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1. BBe,11;eH11e 

CHa'!a;ra o HaJBaH1rn noKnana. Pe'lb nouneT He 06 '.lK30Tl1Ke, HO .06 
113BeCTHblX MeTonax KBaHTOBOH Teop1111. HecTaHnapTHOCTb 03Ha'!aeT, '!TO OHll 
npnMeHHJll1Cb K nonspoHy penKo (ecn11 Boo6we), 11 '!TO 11x ncnonb30Battne s 
naHHOH Cl1CTeMe nopmKnaeT CBOIO cneu111j>11Ky. He'!eTHble naparpacjlbl MOlKHO 
paccMaTpttBaTb KaK n11ptt'leCKl1e OTCTynneH11H OT rnaBHOH Te~. 

Mbl llCXO,ll;llM Ill raMttJlbTOHttaHa <l>pennxa ,ll;JIH onTtt'leCKoro nom1p0Ha B 

npencTaBneHnn, rne flOJIHblll ttMnynbC CttCTe~ p eCTb C-'lttCJIO: 

(1.1) 

3Heprm1 BblpalKeHa. B ennHlll(ax '!aCTOTbl W LO-QJOHOHOB, )q>q>eKTl'IBHaH Mace.a m 

- B en11Hnuax "fOJIOH" MaCCbl 11, a W = P/V2µw - 6e3pa3MepHb1H ttMnyJlbC t·n
CTe~. npn Manblx w JHepr11a nonapoHa npnttnMaeT snn 

(1.2) 

Hna nccnenosaH11a JHepr11n nonapoHa E, ero Jq>q>eKTl1BHOH Macchi m n 

cpenttero 'IHC]la q>OHOHOB N Tpanttlll10HHO npttMeHlllOT nsa MeTona - pa3Jl{J)l(eHne 
CllJlbHOii CBll3H, BOCXO,ll;l!Wee K KJ1aCCl1'1eCKOH pafioTe 6or_OJII06CJBa I), tt pa3-

Jlll'!Hble 11apnaunoHHble oueHKn. .ff paccKalKy o npnMeHeHntt K nonapoHy naAe
npn6n11JKeHnii H l/N-pa3JIOlKeHMll, HO Ha'IHY C nnarpaMMHOii TeXHHKH ,ll;Jlll JHep
rnn OCHOBHOro COCTOHHHH. KaK HH CTpaHHO, no HenaBHero speMeHH nocne

nosaTeJlbHall TeOpHH BOJMyWeHHii nm1 nonapoHa He 6blna IlOCTpoeHa, XOTll 

MOnenb ttMeeT 6oraTyIO ttCTOpttIO. 

2. HnarpaMMbl nn11 nonapoHa 
HJJIOlKeHHe OCHOl!aHO Ha 11aweii pa6oTe 2> Pa3B11Tall TaM nnarpaMMHall 

TeXHHKa onnpaeTCH Ha npencTasneHne (1,1) tt KBaHTOBO-MeXaH1-1'16CKYIO Teo
pHIO B03MyWeHHii, nptt'leM n-_ii nopanoK pa3JIOlKe!IHll no CTeneHHM KOHCTa!ITbl 

CDll]H a COOTBeTCTByeT 2n-My nopllnKy Teopnn BOJMyweH11ii no CTeneHHM Hi. 
npasnna <1>enttMa11a BblTeKaIOT 113 p11na 6pnnnIOeHa-B11rttepa, nepepa3JIOlKettne 
KOToporo no cTeneHllM a naeT o6bl'!Hblii p11n PJnea-mpen11ttrepa. npnseneM 

c sonKy npas11n, nonqepKttBall n11wb 11x cneumjJnKy. 
HnarpaMMbl nn11 Jtteprn11 ns11JKyweroc11 non11potta attanortt'IHbl n11arpaM

MaM Teopnn IlOJlll THna •••. 3JleKTpOHHblH nponaraTop HMeeT B11,11; 



n n 2 -1 
P(k1 ,k2 , •.. ,k) = -[ n - 2W I: k, + (I: k 1,) ) , 

n i=l 1 i=l 
(2. 1) 

rne n - qHcno BHpTyanbHUX $OHOHOB Han naHHOll 3neKTpOHHOll RHHHen. a ki 
- HX HMnynhCU. oco6eHHOCTbJO llBRlleTCll 3aBHCHMOCTb nponaraTopa OT e ro 

nono~eHHll B nttarpaMMe. <l>OHOHHUH nponaraTop paBeH 1/k2 , a 3neKTpoH-$o

HOHHon BepwHHe COOTBeTCTByeT $aKTOp (a/2n2) 112 • KpoMe Toro. HMeeTCll 

ewe OJ{HH THn BepwHHU, KOTOpyIO MU H306pa~aeM TOqKon Ha 3neKTpOHHOll nH
HHH H KOTOpon COOTBeTCTByeT MHO~Tenb -1. Ee ponb orpaHHqHBaeTCll· H3-

MeHeHHeM cTeneHH naHHoro 3neKTpOHHOro nponaraTopa. 

3neKTpOHHOe none He KBaHTyeTCll, H noTOMY HeT J{HarpaMM C 3neKTpOH

HUMH neTnllMH. HeT H cna60CBll3aHHUX J{HarpaMM, pa3nen11eMUX Ha ){Be qacTH 

pa3pe3aHHeM 3ReKTpOHHOf0 nponaraTopa. T. K. B KBaHTOBO-MexaHHqecKHX Bbl

pa~eHHllX nn11 nonpaBOK no TeOpHH B03MyWeHHll B cyMMax nponycKaeTCll coc

TOllHHe, K 3HeprHH KOToporo HWeTCll nonpaBKa, 3aTO eCTb HeCBll3aHHUe J{Ha

rpaMMU - npoHJBeneHHll nttarpaMM HHJwero nop11nKa, Kyna no6aBneHo TaKoe 

,mcno ToqeqHux BepwHH, qTo6u coBnano KonttqecTBO 3neKTpOHHUX nponara

TopoB B CBll3aHHUX H HeCBll3aHHUX J{HarpaMMax. 3Ta oco6eHHOCTb cnenyeT 

HJ nepepa3no~eHHll pHna EpttnnJOeHa-BttrHepa. 

B HyneBOM npH6n~eHHH 3HeprHll nonllpOHa eCTb KHHeTHqecKall 3HeprHll 

W2 3neKTpOHa. 8 1-M nopl!J{Ke HMeeTCll OJ{Ha CBll3aHHall ~HarpaMMa: 

g 1 = -(a/2n2) J d~ P(k) . 
k 

(2. 2) 

Bo 2-M nop11nKe HMeeTCll OJ{Ha CBll3aHHall H ){Be HeCBll3aHHUX J{HarpaM

MU, cyMMa KOTopux MO~eT 6UTb 3anHCaHa B BHJ{e: 

g 2 = (a2/2n4) J did~ (qk) P2 (q)P(k)P(q,k). 
q k 

. (2. 3) 

H3 ypaBHeHHll (2.2) H (2.3) cnenyJOT H3BeCTHUe Bupa~eHHll Ml! 3HeprHH H 
Maccu non11p0Ha BO BTopoM nop11nKe no CTeneHKM a. 

