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~nR 3HTponHH OCHOBHoro COCTOHHHH q-KOMnOHeHTHOH aHTH
¢eppoMarHHTHOH Mop;enH TToTTCa nOCTpoeHO pa3no~eHHe B PHA 
no napaMeTpy 1/q. Pa3pa60TaH MeTop;, no3aonH~•HH nonyqaTb 
K03¢q)HUHeHTbl pHp;a, HCXOAH H3 CTaTCYMM KOHe4HblX qacTeH pe
weTKH. 8 cnyqae KBap;paTHOH peweTKH H3 aHanH3a CTaTCYMM 
npHMoyronbHHKOB c nepHMeTpOM, He npeBOCXOAH•HM 26, nony-
4eHo 26 qneHoB pa3no~ettHH. 

Pa6oTa B~nonHeHa B fla6opaTOPHH TeopeTH4eCKOH ¢H3HKH 

OHHH. 

Coo611.1eHHe 061,e.u,HHeHHoro HHCTHTyra R.i:tepHblX uccne.ttOBaHHK. Jly6Ha 1989 

TTepeaop; aTaopoa 

Ennilov A.N., Kabanovich V.I., Kurbatov A.M. 
Study of the Problem on Lattice Coloring 
with q Paints by the 1/q-Expansion Method 

P 17-89-469 

A series expansion in powers of 1/q is obtained for the 
ground-state entropy of the q-component antiferromagnetic 
Potts model. The method is developed allowing to determi
ne the series coefficients from the partition functions 
for finite parts of the lattice. In the case of the square 
lattice 26 terms are obtained via analysis of the parti
tion functions for the rectangulae with perimeter not lar
ger than 26. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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IlYCTb t:. - pemeTKa H Jt C t:. - HeKOTOPaff ee KOH6'IH8ff '18CTb. 

BBe,neM CJie.IlYX)lltHe CTaH,napTJllie 0003H8'18HHff: n(Jt) - 'IHCJIO B8PIIIHH, 

m(Jt) ~ 'IHCJIO peelep, k(Jt) - 'IHCJIO KOMIIOH8HT CBff3HOCTH. 

BCllKO:A: B6PmHH6 t E t:. conocTaBHM nepeMeHHYIO st = 1, ••• ,q H 

paccMOTJ)HM B8JIH'IHHY 

W(:rt)= E n (1-a(st,SJ)], 
{St} <tJ>Elt 

(1) 

r.ne npozsBe,neHHe ClepeTcs no napaM cMelKHHX BepllllfH (no peClpaM) 

'18CTH pemeTKH Jt, 8 CYMM8 - no BC8M KOH!lMI'YP81l,HllM {st, ten.}. 

CYMM8 (1) paBHa 'IHCJJy P8CKP8111HBmm:A: q -KP8CK8MR '18CTH 

pemeTJW Jt, RJm B Tepwmax 8HTH(l)ePPOM8rHHTHOA MO,neJJH 1IOTTC8 (1), 

KP8THOCTH BliPOlK,n8HHff COCTOHHHff C HYJJ8BOA 8Hepme:A:. 

OcOOJ:ll!: HHTepec npe,ncTaBJJffeT npe,neJibHJ:ll!: nepexo.n 
lnW(Jt) a(q,t:.) = lim n(:it) , 

Jt➔t:. 
(2) 

CMHcJJ npe,neJJbHoro nepexo,na B (2) onpe,neJJffeTcff cooTHomeHHHMH 

lim n(:it) = ro; 
Jt➔t:. 

11:r,(lt) 
lim n{'ji) = 0, 
Jt➔t:. 

r.ne 7lr(lt) - 'IHCJJO B6PIIIHH, HM8l000ll B lt M8Hbme peelep, '16M B t:.. 

B Tepwmax 8HTl!(l)eppOMarHHTHo:A: MO,neJJH 1IOTTC8 BeJJH'lHHa Q'.(q,t:.) 

ffBJ!ff8TCff y,neJibHo:A: OCT8TO'IHO:A: 8HTPOilH8:A:. 

