecex 3neMeHTOB w ~0, TO Mbl nony4~M 

HeKOTopoe MHO>KeCTBO ll npeAellbHbiX pacnpeAelleHHi'i fH66ca p.!J ( ·) 

3aAaA~M c~rMa-anre6py S nDAMHOH<eCTB ll 

h 
s ~ I! p~ <· l <"' l E n: h " c t: c " ~ 1 

~ pacnpeAeneH~e eepofiTHocTeH P.n<·) , onpeAeneHHOe AAA KaH<AOro 

MHO}I{eCTBa Q ~3 S , 

ll 
P n (Q) ~ P ! "' : P <. l < "' l E Q l • 

PacCMOTPVIM OTo6pa>KeHHe ll(·): ll ~ n . 
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OnpeAeneHHe 3. npeAenbH~M pacnpeAeneHHeM rH66ca MOAenH 
KBH-ti Ha30BeM cny4a~Hbl~ 3neMeHT 'll(.) . 

HTaK, HaM Heo6XOAHMO nOCTPOHTb MHOmeCTBO 'n. 

3. MHOIKECTBO nPEAEnbKbiX 
rH55COBCKHX PACnPEAEnEHH~ 

8 3TOM pa3Aene 6yAeT C¢oPMYnHpOBaH H AOKa3aH PRA YTBepmAe
HH~, KamAOe H3 KOTOP~X B~nOllHReTCR, eCnH KOH~Hrypa~HR BHeWHe
ro nonR h npHHaAnemHT HeKoMy MHomecTBY A E ~zd• aepoRTHOCTb 
KoToporo pasHa- 1. PaHee 6blllH on~;o~caHbl aepoRTHOCTHble npocTpaH
CTBa (OA'WA'PA) AnR cny4aR KOHe4HOro A. EcnH me A= zd, TO 
AnR npeepal!leHHR H3MepHMoro npocTpaHcTea ({lzd, Wzd ) e eepoRTHo
cTHoe, TaK, 4T06bl Mepa Pzd 6bllla B HeKOTOPQM CMbJCJle rH66COBCKHM 
pacnpeAeneHHeM, Tpe6yeTCR 3Ha4HTeJlbHO 6onbwe ycHJlH~. 5onee 
Taro, KaK npaBHllO, peWHTb AaHHy~ 3aAa4y B RBHOM BHAe He YAa
eTCR. J.iCKJ1~4eHHe COCTaBJlReT llHWb He60llbWOe 4HC110 MOAeJle~, 8 
t.tHcno KOTOPbiX BXOAI-1T H MoAeilb KBH. 

TeopHR Mepbl AaeT HaM peu.enT nocTpoeHHR aepofiTHOCTHoa:i Mepbl 
Ha (Ozd. , W zd ). AnA 3Toro, KaK lllsaecTHO, AOCTaT04Ho 3aAaTb ce
Me~CTBo eepoRTHOCTHbiX npocTpaHCTB {(OA; W A; P A) I Aczd card A~., 
eepoFITHOCTHbfe Mepbl 8 KOTOPbiX YAOBneTBOPFIIOT ycnOBI-110 cornacoeaH
HOCTH: A 1 c A 2' A E w A{ 

A2 
PA

1 
(A)= PA2 ({~ = {u 1 11 EA

2
: {u

1 
1
1

E-A
1

E A J). /3/ 

/3/ TorAa TeopeMa KonMoropoea o npoAonmeH~~ Mepbf rapaHT~pyeT 
HaM CYLI.IeCTBOBaHIIfe eA~HCTBeHHOt1 eepoF!THOCTHOt1 Mepbl P Ha 
(Ozd ,wzd),TaKo~, 4To 

P {~ = I u 1 11 EZd: {u 1 11 E A E- W A I= P A lc: A: {a 1 I 1 E A E W A I. 

HeTPYAHO y6eAHTbCR, 4TO onpeAeNieMoe ¢opMyno~ /2/ ceMe~cTBO 
eepoRTHOCTH~X Mep He YAoeneTBOPReT ycnoBH~ /3/. no3TOMY Heo6-
XOAHMa HeKOTopa~ APYra~ nP04eAYPa nocTpoeHHFI Mep. 

· 3aMeT~M, 4TO ecnt-~ Mbf 3aAaA~M HeKoTopoe A 111 eepo~THOCTHYIO 
hA 

M~PY PA (.), onpeAenReMy~ cornacHo ~opMyne /2/, To AnR ecex 
A c A ceMet1cTeo eepoFITHOCTHbfX Mep 

hA hA A 
PX: (C) =PA (!g =ia 1 11EA:!a 1 11EXE Cl = Qc) = 

/4/ 
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RBil.AeTCft cornacoeaHHbiM. ,ll11R paCCMaTp1.1BaeMbiX HaMH BePO.ATHQCT

HbiX npocTpaHCTB (0 A, W 1\ , PA ) e 4aCTHOM cny4ae OAHOT04e4Horo 

nOAMHOJt<eCTea C MHO>KeCTBa 0 A $OPMYna /4/ HMeeT BHA 

(C ~{(;;-!)!Ell!) 