B 3-M nopllJ{Ke HMeeM 8 pa3nHqHUX CBl!3aHHUX J{HarpaMM H 6 HeCBll3aH

HUX. B pa6oTe 2
) MU OTnenbHO BUqHcn&nH HX BKnanu. qTo npHBeno K noTe

pe TOqHOCTH npH cno~eHHH pe3ynhTaTOB. IlpH w = 0 6uno nonyqeHo. 4TO 
-3 E3= -(0.8061 ± 0.0004) 10. CyMMHPYll J{HarpaMMU B aHanHTHqecKOM BHJ{e, 

MU HawnH B pa6oTe 3 l Bupa~eHHe, n03BORHBwee BUqHCRHTb Ej c 6onbwett 

TOqHOCTbJO, T.K. qacTb BKnaJ{OB OTJ{enbHUX J{HarpaMM COKpaTHnach y~e B 

aHanHTHqecKon $opMe. B pe3ynhTaTe nonyqeHo, qTo 

E3 = -0.806070048 10-~ (2.4) 
,llHarpaMMHall TeXHHKa n03BOnlleT HaHTH 3HeprHJO H 3~eKTHBHYJO 

non&poHa. ,lln& cpenHero ~e qttcna N = <I: a:ak> $OHOHOB B nonHpoHe 
nttxa 6uno BUBeneHo cooTHoweHHe 2 > 

Macey 

<I>pe-

N = (1 - ¾ a (8/Ba) - ; (8/BW)) g, (2.5) 

2 

cnenyJOWee HJ TeopeMU <1>enHMaHa-xennMaHa_ Il03TOMY HccnenoBaHHe cpenHero 

•mcna ,$OHOHOB B nom1p0He <l>peJrnxa He npencTaBnlleT Tpyna. 
IlpH TpHBHMbHOM H3MeHeHHH npaBHn <l>eHHMaHa J{HarpaMMHall TeXHJIKa 

npHMeHHMa K nonspoHaM npyrHX THOOB ( aKyCTHqe_CKHM l{ T. n.). OTMeTHM 

TaK~e Hawy pa6oTy 4! rne c ee nOMOWblll HCCnenoBaH N-MepHUH nonllpOH. 

3. H3BeCTHUe pe3ynbTaTU (OTCTynneHHe nepBoe) 

Mhl npepuBaeM OCHOBHYJO RHHHJO J{OKnana. qTo6u npHBeCTH H3BeCTHUe Ha 

cer.OJ{HlllIIHHll neHb pe3ynhTaTU pa3no~eHmi CHRbH.Oll H cna6ott CBll3H nnll 

3HeprHH IlOKOl!Werocl! non&pOHa, KOTOpue HMeJOT BHJ{: 

n 
E(a) = I: En a, 

na:1 

E(a) = I: A a2-n 
na:l n 

(3-.la) 

A2k+l = 0. (3. lb) 

,llnll npH6n~eHHOf0 BUqH~neHHll En H An WHpOKO npHMeHllnHCb BapHaUH

OHHUe MeTOJ{U BO BCeM MHOroo6pa3HH B03MO~UX BapHaHTOB. XapaKTepHblM 

HeJ{OCTaTKOM MHOfHX H3 HHX 6una orpaHHqeHHOCTb npHMeHHMOCTH o6naCTbJO 

ntt6o CHRbHOll, ntt6o cna6on CBll3H. Eonee H30WpeHHUe BapttaHTU OOHC~BaJOT 

xapaKTepHCTHKH non&pOHa npH nJ06~x a. H3 HHX B~neneH MeTOJ{ <l>ettH~aHa 5! 
naJOWHll HennoxHe pe3ynbTaTU npH cpaBHHTenhHOll npOCTOTe pac4eTOB. KaK 

H3BeCTHO, ·OH HCnOnh3yeT KOHTHHyanbHOe npencTaBneHHe. CTaTCYMM~. rne 

qttcno N npOCTpaHCTBeHH~X H3MepeHHll npOH3B0RbHO: 

zint = J 7lx s 
e 

co nst 

X(O)=X(/3) 

s 
/3 _ + j x2

(s) ds + 2T2 II 

Gij 

0 

ch (/3/2- Is 1 -s JI l 
sh(/3/2) 

0 

ds1 ds
2 

lx<s1 ,-x<s2> I G12 

(3. 2) 

3nech /3·= W/8, rne 8 - TeMnepaTypa CHCTeMU. HOpMHpOB04HaH KOHCTaHTa B 

HHTerpane no nyTHM onpeneneHa ycnoBtteM zint(a=Ol = l. B npenene Hyne

B~x TeMnepaTyp C /3 ~ ro l HMeeM zint ~ exp[-/3E(a)], rne E(a) - 3HeprHH 

OCHOBHOro COCTOllHHll non11p0Ha. 

MeTOJ{ <l>eHHMaHa, naJOWHll J{Rll Hee sepxHJOJO oueHKY EF(a), Hcnonh3yeT 

HepaseHCTBO fieHCeHa H KBanpaTH4HOe annpoKCHMHpyIOWee ne»CTBHe 

/3 /3 
s = F 

1 J·2 2 x (s)ds +JI ds ds e-Wls1-s2I [x(s )-x(s) 12 , 
1 2 1 2 

( 3. 3) 

0 0 

rne c H W -napttaUHOHHue napaMeTpu. Ba~Hoe yconepweHCTBOBam1e MeTona 

npenno~Hn CaHTO 6 ) JaMeHHBWHH c exp (-WI s-s I) B ne»cTBm1 ( 3. 3 l Ha npo-
3 



i 

HJBOnhttyo $yHKQHO p(ls1-s2 j), no KOTopoft npoHJBO.ztHTCH aapaaQHH. MeTo.zt 
CaHTO .naeT nyqwyo HJ BepXHHX OQeHOK, nonyqaeMhlx C nOMOWbO KBa.npaTnq

Horo .zteHCTBHH. ,llnH unnocTpaQHH MOlKHO cpaBHHTb pe3ynhTaThl CaHTO C pac

qeTaMH npH oqeBHJtHOM o6o6weHHH MeTO,Qa <l>eHHMaHa 

n 
p ( Is -s I ) = E c. exp (-W. Is -s I ) , 

t 2 i=l i i t 2 

KOTophle 6~H npo.nenaHhl npu n=2 B pa6oTe 71 H npu n=3 a pa6oTe 8! 
HH B MeTO.zte <l>eHHMaHa, HH B MeTo.zte CaHTO He y.nanOCb nonyqHTb aHa

nnTnqecKoro Bblpa~eHHH MH JHeprHH nonHpOHa. O.nHaKO .ztnH Hee MOlKHO no

CTpOHTb pa3no~eHHH cna6oft H CHRbHOH CBH3H. 3HaqeHHH nepBblX KOJ~Hl-lH

eHTOB pa3no~eHHH ( 3. 1) B npu6n~eHHHX <l>eHHMaHa H CaHTO npuae.neHhl B 

Taonnue I. 3.nech ~e .naHbl HeMHorue TOqH1,1e peJynhTaThl. 

-E2 

-E3 

-AO 

-A2 

Ta6AHQ3 I 

nepa1,1e KOJ~HQHeHThl paJno~eHHft cna6oft 
H CHnhHOH CBH3H MH JHeprHH TpexMepHoro nonHpOHa 

<l>eftHMaH 

l 
aI = 
1.2346 10-2 

8(7v'7-18)/38 

.634366 10-3 

l 
3n .106103 

. 3 
31n2 + 4 2.829 

CaHTO 

1 2 
12 - 9rr 
1.2598 10-2 

5 68 ~ 
216 - 1357I + 47I 

-3 = .6465 10 

1 
3n 

3ln2 + .¾ 

ToqHblll peJynhTaT 

ln(l + Jv2) _ v2 
4 2 

= 1.59196 10-2 

.806070048 10-3 

.108513 

2.836 

noMHMO cKaJaHHoro, Ta6nuua Tpe6yeT He6om,wax KOMMeHTapaea. 1ln11 

KOJ~llQHeHTa E2 npu6nu~eHne canTo .naeT peJym,TaT, nonyqeHHhli'i HeKormt 

Xara 91 s .npyroM no.nxo.ne. lJucneHHo KOJ~nuueHT E2 6~ ttai'i.zteH xenepoM 
ll MonneH3H$eHOM lO) H TOqHo - PeJenepoM lll. 3Haqeffllll Jtnll Ao ll A2 no

nyqeHbl MHHHKe 121 H no.ztTBep~eHbl RaXHO, nyJhlHHHUM H .np. KOJ~HQHeHTbl 

E3 H A2 B npu6n~eHllll CallTO paccqnTaHhl HaMll. 