,ll.nff sa,na'IH (1)-(2) K3B6CTHO H6CKOJibKO TO':IHHX pemeHK:A:, 

HanpHMep a=(3/2)1n(4/3) ,nJis KBa,npaTHo:A: pemeTKK c q = 3 (2). ,ll.ns 

d-M8J)HOA rKil8PKYClK'l8CKO:A: pemeTKK npe,ltJIOE8H8 [3] 8IIIIJ)OKCHM81l,Hff 

a(q,d) ~ 1n(1 + (g-2~
0 

). (3) 
(q-1) -1 

IIPK d = 2, q = 3 OmKClKa 8TO:A: oueHKK COCT8BJJff6T Bcero 31, HO IlPK 

d = 3, q = 3 OmKClKS 3H8'1KT8JibH8 ( "'20%) [ 4] • 



B H8CTO~ea pa6oTe P8CCM8Tpm!aeTCH P83JIOlKeHRe B8.IIH'mHH a B 

psm no M~OMY napaMeTPY 1/q. B pa6oTe [5] pacCM8Tpm!8JIOCh 

P83JIOlK8HRe B psm no 1/3 y,n;e~HO! 3HTPomm meCTHB8PillllliHO! MO,Il;8JIH 

Ha KB8~8THO! pemeTKe, KOTOP8H,K8K H3B8CTHO, P8BH8 a(3,2). MeTO,Il; 

1/q'-p83JIO:E8HIDI npHM8HHJICH ,Il;JIH H3Y'!8HRH ~PPOM8I'HRTHO! MO,Il;eJIH 

IlOTTC8 B pa6oTe [6]. 

P8CKP08M B ( 1 ) IlPOH3Be.n;eHWl R K8lK,!l;OMY CJian.1eMOMY COilOCT8fil!M 

:n;' c :it TBK, qTO <l,j> E :it' ,Il;JIH Tex pe6ep <l,j> E Jt, ,Il;JIH KOTOPHX 

H3 COMHOlKliT8JIH [ 1-a (St' S j) ] B ,Il;8HHOe CJiaraeMoe BomeJI MHOEHTe~ 

O(st'sj) • .!IJIH 0,1Ul03H8'IHOCTH 6y,n;eM C'llIT8Th, qTo :n;' He co,n;eplKliT 

H30JIHpOB8HHNX BepmHH. Tor,n;a BMeCTO (1) HMeeM 

r,n;e 

W(:it) = qn(n) E W(n'), 
:rt'c:rt 

·W(:rt') = q-n(n) E n {-O(s ,s )}, 
{st} <tj>en' t J 

HJIH, nocJie CYf,!MHpOB8HRH no KOH@IT'YP8UHHM s-nepeMeHHHX 

m(n')(l)n(n')-k(n') 
W(n') = (-1) q • 

EcJIH zcno~soBaTh eme o~ xapBRTePHCTHRY n' 

e(n') = m(n') - n(n') + k(Jt'), 

(4) 

(5) 

(6) 

(7) 

P8BHYJ() 'llICJIY He38Bl'ICHM!lX IlPOCTHX UHRJIOB, o6pasyeMHX pe6paMH n', 

TO BBO,Il;H (f)ymcumo K(m,e;n}, paBHYJ() 'llICJIY 9Jie.MeHTOB MHOlK8CTB8 

{n': :n;' c n, m(n'}=m, e(:rt'}=e}, HMeeM H3 (4) 

W(n) = qn(n)~ ~ (-l}m K(m,e,n} (¼)m-e_ (8) 

IlpOCTO! 8JirOPHTM pemeHRH KOM6HH8TOPHO! 38,Il;8'lll O no,n;cqeTe 

'llICJia K(m,e,n} HeH3B8CTeH, ll03TOMY Mll HCII0~3Y8M .iwyroa MeTo,n;. 