- -1 
= a. ; i 

1 
E'A)~ZA 

YaenH4HBa.A A, Mbl 6yAeM HMeTb B03MO~HOCTb oxsaTHTb ace 6onb

wee 4HCflO MHO>KeCTB ~. M~>t<HO O}f(HAaTb, 4TO B HeKoTOpDM CMbiCile 

h ll 
cy~eCTeyeT npeAen lim P.:e (C) = P; (C). &onee T04HO, MOJt<HO OJt<H-

Atzd" " 

AaTb, 4To npH ¢1HKCHpoaaHHbiX sHa4eHHRX TeMnepaTypbl H napaMeT

poe H(q;A) An~ l1J06oro MHO>t<eCTBa C E,WA cy~eCTayeT TaKoe 4HCno 

A hA h 
~(C) 4TO MOAynb IP~ (C) - p~ (C) I ~ 0 npH A' zd. EcnH 3TO 

TaK, TO cnpaBeAilHBa 

h 

neMMa 1. l P~ ( ·) 111 czd , card A<~ - cornacoaaHHoe ceMe~CTao 
aepo.ATHOCTHbiX Mep • 

.lloKa3aTeilbCTao: 

h hA h A A 
p~ (C)~ lim P~ (C)~ lim P~ (I~ 2 

!a1 11<= IIi 
1 Atzd 1 A•zd 2 

!u 1 .,. -= c n 
1 1 E "1 

l-1TaK, A!lft 3aAaHHR aepo.ATHOCTHOII! Mepbl Ha (Ozd;Wzd) AOCTaTo-

h hA 
4TO Ha~T>~ npeAenbl P~ (C) =lim P~ (C) An~ acex C e W-, A c 

czd(card A<~) • i\fzd A 

OnpeAenHM Koppen.A~HOHHble $YHK4HH o6bi4HbiM o6paaoM: 

T cA. /5/ 

/HecornacoaaHHblx/ 

/2/. 
BepQ.ATHOCTHbiX 
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h 
fleMMa 2. AnR HaxomAeHHR npeAenoe ~1 (C) AOCTaT04HO Ha~TH 

npe,qenbt lim _<aT>A ,qnA ecex T c A1• A lo1MeHHO, lo1MeeT MecTo pa-
aeHcTeo At zd 

~OKa3aTeJlbCTBo: 3aMeTHM, 4TO Jl~6oe ~lo1JlHH.QPI-14eCKOe MHO~eCT-
BO '1'0 ~I~: la1 l 1 E A <e C l npeACTaBHMO B BHAe KoHe4HO~ cyMMbl 
HenepeceKaiOUIHXCR MHOmecTB 'I' u Ia: Ia l; rA= a A J.no3TOMY c A - 1 ~ -

ll E- c 

Cne,qoaaTeJlbHO, ,qnR ,qoKaaaTenbcTaa neMMbt ,qocTaTo4HO ,qoKaaaTb 
ee AflR MHomecTB '1'0 BHAa 1.'! : la1 l 1 E A = I .71 l 1 E AI , To ecTb AflR 
Cily4aA, KOr,(~a C - O,Q,HOTOL4e4HOe nO,QMHO>I<eCTBO MHOM<eCTBa {};\. 
anR TaKOrO COpTa MHO>+<eCTB HMeeM 

TaKoC1 cnoco6 nocTpoeHVTA npe,qellbHbtX rYJ66coecK""X pacnpe,qeneH~t~C1 
6~11 anepe~e npe,qno)KeH P.A.MHHilOCoM 141 

0TMeTio1M, 4TO npo4e,qypa aa,qaHI-1A cornacoaaHHoro ceMeHcTBa 
aepoATHOCTH~x Mep, aoo6~e roaopA, He OAH03Ha4Ha. B caMOM ,qe-
ne, nycTb aa,qaHbl MHO>KeCTBa A 3 C A 2 C 1\ 1 , card A 1 < coo • ,llnR acex 
As c A

2 
Mbl MoM<eM onpe,qenHTb cornacoeaHHoe ceMeHcTao eepoRT

HOCTHbiX Mep He TOJlbKO cnoco6oM, yKa3aHHbiM ¢10PMY110H /4/, HO Ill, 
HanpiiiMep, CJleAY~~~~~M o6pa30M: 

hAt hAt A 
P; (C)= PA- (Ia 1 :1a I , = 1.1 l ,Ia l A ECD, J\3 1 - I IE- A1,A2 I IE Aj\A2 I IE 3 
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rAe {.;1 ! 1 ~AM2 - HeKOTOPbl~ Ha6op +1 ~ -1, a c ~WAs· AaHHo

MY cnoco6y onpeAeneHMfl eepo.RTHOCTHblX Mep eCTeCTBeHHO AaTb 

cneAY~~y~ ~H3M4eCKY~ HHTepnpeTa~H~. PaCCMaTpMBaeMa.R HaMM CMC

TeMa HaXOAHTCR a cocyAe A2. 1 a a o6nacTVI Ai'J\. 2 saAaHo rpaHI-14-

Hoe ycnoa11e u 1 ~ii1 , i ~ Ai'\A 2 • Cnoco6 /47 nocTpoeHHH Mep np~ 
A8HHOa::i HHTepnpeTaU,HH COOTBeTCTByeT T8K Ha3biBaeMbiM nyCTblM rpa

HH4HbiM ycnoavtRM. MomHo OMH1AaTb, 4TO pa3JH1'-1Hb1M rpaHH4HbiM ycno

BMRM H pa311H4Hb1M cnoco6aM ycTpeMneHH.R A2 H A1 K zd 6YAYT co-
h 

OTBeTCTBOBaTb pa3J1~4Hble CeMe~CTBa pacnpeAeJleH~~fPj( (C) lA3 c zd. 