OQeHKll <l>eHHMaHa H CaHTO JtOBOnhHO 6nH3KH .npyr K .npyry ll Hennoxo 

OnllCblBam JHeprHO nonHpOHa BO Bceft o6naCTH HJMeHeHllH a. TaK, o6wee .nn11 

o6oux npu6n~eHHH 3HaqeHne KOJ~llQlleHTa A0 OTnnqaeTcH OT Toqttoro sce

ro Ha 2.27. . B paJno~eHHll cna6oft CBH3ll TOqHO socnpOll3BOJl.llTCH KOJ<jx!JH

QHeHT El = -1, HO E2 y~e JaMeTHO OTnuqaeTCH OT TOqHoro ( Ha 22. 47. .nm1 

nonHpOHa <l>ettHMaHa H Ha 20.97. MH OQeHKll CaHTO). 

B pa6oTe 41 Mhl paccMaTpusanu paJno~eHHH cna6oi'i CBH3ll .nna N-MepHo

ro nonapoHa ll BblCKaJanu .nora.nKy O CBHJll OQeHKH CallTO C paJno~eHllCM no 

o6paTHUM CTeneHHM N. Mu npuaenu apryMeHThl s nonh3Y Toro, qTo peJynb-
4 

TaT CaHTO COBna.naeT C rnaBHUM qneHOM l/N-pa3no~eHHH. Bnocne.ztCTBHll Hawa 

.nora.nKa no.nTBep.nunach 3~ Jao.nHo ~Tano HCHO, noqeMy CTOnh xopoww sapua

QHOHHhle pe3ynhTaTbl <l>eHHMaHa H CaHTO, nocne.ztHHe OKaJanHCb acHMilTOTH

qecKH TOqHUMH 11 npe.nene 6onhWHX N. 

4. I/N-pa3no~eHHe An» nonHpoHa <l>penuxa 
8 JTOM pa3.nene Mb1 H3RO~ cxeMy IlOCTpOeHllH l/N-pa3~0~eHllH H npH

Be.zteM nonyqeHHhle pe3ynbTaTU 3! Mu HCXOJtHM H3 Bhlpa~eHHH ~3.2l .nn11 ~int' 

B_ KOTOpOM nepeonpe.n;em,eM K_OHCTaHTY CBHJH: 

a 2v2 N3
/

2a ( 4.1) 

3To rroJaonaeT rronyqun, pa3nO~HHe MH JHepnm nonapoHa a sH.zte 

E!HJ (a.} = N c
0

(a) + c
1
(a) + 0(1/N) . ( 4. 2) 

Ha cne.n;ylJllleM ,Tane HCnORhJyeM npeJJ.CTaaneHHe <l>CHHMaHa 131 JI.RH KOH

THHyanbHOH o-$yHKQHll: 

:'f{jx(s
1
)-x{s)J"2] = 

{4.3) 
f3 

= fv<TJ(~) ~{<T] exp{iffds1ds2 p{s1,s2) Ia-(s 1,s2)-jx(s1)-x{.s2)1 2
l}. 

0 

3.n;ech ~ - HeKHi'i ijlyHKQHOHan. a OTnuque OT ~TaH.n;apTHblX $opMyn CBH3aHO 

C TeM, qTO HHTerpwposaHHe BblnORHHeTCH no $yHKQHHM .n;syx nepeMeHHblX 

p(st,s2) H <T(s,,s2>· ECJrH npHMeHHTb (4.3) K (3.23, TO HHTerpan no BeK
TOpHoi'i $yHKQllll x( sl npeapaTHT_CH 11 N- D CTeneHh attanornqttoro llHTerpana 

no OJI.HOM H3 ee KOMnOHeHT x(sJ. 8 pe3JRbTaTe nonyqaeM: 

zint Jv<Tf (~l 
s· e I 

J3 J3 

fr 3l2JI -S'= i dslds2 p <T + aN dslds2 Gdv <T + 
0 Q 

{3 {3 

+ N ln { [c.~:t exp(- ½ f ds il(s) -
X(Ol=Xl/31 0 

iJJds1ds2 p(s1 ,s2) (x{s1)-x{si2) 1
2
)}. 

0 

(4.4) 

llanee JaMeHHeM nepeMeHHble llHTerpuposaHllH {<T, p) ~ (y, z) 

(T =NL+ i vN Ly p = -i p ~ iz/(vN L) • H.51 

1•yHKQHH E{s1,s2) H P{sl,s2) onpe.nenHMCH ypaaHeH~HMH .n;nH CTaQHOHapHoi'i 

TOqKll oS'/o<T = oS'/op = o. B KOHeqHOM- HTore nonyqaeM: 

f J Vz -zint=exp(NS0 )JVy ( 2rr)exps. {4. 6) 

0T$aKTOpll30BaBwlli'iCH qneH, JJ.aOWllll rnaBHOe npu6n~eHHe ITO 1/N, He 3asu

CHT OT nepeMeHHblX llHTerpwpoBaHHH y(s ,s) H z(s ,s ): 5 1 2 t 2 



so 

I 

. f3. 

JJas1ds2 
0 

f3 dslds2 
PI:+ a JI \l"1: 

0 

f3 

I Vx 
~ exp{- ½ Jas!.:2(s) 

G12 + ln I , 

(4.7) 

f3 . 

X (0) =X!{3) 0 

- JJas1ds2 P(s
1
,s2) [x(s1)-x(s2) 12

}. 

0 

HOpMttposoqHaH noCTOHHHaH B supa~eHHH .ztJIH I onpeACRHCTCH HJ ycnOBHH 

Il~=O ~ 1. rayccos KOHTttHyanhHblH HHTerpan B npttHQttne suqucnxeTCH, a 

ypaBHeHHH .ztJIH cj>yHKQHH P (s1, s2)' H I: (s1, s2) 
7 

OKaJUBaX>TCH npaKTHqec IOI 

HAeHTHqHUMH COOTHOWeHHHM, nonyqeHHUM CaHTO ! B npeAene Hynesux TeM

nepaTyp HX MO~O ynpoCTHTb: 

P(I;) = a e -l;/I:3/2{1;) 

I:(/;) 
2 f 1 - cos xi; 
- dx -------------n m 

o x2 + 4 Jdu P(u) (1-cos 
0 

XU) 

Bupa~eHtte ARH rnasHoro qneHa l/N-pa3no~eHHH HMeeT BHA: 

f3 di; 
e (a) = -a J--- e-1; (3-21;). 

o . ol'Em 

( 4. 8) 

(4 .9) 

YpaBHeHHH (4.8) MOryT 6UTb peweHU TORbKO qucneHHO, H OOTOMY MU orpa

HHqHnHCb HccneAOBaHHeM cnyqaes cna6oii H CHRbHOH CBH3H: 

c
0

(a) 

c
0

(a) 

-2vrr a - (n-8/3) a 2 
- vrr (18\"3 + 5n/3 - 544/15) 

-4 a 2 
- (ln2 + 1/4) + O(l/a2

). 

a3+ ... , 
(4.10) 

Bee nonpaBKH K rnaBHOMY qneHy 1/N-pa3no~eHHH COAep~aTCH B Aeii

CTBHH s. supa~eHHe ARH KOTOporo MO~O ·HaiiTH B pa6oTe 3l . Y~e ARH nep

BOH nonpaBKH suqucneHHH AOBORbHO cno~u. Mbl nonyqHnH: 

c 1 (a) 

c
1 

(a) 

- (3vrr/2) a - (88/5 - 2ln/4) a 2 + O(a3
) , 

- (19 - 4v10) a 2 + O(a0
) • (4.11) 

HaiiAeHHUe supa~eHHH MoryT cny~HTb HCTOqHHKOM pa3nHqHUX nptt6nu~e

HHH. nepeonpeAeRHH B (4.1) KOHCTaHTY CBH3H, MU BUAenttnH ee aCHMilTOTM

Ky no N. 8 npttHQHne MO~O ewe YMHO~Tb a Ha npOH3B0RhHYD cj>yHKUHD OT N 

c ycnostteM, qTo6u OHa s npeAene 60RbWllX N CTpeMHnacb K KOHeqHOMY npe

Aeny. BCTaeT sonpoc, KaK su6paTb JTY cj>yHKUHD? ITOCTYilllM cneAyDWHM o6-

pa30M. Bupa~eHtte 

6 

Elm> ( ) = !!! E!Nl ( N r(N/2)r(m/2-l/2) ) 
a N a f(m/2)r(N/2-l/2) 