IlycTh Ha pemeTKe c onpe,n;eJieHa onepamrn TPBHCJIHUHH, 

OTo0P8lK8IO!ll8H ee B ce6H. Onpe,n;eJIID/1 MHOlK8CTBO CBH3HHX ~arpaMM 

2 

.. 

t, 

{g} Ha pemeTKe C KBR MHOlK8CTBO BC8X ee KOHe'IHHX CBff3HHX qacTea, 

HHRaRHe ,ICBe H3 KOTOPHX He MoryT 6HTb nepeBe.n;eHH ~yr B ~yra 

TPBHCJIHUHe!. TBRHM oapa30M BCHRO! CBH3HO! qacrn Jt pemeTRH C 

llOCTBBJieHa B COOTBeTCTBHe CBff3HBH ~arpaMMa g, IlpoH3B~Hoa 

KOHewoa qacTH pemeTRH Jt nocTaBHM B COOTBeTCTBH8 ~arpaMMy 

G = G(Jt), . onpe,n;eJI8HHYJ) KBR (f)YHRUHXJ t (g}, PBBHYll 'llICJIY CBH3HHX 

KOMIIOHeHT B Jt, KOTOPHM COOTB8TCTBY8T g. 0603HBq:e:.M qepe3 L(G',n} 

'llICJIO 9JI8M8HTOB MHOlK8CTBB {Jt': :n;' C Jt, G(n') =G'}, He co,n;epEautHX 

H30JIHPOBBHHHX B8pmHH. BB~ TP8HCJIHUHOHHO! .lilIBapUBHTHOCTll B8Jlli'll!H 

W(Jt}, n(n) H L(G' ,Jt} 3aITHm8M (4) B B~e 

W(G) = qn(G) E L(G' ,G}W(G'), 
G' 

(9) 

.llaJiee, KBR npaBHJio, B aHaJioI'H'IHHX sa,n;aqax, H3Y'J8H 4)ymcumo 

L(G',G), BBO,Il;HT IlOHHTH8 pemeTO'IHHX KOHCT8HT L(G' ,C}, TaRHX,qTo 

,Il;Jlff moaoa 4>YHKUHH W(G') MOmIO 38IlHC8Th 4)QpM8~Hoe P8B8HCTBO 

a(q,C) = lnq + E L(G' ,C)W(G'). ( 10) 

G' 
AJirOPHTMH BH'llICJieHRH pemeTO'IHHX KOHCT8HT L(G,C} MOlKHO Ha!TH 

BO MHOrHX pa60T8X no :e:cnoJin30B8HIDO psmoB ll sa,n;aqax 

CTarncrnqecKO! (1M3HKH, H8npHMep, B [7] • .!IJIH CBH3HHX ~arpaMM g 
L(g,n) 

L(g,C) = lim TiTiJ (11) 
]t➔£ 

Psm B ( 10) . He o6H38Te~HO CXO~TCH, O,lUlaKO ecJIH MOJCHO 

YK838Th M~ napaMeTP 38,Il;B'lll X H, 38,Il;BBmHCh HeKOTOPHM 'llICJIOM v, 

OT6POCHTh BC8 qJieHH c W(G') = O(Xv),TO PJUt (IO) MOJ!t8T 6HTI, c,n;e

JiaH CXO~llMCH H Il03BOJISm!UlM BH'mCJillTl, a(q,C) C TO'IHOCThJJ no 

B8.JIH'llIHH O(XV) • .!IJIH 4)YHKUHH W, 38,I1;8HHO! P8B8HCTBOM (6) • C M8JlliN 

nap8M8TPOM X = 1/q. lj/HKCBUliJl llpoH3B~Horo '!HCJI8 V OCT8BJIH8T 

B (10) KOH8'IH08 'llICJIO CJiaraeMHX ,Il;JIH llpoH3BOJlhHO! pemeTHH C. 
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4"lc>PMYJIH (6) H (10) IJOJIHOCTI,IO orrpe,neJililOT aCHMIITOTH'!ecront P.fUl 