npHCTyn~M K 11CCJ1eAOBaHI1~ KOPP€llll~110HHbiX <l>YHK~ ... ~~ Allll J1~6o
ro raM~JlbTOH~aHa ~3 Knacca HA (~A) HMeeM cornacHo <t>opMynaM /1/, 
/2/ ~ 151, 

2 
Y'-H1TbiBaR, 4TO L a

1 
uj = ( ~A a 1 ) H eocnollb30BaBWHCb ¢lopMy-

t,jEA 1 E 

1 2 ~ +oo 1 2 -
no~ exp( 2 ax) ~ (2,)- . f exp(-Fy +Xyay)dy , Mbl MQ)j{eM Bb•-

-~ 

nOllHMTb CYMMHPOBaHHe nOA 3HaKOM HHTerpana 1-1 n011Y4HTb ClleAy~

w.ee BbiPa>t<eH!IIe 

+~ 

f dxexp(-I....x2 ). n th(/lh. +X .;fi.l:..) n ch(/lh. +XV !lJ ) 
-~ 2 j E T J I A I j E A J I A I 

+~ 

(dxexp(-..!..x2
) 'TI ch(/lhJ+xv..dL) 

-~ 2 j E A I A I 

A 1 2 1 
All o6oaHa4eHHe rA(y;h l~-Jy --- ~ lnch/l(JY+ hi)' no-

- 2 /liAI JEA 
11Y'-H1M cneAYJOI!.Iee nPeACTaeneHHe AJlA < u T >A 

+~ A 
( dyexp(-/liAI·fA(y;.!J ll· TI 

JET < u T >A ~ --:---------·--:--:__::__-,-___ _ 
+~ . A 
( dy exp (- /31 A I · C A ( Y; h ) ) 
-~ 
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$opMyna /6/ cooT8BTCT8yeT cnoco6y /4/ nocTpoeHHR cornaco8aHHoro 
ceMet1cTaa aepoRTHOCTHbiX Mep, ,qpyr111e cnoco6bl nocTpoeHHR Mep npl-1-
ao,qRT K aHanorH~HOMY /6/ s~pameHII!~. Heo6xOAHMO JlHWb K HeoAHo
POAHO~ KOH$Hrypa~HH {hJ I A06a8HTb OAHOPOAHYIO co~Ta8nRIOIJlYIO h 0 , 
3aBIIICRiltYIO' B03MO>K~~' OT I A I 0 neMMa 2 ycTaHaBJlHBaeT CBfl3b Memgy 

Jim <aT]. H lim PA (. ), OAHaKo AnR n106oro raMHnbTOHHaHa H3 ce-
At zd A ,zd 1 hA 
MB~CT8a J(A(q;A) Mbl MO>KeM nony4HTb HenocpeACT8BHHO AnR PA (.) 
YA06Hoe AnR npeAenbHO~ npo~BAYPbl 8blpa>KBHHB. I 

neMMa 2a • .QnR n106oro raMHnbTQHHaHa H3 CBMB~CT8a J(A(!';A) HMB-
eT MecTo cne,qy10~ee npeAcTasneH~t~e AflR 

hA 
- A -PA ({a :a=a,iEA 1J):M: 

1 I I 

171 

AoKaaaTenbcTao. ~aHHOe npe,qcTasneHHe nony4aeTcR aHanorlll4Ho 
$QpMyne 767. 

BblpameHHR 8 npa8biX 4aCTRX pa8eHCT8 /6/ H /7/ MO>KHO npH8BCTH 
AnR BAHHoo6pa3HR K 8HAY 

A - R(/3;_!! ), 
+~ A 
J exp{-f3[A[ rA (y; _!! ) ldy 
-~ 

A1 
rAe g(y;!! ) - HeKoTopaR He sa8HCRillaR OT A $YHK~HR. TaKHM o6-
pa30M, HaWa 3aAa4a COCTOHT 8 HCCnBA08aHHH npeAena R( /3; hA) npH 
cTpeMnBHHH A K zd . A -

3aMBTHM, 4TO $YHK~HR g(y;_!! 1) 8 o60HX cny4aRX He npe8QCXQ
AHT 1. <I>HKCHpyeM a > 0, Tor,qa, l-1cnonb3Y.A TeopeMy JlarpaHma, no
IlY4HM CJ16AYIO~ee TO>K,qeCTBO 
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-a t> 2 2 
f exp [ -.1::.1 A I ( Jy - -- ~ Inch f3 ( h J + J y ) l dy = 

-~ 2 f31AIJEA 

-a f3 2 
= f exp[ --li\1 (Jy 2

- -Inch f3hJ -
-~ 2 f3li\l 

__ 
21_Y_ ~ th{3(Jy*(y) +h. ))]dy- N, 

j E i\ l I i\ I 

rAe y*(y) - HeKOTopaR ¢YHK~~A, YAOBneTBOPR~~aR HepaBeHCTBY 

0 ~ y*(y) :S y. 04eBVIAHO, 4TO cnpaBeAm·1BO ABOi1Hoe HepaaeHCTBO 

-a f3 
o < N :;: J exp [- -

2 
I i\ I J ( y

2 
- 2 I y I l l dy ·. ~ A ch f3 h J • 

-~ J 

-a -a 
r exp[--fli\IJ(y2 -21Y ll]dy J exp[-~(li\l-li\1 0 ). 