(4 .12) 

npespawaeTCH B TO~AeCTBO, eenu nono~Th m=N (HHAeKC yKaJusaeT Ha pa3-

MepHoCTh npocTpaHCTBa). Mbl ~e CHaqana pa3nO~HM.npasyD qaCTb (4.12) B 

psA no creneHHM 1/N, a JaTeM nono~ m=N, nonyqus TeM caMblM npuonu~eH

Hoe supa~eHHe AnH·JHeprttH N-MepHoro nonxpoHa. ApryMeHT cj>yHKUMH E(N) B 

(4.12) Bll6paH TaK, qTofiu y~e s rnasHOM npu6n~eHHH no 1/N npasunbHO 

socnpottJBOAttnCH nepsuii KOJcj>cj>ttutteHT paJno~eHHH cna6oii CBHJH. PaJnaraH 

(4.12) no 1/N, nonyqaeM: 

E 1" 1 (a) = m c
0

(a) +: c 1 (a) + O(l/N
2

) • (4.13) 

Heo6XOAMMO yqeCTb TaK~e MOAHcj>ttKaQHD COOTHOWeHHH (4.1): 

a 

rAe 

a N 
2 'll'2 N312 iii 

r(N/2) 
r(N/2..;l7:!) 

rcm/2-1/2) 
rcm/2) 

2 a
0 

(1 - 3/4N - 7/32N + ••• ) , 

a
0 

= a rcm/2-1/2) 
4m r(m/2) 

ITOACTaBnHH (4.14) B (4.13), nonyqaeM OKOHqaTeJJbHO nptt m 

(Nl 3 , E (a) = N c
0

(a
0

) + [ c 1 (a0) - 4 a 0 c 0 (a0) } + O(l/N). 

(4.14) 

(4 .15) 

N 

(4,. 16) 

Tenepb MO~O HCnOnbJOBaTb pe3ynbTaT';'1 ( 4 .10), ( 4 .11). }lJlll nepBblX 

KOJcj>cj>HQHeHTOB paJno~eHHll cna6oii CBll3H nonyqaDTCll supa~eHHll 

E = -1 

E2 

rrr 
""z 

r(N/2-1/2) 
r(N/2) 

2 

(
r(N/2-1/2)) [N(n-8/J) + (108/5 - 27n/4) + O(l/N)J, 

4N r(N/2) 

E3 [
r(N/2-1/2))

3 
- 4N r(N/ 2) [N vrr (5n/3 - 544/15 + 18\"3) +, O(NO)] • 

(4. 17) 

KaK MU H XOT_entt, El socnpOH3BCAeH TOqHO 141 o6paTHMCH K npeAeny 

CHRbHOH CBH3H. HMeeM H3 (4.16), (4.10) H (4.11) : 

AO fr(N/2-1/2))
2 

[4N + (13 - 4✓10) + 0(1/N)) , 
l 4N rcN/2) 

A2 = - N (ln2 + 1/4) + O(No) • 

HeKOTOpue qucneHHUe pe3ynhTaTU npttBeAeHU B Ta6nuue 2. 

7 

(4. 18) 



-E2 

-AO 

-E2 

-AO 

Ta6ARQa 2 

PeJynLTaThl I/N-pa3noJKeHHH )IJIH JHeprnn nonapoHa 

rnaBHhlii: qneH 

1 2 
12 - 9n 

1.2598 10-2 

1 3JT = .106103 

rt 1 
rt(32 - 12> 

= .046626 

It 

8 .3927 

+ nonpaBKa 

N 3 

5 17 
48 + 45rt 

-2 1.608373 10 

25-4v'io = .109206 
36rt 

N = 2 

_!!_(122 _ 19rt) 
32 15 . 8 

= .065978 

rt(21-41io) 
64 .4099 

ToqHhlH pe3ynLTaT 

ln(l + 3v2) _ v2 
4 2 

1.59196 10-2 

.108513 

.063974 

.4047 

KoJqxpm.1neHT E2 .uns 061,eMHOro nonspoHa { N=3) B rnasnoM npn6nIDKemrn no 

1/N paBeH COOTBeTCTBylJllleMy KOJqxpHQHeHTY B paJnOJKeHHH CaHTO (CM.Ta6nn

Qy I). YqeT nonpaBKlf np«BO.UHT K 3Ha11enmo, OTR«'lalJllleMyCH OT TO'lHOfO 

Bcero Ha 17.. HnH CHRLHOH CBH31f pe3ynLTaT <l>eii:HMaHa H CaHTO Ao= -l/3n 

(N=3l TaKJKe nony11aeTcH KaK rnaBnoe npn6nIDKenne no 1/N. Y11eT nonpaBKn 

npHBO.UHT K 3Ha'leHHD, OTRH'lalJllleMycs OT TO'lHOfO peJynLTaTa Mnii:»Ke Bcero 

na o.67.. B~o. 'lTO y11eT nonpaBK« nops.uKa O(No) JaMeTno yny11waeT npn-

6nIDKenns, npHBOJUI K OQeHKe CHHJY, B TO BpeMH KaK rnaBHhlH 11nen 1/N-p,n

nolKeHHH .uaeT OQeHKY CBepxy. 

B Ta6n«Qe 2 np«Be.uenhl peJynLTaThl )IJIH noBepXHOCTHOfO {N=2l nonH

pona. EcTeCTBenno, 11eM 6onLwe N, TeM ny11we npn6nnJKennH. To11n1,1e 3na•1e

HlfH E2 n A0 .uns .UByMepnoro nonspona nony11en1,1 B pa6oTax 15 • 16! 
JaMeT«M, 'lTO l/N-pa3nOJKenne np«MeHHMO .uns OQeHKH JHeprnn CBH3Ull

noro cocTOHHHH 6nnonHpoHa. Panee TaKa» oQenKa 6h!Ra naM« nony11ena Me

TO.UOM <l>elinMana 17! B JaKnv11enne JTOII '{~CTR OTMen1M TaKJKe, 'lTO 1/N-pa :i

noJKenne 061,1110!.IM o6pa30M CBH3ano c .unarpaMMaMn: rnaBHOMY 11neny cooT

BeTCTByeT nnanapnoe npn6nHJKenne, Kor.ua e JneKTponn1,1x nponaraTopax np11-

paBnneaDTcH nynv npOH3Be,ueHHH HMnynLCOB pa3HhlX ~OHOHOB. 

5. 1/N-palnOJKeHHe B KBaHTOBOH MexaHHKe (OTCTynnenne BTOpoe) 

nocTpOeHHe 1/N-paJnoJKeHHH H3 HHTerpanoe no nyT»M B03MOlKHO n B 

KBaHTOBOH MexaHHKe {06hl'1HO )IJIH JTOfO ncnonLJYDT ypasnenne mpe.unnrepa). 

TaM TOlKe HMeeTCH CBH3L 1/N-pa3nOJKeHHH C sapnaQHOHHLIM MeTO.UOM. 3HeprHH 

OCHOBHOfO COCTOHHHH 11aCTHQhl, onHChlBaeMOH raMHRLTOHHaHOM 

1 a2 

H = - - -2 + N V(r/vir) 2 ar 
8 

(5.1) 

'{ 
\ 

\ .. ·\ :Ji 
\~ 

LIJ 
• I 

\ 

paJnaraeTCH B ps.u no o6paTHLIM CTenensM N ., 

E = N c 0 + c 1 + 0(1/N) 

c 0 = l/8r~ + V(r
0

) , 

R = 3/4 + r~ V" (r
0

) , 

cl 

r.ue r
0 

onpe,ueneno KaK pewenne ypasHeHHH 

(YR !. l)/2r! , 

(5.2) 

V' (r0 } = l/4r! , R > O • (5.3) 
cyweCTBOBanne peweHHH ypaBHeHHH (5.3) ecTL ycnoBHe MHHHMyMa no ro Bhl

palKeHHH co B (5.2) H ycnoBHe cyrueCTBOBaHHH 1/N-paJnoJKeHHH. 