B6JIHlil!HH a ,!{Jiff BCHKO:8: pemeTiru, IIPaKTWI6CKH lK6 Bwrn:CJI61llifl CJ!OlKiill 

BBH,ny H9IIOJIHHOMHaJibHOro pocTa 'illCJia Y'illTHBaeM!:lX .nnarpaMM C 

p()CTOM rropf!,l{Ka pa3JIOlK9HHH, a TaKJCe KOMOHHaTOPHOtt rrpoOJI9MH 

Bwrn:CJI9HHH pemeTQ'IHHX KOHCTaHT .l{JIH MHOrOCBfl3Hl:lX .nnarpaMM. 

BO3MO!CHO, O,l{HaKo, rrepe:8:TH OT CYMMHPOBaHHH IJO BCeMy 

MHOlK9CTBY .nnarpaMM K CYMM9 TOJ!bKO IJO CBH3HHM .nnarpaMMaM. 

BBe.l{eM Ha MHOlK9CTBe CBff3Hl:lX .nnarpaMM ~YHKUHIO ¢(g) COOTHOmeHHeM 

E L(g' ,g)¢(g') = lntf(g). 
g' 

Ilpe,neJI (2) BHPalKaeTCff qepe3 ~YHKUHIO ¢ KaK 

a(q,£) = E L(g',£)¢(g'). 
. g' 

KoppeKTHOCTb rrpe,ncTaBJI9HHff (12)-(13) 

cJie,nyiome:a: TeopeMo:8:: 

(12) 

.(13) 

YCTaHaBJIHBa9TCff 

ECJIH B rrpe,ncTaBJJelIBH ( 9 )-( 10) ~YHICimff qJ( G) TaKOBa, 'ITO ,!{Jiff 

BCHKOro \I MHOlK6CTBO ,mrarpaMM, B KOTOPHX qJ(G) = O(x"), KOHe~o. 

TO ~YHKUIDI ¢(g), CBff3aHHaff C qi qepe3 W(g) ypaBH9HH9M (12), 

OOJia,naeT TaKHM lK9 CBO:8:CTBOM. 

Pa3YM69TCff, ecJIH BwrnCJiffTb W ( g) no ~PMYJI9 ( 9) , TO 

rrpe,ncTaBJJeHHe (12)-(13) He 3®,eKTHBHO. 0.l{HaKO Ha KOH9'IBHX 

qacTffX pemeTiru BH'IHCJieHHe W(g) HaHOOJiee 3®,eKTHBHO IJpOBO,!l,llTb 

M6TO,llOM TpaHcqiep-MaTp,m, .l:!CXO,Il;.fl .l:!3 rrpe.ncTaBII9H.l:!.fl (I)• 

i{neff rrepexo.na K CBff3HHM .nnarpaMMaM H3B9CTHa [8], O.l{HaKO 

.naHHaff ~PMYJIHPOBKa I1O3BOJ!ff9T OCYJJl9CTBHTb .naJibHe8mee COKPameHHe 

MHOlK6CTBa .nnarpaMM. 
Ha30B9M nr H93aIJOJIHff9MO:8: qacTb!O pemeTiru, eCJIH He CYm9CTBY9T 

TaKott n, 'ITO nf C n, n(nr) = n(n). IlYCTb pemeTKa £ TaKOBa, 'ITO 

.l{Jlff BCHKO:8: nf_ H TaKill n[' n', . 'ITO n' C n[' n(n') = n(nf), 
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BHIJOJIHff6TCff paBeHCTBO L(g(n'),n1) = L(g(n1),n1). Tor.na, 

OOO3Ha'laff qepe3 Br .nnarpaMMH, COOTB9TCTBYJOmll9 H93aIJOJIHffeMHM 

CBff3HHM qaCTflM pemeTiru, HM99M rrpe,ncTaBJieHHe 

~IL(gr,Br)¢r(Brl = lnW(gr), (14) 

a(q,£) = ~fL(gr,£)¢t(Br), (15) 

OTJIH'laK>llleecff OT (12)-d3) TOJibKo COKPameHHeM MHOX<eCTBa .nnarpaMM. 