-~ 
-~ 

-a 

x J(y 2
- 2ly 1]-exp[ --f1i\I 0 J(y 2

- 21YI)]dy ,; f exp ( - -f I i\ I 0 x 
-~ 

x J(y 2 -21yl)]dy-exp[-~ (ii\l-li\\ 0 ) J(a
2 

-2a)] 

AllR 11106oro li\1
0 

, YAOBlleTBOPRIOUiero HepaseHCTBY 0 <I i\ \
0 

< i i\ I, 
a ~ 2, TO 

f3Jii\lo ]. ll ch{3h • 
2 J Ei\ J 

OycTb cny4a~HaA nocneAoeaTenbHOCTb TaKoaa, 4TO cy~ecTayeT 4V~C

no C < 1)0 1 Allfl KOTOporo n04TVI HaaepHoe BblnOilHReTCA hj S, C npH 

acex j ~ zd. TorAa M~ MO~eM a~6paTb TaKoe 3Ha4eHHe a' 4TO 

N ~ 0 (P-n.H.) np~ li\1 ~ ~ c 3KcnoHeH~~allbHO~ cKopoCTbiO. 04e

BHAHO, 4TO CylJ.IeCTayeT HHTepea!l ( yl' y 2 ) , Ha KOTOPOM ¢IYHKU.I-1fl 

f i\ (y; _!!i\ ) S: 0, n03TOMY ecll~ npeAell Jim R( {3; ~ i\) CYU\BCTBYeT, TO 

BblnOilHReTCR 
i\tzd 
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lim R(,S;hA)~lim 
Atzd - Atzd j 'expl-,SIAI fA (y; ~A)ldy 

-a 

C aepo~THOCTb~ 1. 
,ltaHHbla:i npe~ell MO>KHO nonbiTaTbCR Bbi4VICJlVITb C nOMOtqbiO M€TOA8 

nannaca, AllR 3TQrO leo6XOAVIMO VIM€Tb VIH$OpMa~VIIO 0 T04KBX MVIHVI
MYMa $YHK4~~ fA (y ;~ ) • 

!leMMa 3 • nyeTb eyil\'!oCT8YBT N TOYBK Y!, •• .,yN , 8 KOTOPbiX pea
J1~3yeTeR a6eoJ110THbiH M~H~MYM $YHK4HH r(y) ~ l/2Jy 2 -
- ,9-lMJnchtJ(Jy + hl) npH $HKe~p08aHHbiX 3HaYeH~RX ,9; J, 8T<JpaR 
npOH3BOAHafl r"'(y) nOJlQ)f0.1T€JlbHa B 3TitiX T04K8X, VI o6w.ee 41r1CJl0 
ro4eK 3KcrpeMyMa KOHe4HO. Ecn~t~, KPOMe roro, MareMaT~t~4ecKoe 
OlK~AaH~e no paenpegeneHHIO nOJ1R h 1 Milnch,9(Jy + h 1 )1 <~,To 
Hai:igeTeR Y~eno IAI1 , TaKoe, YTO AJ1R 8eex IAI > IAit ~MeXTeR 
He MeHee N TOYBK M~H~MYMa y

1
(AJ, ... , y~AJ <I>YHK4~~ fA (y ;~ ) 

(P -n. H.) ; a6eoJ110THblH M~H~MYM f A(y; ~/i ) AOeTHraeTeR Ha HBKOTOPOM 
noAMHO>Kecree 3TH X T04eK ( P-n. H. ) ; lim yU\) == y , i = 1 , ... , N 

' ' (P -n. H. ) ; eyllleeT8yeT TaKoe YHeno tl J\, 0, YTO AJ1R 8eex I A I > I A 11 
8bmonHReTeR 1 rA(y* ;~A) - r A(y

1
<Ai; 'rJ >! > t1 AJ1R n106oi:1 ToYKH M~

HHMYMa y* ¢YHKu,r .. H1 !A(y; hA) , He nona awe~ a 4V1Cllo yKaaaHHbrx N 
TOYeK M~HHMyMa (P-n.H.) . 

AoKaaarenbcrao. no ycnos~t~IO, aropaR npo~t~aaoAHaR ¢YHKU.VIVI 
r(y) HenpepbiBHa VI nOil0>10.1T€JlbHa B T04KBX Yp.,., yfi' Cil€AOBa
TeJlbHO, Ha~AeTCR TaKOe 5, 4TO nOJlO>KVIT€JlbHOCTb r (y) ~MeeT 
MecTo a 0 -oKpecTHOCTRX Tol..leK y 1 , • •. ,YN. Ol..leavt.Q.HO, !.ITO np1-1 
TaKOM 8bi60pe Q nep8aR nPQ~380AHaR r~(y) VIMeeT pa3Hble 3HaKV1 8 
TOI..IKax y

1 
- S 1-1 y

1 
+ 8 , i = 1 , ... , N. B CJ.1J1Y paaHoMepHo~ cxo

AY1MOCTV1 C 8epORTHOCTb~ 1 Ha J1~60M KOHeYHOM OTpeaKe ¢YHK~Y1Y1 

. A a rA(y. h > 
y -

npH At zd /eM • .Qo6a8J1BHHe/ aYYfA(y;~A) nOJ10lKHTeJ1bHa 8 yKaaaH
HbiX 8-oKpeeTHoeTRX, a aYfA(y;~A) HMeeT 8 TOYKaX Yt-8"' Yt +O, 
I= l, ... ,N, pa3Hble aHaKH AJ1R 8eex A, TaKHX, YTO IAI > IAI 2 • 
CneAo8aTenbHO, AI1R yKa3aHHb/X 1\ 8 Ka>t<AO~ V13 HaaeaHHbiX 0 -oK
pecTHOCTeH cy~eCT8yeT 8AY1HCT8eHHaR T04Ka yfA), 8 KOTOPO~ 
a,rA(y;~A) = 0, a aYYfA(y;~A) > o. Bee 3TO rapaHTHpyeT HaM, 
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4TO B T04Ke Y;'AJ <I>YHK~~R !A(y;)!A) ~MeeT M~H~MYM (P-n.H.) • 
B c~ny KoHe4HOCT~ 4~cna To4eK 3KCTpeMyMa <I>YHK~~~ r(y) cy~ecT
syeT TaKoe ~ 1 > 0, 4TO 

!8! 