3aMeTHM, qTo l/N-pa3nOJKeHne .uaeT HHJKHXID OQeHKY .uns Jneprnn OCHOB
noro cocTo»nns B noTeHQnanax onpe.uenennoro Knacca. Heii:CTBHTenLuo, ecnn 

raMHRLTOHHaH pa36HTL Ha cyMMy H = Hl + H2, TO .uns OCHOBHOr_o ypOBHH 

JHeprHH cnpaBe,UnHBa OQeHKa CHH3Y E ~El+ E2, rAe Ei- JHepr«H OCHOB

HhlX COCTOHHHII raMHRLTOHHaHOB Hi COOTBeTCTBeHHO. npeACTaBHM raMHRLTO
HHaH (5.1) B BH.Ue TaKOII cyMMhl, rAe 

2 2 1 a2 w2 r 2 

Hl= - 2 a°r2 + -2- H2= - w2r + N V(r/YN) , 

aw - sapnaQHOHHhlH napaMeTp. OTcv.ua cne.uyeT, 11To E
1 

pasno MHHHMYMY H2 no nepeMenHoii: r. nony11aeM OQenKy 

E ~ N (w/2 - w2 r~2 + V(r
0
)) 

r.ue r
0

(w) eCTL pemeHne ypaBHeHHli 

(5.4) 

Nw/2 , a E2 

(5.5) 

V' ( r ) = w
2 

r , V" ( r ) > w2 
( 5. 6) 

0 ~ 0 

HnH nony11eHHJI 11y11weii: HHJKHeii: OQeHKH H
0

aii,ueM MaKCHMYM no W npasoii: 'lUCTH 
BhlpaJKeHHH (5.5). 3TO .uaeT ypasneHHe )IJIH w 

w = 1/2r~ • (5.7) 

no.ucTasn»s (5.7) s (5.5) 11 (5.6). ·nony11aeM E ~ N c
0

, r.ue c
0 

onpeAene

HO ypasneHHRMH (5.2), a ro - ypaBHeHHHMH (5.3) c ycnoBHeM R>l. T.o., 

nn.unpylJIIIHH qnen 1/N-paJnoJKeHHH nae'. OQeHKy CHH3Y ARR JHeprHH OCHOBHO
ro COCTOHHHR B noTeHQHanax, r.ue R>l. 

Bao.us BMeCTO r napaMeTp W = l/2r2
, nony11aeM )IJIR nn.unpy1J111ero 

0 0 

11nena 1/N-pa3JJOlKeHHH BhlpalKeHne. rne no W HWeTCH MHHHMJM: 

El/N = N [W/4 + V(l/V2W)]. (5.8) 

HnH OQeHKH csepxy ncnonLJyeM sapnaQHOHHhlH MeTO.U PHTQa C BORHOBOii 
~YHKQHeii: OCHOBHOfO COCTOHHHR N-MepHoro OCQHnJJHTOpa. nonyqaeM 

2 
Evar = N [c/4 + rr-"/2Jdr e-rV(r/vNc)] (5.9) 

rne no C HrueTCR MHHHMyM. 

HaKoHeQ, HJ 1/N-paJnoJKenn» c noMOWLX> CKelinnnra, aHanor1111noro 
9 



( 4 .12) , MOlKHO IlOJIY'IHTb eme O,!JJ{O npH6JIIDKeHHOe Bi,lpalKeHHe ,l].JIH JHepnrn 

OCHOBHOrO COCTOSHHS. ,!lJIS JToro pa306beM noTeHuHaJI Ha cyMMy 

V(r) = V0(r) + Vi (r) , 

V (r) = ,i2r2
/2 + a 

0 

V. (r) = V(r) - ,i2r
2
/2 - a 

1 
(5.10) 

napaMeTpbl Q ll a ·noKa npOH3B0JlbHbl. Hanaras .11onOJIH~TeJibHOe ycJIOBHe, 

'IT06bl TO'IHO socnpOH3B0,llHJICS nepBblH 'IJieH TeOpHll B03MyllleHHH no CTeneHHM 

Vi, nony'laeM s HTOre 

E
5 

= N[a(l-A) + w/4 + 0
2 (1-A)/4w + AV(l/V2w)], (5.11) 

r.11e MHHHMYM HIUeTCS no napaMeTpy w. 3,lleCb BBe,lleHO o6o3Ha'leHHe: 

. 2 

A 
n-N12Jdr e-r V(r/vim) - a - 0/4. (5.12) 

V(l/12n) - a -n/4 

Pa3Hble n Ha npHBO,llHT K pa3JIH'IHUM npH6JIIDKeHHSM. Bb16Hpas 

2 . -N/2J -r .r.= a = rr dr e . V(r/vNO) - 0/4 , (5-. 13) 

nonyqaeM A= o. Tor.11a H3 (5.11) cne.11yeT, '!TO MHHHMYM no W ,llOCTHraeTCH 

npH w = n. HaHJIY'llllHH Bb160p n onpe.11enseTCS MHHHMYMOM nony'IHBlllerocs ,llJIS 

Es BblpalKeHHS, KOTOpoe B TO'IHOCTH cosna.11aeT (npH·n ·= c) C sapHaQHOHHOH 

oueHKOH· csepxy. OTMeTHM, '!TO ,llJIS noTeHQHaJIOB BH,lla 

V(r} m2r 2/2 + i\rv (5.14) 

Tpe6osaHHe socnpOH3Be.11eHHH nepsoro nops.11Ka .eopHH B03MymeHHH no i\ 

(T.e. Bbl6op a= o H n = ml TaKlKe npHBO,llHT K cosna.11eHHD Es n Evar 

HaKOHCU, Bbl6op n TaKHM o6pa30M, 'IT06bl H3 (5.12)· cne.11osano A=l, 

Be,lleT K cosna,lleHHD Es H El/N npH JID6blX a (MOlKeT oKa3aTbCS, '!TO n .. oo). 

Ha.110 IlOMHHTb, '!TO l/N-pa3JIOlKeHHe He scer.11a .11aeT HIDKHDD oueHKY 3HeprHH 

OCHOBHOfO COCTOHHHII. npHMepoM cny_lKHT KyJIOHOBCKHll noTeHQHan. 0,llHaKO 

1/N-pa3JIOlKeHHe ,llJIS Hero cymeCTBye~ H T.K. noTeHUHan CTeneHHOH, TO onH

caHHblH CKeHJIHHf Be,lleT K sapHaQHOHHOH oueHKe. no-BH,llHMOMY, aHaJIOfH'IHOe 

IIBJieHHe npoHCXO,llHT H B CHCTeMe nonspoHa. 

6. na.11e-npH6nIDKeHHe AJIH non11p0Ha 

l-13y'laS onTH'leCKHH non11poH <l>penHxa, MHOrHe npmwm K BblBO.llY, '!TO 

npH HeKOTOpOM 3Ha'!eHHH a=ac JHeprHH OCHOBHOfO COCTOSHHII HMeeT H3JIOM, 

a cpe.11Hee 'IHCJIO $oHOHOB TepnHT CKa'IOK. 3TO HHTepnpeTHposanOCb KaK yKa-

3aHHe Ha $a30BUH nepexo.11 H3 COCTOIIHHII CB060.llHO ·.11sIDKymeroc11 non11p0Ha 

cna6oft CB113H B CaMOJIOKaJIH30BaHHOe COCTOHHHe nonspoHa CHJlbHOH CBH3H. 