CJie.nYIOmHtt mar y,noOHO HJIJIIOCTPHPOB8TI, IJpHM9POM KBa.npaTHO:8: 

pemeTKH. Ha3OB9M He3aIJOJIHff9MYIO .nnarpaMMy IJpflMOyrOJibHO:8: 

.nnarpaMMo:8: gr, ecJIH ee BepmHHH yrropff,noqeHH Ha pemeTKe B r 1 CTPOK 

no r2 BepmHH B KalK.l(o:8:. BcHKo:8: HesarrOJIHffeMo:8: .nnarpaMMe gt 

IJOCTaBHM B COOTB9TCTBH6 IJpflMOyrOJibHYIO .nnarpaMMy fsr I TaK 'ITO 

L(gr,gr) = 1, 'ITO B CHJiy orrpe,neJI9HHff ~ L H CBO:8:CTB 

KBa.npaTHo:8: pemeTKH Bcer.na MO!CHO c,neJiaTb e,!l,llHcrneHHHM oopaaOM. 

Tor .na , 38M9Hffff B ( 14 ) - (15) HH,neKC f Ha HH.!{6KC r, IlOJiyqHM eme 

O.l{HO rrpe,ncTaBJI6HH6 .l{Jlff a. MccJie.l{OBaHHe acHMIITOTH'I6CKHX CBO:8:CTB 

~ymcrum ¢r IlOKa38JIO, 'ITO 

¢r(fsr) = O(x"), v = 2M(r1+r2)-5, r 1 ,r2 > 2. 

¢r(fsr) = a, min(r1 ,r2 ) < 2, max(r1 ,r2 ) > 2. 

Ma (14 )- (15 ) .!{Jiff KBa.npa~o:a: pemeTKH HMe·eM 

a(q,2) = sµ. - 3Sµ.-l + 3Sµ._2 - sµ._3 + ocx21J.-3>, 
Sµ. = t 1n W(l,µ.-l), 

(16) 

(17) 

r.ne W(r1,r2) BH'IHCJIHeTcff Ha rrpHMoyrOJibHO:8: .nnarpaMMe (r1,r2). 

.llJiff KB8.l{p8THO:8: pemeTKH IlOJ!YlI0HO CJie,nyJO!l(ee pa3JIOJteHHe 

a(q,2) = ln q + 2ln(1-1/q) + z3 - ~ 6 + z7 + 3z8 + 4§Z9 + 

2zlO + siz12 + 22z13 + 7~z14 _ l~z15 _ 291~z16 _ 312z17 + 
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337gz18 + 1939z19 + 338oz2° + 332¥{z21 - 16918z22 - 61963z23 

- 7917+24 + 39123z26 + 666862z26 + O(z27), z = ~- (18) 

BU'IHCJiemi:e ntm: MU1CC1™8JibHO! BeJIH'IHHe napaMeTpa P83JIO!<eHHfl Z = ½ 
,l{aeT pe3YJibT8T, OTJIWISIOiamlCfl OT TO'll!oro 3H8'leHHR [2] Ha 0,06%. 

.lt,JIH JIPOH3BOJibHliX d H q H3 (16) HMeeM 

a(q~d) = ln q + dln(l-1/q) + d(d-1)z3{½ + i<d-2)z2 + 

8 1 3 43 1 4} 8 [3(d-2) - 4]z + [7(d-2)(d-3) + "t;(d-2) + 2]Z + O(z ). (19) 

COIIOCTaBJieHHe P~OB (18) H (19) C 8IIIIPOKCHM8UHett (3) 

BHffiWleT ee OIIIHCIKY IIOPMK8 O(z4) JIPH d > 2 H O(z7) IIPH d = 2. 
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