AnR scex y, He npHHaAile>Kaw,Vtx yKaaaHHbtM S-oKpecTHOCTflM To4eK 
y1 , i = 1 , ••• , N • 0TC10Aa ~ ~3 pasHoMepHo~ cxOAHMocT~ ( P..n. H.) 
!A(y;hA) K r(y) cneAyeT, 4TO a5coniOTHbl~ M~HHMYM !A(y;hA) pea
JlH3yeTcR Ha HeKOTOPOM nOAMHO>KeCTBe T04eK y~A) , ... ,y~A) AilR 
scex A: I A 1 > I A Is (P -n.H.) • Ecn~ KpoMe ynoMRHYTbiX N To4eK 
MHHHMYMa cy~eCTBYIOT e~e T04KH M~HHMYMa <I>YHK~HH fA(y;~A) , TO 
OHI-1 Jle>KaT SHe yKa3aHHbiX 0 -oKpeCTHOCTeV.. CJleAoBaTeJlbHO, B CIIIIlY 

HepaBeHCTBa /8/ ~ paBHOMepHO~ (P-n.H.) CXOAHMOCTH !A(y; ~A) 
Mbl MO>KeM yKa3aTb TaKoe ~. 4TO AnR scex A,TaK~x, 4TO lA I> IAI4 , 
BblnonHReTCR !A(y*;~A) - !A(yli\) ;hA)>ti(P-n.H.), rAe y*
npoH3BOnbHaR T04Ka MHHHMyMa f(y;hA), ne>Ka~aR BHe 8-oKpeCTHo
CTeV. T04eK y~A) . 3aMeTHM, HaKOHe'Ll, 4TO Mbt MO)f{eM yMeHbWaTb 8 
AO npOH3BOJlbHOrO nOilO>KHTe~bHOrO 3Ha4eHHR, npl-1 3TOM nODO>KHTeJlb

HOCTb BTOPO~ npoH3BOAHO~ ay~fA(y;~A~ B 8-0KpeCTHOCTRX T04eK 
MIIIHHMYMa H pa3JU14He 3HaKOB dY-rA(y;~ ) Ha rpaHVIU,aX yKa3aHHbiX 

0 -oKpecTHocTeV. Mbt scerAa MO}I(eM rapaHTVIpoeaTb AilR scex A, 
TaKHX, 4TO IAI > IA\ 4 , BBHAY ynOMfiHYTDV.. Bbtwe CXOAHMOCTVI H Ha

nH4~R 3T~X CBO~CTB y <I>YHK~H~ ayyr(y) ~ ayr(y). AnR aasepweH~R 
Jl.OKa3aTeJlbCTBa neMMbl 3aMeTVIM, 4TO (J)HrypHpyiOw,ee B ee (J)OPMYJH1-

pOBKe 3Ha4eH~e IAI1 HaAo Bbi5paTb paBHbiM max(IAI 2 , lA Is, IAI 4 ) • 
ViTaK, HeKoTopaR ~H<I>OPMa~~R o T04KaX M~H~MyMa ! A(y; ~A) nony

l..jeHa. 

TeopeMa 1. nycTb: 
1. <l>yHK~HR r(y) = ~ Jy 2- /3-1MJnch/l(Jy + h 1) npH HeKOTOPbiX 

MI-1HHMYM B T04Ke 

y*. TorAa 

fj, J IIIMeeT eA14HCTBeHHbta::1 a6C01110THbt~ 

lim R(/l;h/1) =g(y*;hA1)(?-n.H.). 
At zd - -

2. <l>yHK~~R r( y) HMeeT N a5coniOTHbiX M~HHMYMOB s T04Kax 
yf, ... ,yN. TorAa AllR AOCTaTo4Ho 6onbWIIIX aHa4eH!IIa::1 IAI IIIMeeT 

MeCTo <l>opMyna ( p -n. H.) 
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CAe y
1
(A) CXOARTCR K Yt' npM At zd. 

AoKa3aTeJ1bCTBO. neMMa 3 YTBepmAaeT, 4TO c aepoRTHOCTb~ 1 
cy~ecTayeT TaKoe 4Hcno IA1 1 , 4To AflR ecex A, TaKHX, 4TO 
IAI > IAI! • a6con~TH~~ MMHMMYM ~YHK~MM rA(y;hA) AOCTMraeTCR 
TOflbKO B OAHOH T04Ke. 06oaHa4HM ee y(A) , KpoMe Taro, neMMa 3 
YTBep)f{AaeT. 4TO y(A) ~ y* nPM At zd. npMMeHRR MeTOA Jlannaca 
K HHTerpany 

+~ A A1 
{ exp {- /31 A I r A ( y ; !! ) I g ( y; !! ) dy I. 

-~ 

no11Y4~-JM 

1 ~ exp{-{31AI rA(y(A);~A) l·v2rr X 

x[(IAI {3ay/A(/Al; ~A))-~>. g(y(A\ ~ A1
) + O(IAI-

1
)). 