3.lleCb He HMeeTCII B BH.llY $a30BblH nepexo.11 B TO'IHOM CMblCne. npaBHJlbHee 

6blJIO 61,1 rosopHTb O nepeCTpOftKe nonspoHHOfO COCTOIIHHII HJIH O HecTa6HJib

HOCTH CHCTeMbl, HO Mbl coxpaHHM sepHOCTb Tpa.llHUHOHHOH TepMHHOJIOrHH, OT

palKaDIUeH $OpMaJibHYD aHanorHD C HCT~HHUMH $a30BUMH nepexo,llaMH. 
IO 

• nepexo.11" AJIH nonspoHa scer.11a o6HapyJKHsancs B paMKax -roro HJIH 

HHOro npH6nIDKeHHII. KpHTH'leCKHe 3Ha'!eHHS ac, Haft.11eHHble pa3JIH'IHUMH aBTO

paMH, nelKaT B WHpOKOH o6naCTH OT 3 .110 10, '!TO caMO no ce6e He BHywaeT 

,llOBepHH. nespH3 H IlHTepc nposenH KpHTH'leCKllH
0 

aHaJIH3 npo6neMbl 
181 

H 

npHWJIH K BblBO.llY,. '!TO onpe.11eneHHblX ,llaHHblX O cymeCTBOBaHHH $a30BOro ne

pexo.11a AJIH nonsj>oHa noKa He nony'leHo. Mbl_ TaKJKe _npoaHanH3HposanH pH.II 
. · . 18) 

pa6oT, BUWe,llWIIX nocne IlOl!BJleHHII , H y6e,llHJIHCb, '!TO B KalK,llOM KOH-

KpeTHOM cnyqae "$a3osuft nepexo.11" ssnseTCH apTe$aKTOM c.11enaHHblX np116m1-

lKeHHH .. Ho KpHTHKa - 3T.O nonOBHHa .11ena. BcTaeT Bonpoc, KaKHMH coo6palKe

HHSMH MOlKHO o60CHOBaTb rna.llKOCTb E(a), .HCilOJlb3YS HMelOlllyDCS TO'IHYD IIH

$OpMaUHD O ee CBOHCTBax? 

HaM H3BCCTHbl nepBble KOJ«jlljJHUHeHTbl pa3JIOJKeHHH cna6oft H CIIJlbHOH 

CBS3H. nn11 3KCTpanonsUHH B o6naCTb npoMelKyTO'IHblX 3fla'!eHHH a Mb1 np11Me

HHJIH He,llHaroHaJibHOe .llBYXTO'le'IHOe na.11e-np116n11JKeH11e 191 

E(n,n-1) - a 
1 + a 1a + + anan 

1 ~.b1a + + bn-lan-1 
n ;o 2 • (6.1) 

nn11 onpe.11eneHIIS K03<jxjlllUHeHTOB ai H bi HaM HYlKHO (2n-l) YJ?aBHeHIIH. 

~enas· HCilOJib30BaTb B paBHOH CTenCHH HH$QpMaUHD O pa3JIOlKeHHIIX E(a) B 

TO'!Kax a=O H a=oo, Mb1 npHXO.llHM K .llBYM an&TepHaTHBHUM BapHaHTaM (6.1). 

B nepBOM ll3 HHX BOCilpOH3B0.llSTCS n K03qxjJHUHeHTOB E2 + En+l H n-1 .K03~

qmuHeHTOB A0 + An_2 . 3To -na.11e-np116JJHJKeH11e o603Ha'!aeM Ew(n1n-l), 0Tpa

JKa11. B HH,lleKCC H36blTOK HH$0pMaQHH O pa3JIOlKCHHH cna6ou CBll3H. •. BTopoli 

sapHaHT nonyqaeM, IlOTpe6osaB BOCnpOH3BC,lleHHII n~l K03qxjJHUHeHTOB E2 + En 

H n K03<jxjlHUl!eHT0B Ao+ An-1· 3Ty annpoKCHMaUHD o603Ha'laeM Es(n,n-1). 

nns npHMepa Mbl paccMoTpenll cHa'lana $eftHMaHOBCKHH nonspoH, r.11e HaM 

y.11anOCb c IlOMOIUbD nporpaMMbl aHaJIHTH'leCKHX Bbl'IIICneHHlf: .Ha 38M onpe.11eJIHTb 

KoJ<jxjluuHeHTbl pa3nolKeHH» cna6oft H· CHJibHOH css3H .snnoT_b .110 E12 H. A10 
COOTBCTCTBeHHO. · 3TO Il03BOJIH.l!O nocTpOHTb na.11e,npI16nm11:eH11s Ew(n,n-1) npH , 

n = 2 + 11 H Es(n,n-1) npH n = 2 + 12. 6b1Jl o6HapylKe_H HHTepeCHblH $aKT. 

nns ,llaHHOi'O a annpOKCHMaQHS na.11e Ew(n,n-1) c pOCTOM n npHB;O.llHJia K _see 

6onee HH3KHM 3Ha'ICHHSM 3Heprl!H, OCTasaHCb npH 3TOM BUWe·$eHHMaHOBCKO-

ro peweHHII' (B ,llaHHOM npHMepe OHO HrpaeT ponb TO'IHOfO). 3TO 03Ha'ia~T. 

'ITO Ew(n,n-1) .11aeT .11ns EF sepxHDD oueHKy. AHanorH'IHUM_o6pa3oM Mbl y6e

.llHnHCb, '!TO annpOKCHMau1111 Es (n,n-1) npHBO,llHT K oueHKC EF CHH3Y. JHa

HHe BblCWHX nopH.llKOB pa3JIOlKeHHH cna6oft H CHJlbHOH CBH3H Il03B0JIIIJIO 3aMeT

HO cy3HTb IUCJlb MelK.lly OUCHKaMH: MaKCHMaJI&Has pa3HHQa MelK.lly HHMH COCTa

BIIJia JIHWb 0.4% .llJlH npoMClKYTO'IHblX 3Ha'leHHH a. EcTeCTBCHHO, npH MaJiblX H 

6on&w11x a o6e oueHK11 npaKTH'leCKH cosnanH. TaKHM o6pa30M, peweHHe <l>e»H

MaHa OKa3aJIOCb nelKalUHM MelK.llY .llBYMS rna.11KHMH $yHKUHHMH. IlO'ITH TaKHe lKe 

pe3yJI&TaTbl nony'ieHbl AJIH cpe.11Hero 'IIICJia $0HOHOB H J<jxjleKTHBHOH MaCCbl. 

npe.11nonaras, '!TO 3HeprHH $eHHMaHOBCKOfO H peaJibHOfO nonspOHOB 

np11Ha,llJlelKaT K 0.llHOMy,Knaccy $YHKUIIII B CMblCJie nony'leHHS sepXHHX H HHlK
ll 



HHX OUCHOK C IlOMOmblO annpoKCHMattHH na.!l.e, Mbl npHMCHHJlH )TOT IlO.!l.XO.!l. K 

peaJibHOMY cnyqa10. PeJyJibTaTbl pacqeTOB npe.!l.CTaBJICHbl B Ta6nnue 3, f.!l.C 

npHBC.!l.CHa TaKJKe $eiiHMaHOBCKall OUCHKa EF 

a 

Ta6AHita 3 , 

BepXHllll H HlllKHllll OUCHKH 3HeprHH OCHOBHOfO COCTOHHHH 
·" cpe.!l.Hero qucna $OHOH0B Mll IlOJIHpOHa $pCJIHXa 

0.5 1 3 5 7 9 11 

-Es{J,2) 0.5041 1.0175 3.2122 5.7767 8.8832 12.654 17.165 

-EF 0.5032 1.0130 3.1333 5.4401 8.1127 11.486 15.710 

-Ew(2,l} 0.5041 1.0167 3.1645 5.4945 8.0406 10.834 13.905 

Ns(J,2) 0.2587 0.5409 -2 .1888 5.2383 10.034 16.643 25.062 

·Nw(2,l) 0.2583 0.5346 1.8594 3.6236 5.9345 -S.8875 12.568 

K COJKaJICHHlO, 3.llCCb HaM H3BCCTHO He CJlHmKOM MHOfO KOJ$$HUHCHTOB 

p33JlOlKCHHH (3.1), .llaHHblC Ta6TIHUbl J Il03B0Jlll10T IlOCTpOHTb JlHWb naAe-npH-

6JIHlKCHHll Ew{2,l) ·H Es(3,2). BHAHO, qTo npH a,; 6 Ew{2,l) JtaeT nr1wy10 

OUCHKY CBepxy, 'ICM Er B npe.11,ene CHJlbHOii CBll3H npeJtnO'ITHTCJlbHee $eiiH

MaHOBCKOe peweHHe. 3TO CHC Y.llHBHTCJlbHO, T.K. nptt· IlOCTpOeHHH Ew(2,l) He 

TICilOJlb30BaJIOCb JlaJKe, HyJJesoe 3Ha'!CHHC , K03$$HUHCHTa Al B .. pa3JI-O)KCHHJ,1 

{3.lb). cne.llyvma·H annpo.KCHMaUttH na4e Ew{3,2) ynyqwnnaii1,1 onncaHHe pe

lKHMa CHJlbHOH CBH3H, HO .!l.JlH ee IlOCTpOeHHH HC-06XOJlHM K03$$HUHCHT E4- TeM 

He MCHee EF H Ew(2,l) JlalOT HaM He3aBHCHMblC -BCpXHHC OllCHKH J].JlH E(a). 