CneAoBaTeilbHo, 

g( /A l; ~A 1 ) + 0 (I A I -~>) 
---------·---- J 

1 + O(IAI-~> l 

a 3H84VIT 

lim R ( {3 ; h A) 
Atzd -

(P- n,H,) • 

B cny4ae 2 neMMa 3 YTBep)f{AaeT, 4To AnR AOCTaT04HO 6onbWMX A 
H8 ponb T046K a6COJ1~THoro MHHHMYM8 MOryT npeT6HAOB8Tt TOJlbKO 
N To4eK, o6o3Ha4MM Mx y(A), ... , y(Al, npM4eM lim Y\ l ~ y': 

1 N A' zd ' 
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(P-n.H.). 8blpal!(eHHe AnR R(,B;))A) nony4aeTCR Tenepb HenocpeACT
eeHH~M npHMeHeHHeM MeTOAa nannaca. 

4. CTPYKTYPA CJ1Y4AtlHOfO 3J1EMEHTA n(.) 

MHomecTBO n, Hrpa~ee pOJlb MHOmeCTBa 3Ha4eHH~ CJly4aHHoro 
3JleMeHTa n(.),HaXOAHTCR BO B38HMHO OAH03H84HOM COOTBeTCTBHH C 
MHomecTBOM Ha6opoe cornacoeaHH~X eepoRTHOCTH~x Mep tPK(·): AC 
C Z dJ,KoTopoe Mbl yMeeM om1CbiBaTb, no KpaHHeH Mepe,AJlfl cny4aR 1 
TeopeMbl 1. Cor nacHO 3Toa:1 TeopeMe, Ka>KAOH KOH<J>!IIrypa~J.·H1 h B 

.:.II - d 3TOM cny4ae 6yAeT cooTseTcTBOBaTb csoe ceMei'icTBO ItA(· ):A c Z L 
nocKOnbKY eCnH KOH$Hrypa~HH h(l) H h(2) HMeiOT paanH4Hble 3Ha-

- - (I) (2) 
h h ( 4eHHR hk s K-M yane, To, no Kpai'iHei'i Mepe, P-lk 1 ( ·) "' P-lkl ·) 

pa3J1H48~TCR. 3TO rOBOPHT 0 TOM, 4TO Cy~eCTByeT B38HMHO OAH0-
3H84HOe COOTBeTCTBHe Me>KAY MHO>KeCTBOM n H MHO>KeCTBOM Ezd• 

no3TOMY MO>KHO CKa3aTb, 4TO CTPYKTypa cny4aHHOro 
aneMeHTa n(.) B cny4ae 1 noAo6Ha CTPYKType cny4ai1Hoi'i nocneAo
saTeJlbHOCTH E . Bee CKa3aHHoe, paaYMeeTcA, eepHo c eepOATHO
CTbiO 1. Cny4ai'i 2 TeopeMbl 1 6yAeT o6CY)!(AaTbCR B cneAyiO~ei'i pa6oTe. 

5. nJlOTHOCTb CB060AHOA 3HEPfHH 

KaK Mbl yme ynoM~Han~, Ka~o~ KOH$Hrypa~HH BHeWHero nonR h 
cooTBeTcTayeT HeKoTopoe ceMe~cTao raMHnbTOHHaHoa H (a A· hA )-A ... , ... , 
Aczd, rAe 

- A -
lhkl d•h!=h!l. 

kEZ 

no 3TOMY CeMeHCTBY M~ MomeM OnpeAenHTb nnoTHOCTb CB060AHOH 
3HeprHH: 

TeM caM~M M~ nony~HM ceMeHcTBO ·~ $YHK~HH OT TeMnepaTyp~ H na
paMeTpoa raMHnbTOHHaHa. BaeAeM CHrMa-anre6py nOAMHO*eCTB 3Toro 
MHO)!(ecTBa, KOTOPYIO 6yAeM o6oaHa4aTb CHMBonoM a, 0 = II f"'( ,B ) E 
E 'ell:!! != C I: C E ~I "' pacnpeAeneHHe sepoRTHOCTei'i Pell(.) Ha G. 
p,ell(Q) = P !"': f"'( ,B) E Q I An" nl06oro Q E G. PaccMOTPHM oTo6pa
l!(eHHe ·ell(.): {l ~'ell . 
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OnpeAeneHHe 4. nnoTHOCTbiO cso60AHO~ 3Heor'1.11 }'\OLle./lli KllH-]) 
Ha30B€M Cily4ai;jHbli1 3Il€M€HT '¢( ·) . 

(TPYKTypa ,qaHHOrO Cily4ailtHOrO 3118M€HTa OKa3bi83€TC.A 0C06€HHO 

npOCTO~ /caMOYCP€AH€HHe npeA€IlbHOilt nflOTHOCTH CB060AHOilt 3Hep
rHH/. 