AnnpOKCHMaUHH E (3,2) npHBO.!l.HT K. HIIJKHCH OtlCHKe .11.Jlll £(«), KOTopall Ha-
s 20) 

MHOrO nyqwe C.!l.HHCTBCHHblX H3BCCTHblX HIIJKHHX OUCHOK JIH6a" l!MaJaKH " 

JiapceHa 21 ~ (IlOCJlC.!l.HHH, K TOMY lKC, cnpaoeJ].JIHBa JlHWb .!I.Jill MaJiblX nJ. 

OUCHKH .!I.Jill 3HeprttH pa3JIH'laDTCll He 6onee 'ICM Ha I 07. '130 oceii ofi

nac-TH 3HaqeHHH a. npttMepHO C TaKOH -JKe TO'IHOCTbl() annpOKCHMHpyeTt"ll 

BE/aa, qTo BCJ].CT K 3HaqHTCJlbHO 60JibWCii meJIH MCJKAY. OUCHKaMH .!I.Jill cpeJl

Hero q!fCJla qJOHOHOB. H oce JKe MOlKHO c4enaTb onpeJ].eJieHHblC BblBOJlbl -0 BCJIH

quHe runoTeTHqecKoro cKaqKa IIN "' {N
5

-Nw)/2. TaK, Hau6onee "nonym1pm.i" 

KpHTH'ICCKHC 3HaqeHHll ac " 7+9. BH.llHO., 'ITO B )THX TO'!Kax IIN " 2+4, '1TH 

HCKJID'laeT "$aJOBblC nepeXOJlbl" co CKaqKaMH IIN " 10+14, cymeCTBOBaHne _j({l

TOpblX nO.!l.03peoaJIOCb paHee. 

HTal<, xapaKTep11CT11!rn nom1p0Ha JJCJKaT MCJK.ll.y f JlaJlKHMH ij>yHKUHllMl1. 

KoHe'IHO, OTC10Jla He CJJC.!l.YCT, qTO -OHH TOJKe rnaJll<He !XOTH ll CKJlOHCH TUK 

.!l.YMUTb). C .!l.pyroii CTOpOHbl, Mbl He HaWJIH HaMCKOB Ha qiaJOBblH nepexon (no 

KpaiiHeii Mepe B yKaJaHHblX qucneHHblX npe.11.enax) H 11C KJl10'1HJll1 CJlHWKOM 

6oJJbWl1C CKa'IKH IIN, CCJIH $a30Bb1H nepexOJl oce lKC B03MOlKCH. 

7. PH.!l.bl CTHJJbTbeca (OTCTYilJICHHe TpeTbe) 

npuoeJ].eM HCKOTOpble MaTeMaTH'ICCKHe CBC.!l.CHHll, HMevmue OTHOWCHIIC K 
12 

nonyqeHHlO BCpXHHX " HlllKHHX Ol\CHOK C IlOMOmblO naJ].e-npH6Jil1Jl(CHl1ii. $yHKll11ll 

CTHJlbTbeca onpeJ].CJlllCTCll npeJ].~TaBJICHHCM 221 • 

f(z) = j d(/l(u) 
0 1 + .zu (7. l) 

f.!l.C 1/>(U) - orpaHuqeHa, He y61,1naeT npH u~o. npHHHMaeT 6eCKOHC'IHO MHOro 

pa3JJl1qHblX 3HaqeHHH H HMeeT KOHeqHb(C BemeCTBCHHble MOMCHTbl 

.. i . 
fi = ! u d(/l(u) , i = 0,1,2, ••• (7.2) 

113 onpeJJ.eJieHHll CJleAyeT, qTo L(z) - IlOJJOlKHTCJlbHas 11 MOHOTOHHO y61,1-

savmas $yHKUHll. Pa3JIO~eHHe (7.1) npHBO.!l.HT K PHJJ.Y CTHJlbTbeca 

f(z) = E f 1 (-z) 1 
i=O 

(7.3) 

C IlOJIOlKHTCJlbHblMH K03$$HttHCHTaMH fi . Pll.!l. (7.3) MO~eT pacXO.!l.11,bCll npH 

Bcex z. HCKJIDqas TOqKy z=O, .ECJIH 1/>(u) IlOCTOllHHa np11 A" u <m, TO l1HTe

rp11poBaH11e B (7.1) H (7.2) pacnpOCTpaHHCTCH OTO .!l.0 A. B )TOM cnyqae 
-1 $YHKl\Hll f(z) onpe.!l.eJieHa B IlJlOCKOCTH C pa3pe30M no JJY'IY - .. <Zs A, 11 

ee paJJJo~eHHe B pllJl (7.3) CXOJl.HTCll B Kpyre Jzl < A- 1 . 

HeJaBHCHMO OT KOHeqHOCTH paJJ.11yca CXO.!l.HMOCTH pHJJ.a (7.3) c IlOMOlllbD 

annpoKCHMattHii IlaJ].e MOlKHO HCCJlC.!l.OBaTb $yHKU11D f(z) H Bbl'IHCJlllTb ee 3Ha

'ICHl1ll. 11MCHHO Mil $yHKttHii CTHJlbTbeca .!l.OKaJaHO 60JlbW11HCTBO TeopeM o 

CBOHCTBax nane-nptt6flHJl(CHHii, 

BBC.!l.CM o60JHaqeHHe (L/M) MH 0.!l.HOToqeqHoii annpOKCl1MattHH naJ].e, B 

'IHCJll1TeJJe H 3HaMeHaTene KOTOpoii CTOllT noJIHHOMbl CTeneHl1 L 11 M COOT

BCTCTBCHHO. npn L ~ M-1 3TH annpOKCHMau1111 pHJJ.a CTl1JlbTbeCa cymeCTBYlOT, 

RJlll oemecTBeHHblX TIOJlOlKHTCJlbHblX z cnpaoeJJ.JIHBbl HepaoeHCTBa: 

(M-1/M) < (M/M+l), (M/M) > (M+l/M+l), (M/M) > (M-1/M). (7. 4) 

KpoMe Toro, AJill PHJJ.a CTHJlbTbeca .!l.OKa3aHbl TeopeMbl O CXOJ].11MOCTl1 nocne

JlOBaTeJlbHOCTl1 annpoKC11MUl\11H na.!l.e (M+J/M) (J~-1. M-). B COBOKJilHOCTl1 

c HepaBeHCTBaMH (7,4) )TO np11BO.!l.11T K BblBOJJ.y. 'ITO OJ].HOTO'IC'IHble annpo

KCHMattH11 (M/M+l) AalOT oueHKy CHH3y, a (M/M) - cnepxy. 

MHOfOToqeqHblM nane-nptt6JlHJl(CHHSIM flOCBSIWCHa pa6oTa 6apHCJll1 23 >. 
OTTyJJ.a, B 'laCTHOCTH, cnenym pe3yJihTaTbl Jl.JIH Jl.BYXTO'IC'IHblX nane-np116n11-

~eH1111. oocnpo113BO.!l.!111111X pa3JIOlKCHHll CHJlbHOH H ·cna6oii CBll3H. nycTb Anll 

$yHKU1111 CTl1JlbTbCCa f(z) Ja.!l.aHO N nopu11ii HH$<>pMattHH O pa3JIOlKCHHl1 cna6oii 

CBll3H (7.3), T.e. H3BCCTHbl K03$$11u11eHTbl f. J].Jlll i = O+N-i. nocTpOHM an-
i . 

npOKCHMattl1D naJJ.e fH C IlOJlHHOMOM CTenettn [(N-1)/2] B qHCJlHTCJJe 11 CTe-

neHtt [N/2 J B 3HaMeHaTeJie ( KBaApaTHble CK06Kl1 o60JHaqaDT ueny10 'laCTb 

'111CJia), npu N=2M fH npeJ].CTaBJlllCT co6ou annpoKCHMattHlO (M-1/M), JJ.avmy10 

OUCHKY CHl13y. npu N=2M+l fN HBJJllCTCll annpoKCl1MattHeu (M/M) H 4aeT OUCH

KY coepxy .. HanOMHHM, qTO BCe )TO 33BC,llOMO BepHO Mll pHJJ.0B CTl1JlbTbeca. 

nycTb naHbl eme 11 J nopuuii HHqJOpMaUHH O pa3JIOJKCHHH B TOqKe z=m: 
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J-1 . 
f(z)'= [ F. z-1 

i=O 1 
(7 .5) 

nocTpOHM arrnpoKCHMaitmo na.ne fN(J). llBJillIOlllYIOCll OTHOllleHlieM nOJiliHO

MOB CTeneHeR [ (N+J-3) /2] H [ (N+J-1) /21. PeJyJI&TaT liapHCJllt: npli JII060M 

J CBORCTBa fN(J) B CMblCJie noJiyqeHHll nepxHeH HJIH HIDKHeft oueHOK )I.Jiff $yH

KUliH CTHJibTbeca TaKOBbl, KaK y annpoKcHMaUHH fN. 

}lJill HJIJIIOCTpaUliH MOlKHO paccMOTpeTL ,nBe M0,11.eJibHble $YHKUHH: 

fUI = (1 + Z2) -l/2 

I -1/u . · 
f121 = ef d(e ) = 1 + zez+lEi(-z-1) 

1 + zu 
(7. 6) 

0 

nepBaff HJ HHX He ffBJI!IeTCff $yHKUHeH CTHJibTbeca. Pa3JIOlKeHHff (7. 3) li 

(7. 5) 3THX $yHKUll11 aHaJIOrllqHl,1° 'no $opMe COOTBeTCTBYIOlllliM pa3JIOlKeHHllM 

BeJIHql,!Hbl -a/E(a) )I.Jiff nOJillpOHa. na.ne-npH6JIHlKeHHe )I.Jill HHX HMeeT BH,11.: 

1 + b z + ••• + b zm 
1 .. 

·f (m,m+l) 
1 + a + • • • + a zm•t 

1 m-+t 

(7.7) 

AnnpOKCHMaUHll fs(m,m+l) noJiyqaeTCll npH onpe,neJieHHH m+l K03~liUlieHTOB 

ai H bi H3 pa3JIOlKeHHll CHJILHOH CBll3K H m K03~HUHeHTOB - H3 pa3JIOlKeHHff 

CJia6oft CBll3H. T. K. B (7. 7) YlKe yqTeHbl H3BeCTHble '3HaqeHHll nepBblX K03<[J

$HUHeHTOB o60HX pa3JIOlKeHHH (fo = 1 H Fo = 0), noJiyqaeM, qto fs(m,m+l) 

COOTBeTCTByeT fN(J) B o603HaqeHHllX liapHCJIH npH N=m+l HJ= m+2. OTCIO

.na CJie.nyeT, qTO fs (m, m+l) npH HeqeTHblX m npHB0,11.HT K oueHKe CHH3Y, ·a 

npH qeTHblX - K oueHKe ceepxy. AHaJIOfH4HO annpOKCHMaUHll fw(m,m+l) )K

BHBaJieHTHa fNIJ) C N=m+2 H J=m+l. Il03TOMY oueHKa ·cHH3Y IlOJiyqHTCll 3,necb 

npH qeTHblX m. a ceepxy - np1,1 HeqeTHblX m. 

PacqeTbl noKa3aJIH, lfTO )TO eepHO )I.Jill f 121
• 0,nHaKO )I.Jill fu

1
• He ll B

JlllIOllleRCll $yHKUHeR CTHJibTLeca, annpOKCHMaUHll fs(m,m+l) npH JII06b1X m .na

eT oueHKY CHH3Y, a fw(m,m+l) - ceepxy. c TaKHM lKe llBJieHHeM Mbl CTOJI

KHYJIHCL ·npH 1,13yqeHHH xapaKTepHCTHK IlOJillpOHa. IlpH )TOM oueHoqH1,1e CBOii

CTBa OAHOToqeqHoro naAe-np1,16nmKeHlill )I.Jill f(l) OKa3aJIHCb TeMH lKe, qTO 1,1 

)I.Jill $yHKUHH CTHJibTLeca. 3TO 3HaqHT, qTO HapyrneHa ycTaHOBJieHHall liapH

CJIH CBll3b MelKAY annpoKCHMaUlillMH fN H fNIJ). 
q1,1cJIO npHMepoe JierKO YMHOlKHTb. OHH noKa3blBaIOT, qTO KpOMe $yHKUliM 

CTHJibTbeca cyrneCTBYIOT H llHble $yHKUllH, )I.Jill K◊Top1,1x annpOKCliMaUHH na.ne 

HMeIOT BnOJIHe onpe,neJieHHble oueHoqHble CBOHCTBa. 3TOT KJiacc $yHKUHH HylK

.naeTCll B ~HCTO MaTeMaTHqecKOM HCCJie.noeaHHH. 

8. 3aKJIJOqeHHe 
B KaqeCTBe pe3IOMe HanOMHHM OCHOBHble noJiyqeHHble pe3yJILTaTbl. 

1) nocTpoeHa ,nHarpaMMHall TeXHHKa, B paMKax KOTOpoft 3HeprHll noJill

poHa 51,1q1,1cneHa Ha TpexneTJieBOM ypoBHe. B03MOlKHbl o6o6rneHHll. Ha nonspOHbl 

pa3JIJ,!qHl,IX Bli,11.0B. 14 

2) nocTpoeHo pa3JIOlKeHHe no o6paTHUM cTeneHllM pa3MepHOCTH npoc

TpaHcTea, n03BOJlllIOlllee onHCaTb xapaKTepHCTHKH IlOJillpOHa BO BCeft o6JiaCTH 

H3MeHeHHll KOHCTaHTbl CBll3H. B03MOlKHO o6o6rneH~e )I.Jill 6HnOJillpOHa. Haii.neHa 

CBll3b 1/N-pa3JIOlKeHHll c BapHaUHOHHUM MeTO)I.OM. Otta He cneuH$HqHa )I.Jiff 

nOJillpOHa, HO HMeeT ,11.0CTaToqHo 06lliHH xapaKTep. K ql,ICTO MaTeMaT~qecKOMY 

pe3yJILTaTy MOlKHO OTHeCTH MeTo.n IlOJiyqeHHll 1/N-pa3JIOlKeHHll H3 HHTerpanoe 

no nyTllM. 

3) He,n1,1aroHaJILHoe .nnyxToqeqHoe naAe-nptt6JIHlKeH1,1e ee,neT K eepxtteii 

H HHlKHeH oueHKaM )I.Jill .xapaKTepHCTHK IlOJillpOHa. 3TOT BblB0,11. TaKlKe KMeeT 

06rneMaTeMaT1,1qecKoe 3HaqeHHe, nOCKOJILKY pacnpOCTpaHlleTCll Ha rnttpOKliii 

KJiacc $yHKUHR. B TaKOM no.nxo.ne noJiyqeHbl yKa3aHHll Ha OTCYTCTBHe $a3o

BOrO nepexo.na IlOJillpOHa B caMOJIOKaJIH30BaHHOe COCTOllHHe. 
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