TeopeMa 2. nycTb npl-1 HeKOTOPbiX 3Ha4€HVIRX {3' J AflR Cl>YHK4VI111 

r(y) 1-1MeeTCR N TOI.IeK Yt, ... , YN a6coniOTHoro MVIHI-1MyMa. TorAa 
MHO~eCTBO '~ COA€P~VIT $yHK4HIO 

- ..!..Mln2chrJ(Jy*+ h1 ). 
rJ 

rAe Y*= y* AilA HeKOTOporo i , VI 
i 

1 
- Mln2chrJ(JY*+ h 1) ll ~ l. 
rJ 

,OoKa~aTeJlbCTBo. CornacHo neMMe 3, Hailt,qeTCR TaKoe 3Ha4eHHe 
IA] 1 , 4TO Ail" scex IAI > IAit HMeeTCR N T04eK, a KOTfPbiX Mo-
>KeT peai1H30BaTbxR a6COI110XHbl~ MHHHMYM <!JYHK~HH fA(y; h ) (P-n.H, ); 
o6o3Ha4HM HX Yl l, ... , Y~ l /1I1R t(rJ} HMeeM cneAYIO!lle~ noeACTas
neHHe /eM. <!JOPMYI1Y /6// 

a 

t(rJ) o-...!. lim IAI-1 Inh 
2

!AirJJ · ( expl-rl!A: rA(y;])A)}dy}. 
rJ AtZd " -a 

Mbl VI3M€HVIM npe,qeJlbl VIHTerpVIpOBBHVI.A, PYKOBOACTBY.ACb C006pameHH
.AMI-1, ~t~cnonb30BaHHbiMH np1-1 BbiBOAe npe,qcTasneH~-t.A AJl.A R(f3;hA). Me
TOA nannaca ,qaeT HaM cneAy~ee paaeHCTBO 
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noKameM, 4TO nocneAHee cnaraeMoe ecTb HOnb. TaK KaK 

N 

ln(l + l x ) 
j = 1 j 

TO 

N 

:S :£ ln(l+x
1
), 

j = 1 

N 

S lA 1-1 :£ ln(l +exp !-f31A I(! A(y;A); ~A)- !A ( y;A); ~A)) l· [ 1 + 0(1 A 1-\1 )]) . 
j = 2 

.Qanee 
-L (A) A (A) A 

lim IAI ln(l+exp!-f31AI(!A(y
1 

;~ ) ~rA(Y 1 ;~ )) ll= 

IAI4~ 
(A) A (A) A 

=-/3 lim (!A(yt ;~ ) -!A(yl ;~ )) = 0. 
IA14 ~ 

nocneAHee paeeHCTBO HMeeT MeCTO BBHAY CXOAHMOCTH 

pa BHOMePHOH ( p- n.H.) CXOAHMOCTH ! A(y<A); ~A) ~ r ( y) 
HTaK, n04TH An~ BCeX KOH~Hrypa~HH b HMeeT MeCTO 

J 2 
!( /3) = 2"y* - Mln2chf3(Jy* + h1 ), 

CJ1eAOBaTeJlbHO, 

J *2 
p<!J(!!(/3)=-i- -Min2chf3(Jy*+ h

1
)ll=l. 
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-,lJ,.nR BHeCeH!ItR nOI1HOI1 RCHOCTH" 8 paCCMaTpH8aeMble 80npOCbf Heo6xo
A14MO 3HaTb pacnpe,qeneHf.1e cny4ai1Hol1 8e!lH4~ttHbr h1 . 3TOMY H HeKo
TOPbiM APYr~ttM 8onpocaM 6y,qeT noc8RLL\eHa cne,qy1011.1aA pa6oTa. 

8 3aKJ1104eHH€ X04y 8blpa3Y1Tb 6.naro,qapHOCTb MOeMy Hay4HOMY py
K080AY1Tei110 B.A.3arpe6Ho8y aa nocTaH08KY 3aAa4f.1 ~tt MHoro4Y1cneH
Hble no.ne3Hble o6cy>t<AeHY1A. 

ll06ABnEHHE 

H~tt>+<e Mbl 6yAeM Hcnonb308aTb 3proAY14ecKyiO TeopeMy 
6Y1pKro¢a - X~ttH4\o1Ha, no3TOMY c¢OPMYI1Y1PYeM ~ttHTepecyiOLL\YIO Hac 

4aCTb ee 8 8HAe OTAe!lbHOrO nPeAJlO>KeH~ttR /CM. TaK>Ke
131 

/. 

npeAnOll<eH~e /ll .. nycTb !J = {hi liE z+ - 3PCOA~4eCKaR cny4ai1-
HaA nocneA08aTenbHOCTb c M I h 1 1 < oo, Tor,qa 

n 

lim 1 ~ h. 
n i = 1 1 

Mh
1 

(P-n.H.). 

neMMa Ill. nycTb M\lnch,B(Jy + hl)l < ~ ~ 

A =lwE!1:-
1

- ~ Jnch,B(Jy+hj(w)).j.,B-~lnch,B(Jy+h1 (w))i. 
y ,8\A\JEA 

TorAa P ( U A ) = 0 AnR n106oro K c R 1 . 
y <;;K y 

~OKa3aT€JlbCTBO. 8 CHilY MOHOTOHHOCTH p(.) JleMMa 6yAeT no.n
HOCTbiO AOKaaaHa, ecn~tt Mbl ,qoKa>+<eM ee ,qnR 4aCTHoro cny4aA K = R 1 • 

npell\f\e Bcero OTMeT~M' 4TO lfn" Inch ,B( Jy + hi(n) ) ! n E z+ - 3p
rOA~tt4eCKaA nocne,qo8aTenbHOCTb. 8 caMOM Aene, ecn~tt 8 npocTpaH
cTse OAHOCTOPOHHHX 4HCI108~X nocJleAOBaTeJlbHOCTeH CYI!.IeCT8yeT 
TaKoe 6opene8cKoe no,qMHO>KeCT80 L, 4TO MHO>KeCT80 AL = {ru: 
: { f'n (o.>)! n Ez+E L ! ~HBap~aHTHO OTHOC~T:nbHO nocneAO':aTenbHo
CT~ !f'n lnEz+, TOAL=!w:!ht(n)lnEz+E Ll , rAe L- non
HbiH npoo6pa3 L np~ oTo6pameH~" ! hi(n)! n E z + ~ If' n In E z + · 
TaK KaK Jnc~y + hi(n)) - HenpepbiBHaR <I>YHK4~" apryMeHTa 
hi(n) , TO L - TaK>Ke 6opene8CKOe MHO>KeCT801 !It HeTPYAHO y6.eA~ttTb

CA, 4TO AL HHBapHaHTHO oTHocvtTeilbHO I hi(n) l n E z.+ . CneA08aTenb
Ho, P(AL) = 0 ~n~ 1' B C~flY 3PCOA~4HOCT" lht(n) InEz+. 8 c~ny 
3PCOA~4HOCT~ {f'n lnE-z+AnR n106oro y C BepORTHOCTbiO 1 
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TaK~M o6pa30M' P(Ay = 0) AnR Ka)!(AOrO y • nycTb y - C4eTHOe 
nnoTHOe noAMHO)!(eCT80 8 R 1, TOrAa o4e8HAHO P( U A ) = 0 H Y" y y 

u A c u 1 A . noKa)!(eM' '-ITO H3 Taro' 4TO w E u A 'CJleAyeT 
yi"Y Y y"R Y Y"Y y 

4TO w "UA"; /a11ecb A oaHa4aeT AOnonHeHHe K MHO)I(eCT8Y A 8 0/. 
y <;R 

lleHcTBI.1TeJlbHO, nycTb cu t;; U A H y E R1, a Y - HeKOTOPbiH 3ne
Y EY y 

~-1- ~ llnch,B(Jy +h.(w))-lnch,B(Jy + h
1
(tu))l + 1-1 -~ lnch,B(JY+ 

,BIAIJ"A J ,81A11 eA 

+ h (tu)) -.!...Minch ,8(Jf + h
1
) I+ .1.1 Minch ,B(Jy +h 1) -Min ch,B(Jy + h1) I. 

j ,8 ,8 

nepsoe cnaraeMoe s npasoH ·1.1acn1 HepaeeHCTBa MO>t<HO CAenaTb MeHb-
we mo6oro HanepeA 3aAaHHoro ' > 0 npH I y- Y I < 81 8 CHny 

,e-111nch,8(Jy + hl (OJ})- lnch,8(Jy + h1 (tu)) I 

=IY-YI·J·Ith,B(Jy*+hi(w))l::; J.ly-yl, 

8TOpoe MeHbWe mo6oro ' > 0 AnR 8cex lA I> lA[, 8 CHny w " U Ay 
y I"Y 

TpeTbe cnaraeMoe MeHbwe ' npH I y- y I < 82 8 cHny Henpepb18Ho
cT~ Mlnch,8(Jy + h 1) KaK <!>YHK~HH apryMeHTa y. Hepa8eHCTBo 
1 y- Yl < Be MO)!(eT 6b1Tb YAOBneT8opeHo AnR 8Cex y " Be> 0 a 
CHJlY cne~HaJlbHOrO B~6opa MHO)!(eCTBa Y, a 3Ha4HT 

TO eCTb W t- U 
y<"R 

y~Y Ay=y~R Ay. 
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JleMMa.Q2. nocneAOBaTeilbHOCTb ¢ (y)~-1- 2 Jnch,B(Jy;hl) 
A . .BIAI JEA 

CXOAHTCR paBHOMepHO Ha Ili060M OTpe3Ke ( a,b] K Mlnch,ll(Jy+hl) ~ 
~ <f,(y) C BepORTHOCTbiO 1. 

AoKa3aTe!1bCTso. A.nR 11106oro ru {:; U A Mbl vtMeeM noTo4e4-
yE[o;b]Y 

HYIO CXOAHMOCTb ¢A ( Y ) ~ ¢( Y) AilR BCeX y E ( a, b) . 3aMeTHM, 4TO 
AnR 11106oro ru nOCI1€AOBaTeJlbHOCTb ¢A paBHOMepHO paBHOCTeneHHO 

HenpepbiBHa, nOCKOilbKY 

I ___J__ 2 lnch,B(Jy' +h.) -
,BIAI JEA 1 

- 1 - 2 lnch,B (Jy'+ h. )I :;;. 
,BIAIJEA 1 

::; - 1- 2 linch ,B ( Jy '+ h J) - Inch ,B ( Jy" + h J) I ::; J · I Y'- Y " I · 
.BIAI j EA 

0TC10Aa, 8 CI-1Jly VI3BeCTHOH TeopeMbl MaTeMan14€CKOrO aHa!lvt3a, cne
AYeT paBHOMepHaR CXOAHMOCTb ¢ lY) K <f,(y) Ha J1000M KOHe4HOM 
OTpeaKe. nocKOilbKY JleMMa A1 YTBePJ«AaeT, 4TO P( u A ) ~ 1, 

yE[a;b] Y 

TO yTsepmAeHvte neMMbl A2 nonHOCTbiO AOKaaaHo. 

3aMe4aHvte Al. To4HO TaKvtM me cnoco6oM, KaK 3To CAenaHo AilR 

1 
nocneAoBaTeilbHOCTH !-- 2 lnch,B(Jy + h

1
) l A , MOJ«Ho AOKaaaTb 

!!IAIJEA 
aHanorvt4HOe YTBepmAeHvte 0 paBHOMepHO~ CXOAVIMOCTVI C eepoRTHO-

CTbiO 1 nOCJl€AOBaTe1lbHOCTeH 
J !- 2 th,B(Jy 

IAI j EA 
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